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ON THE CONVERGENCE OF VISCOELASTIC FLUID
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Abstract. The initial-boundary value problems describing motion of a
two-dimensional viscoelastic fluid are investigated by using the methods
of variational formulation and inequality estimates. Both the exponen-
tial and power convergence of the solutions to a steady state solution of
the viscoelastic fluid flows are proved under prescribed conditions. The
convergences to a stead state solution of the Navier-Stokes flows is a
special case of the results.

1. INTRODUCTION

This paper investigates the convergence of unsteady viscoelastic fluid flows
to a steady state flow as ¢t — oo. The unsteady viscoelastic fluid flows are
governed by the Oldroyd’s mathematical model. Such a model ( see [9] ) can
be defined by the rheological relation

oo 0&
— = ==, k 0)= 0). 1.1
BN 7705-1'7]1(%, 10(z,0) = mé(z,0) (1.1)
Here o is the deviator of the stress tensor and £ is the strain tensor. Namely,
£ is an m x m matrix with components
1 au, 8’LL]'
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where u = u(z,t) = (u1(z,t), -, um(x,t)) is the velocity of the fluid motion
and ko, k1, 1o, m1 are positive constants, m = 2,3. If nok; = konp in (1.1), we
shall obtain the Newton’s model of incompressible viscoelastic fluid motion.

Relation (1.1) and the motion equation in the Cauchy form leads to the
following initial-boundary value problem

t
2_1: —eAu+ (u-V)u— / pexp{—d(t — s)}Auds + Vp = f,
0
divu=0 (t>0,z€Q);
u=0 (t>0,z¢€00); (1.2)
u(r,0) =up (v €Q);

(p1) = /Q pl. t)dz = 0,

where
m 1 ko
= = (ks — k §="0
€ kl y P k% (770 1 0771)7 kl )
Q is an open but bounded domain of points z = (21, , &) in R™ with

smooth boundary 90, p = p(z,t) is the pressure of the fluid, f = f(z,t)
is the prescribed external force and uy = ug(x) is the initial velocity. The
last condition in (1.2) is introduced for the uniqueness of the pressure p.
Problem (1.2) is the generalization of the initial-boundary value problem for
the Navier-Stokes equations.

Problem (1.2) has been investigated by Oskolkov and Kotsiolis [8], where
the Ladyzhenskaja’s methods were applied (see [7]). These investigations
were continued in the articles of Agranovich and Sobolevskii [1, 2, 3], Sobolev-
skii [11, 12], Orlov and Sobolevskii [10] and Cannon et al. [4]. The existence
and uniqueness of the solution of problem (1.2), local in time for m = 3
and global in time for m = 2, were established in [1, 2, 10]. The pair (u, p)
is called the solution of problem (1.2) if their highest derivatives belong
to L2([0,T); L*(Q)) for some T > 0 (local results) or for arbitrary 7' > 0
(global results), and the equations and the initial-boundary conditions are
satisfied weakly. A necessary condition for a such solution to exist is that
f(z,t) € L*([0,T]; L*(£2)?) and

up(z) € WHHQ)? = {v e H*(Q)* N Hy(Q)* with div v =0 in Q}.

An asymptotic series solution is constructed in [12] and the nonlinear Galer-
kin numerical method for the solution in the case of the periodic boundary
condition is studied in [4].
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The steady state flow (u,p) is a solution of the following boundary value
problem. Find (u(z),p(x)) such that

—(e+ 5)Au—|—( Vu+Vp=f,divi=0(z€Q);
a=0 (redQ); (p,1)=0; F(x)=limsup f(x,1). (1.3)
t—o0

Recently, the exponential convergence rate of (u(z,t),p(x,t) to the steady
state solution (u(x),p(x)) was shown by Sobelevskii [11]. Also, the conver-
gence to the steady state in the case of the Navier-Stokes motion (or p =0
) in exterior domain was provided by Galdi et al. [5].

To prove the convergence of (u,p) to (u,p), Sobolevskii [11] introduced
the related self-adjoint spectral (or eigenvalue) problem:

1 93
2[(21)—&—(2:;) |2+ Vi=Xz, divz=0 (z€Q);

z=0(z€00); (r,1)=0; z€ WZ(Q)?, 7€ H(Q),

—eAZ + (1.4)

where (z,7) is the eigenfunction and A the eigenvalue.

The exponential convergence can be described by the following theorem
(Sobolevskii [11]).

Theorem 1.1. Let p > 0,\g > 0, up(z) € WZ(Q)? and for some §; €
(0, min[Ag, d]), ( 1),C1 > 0. If the function ®(z,t) = e¥(f(x,t) —
f(z)) satisfies
18(1) 2oy < Cr, [D(8) — B(8)l| oy < Crlt— 5%, 0< s <t,  (L5)
then for m = 2, the functions z(z,t) = u(z,t) — u(x) and r(z,t) = p(z,t) —
p(z) satisfy
(0l + e Ol + I Ollmy < G2 (16)
0z

for some Cy > 0, where 2y = G; and Ao is the minimal eigenvalue of problem
(1.4).

It was also shown in [11] that the estimates (1.6) are exact with respect
to the rate of exponential convergence.
Remark 1.1. Since € + & > 0, then for an arbitrary vector-function
f(z) € L?(2)?, problem (1.3) has at least one solution (%,p) such that
u € WE(Q)?%,p € HY(Q)/R satisfying
4l 2 (y2 + [Pl a1 () < CHJ?HB(Q)?,
(see [6, 7, 13]).
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Remark 1.2. If (¢ + £) and f satisfy the uniqueness condition:

N _
m“f”L%Q)Q <land N = Co)\l_l,
then Ao > 0 (see [6]), where A\; > 0 is the minimal eigenvalue of the Laplace
operator —A and ¢y > 0 is a positive constant defined below in (2.3)-(2.4).
Ao > 0 is also true for ||a|c1 ()2 small or other weaker conditions on f, see
[11] for references.

In this article we shall mainly consider the exponential convergence and
power convergence of (u(z,t),p(z,t)) to (u(x),p(x)) for two-dimensional vis-
coelastic fluid motion, where

1
a>0, p>0, \; >0, 0§(51<50<§min{5,1/)\1},

a0:5—50, anda1:50—51

are assumed, and where v > 0 will be defined in (2.6) in Section 2.
Our main results are included in the Theorems 1.2 - 1.4 below.

Theorem 1.2. Let ug € Hg(Q)? with divug =0in Q, f € L} (RT; L*(Q)?)

and f € L*(Q)? satisfy for some L > 0, o
tim sup (1671 (1) = llz2qae) = L < oo, (1.7)
then
h?ligptae&lt[Hz(t)Hm(Q)? + [zt 222 + Ir Oy | < C2L, (1.8)

holds for some Co > 0.

Theorem 1.3. Let ug € Hj(Q)? with divug =0 in Q, f € Lj, (R"; L*(Q)?)
and f € L*(Q)? satisfy

T (0| £ () = fllr2p < Cr, VE >0, (1.9)
then there exists a constant Cy > 0, independent of t, such that

o o1t —2a1t ! 2a dos 2 12
(e ||z(s)HH1(Q)2+<€ T (s)lle z(s)lle(mzds)

t 1/2
# (e [ o) o) Faapds)  (110)
0

—2a1t ¢ 2 dos 2 1/2
(et [ e s, m)n)ds) < Co
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where 7(t) = max{t,t}, t = max{é_a(so, Vg—f‘l, 5\% ,if a>0, and 7(t) = 1, if
a=0.

It is obvious that

Tt) > 7Y(0) > 0, V¢ >0, a > 0.

Theorem 1.4. Let uo € WOQ(Q) . flz,t) € L2 (RT; L2()?), f € L*(Q)?
and fy € L} (RT; H71(Q)?), and there exists C1 > 0 such that

w2 [1£(0) — Pz + 15 Ola-r@e] <G ve=0,  (11)
then there exists Co > 0 such that
PO 1200) e + l2(®) s + Iy < o Ve > 0. (112)
Remark 1.3. A special external force may satisfy

lim sup ¢ || f(t) — f||L2(Q)2 =0.
t—o0
Then Theorem 1.2 yields

timsup ¢ (1120 |22 + 22(8) 22 + Ir (@)l 2@ ) =0, (1.13)

t—oo

or

12(&)l| 22 + 126l 22 + I ()]l () = ot~ ™®), as ¢ — oco. (1.14)

If p = 0, the above convergence results (including Theorem 1.1) are degen-
erated to the case for the Navier-Stokes flow.

The main technical difficulty that has been overcome in this paper is the
elimination of Holder continuity of the function ®(zx,t), which makes the
power convergence possible. Our arguments work well for both exponential
and power convergence under assumptions of the external force being expo-
nential or power decay, respectively, with respect to time. Thus, Theorems
1.2-1.4 extend the earlier results summarized by Theorem 1.1.

Another main contribution is the relaxation of the initial data assumptions
in Theorem 1.2. This implies that our techniques allow us to obtain more
general results under a weaker smoothness assumption on data.

The main conclusions are proved by variational approach and by using
various differential inequalities. Section 2 sets up the variational formulation
of the governing equations. Section 3 describes preliminary tools for proofs,
and the main proofs are given in Sections 4—6.
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2. FORMULATION OF THE PROBLEM

The mathematical setting of problem (1.2) needs the following Hilbert
spaces X = Hj(Q)% Y = L*(Q)%, M = L§(Q) = {q € L*(Q); [, qdz = 0}.
The spaces L?(Q)™, m = 1,2, 4 are endowed with the L?-scalar product and
L%mnorm denoted by (-,-) and |- |. The space H}(2) and X are equipped
with their usual scalar product and norm

((u7v>) - (Vu,Vv), HUH = ((uvu))l/Q'

The subspaces V and H of X and Y are defined by V = {v € X;div v =
0inQ}, H={veY;divv=0inQ and v-n = 0 on 9N}, where n is the
outnormal vector of €.

The Laplace operator is

Au=—Au Yu € D(A) = H}(Q)? N H*(Q)?,
and the bilinear operator is
B(u,v) = (u-V)v, Yu,v € X.
The continuous bilinear forms a(-,-) and d(-,-) on X x X and X x M are
a(u,v) = e((u,v)), Yu,v € X,
d(v,q) = —(v,Vp) = (¢, divv), Vv € X,q € M,
and the trilinear form b(-,-,-) is
b(u,v,w) =< B(u,v),w >x/ x, Yu,v,w € X.

The above a,b and d satisfy the following properties (see [6, 13]):

Y0g| < sup d(Hq;’Hq), Vg € M, (2.1)
b(u,v,w) = —=b(u,w,v) Yu,v,w € X, (2.2)
[b(w, v, w)| < colul 2 (foll[w]"|lw|*?, Yu,v,w € X, (2.3)
1b(u, v, w)| < colul?|ul|?|v||"/?| Av|?|w|, Yu € X,v € D(A),w €Y,

[b(v, u, w)| < colv]'?| Av[*?|lullJw], Yu € X,v € D(A),w €, (2.4)

where v > 0 and ¢g > 0 are positive constants. In the following we also use
c and C;S to denote generic positive constants.

From Ao > 0 and (2.2) it follows that for an arbitrary z € W§(Q)%,7 €
H'(Q)N M, the inequality

a(z,z2) +b(2,2,2) + b(u,z,2) + b(Z, 4, 2) = a(z,2) + b(Z, u, 2)
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1. 0u ou
25 T e
holds. It follows from (2.5), Friedrichs inequality (see [7, 11]) and a(z, z) =
€||Z]|?, that there is v > 0 such that

= (eAz + - )]z + V7, z) > \olz|? (2.5)

a(z,2) + b(z,2,2) + b(a, 2, 2) + b(Z, 4, 2) > v|Z] (2.6)
The equation (1.3) implies the steady state solution (@, p) in (1.3) satisfies
u; + eAu + B(a, u)—i—p/ —0=%) Auds + Vp
= J(2) - Le " Au(e) (t2 0,2 € Q),

divi =0 (t >0, x € Q); 27)
u=0 (t>0, z €N,
u(z,0) = u(x) (z € Q); (p,1) =0.

U
The equations (1.2) and (2.7) imply that (z,r) = (u — 4, p — D) satisfies

t

2zt + €Az + B(z,z) + B(z,u) + B(u, z) + p/ e 00=5) Azds
0

+Vr = F(x,t),

dive =0 (t > 0,z € Q); (2.8)
z2=0(t >0,z € 0Q);
| 2(2,0) =20 (x€Q) (r,1)=0.
These lead to the following variational formulation for (z,r):
(zt,v) + a(z,v)+0b(z,z,0) +b(a, z,v) + b(z,u,v) + J(t; z,v)
— d(v,r)+d(z,q) = (F,v),¥(v,q) € (X, M), (2.9)
2(2,0) = 20 =up(z) —a(z) € WZ(Q)?, (2.10)
where
. _ 0t ! ot I ¢ ST
J(t; z,v) = pe (/0 e’ Az(T)dr, v) = pe ((/0 e’T z(T)dr, v)),
Fla,t) = f(z,t) — f(z) + 2e % Aa(a). (2.11)

J

According to the assumptions on f(t) and f in §1, there exists a positive
constant k, > 0, independent of ¢, such that the function F'(x,t) defined
above F(z,t) € L} (R*;Y), Fy(x, t) € L} (RT; X') satisfies

lim sup 7% ()’ | F(t)| = lim sup 7(¢)e’*!| £ () — f] (2.12)

t—o00 t—o0
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under the assumptions of Theorem 1.2, or satisfies
Tt
#e‘“\F(m < Ka, VE>0 (2.13)
vV I/)\l a1

under the assumptions of Theorem 1.3, or satisfies

) s V274(t) o1t
e\ F(t)| + eYNF ()| 21 < Koy, VE>0 2.14
under the assumptions of Theorem 1.4, where
(Ft(t)v U)

()] -1 = sup
0#£veX HUH

3. PRELIMINARIES

This section is devoted to deriving several basic estimates of the solution
(z,7) of problem (2.8). Hereafter, we always assume that

0<dg < %min{é, 1/)\1,6>\1}, ag=0—09 >0, =2a>0. (3.1)
Moreover, we can derive easily
Mlof? < loll?, vo € X, (3.2)

where A\; > 0 is the first eigenvalue of (1.4).

Lemma 3.1. Assume that uw € L}, (R"; X) and to > 0. Then, for allt > tg
and 0 <6 < 6,

t _
/ B(s) J(5: 1, 2u(s))ds (3.3)
1 o263t 2 1 —a@—dyte [ or 2
- PT H T)dr||® — PT( 0)e [ L c u(T)dr||

t s
P 51 8(s) — LB(g) ) 20D / 7 2
+ 2/t (266 = 8)7"(s) = o) 20D [ ebru(ryar|as.

0
Moreover, if u € L? (R*; D(A)), then for allt >ty and 0 < § < 6,

loc

/t ™ (s) J(s;u, eQSsAu(S))ds (3.4)

to
1

_ t 1 _ to
=50 2] / & Au(r)dr[? — L pr (tg)e= 20~V / &7 Au(r)dr[?
0 0

1 t _ d _ S
- _ B _*.B —2(0—0)s T 2
4 2p/ (26— 5)7%(s) — r(s))e y/o 7 Au(r)dr[2ds.

to
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Proof. The proofs are carried out by integration by parts in a straight
forward manner and are hence omitted here. O

Lemma 3.2. Under the assumptions of Theorem 1.2, the solution (z,r) of
the system (2.8) satisfies the following estimates: For ¥t > 0,8 > 0, the
following holds

t
PO+ [l a(s) s + pr (B / (r)dr|?
0
: a
+p/ (204075( ) — SrB(s —2a05||/ 7)dr||2ds
) s
< 7(0)|20* + Gp(t), (3.5)
where
2 t
Golt) = o [ TN F(s) P
1.J0

Moreover, the estimate

lim sup 72 (¢)[e®2(t) > + 8L lim sup 77 (¢)]| >t 2 () ||
«

t—o00 1 t—oo

< lim sup 72 (¢)|e® P F (¢ 2 3.6
< S lmswp O FOR, (36)

holds.
Proof. Take (v,q) = €2%(2(t),r(t)) in (2.9). Then

1d

2dt\e‘sotz|2 +a(z,2) + b(z, 2,2) + b(u, 2, 2) + b(z, 1, 2)

+ J(t; 2, €200 2(t)) = Gg|e%tz|? 4 (e%UF, e%lz) . (3.7)
From (3.1)-(3.2) and (2.6), one has
_ 1
<€60tF7 edot ) < AL 1/2|€50tF‘H€60t2H < ZHeéotzHZ + _‘eéotF’27
4 I/)\l
Al < a(z,2) + bz, 2,2) + b, 2, ) + bz, 5, 2),
A
Bole’!2(8)* < M2 (1)? < Sl z(0)].
Hence, (3.7) impels that for all t > 0

d
LI 4 2 27 (t5 7, a(0) < S|P, (3.8)

v\
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which in turn implies that

d drb drP(t) v
S B oot |12 dot 2 B ot |12
2 (opyjeiray - Loz 1 Yoyt

2B ()T (8; 2, 200 2(1)) < %Tﬂ(m@%tﬂ?. (3.9)
VA1

Let £ > 22 the following holds for 77(t):

d d _

7 2(t) =0, ¥t > 0 for B = 0; arﬁ(t)zo, V0 < t < £ for B> 0;

d _ VA - 5 VA _

S0 = B0 ) < SHEITN ) < SR, te (foo). (3.10)

From (3.2) and (3.10) it follows that

de( )‘ dot (t)’Q <

Hence, (3.9) yields that for all ¢ > 0,

d
dt(

T2 (1)le™z(t)* <

A
—r” OIEEEOR

v
4

B(E)]ent=(1)2) + Sro(E) € =(0)|? + 20 (6Tt 2, ¥ (1))

VA1

< %T’B(t)\eéotF(t)F. (3.11)

Integrating (3.11) for ¢ from 0 to ¢ and using Lemma 3.1 with § = Jy, we
obtain that for all ¢ > 0

v [ 9%
PO+ 5 [ P lles()]fds+ pr (e / (r)ar|?
t
+p/0 (2a07b( ) — 2a08||/ 7)dr|2ds
< 79(0)|20]* + Gp(t ). (3.12)

Multiplying (3.5) by e =21 and taking the limits for the resultant expression
by L’Hopital rule as t—o0, we then obtain (3.6) since

1
limsupe “'Gy(t) = 3 lim sup 77 (£) [ F (t))2.
t—o0 VA1O1  t—o0

The proof is now complete. ([l
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Lemma 3.3. Under the assumptions of Theorem 1.2, the solution (z,r) of
the system (2.8) satisfies the following for all > 0,t > 0,

€

T (O)le™2()* + 5

t t
/ Tﬂ(s)]eaosAz(s)lzds—i—pTﬂ(t)eQO‘Ot\/ 65TAZ(T)dT\2
0 0
t S
+p / (2aorﬁ(s)_difﬁ(s))e*2a08| / T Az(1)dr|*ds (3.13)
0 S 0

< (POl + (14 "2NGo(t) + [ g7 (5)eh*s()| s,

where
962

GV)\?/2

JallAa] and g(t) =2(2)*ctl=(0) (o)

Proof. From (2.8) it follows that

1d

5 %||6’5°tf2||2 + e A|? 4 I (12, PO A(t)) + (=, ez, 002) (3.14)
+ (@, ez, et Az) + b(e®z, @, %t Az) = 8p|e%tz||? + (eF, et Az) .

Then (3.1)-(3.2) and (2.4) imply that
(eéotR e‘sotz) < %]e‘sotAzP—i— %|e§0tF|2,
e A0 2 DD 2 bl (D),
b(@, 2, Az)| + [b(z, 8, Az)| < 2c0A; Y [al|/2| Aa[M/2| 2| | Az|

€ 12
< = A2 + —5cgllull| Aal?| ],
12 6)&/2

€ 6
bz, 2, A2)| < cole] 22| 422 < 1Az + (D)l

Hence, (3.14) becomes

d

e + %\e‘sotAzF 20 (t 2, €20t Az(1))

v 6
< anlle™z()]* + gle‘sotFl2 +g®le™ =@ (3.15)
From (3.15) it follows that for ¢t > 0,
dr8(t)

d €
@ B ot .12 _ dot 2 s B ot 2
2 oy e ) - T st 4 Sr(p)entaz
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+ 278 () J (t; 2, €¥0F Az (t))

4 t
AP (1) 2 (8)|1* + gT’g(t)leéotFlzﬂL/ g(s)lle™*z(s)|*ds . (3.16)
0

—ri(t) < Z=P(1), vt >0, B> 0. (3.17)

Equations (3.2) and (3.17) lead to that for all ¢ > 0

B
T b2y < ALl < SOl A0, (3.18)
Hence, (3.16) and (3.18) yield

d

dt
v 4

< ZAmTﬁ(t)H@‘S“Z(lt)ll2 + ;Tﬁ(lt)\fx"sotF(lﬁ)\2 + ()T (B)lle™2(1)]1*. (3.19)

(P (@)l 2(t)]%) + ifﬁ (D)™ Az(8)[* + 277 (1) J (t; 2, €2 Az (1))

Integrating (3.19) for ¢ from 0 to ¢ and using Lemma 3.2, we obtain that for
allt >0

€

t
TP (@) =(6)]* + 4/0 7(s)l1e”°2(s)|*ds
t t s
+pTﬁ(t)e_2°‘°t|/ eéTAZ(T)dT|2+p/ 2a06_2°‘08|/ e A(7)dr|?ds
0 0 0

t
v
< 72(0) 201 + Z’\”’/ 7(s)l|e”2(s)|*ds (3.20)
0

t

6 tTﬂs %5 F(s)|2ds $)7P(s)|e%%2(s)||%ds
+/0 (s)] F()|d+/09()()H (s)]7ds.

€

Applying Lemma 3.2, one obtains
v t 6 [*
—/\177/ Tﬁ(s)He‘sosz(s)Hst + —/ Tﬁ(s)]e‘SOSF(s)\zds
4 0 €Jo
3v
< nr?(0)]1z0l* + (n + ?)AlGﬁ(t), (3.21)

which together with (3.20) implies (3.13). O
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4. PROOF OF THEOREM 1.2

The variational formulation (2.9)-(2.10) implies
vd
2 dt
+ b(z, €20z, €%t 2,) + J(t; 2, €290t 2, (1)) < Go||e®tz||2 4 (et F, %0t z)),

%022 + €%t 2]|2 + b(@, €%z, €% z,) + bz, u, €% z) (4.1)

and also from (2.4) and (3.1)-(3.2) it follows that

(eM'F e%tz) < %\e‘sotztIQ—l—;\e‘SOtF]Q,
Ib(a, 660tzjeéotzt)| i |b(6§0tz’a’ eéotzt)’
< 2e0My ] V2| Aa) 2 €20t [0tz 2
< Sl (O + 63T al | Aulehz
bz, €20'z,e%02)| < coe®! |22 || Az |2 etz
< Il 4+ Sl ezl el

Hence, it follows from (4.1) that

d
|20t 2|2 + ’/EHB(SOtZHQ + 26200 ] (t; 2, 2(t)) (4.2)

< 200 + AT 2l | Aa]) €02 ]| + 20X FI + 3¢ 2| 2] %0tz | e A,

Multiplying (4.2) by 7°(t) we find easily that

d
POl + v (PO ) + 2 () I (12,4 (1)  (43)
d - A
< 2O =(0)]]* + 200 + 4cgA; M fall | Aal)rO (1) ™z
+ 278 ()% F | + 3cd|2||| 2|77 (£) [e® 2 |e® Az

Thus (3.10) and (4.3) yield that for all 5> 0 and ¢ > 0,

d
TB()|e200 2|2 + v— (7P () || €% 2||2) + 277 ()P T (t; 2, 2 (1))

dt
8(50 I/)\l B Sot 12
< - 0 4.4
< (Ut 3t e ()] (4.4)

+ 377 (8) || F|* + 3¢50 (1) 2| 2| He50t2||\650tAz|] :
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Integration of (4.4) from 0 to t yields that for V¢ > 0,
t t
/ 75(5)|€20% () [2ds + vrP (1) || e®t2(1)]|? + 2 / 75(5)e2%0% J (s, 2, (s))ds
0 0

86 v [1
< vrl(O)lz0l* + (1 U2+ en) / 7 (s)[le%z(s) | ds (4.5)
0

3 t
+§VA1G5(t)+3c§/ 2] ||2]| 75 (s) || %% 2| |e%0® Az| ds.
0
The integration by parts leads to that
t
2/ 79(5)e?%0% J(s; 2, z(s))ds
0
t s
:2,0/ (Tﬂ(s)e_(‘s_%o)s/ T Az(1)dr, z(s))ds
0 0
¢ t
= 20r(0e 020 ([ ma(yin =) ~ 20 [ 72 (6) sl s
0 0
t d s
B v B —Qaps oT dot
—1—2,0/0 (2aoT (s) 77 (s))e ((/0 e’ z(T)dr, e z(t)))ds (4.6)

t s
— o / Tﬁ(s)e—hosd%u / T2V dr|Pds = T (t) + To(t) + Ts(t) + La(t),
0 0

the Cauchy and Young inequalities, together with integration by parts, imply
that

L) < 2077 (D) 0! /0 ol et
< pri(t)e=2eo| /0 P + ot @)t ),
) = =2 [ PG5 ds,
13(1)] < 20 ( /O t (2007%(s) - %T%s))e*aosn /0 () dr|ds )
X ( /O t (2a07ﬁ(s) - %Tﬁ(s))\\65082(8)\\2ds)1/ ’
<o [ (aur’(6) — 7)) [ ey

1/2
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t d
o [ (2007(5) = Sr00)) et (o) s
0 ds
t d s
< p/ (204075( ) — —T’B< 6_20‘05\/ e 2(7)dr]|ds
0 ds 0
t
+2a0p/ s7|e%%z(s) || ?ds,
0
t d s
t) :-pé/ Tﬁ(s)ezaosEH/ 7 2()dr|ds
— _poriy MH/ e (r)dr |2

d S
b / 2007 (s) — r0(s)) 20| / &7 2(r)dr| ?ds.
0

From the above inequalities it follows that

2I/ J(s52,€%024(s))ds| < [L(8)] + [Ta(t) + T3(t)] + |1 (t)]

t
< prf(6) ][ 2(D)[* + 2p(1 +ao)/ O (s)le*z(s)[|Pds
+o(1 +6)7 2a0t||/ 72 (r)dr |2 (@.7)
! 8 d 8 —2aps 3 ot 2
+ p(1+9) (2(107' (s)— —7 (s) e 208 [ e'Tz(T)dr]|*ds.
0 ds 0
t
2 [ 72(6) (5. 0%(5))ds < [T (0)] + (o)
0
t
< prf ()] e 2(1)||? +2pao/ 77(s)|e*2(s) || *ds
0
t
1 pr(t)e 200 / & 2(7)dr (4.8)
0
t d s
—|—p5/ (20&07‘5(8) — —7’8(5))6_2a05||/ eéTZ(T)dTHQd'S-
0 ds 0

Combining (4.5) with (4.7) and using Lemma 3.2 and Lemma 3.3, it follows

| e pas < [Pl + [ o))
0 0
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+p/0t (2aorﬂ(s) - %)II /0 7 2 (r)dr | 2ds
+Ga(0)+ 0 [ et

t
+368 [ o2 lallel ez e sl as,
0
t
SC[Tﬁ(O)\\ZoII“er(t)} +3c3/ B(5)|2]||2 ] [[€25 2| €2% Az|ds.
0

This inequality and Lemma 3.3 yields V¢t > 0

t t
2a16_2°‘1t[/ Tﬂ(s)\e‘soszt(sﬂgds +/ TB(S)|€505AZ(S)|2d5:|
0 0

< 201024 [19(0) 0] + G (1) + /0 9(5)7 () [e*2(5) 25 (49)

If the assumptions of Theorem 1.2 are true, we can take the limits for (4.9)
as t—o00. By using (2.12) and Lemma 3.2 together with the L'Hopital’s rule,
we then derive that

lim sup 77 (£) [€210 2, () + lim sup 77 (¢) |e?1* Au(t) |2

t—o0 t—o0

<c [ lim sup g(¢)7° () ]| e® 2 2(t) || + lim sup 77 (¢) |e? ! F () |2] (4.10)

t—o0 t—o00

< clixtnsupfﬁ(t)le‘“(f(t) - NPE
Moreover, from (2.8) and (2.4) it follows that
()Rt Vr(t)]? < C[Tﬂ(t)\eéltzt(t)ﬁ + 78(t) et Az (t)|? (4.11)
+ pe 20700 (1)) /0 t T Az(r)dr|* + g(t) T’ (1) 2(1)]|* + 6_2"1tG5(t)] :

The application of (2.1) and (3.2) leads to

v, T(t)ed1ty
e (B lettr(t)] < sup DT W)
veX v
—(v, T (t)ertVr
g (T 0 (0)

<A VPre) et ().
vex [[v]]
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This and (4.11) imply
T r ()30 < c[(fﬁ (B)]e™ 2 () + 77 ()™ Ax(t) (4.12)
+ 70 (t)e 2000 /O t T Az(r)dr|” + g(t) 77 ()| (1) )* + e—%ﬂtaﬁ(t)} :

Next, by using Lemmas 3.2-3.3, (2.12) and (1.7), we find
lim sup g(£)72 ()| 2() || < elimsup 77 () ||e®* 2 (¢t)||?
t—o0 t—o0

< climsup 72 (t) e F(t) 2,

t—o00

t
lim sup e~ 2170 (¢)e 200! | / e Az(1)dr|? (4.13)
0

t—o00

< climsup 6_20‘115(75(0)”20”2 + Gﬁ(t)) < climsup 72 (t)[|e F(t))2.

t—o0 t—o0

Hence, taking the limits for (4.11) as t—o0 and using (4.9) and (4.12), one
can obtain

lim sup T’g(t) ||€51t7"(t) H%Il(m)ds

t—o00

<c [ lim sup 77 (£) €1 2, (¢)|> + lim sup 77 () [e?1* Az (t) |

t—o00 t—o00

+ lim sup g(t)Tﬂ(t) Healtz(t) ||2 + lim sup Tﬁ(t)\edltF(t) |2
t—o0 t—o0

< climsup 72(t) [ (f(t) — f)[%. (4.14)

t—o0

Combining (4.10) and (4.14) completes the proof of Theorem 1.2.

5. PROOF OF THEOREM 1.3

A similar argument to the ones in Section 3 yields the following estimates.

Lemma 5.1. Under assumptions of Theorem 1.3 there hold for allt, 3 > 0,
t
D)= + / P s(s) P+ pr e ) [ st
0

t
w [ 2aor(s) = Lrle)e 2] [ mamarias < POl + Gt
0
(5.1)
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€

4

t d s
+ ,0/ (204075(3) - —Tﬁ(s)>6_2a05\ / e Az(7)dr|*ds (5.2)
0 ds 0

¢ ¢
Tﬁ(t)He‘SOtz(t)Hz—i— /0Tﬁ(s)]e‘SOSAz(s)Ist—i—pTﬂ(t)e_Qo‘Ot\/0 657141,7,’(7)(1%\2

<@+ Ol + 0+ NGO + [ g7 () x(5) s,

2
L (B(0) e 2[2) 4 Lo (1) 5022427 (8) (8 2, €200 2() < 7 (1) e
dt 4 Z/)\l
(5.3)
and
da
dt

< kaTﬁ(t)lle‘S”Z(t)H2 + éTﬂ(t)leéltF(f)!2 +gOT @)l @) (5.4)

(P @)™ 2(t)]1%) + iTﬂ(tﬂe‘sltAz(t)\z + 270 (1) J (t; 2, €¥1 Az(t))

Proof. The proof of this lemma is similar to that of Lemmas 3.1-3.3 and is
hence omitted. 0

Next, The following estimates needs to be established: There exists co > 0,
independent of ¢, such that

B(t)]| e 2(t)||* < ez, Vt, 8> 0. (5.5)
From (5.1) and (2.13) it follows that
T ()| 2()* < 77(0)]20]” + €2 G5 (t) < 77(0)[20] + K3, VE 2 0, (5.6)
since
2 t
e 2tGy(t) < —e_2a1t/ 78(5)|e% F(s)|?ds < k2. (5.7)
I/Al 0
It follows from (5.3) that

d 2
E'WZ'Q - %||e§1tz||2+2J(t;z,6261tz(t))gV—)\l]e‘sltFP. (5.8)

Integrating (5.8) from 0 to ¢ and using Lemma 3.1 with to = 0,3 = 0 and
0 = §; imply
v [t 2 ¢
—/ €915 2(s)||2ds < |z0] + —/ |95 F(s)|2ds < |z0|* + 2a1K3t, ¥t > 0.
4 0 I/)\l 0

(5.9)
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Combination of (5.9) and (5.6) yields

/t (s)ds < 2(9y3c / )PIl=(s)|2ds < es(1+4),¥¢ > 0. (5.10)
0 e
Let
y(t) =77 ()]l 2(8)]?, h(t)z(%nJrg)Tﬁ(t)l@‘sltF(t)lQa C'=(L+)7”(0)]|20|*.
We have from (5.2) that
y(t) < C —i—/o h(s)ds —|—/0 g(s)y(s)ds,Vt > 0. (5.11)
The general Gronwall lemma (see [4]) is applied to (5.11) to obtain
mB(t)]| etz (1) || = t s)ds |ex t s)ds .
O =01 =0 < (€ + [ he)as)exp [ g(e)d (5.12)
20 tTﬁse‘slsstex tss
<(c+ @+ [ P Pis)es | g

.5
(C + (2: + g) /Ot Tﬁ(s)\e‘slsF(s)\st)exp(%(l +1)), Vvt > 0.

From Lemma 3.2 and (1.9), we have

8 8
limsup 72(1)][e®t2 ()] < limsup 72 (1) F(1)]2 < 22142, (5.13)
t—00 2N oo
Hence, there exists a finite time T° > 0 such that
16
)Mtz ())? < Vo‘l K2, Vt>T. (5.14)
Combining (5.12) with 0 <¢ < T and (5.14) give (5.5).
From (5.5)-(5.7), we derive from (4.9) and Lemma 3.2 that
20[1672&115 / 9052, (s)| d8+/ (8)|6608AZ(8)|2d8} (5.15)

t
< 2alc[ef2a1t[76(0)Hzo||2 + Gp(t) -l—/ Tﬁ(s)He‘sosz(s)Hst] <5, Vt>0.
0
Moreover, from (2.8) and (2.4) it follows that
()P Vr(t)]? < c[Tﬁ ()] €% z(£)]> + 7 (t) [ Az ()|

+pe 0 (0)] [ A+ g MO + Gatt)]. (510
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Again using (2.1) and (3.2), we obtain
d(v, T (t)edrtr(t))

Y7 (B’ r(t)] < sup

veX HU”
_ o o1t
— sup ~OTDETVI)  \ o172 gy it
veX o]

which together with (5.16) gives

0 (1) ey < e[ (PO (O + P O] A=)

+ 78 (t)e 200! /0 T Az(r)dr[? + g(O)7 (8[| 2(1)|2 + Ga(t) | (5.17)
By using (5.5)-(5.6) and Lemma 3.2, we find

P (t)e 200t /O 57 Az(r)dr|?
c|78(0)||z0]? t $)T8(s)||e%0% 2 (s)||ds
< e[ Ol + Gott) + [ g (sl x()as]

t
<[P Ol + Gat + [ Pl z@Pas]. a9
0
Combining (5.17) with (5.18) and using (5.7) give
IO (0) sy < [ (P 2 (O + 7 (1) A1)
+ [l20ll* + e tE + g(t)Tﬁ(t)He‘sotZ(t)llﬂ- (5.19)
Integrating (5.19) and using (5.15), we obtain
t t
| el s < e[+ [ ata)r e (s) P
This and (5.5) lead to
t t
/O P10 (3) s s < e + /0 ()l (s)]%ds]. (5.20)
From Lemma 3.2 and (5.20) it follows that
t
e~20ut / ()12 () 2y ds < i Ve > 0. (5.21)
0

From (5.5), (5.15) and (5.21), Theorem 1.3 follows.
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6. PROOF OF THEOREM 1.4
The proof of Theorem 1.4 needs the following results.

Theorem 6.1. Under the assumptions of Theorem 1.4, the solution (z,r)
of the system (2.8) satisfies the following estimates:

Bt)e 2 (t)|? < 7, VE >0, (6.1)
for some c7 > 0.

Proof. Recalling (2.9)-(2.10), we can obtain

(ze1,v) + (1 4+ g)a(zt,v) + b(w, z¢,v) + bz, u,v)

+ b(2t, 2,v) + b(2, 2e,v) — d(v, 1) + d(2, q) (6.2)
= (Fy,v) +0J(t; Az,v)¥(v,q) € (X, M),
2(0,2) = %E)I(l) zt(z,t) = z0(x), (6.3)

where

20l < (e + £ Az] + 2000, 2@l Azo] +1£(0,2) = F(a)| + 5| Au(a)]
Taking (v, q) = €2%!(z, ;) in (6.2) and using (2.2) and (2.6), we then find

1d
Sl 4 (v + p)llela + bz, 2, )
= (SJ(t; Z, 62§0t2t(t)) + 60|660t2t’2 + (GéotFt, eéotzt) (64)

From (3.1)-(3.2) and (2.3), one can derive

v 2
(M F, e) < St + 2Nt R 2,
v
2

v 2
|b(e%" 2, 2, %% 2)| < glle‘s()%tll2 + ;C%HZHQIG‘sOtZtIQ-

VA1
Hedot»Zt(t)HQ > 7|650tzt(t)|2 > 50|e5ot2t(t)|2»

Hence, (6.4) and the above inequalities imply that
d
e 4 (p+ )€ 2] (6.5)

4 4
< 20€200J(t; 2, 2 (1)) + —||e® |2 + —c2||z]|}e% %%, Wt > 0.
v v
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From (6.5) it follows that for all 5> 0 and ¢ > 0,
d d v
(T (0] z]?) = — ()] 2 () + (o + 5)77 (1) €™z (6.6)
dt dt 2
4 4
< 6T ()X I (t 2, 24 (1)) + =T ()| e B |12, + =3P (1) ]| 2]|?] €% 2 .
v v
By using (3.10) and (3.2), we have
d A
EP Ozl < PO ] < Lr @)tz ()2, for 20,60,

Hence, (6.6) yields that for all 3> 0 and ¢ > 0,

LI =)P) < 50T (1 2,20) + Dl DI,

4
e Ol S RESETES (6.7)

Integration of (6.7) for ¢t from 0 to ¢ leads to that for all ¢ > 0

PO (O] < 7(0) |10 + 26 / $)e29% 1 (s; 2, z4(s))ds

4 t t
+‘/ (e Fu(s)2ads + -3 / T (s)l|z]7e® 2 (s) [Pds. (6.8
0 0

v

By using (4.8), Lemma 3.2-Lemma 3.3, we can derive from (6.8) that for all
t>0

(1)l (1) < 1 <>\zt012+p575<t>||e5°fz<t>u2

+p5/ 2007 ( —d—T ans”/ 7)dr|2ds

#psrt)e ) [ a7+ 2pien [ P P

+ /0 PN R ads + 5 [ PP Pds (69)
< [P O aal? + )+ Go(0)+ 5 [ P sy Pas]

t

+ =2 | TP(s)||z]|[€%% 2 (s) | ds.

R |~

From (6.9), (5.7), (2.14) and Theorem 1.3 it follows that for all 5 > 0,t >0
o

7o) 2 (t)]* < C[ () (Il20]1? + [z10]*) + Gp(2)
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T /0 T3 (6) e Fuls) 2 ads + 211] < e[ ol + el + 2] (6.10)
This completes the proof of Theorem 6.1. O
Theorem 6.2. The solution (z,7) of the system (2.8) satisfies the following
estimates:

() Az(t)> < ¢, VYt >0, >0, (6.11)
for some cg > 0.
Proof. From (2.8) it follows that
(€202, €%t Az) + €| Az|? + J(t; 2, €29 Az(t)) + b(z, €%z, €20t Az)
+ (@, ez, €' Az) + b(e%tz, T, €20t Az) (6.12)
= (MR, D0t Az) < §|e5°tAz|2 + e et pg)2,
From (2.4) one can derive that
|b(@, €2z, e Az)| + (e, @, e20F Az)|
< conT a2 AT 2o Az < It Az 4 Dt
1b(z, €%z, 92)| < colz|M2]|2]| /2|0t ]| /2|t Az 3/
< IR AL + (2Pl
Hence, we have
2z, Az) + €|e®t Az(t) |2 4 2J (t; z, 20T Az(t))
< Unn el + 2B 4 g(0) |22 Ve 2 0. (6.13)
Note
2(z1, A2)| < S|4 + [zl

2 t
211 (t; 2,2 Ax(1))] < JeotAzf? + 2ot / 7 A (r)dr 2.
€ 0

Forallt >0, 3 >0,

8 8 t
grﬁ(t)|e‘5°tAz(t)|2 < —T’g(t)|e‘50tzt(t)|2 + —pQTﬁ(t)e_2o‘0t|/ e(STAZ(7')d7‘|2
€ € 0

2
+ ET’%)Ie(s("fF(t)!2 + g7 ()™ z]?, Wt > 0.
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Or, by using Lemma 3.3, one can obtain another estimate

o (e A=(0)

8 2
< T () + =P (B F (1) + g(t)7 (1) ]le™" ||

+e[POlll? + Galt)] + 2 /0 19 () (s) () s
<[PPI ] + 20l + 7 (1) e P (1) (6.14)
F PO+ Galt) + [ o) (6) b= ds]
for all t > 0. From Lemma 3.2, (5.5)-(5.7) and (2.13) it follows that
() P + g7 (1) |2 (1) + Go(t) (6.15)
+ /Otg(s)Tﬁ(s)||eﬁosz(s)||2ds < et vt >0,3>0.

Combining (6.14)-(6.15) with (6.1) yields (6.11). O

Theorem 6.3. Under the assumptions of Theorem 1.4, the solution (z,r)
of problem (2.8) satisfies that for allt >0

IO r (1) 10y < o, V820, 20 (6.16)
for some cg > 0.

Proof. From (2.8), Lemma 3.3 it follows that

()] Vr(t)]* < er”(1) [!e‘s‘)tzt(t)l2 + [ Az(t)|* + g (1) 2|

+ e 2001 / B Ax(r)ar? + e P (1) 2]

< erP(t) (\séotztﬁ + [€2P Az()[?) + erP ()| F ()2 + crP () g(t) || e% (1) ||
+e(Jlz0ll? + /0 9T (6)ees(s) ds). (6.17)
Moreover, by using (2.1) and (3.2), we obtain

d(v, 7(t)e™'r(t
’}/Ta(t)|€60t7“(t)‘ < sup (7}77— ( )6 7“( ))
veX HUH

< A VEre) et (),
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which and (6.17) have given
Tﬁ(t)He‘S”T(t)H%lm) < erP () (1€ z)* + [ Az(t)[?)
+erP (@) E ()7 + erP (t)g(t) |22 (1)1 + ce 2 20|12 + cGa(t) (6.18)

t
+ ce_2o‘1t/ g(s)7P(s)]|e%%2(s)||ds.
0
From Theorem 6.1, Theorem 6.2, (6.18) and (2.13) it follows that

PO (#)310) < e[+ Galt) + TP (Hg(B) ™ 2(1)|

t
—i—e_%“t/o g(s)Tﬁ(s)||eéosz(s)||2ds}, (6.19)
which and (6.15) yield (6.16). O

Finally, Theorem 1.4 is the consequence of Theorems 6.1-6.3.
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