Honors Complex Variables (Math 411)

Volker Runde

January 16, 2009



Contents

8

9

The Complex Numbers

Complex Differentiation

Power Series

Complex Line Integrals

Cauchy’s Integral Theorem and Formula
Convergence of Holomorphic Functions
Elementary Properties of Holomorphic Functions
Analytic Continuation along a Curve

Harmonic Functions

10 The Singularities of a Holomorphic Function

11 Holomorphic Functions on Annuli

12 The Winding Number of a Curve

13 The Residue Theorem and Applications

14 Function Theoretic Consequences of the Residue Theorem

15 The General Cauchy Integral Theorem

16 Montel’s Theorem

17 The Riemann Mapping Theorem

10

16

22

35

39

45

48

57

60

68

71

79

84

87

91



1 The Complex Numbers

Definition 1.1. The complex numbers—denoted by C—are R? equipped with the oper-

ations

(@, y) + (u,v) := (z + u, y + v),
(z,y)(u,v) := (zu — yv, 2V + Yu)

for x,y,u,v € R.
Theorem 1.2. The complex numbers are a field. More specifically, we have:
e (0,0) is the neutral element of addition;
e —(z,y) = (—z,—y) forz,y ER;
e (1,0) is the neutral element of multiplication;
o (z,y)" = (ﬁ, ﬁ) for z,y € R with (x,y) # (0,0).

Proof (of the last claim only). Let z,y € R be such that (x,y) # (0,0), and note that

x —y a? ~y*  —ay y
(z,y) (a:2+y2’x2+y2) = <$2+y2 NN +$2+y2>
2 +y? —ay+ay
- (w2+y2’ 2% 4y )
— (1,0). O

Proposition 1.3. The set {(z,0) : x € R} is a subfield of C, and the map
0:R—C, x+~ (x,0)
18 an tsomorphism onto its image.
Proposition 1.3 is often worded as:
R “s” a subfield of C.
Set 1:=(1,0) and i := (0,1). Then, for any z = (z,y) € C, we have
z2=(2,0)+ (0,y) = (1,0)(x,0) + (0, 1)(y,0) = = + iy.
We write

Re z := x = “the real part of 2”



and

Im z := y = “the imaginary part of 2”.
The complex number ¢ is called the imaginary unit and satisfies
i2 = (0,1)% = (-1,0) = —1.
Definition 1.4. For z = x + iy € C, its complex conjugate is defined as z = ¢ — iy.
Proposition 1.5. For z,w € C, the following hold true:

(i) Rez =1 (24 2) and Imz = 5 (2 — 2);

(il)) z4+w=Zz+w;

Proof. (i): If z = x + iy, then Z = x — iy, so that 2z = z + z; this yields the claim for
Re z. The assertion for Im z is proven similarly.
(ii) is obvious.

(iii): Let z = 4+ iy and w = u + v, so that
2w = (zu — yv) + i(zv + yu)

and thus

zZw = (zu — yv) — i(zv + yu).

On the other hand, we have Z = x — iy and w = u — iv, which yields

zw = (zu — (=y)(=v)) + i(z(=v) + (=y)u)
xu —yv) — i(xv + yu)

w,

Il
N

as claimed.

(iv): By (iii), we have

which yields the claim. O
For any z = 22 +y? € C, we have 2z = 22 + 42 > 0. Hence, the following makes sense:
Definition 1.6. For z € C, set |z| := /2Z.

Proposition 1.7. | -| is the Euclidean norm on R?. In particular, the following hold:



(i) |z| > 0 with |z| = 0 if and only if z = 0;
(i) |z +w| < |z| + |w| for z,w € C.
Moreover, we have |zw| = |z||w| for z,w € C and 271 = é for z € C\ {0}.

Proof. In view of the remark immediately preceding Definition 1.6, it is clear that | - | is
the Euclidean norm, which entails (i) and (ii).

For the moreover part, let z,w € C, and note that
|zw|? = 2wzw = (22)(ww) = |z|*|w|?.

Also, since |z|? = 2z, we have 1 = z% for z # 0 and thus 27! = % O



2 Complex Differentiation

Definition 2.1. Let D C C, and let zy be an interior point of D, i.e., there is € > 0
such that Be(zg) :== {2z € C: |z — 29| < ¢} C D. A function f: D — C is called complex

differentiable at zg if
f,(ZO) — lim f(Z) — f(ZO)

z—20 zZ— 2

exists.

Proposition 2.2. Let D C C, let zg € int D, and let f: D — C be complex differentiable

at zo. Then f is continuous at zg.

Proof. Since lim,_.,, %ﬁzo) exists, we have
0= lim (2 — 29) lim J&) = J(z0) = lim (z — zO)M = lim (f(2) — f(20)),
Z2—20 Z2—20 zZ— 20 Z2—20 Z — 20 Z2—20
so that f(zo) = lim,_.,, f(2). O

Proposition 2.3. Let D C C, and let f,g: D — C be complex differentiable at zy €
int D. Then the following functions are complex differentiable at z0: f + g, fg, and—if
g(z0) # O—g. Moreover, we have:

(f +9)(20) = f'(20) + ¢'(20),
(f9)'(20) = f(20)9'(20) + f'(20)9(20),

and

<f>/ (20) = '(#0)g(20) + [ (20)g'(20)

g 9(20)?
Proof. As over R. O

Proposition 2.4. Let D,E C C, let g: D — C and f: E — C be such that g(D) C
E, and let zyp € int D be such that wo := g(z0) € int E. Further, suppose that g is
complez differentiable at zg and f is complex differentiable at wg. Then f o g is complex
differentiable at zg with

(f ©9)'(20) = f'(9(20))9' (20).
Proof. As over R. O

Ezamples. 1. All constant functions are (on all of C) complex differentiable, as is C 3
z — z. Consequently, all complex polynomials are complex differentiable on all of

C, and rational functions are complex differentiable wherever they are defined.



2. Let
fC—=C, 2z~ Z

and let zg = xg + iyp € C. Assume that f is complex differentiable at zy. Then we

have

zZ— 2y

f/(Zo) = lim

2520 2 — 2
_ Jim (#o =) — (%0 — io)

y—vyo (xo + iy) — (xo + 1yo)
= lim (yo i)

y—v0 i(y — yo)
-1

as well as

Z— Z
f'(z0) = lim )
z—z0 2 — 2

(z —iyo) — (zo — iyo)

= lim
z—wo (x + iyo) — (2o + iyo)
. T —x
= lim
T—x0 T — I
= 17

which is impossible. Hence, f is not complex differentiable at any zop € C. (On
the other hand, f is continuously partially differentiable—as a function of two real

variables—on all of C.)
Lemma 2.5. The following are equivalent for a R-linear map T: C — C:
(i) there is ¢ € C such that T'(z) = cz for all z € C;
(ii) T is C-linear;
(iii) T(i) =4T(1);

(iv) if A is the real 2 x 2 matriz representing T with respect to the standard basis of R?,

then there are a,b € R such that
a —b
b a |

Proof. (i) = (ii) = (iii) is obvious.



(iii) = (i): Set ¢:=T(1). For z = x + iy € C, this means that

T(x+1iy) =T(z)+ T(iy)
zT(1) + yT(i)
=a2T(1) +iyT(1)
=2zT(1)

= CZz.

(iv) <= (iii): Let a,b,c,d € R be such that

A_[w].

represents T with respect to the standard basis of R?. Note that

—a c--O- -c_
O=1y all al -
and _ - L
a c 1 c
T(1) = = = a +1b,
1) bdflo] [a) T
so that

iT(1) = —b + ia.

It follows that
T(i)=iT'(l) <= c¢=—-bandd=a.

O

Theorem 2.6 (Cauchy—Riemann Differential Equations). Let D C C be open, and let

zo € D. Then the following are equivalent for f: D — C:

(i) f is complex differentiable at zy;

(ii) f is totally differentiable at zy (in the sense of several variable calculus), and the

Cauchy—Riemann differential equations hold, i.e., for g := Re f and h := Im f, we

have 9 oh 9 on
99y = 9 ) = =22
D (20) = 2y (20) and ay(zo) &U(zo).
Proof. (i) = (ii): Define
T:C—C, z~ f'(2)z,

and note that
()= o) =T =20) _[JE) =IG0)

|z — 20| Z =20




as zp — zo. Therefore, f is totally differentiable at zy. From Math 217, it follows that
the matrix representation of T with respect to the standard basis of R is the Jacobian of
f,ie.,
52(20)  (20)
Jy (20) = 9h .
a2 (20) @(ZO)
Since T is C-linear, Lemma 2.5 yields that

Jg oh oh
“9 _ 0 d o
aJC(«ZO) 6y<z0) an O Z
(ii) = (i): Since f is totally differentiable at zp, we have a unique R-linear map

T:C — C such that

lim |f(2) = f(20) = T(2 — 20)| —0.

z—20 |z — 20|
As we know from Math 217, T' is represented by J¢(zg) with respect to the standard basis
of R% Since the Cauchy-Riemann differential equations are supposed to hold, Jf(zo) is
of the form described in Lemma 2.5(iv). By Lemma 2.5, there is thus ¢ € C such that
T(z) = cz for all z € C. It follows that

f2) = (=) _ | _If(2) = flzo) ez —20)|
Z— 20 |z — 20|
as z — zg. Hence, f is complex differentiable at zg. O

Remark. In the situation of Theorem 2.6, we have

, 8% 20) Yz 1 0 .Oh
ren=[ £ B0 ]3] - o

as well as
] 2220 ay(ZO) 0| Jg
f(ZO)Z—[%;(ZO) My | | 1|~ 200+ 5,0
so that

Ezample. Let
f:C—=C, zm~ |z~
Then f is totally differentiable with h = 0. Moreover,

% _ 9 _

=92 d =2
I T an By Y

holds. Hence, we have that

dg __Oh dg B _@
a73(2’0) = @(ZO) and @(ZO) = aI(Zo)

if and only if zp = 0. By Theorem 2.6, this means that f is complex differentiable at zg
if and only if 2y = 0.



Corollary 2.7. Let D C C be open and connected, and let f: D — C be complex

differentiable. Then f is constant on D if and only if f' = 0.

Proof. Suppose that f/ = 0. From the remark after Theorem 2.6, it follows that
Og_ah_(?g_@h_o

dr  dr dy dy

Several variable calculus then yields that f is constant. O



3 Power Series

Definition 3.1. A (complex) power series is an infinite series of the form Y > | a,(z—20)"

with z, 29, ag, a1, ae, ... € C. The point zg is called the point of expansion of the series.
Ezamples. 1. For m € N, we have

m 1

o 1-=2

if z # 1. For |z| < 1, we obtain (letting m — oo)

> 1
n __
nZ::Oz 1=z

2. For z € C, define

z
exp(z) := o
n=0
Let z # 0, and note that
Zn+1 ﬁ _ ’Z‘ 0
(n+1)! n'| n+1

as n — o0o. As the ratio text holds for series with summands in C as well as for

series over R, we conclude that exp(z) converges absolutely.

Let z,w € C, and note that the Cauchy product formula for series over R also holds

over C. We obtain:

o n oo n
z w
exp(z) exp(w) = (Z n,) (Z n,)
n=0 n=0
© N Zn—k wk
= Z = by the Cauchy product formula,
(n—k)! k!
n=0 k=0
_ i 1 ¢ ”) Sk k
|
o Moo \k
Nt
=2
n=0
= exp(z + w).

We call exp: C — C the exponential function; we also write e* instead of exp(z).

3. The sine and cosine on C are defined as

) 0 Z2n+1
sin(z) = ;0(_ S en )



and

o Z?n
cos(z) :=» (—1)" )
n=0

for z € C. As for exp(z), we see that both sin(z) and cos(z) converge absolutely for

all z € C. Moroever, we have for z € C:

o0 .
iz)2n 1
=0

E )7 S 2)
R ereny:

0 " 52n . " 52n+1
:;}(_1) @ T Y G
= cos(z) + isin(z).

n=0

Theorem 3.2. Let > 7 jan(z — 20)™ be a complex power series. Then there is a unique

R € [0,00] with the following properties:
o > > yan(z — 20)" converges absolutely for each z € Br(zo);

o for each r € [0, R), the series > o~ qan(z — 20)" converges uniformly on By[z)] =
{z€eC:|z—2)| <7};

o > > yan(z — 20)" diverges for each z ¢ Br|zo).

Moreover, R is computed via the Cauchy-Hadamard formula:
1

 limsup,, o, V]an|

It is called the radius of convergence for > > an(z — zo)".

R

Proof. The uniqueness of R is obvious.

Let R € [0,00] be defined by the Cauchy-Hadamard formula (we set 3 = oo and
1

Let r € [0, R), and choose 1’ € (r, R). It follows that

11 §
R limsup {/|an|,

r n—0o00

so that there is ng € N such that {/|a,| < % for n > ng, i.e.,

1 n
< ()

11



for n > ng. For n > ng and z € B,[z], we then have
r\”m"
lan(z — 20)"| < (P) )

Since 5 < 1, we have > (%)n < oo. The Weierstrafl M-test thus yields that
Yoo o an(z — 20)" converges absolutely and uniformly on B, [z].

Since every z € Bpr(zp) is contained in B;[zo] for some r € [0, R), it follows that
Y oo an(z — 20)™ converges absolutely for each such z.

Let z ¢ Bprlzo], i.e., |z — 20| > R, so that

1 1
——— < — = limsup V/|a
‘Z — ZO‘ R n—)oop ’ n’

and thus .

— < V|a

|z — 2o [an|
or, equivalently,

1 < |an(z — 20)"|
for infinitely many n € N. It follows that (a,(z — 20)")52,; does not converges to zero.
Consequently, Y an(z — 29)" diverges. O
Remark. The uniqueness of R follows already from the first and the last one of the three

properties listed.
Ezamples. 1. Y 2 2" R=1.
2. 3% Z R = o0
3. > 2 gnlz™ R=0.
2n+1

0 n_z 0 n 22"
4. Enzo(_l) m and ano(—l) W R = oc.

Theorem 3.3. Let Y~ an(z2—20)" be a complex power series with radius of convergence
R. Then

f:Br(z20) = C, 2z an(z—2)"
n=0

is complez differentiable at each point z € Br(zy) with

I'(z) = Z nan(z — 29)" L.
n=1

Proof. Without loss of generality, suppose that zg = 0.
We first show that > °° ; na,z""! converges absolutely for each z € Bg(0).

12



Let z € Bg(0), and choose r such that [z| < r < R. Since 1 > limsup,_., /]an|,
there is ng € N such that |a,| < (%)n for n > ng and thus

n—1 n ‘Z| o
|na,z"" | < — | —
T\ r

n—1
for n > ng. Since % < 1, we have Y 7, - (@) < 00; the comparison test therefore
yields that Y7, na,z" ! converges absolutely.

In view of the foregoing, we may define
o0
g: BR(0) = C, 2z~ Znan(z —z)" L.
n=1

We shall devote the rest of the proof to showing that f is complex differentiable on Br(0)
with [/ = g.
To this end, fix € > 0, and define, for z € Bg(0) and n € N,

oo

Il
S
>
w
>

sn(z) == Zakzk and R, (2):
k=0

Fix z € Br(0) and let r € (0, R) be such that z € B,(0); note that
=L gy = (=2 ) 4 600 - g + Pl = el

w—z w— 2 n w—z

for all w € Br(0). We shall see that each of the three summands on the right hand side

of this equation has modulus less than <

§, provided that n is sufficiently large and w is
sufficiently close to z.

We start with the last summand. First, note that

k

Ry(w) — Rp(2) > wh — 2
w—z B Z L
k=n-+1

for all w € Br(0) and also that

‘wk—z’C

k k
— § :wk—jzj—l < 2 :|w|k—j|2’j—1 < k,rk—l
w—=z - :
j=1 7j=1

for all w € B,(0). Since r < R, we have Y~ klag|r*~1 < oco. Consequently, there is
n1 € N such that Y0° klagr*~! < § for all n > ny and therefore

‘Rn(w) = Rn(2)

k_
w p—

(o.9]
w
> @
w

k=n+1

P s
< Z Elag|rF 1 <
o k=n+1

€
3

for all n > ny and all w € B,.(0).

13



For the second summand, just note that g(z) = lim, . $),(2); consequently, there is
ng € N such that |g(z) — s7,(2)| < § for all n > na.
For the first summand, fix n > max{ni,ns}. Since
. sn(w) — sn(2) o
’l})lE}Z P = s,(2),
there is § > 0 such that
€

< =
3

for all w € Bs(z) N Br(0). Making ¢ > 0 smaller, if necessary, we can achieve that
Bs(z) € B,(0). Consequently, we obtain for all w € Bs(z) that

‘ Ry (w) = Rn(2)

Sn(’UJ) - Sn(Z) S/ (Z)

w—z "

€

w— z 3
and
sp(w) — sp(2) / €
P sp(2)] < 3

These estimates, combined with |g(z) — s7,(2)| < §, yield that

'f(wyi:j(z) —g(z) <€

for all w € Bs(z). Since € > 0 was arbitrary, we obtain that f/(z) exists and equals
9(2). O

Ezamples. 1. exp/(z) = exp(2).
2. sin’(z) = cos(z).
3. cos'(z) = —sin(z).

Corollary 3.4. Let Y an(2—20)" be a complex power series with radius of convergence
R. Then

f: Bgr(z) — C, zHZanz—ZO

1s infinitely often complex differentiable on BR(Z()) with

[e.e]

Z (n—1)---(n—k+1)an(z — 20)" .
for z € Br(zy) and k € N. In particular,

1 n
apn = mf( )(ZO)

holds for each n € Ny.

14



Corollary 3.5. Let Y > an(z—20)" be a complex power series with radius of convergence

R. Then

Qn,
n+1

n+1

F: Br(z) — C, ZHZ (z — 20)
n=0

is complex differentiable on Bg(zo) with
Fl(2) = Zan(z —z0)"
n=0

for z € Br(zp).

15



4 Complex Line Integrals

We call a function f: [a,b] — C integrable if Re f,Im f: [a,b] — R are integrable in the

sense of real variables. (The Riemann integral will do.) In this case, we define

/abf(t)dt = /abRef(t)dt—ki/abImf(t)dt

Definition 4.1. A curve (or path) in C is a continuous map 7: [a,b] — C. We call
e 7(a) the initial point of -,
e 7(b) the endpoint (or terminal point) of 7, and
o {7} :=7([a,b]) the trajectory of ~.
Examples. 1. Let z,w € C. Then
v:[0,1] = C, t+— z+t(w—2)

has the initial point z and the endpoint w, and {7} is the line segment connecting

z with w.

2. For k € Z, let

Yk [0,21] = C, t et

Then ~;(0) = 1 = (1) holds, and for k # 0, we have {y;} = {2z € C: |z| = 1}.

Definition 4.2. A curve v: [a,b] — C is called piecewise smooth if there is a partition
a=a <a <--- < ap = bsuch that '7‘[aj71,aj] is continuously differentiable for j =

1,...,n.

Definition 4.3. The lenght of a piecewise smooth curve v: [a,b] — C is defined as

1) =3[
) jz_;/a”v

where a = ag < a1 < --- < an, = b is a partition such that 'y|[aj_17aj] is continuously

differentiable for j =1,...,n.

Definition 4.4. Let v: [a,b] — C be a piecewise smooth curve, let a = ag < a1 < -+- <

an, = b be a partition such that ’y][aj is continuously differentiable for j = 1,...,n,

-1,45]
and let f: {7y} — C be continuous. Then the line integral (or contour integral) of f along
v is defined as

/ f o= / Fodc=S" " re .
Y ol j=1

16



Properties of the Line Integral. 1. Let v be a piecewise smooth curve, let A\, u €

C, and let f,g: {7} — C be continuous. Then we have

LAf+M9=AAf+M/79'

2. Let v be a piecewise smooth curve, let f: {7} — C be continuous, and let C' > 0 be
such that |f({)| < C for ¢ € {7}. Then

Lf

3. Let «v: [¢,d] — C be a piecewise smooth curtve, let ¢: [a,b] — [c,d] be an increasing,
continuously differentiable function with ¢(a) = ¢ and ¢(b) = d, and let f: {y} — C
be continuous. Then we have

[r=]
v Yo

4. Let D C C be open, and let f: D — C be continuous with an anti-derivative,
i.e., there is F': D — C such that F' is complex differentiable at each z € D with
F'(2) = f(2). Then

<Cl(v)

holds.

/ f = F(y(b)) - F(+(a))
Y

holds for every piecewise smooth curve v: [a,b] — D.
Definition 4.5. A curve v: [a,b] — C is called closed if y(a) = (b).

Proposition 4.6. Let D C C be open, and let f: D — C be continuous with an anti-

derivative. Then fw f =0 holds for each closed, piecewise smooth curve vy in D.

Example. Let zp € C, let r > 0, and let
v:[0,27] = C, t+s e + 2,

i.e., v is the circle centered at zy with radius r in counterclockwise orientation.
Let n € Z, and consider [ (¢ — 20)" d.

For n # —1, let
_ n+1
F:C\{z} — C, Z'_}(anf])l’
so that F'(z) = (z — 29)" for all z € C\ {20}. It follows that fy(g‘ — 2p)"d¢ = 0.

On the other hand, we have

2w . it 27
/(c—zo)—ldgz/ ne dt:/ i dt = 2ri.
~ 0 ret 0

17




Consequently,
1

Z— 20

C\{z}—C, 2z~
has no anti-derivative.

Recall the following definition from Math 217:

Definition 4.7. A subset D C C is called connected if there are no open sets U,V C C
with

e UND#2#VND,
e UUV D D, and

e UNV CC\D.

Definition 4.8. Let D C C be open. A function f: D — C is called locally constant if,
for each zp € D, there is € > 0 such that Bc(z9) C D and f is constant on B¢(zp).

Proposition 4.9. Let D C C be open. Then the following are equivalent:

(i) D is connected;
(ii) every locally constant function f: D — C is constant;

(iii) for any z,w € D, there is a piecewise smooth curve 7y: [a,b] — D such that vy(a) = z

and y(b) = w.

For the proof of Proposition 4.9 (and of the theorem following it), we require two

constructions on curves:

1. Given a < b < c and two curves 7 : [a,b] — C and 72 [b, ¢] — C with v1(b) = v2(b),

the concatenation of 1 and -5 is the curve

n(t), te [av b]7
v (t), telb, .

If 41 and 9 are piecewise smooth, then so is y; & 2, and we have

| a=[tefs
ND72 " V2
for each continuous f: {y1} U {1} — C.

N @72t [a,d —C, tH{

2. For any curve 7: [a,b] — C, the reversed curve is defined as
v i a,b) = C, t—y(a+b—1t).

If ~ is piecewise smooth, then so is v~, and we have

[ =1

18

for each continuous f: {y} — C.



Proof of Proposition 4.9. (i) = (iii): Let z € D, and set

U:={weD:

there is a piecewise smooth curve 7: [a,b] — D with v(a) = z and ~(b) = w}.

Obviously, U # & (because z € U).

We claim that U is open. To see this, let wg € U, so that there is a piecewise smooth
curve v: [a,b] — D with v(a) = z and v(b) = wg. Choose € > 0 such that B.(wy) C D.
For w € B(wy), define

[wo, w]: [0,1] = C, ¢+ wgy + t(w — wp).

Then [w, w] is a curve in Be(wp) C D with initial point wy and endpoint w. Consequently,
v @ [wo, w] is a piecewise smooth curve in D with initial point z and endpoint w. It follows
that w € U, and since w € B.(wy) was arbitrary, we have B.(wg) C U. This proves the
openness of U.

Next, we claim that D\ U is also open. To see this, let wg € D\ U, and let € > 0 be
so small that B.(wp) C D. Assume towards a contradiction that there is w € B(wp) NU.
Let v: [a,b] — D be a piecewise smooth curve with y(a) = 2z and (b) = w. Then
v @ [w, wp] is a piecewise smooth curve in D with initial point z and endpoint wy, so that
wp € U. This contradicts the choice of wy € D\ U. It follows that Bc(wg) NU = &, i.e.,
B(wp) C D.

Since U and D\ U are both open with UU (D \U) = D, the connectedness of D yields
that D\ U = @, i.e., D =U.

(iii) = (ii): Let f: D — C be a locally constant function, and let z,w € D. Let
v: [a,b] — D be a piecewise smooth curve with v(a) = z and v(b) = w. Since f is locally

constant, the function
[a,0] = C, t— f(v(t))

is differentiable with zero derivative and therefore constant. It follows that f(z) =

f((a)) = f((b) = f(w).
(il) = (i): Suppose that D is not connected. Then there are non-empty open sets
UV CcCwithUNV =@ and UUV = D. Define

0, zeU,

f:D—-C, 2z~
1, zeV.

Then f is locally constant, but not constant. O

Theorem 4.10. Let D C C be open and connected, i.e., a region, and let f: D — C be

continuous. Then the following are equivalent:
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(i) f has an anti-derivative;
(ii) f7 f(¢)d¢ =0 for any closed, piecewise smooth curve v in D;

(iii) for any piecewise smooth curve v in D, the value of fv f depends only on the inital

point and the endpoint of .

Proof. (i) = (ii) follows from Proposition 4.6.
(i) = (iii): Let 7,4': [a,b] — D be piecewise smooth curves with y(a) = 7/(a) and
v(b) =+/(b). Then v @ (7/)~ is a closed, piecewise smooth curve, so that

0:L®(v’)‘f:/7f+/(v/)‘f:/vf_[y’f

(iii) = (i): Fix 29 € D. For any z € D choose a piecewise smooth curve v, : [a,b] — C
with v,(a) = ag and 7,(b) = z. Define

F:D—C, zr—>/ f(¢)dc.

We claim that F' is an anti-derivative of f. Let z € D, and choose § > 0 such that
Bs(z) C D. For w € Bs(z), thus have

Fw)= [ f(¢)d¢

Yw

- / F(O)de, by (iil),
Y2 ®[z,w]

f(C) ¢ + f(¢)d¢

[z,w]

/de

which entails

W_f(z)‘_!w—z!/[ }f_/[ 16
1
- /[zw]u—f(z))‘
<A 17 0) - £ ¢ € (mwl})

jw — 2|

= sup{[f () = f(2)| : ¢ € {[z,wl}}.

Let € > 0 and choose 0 > 0 so small that |f({) — f(z)| < € for all ¢ € D with |( — z|] < §.
It follows from the foregoing that

F - F
FWIZTE 5| <
w—z
for all w € Bg(z). This, of course, means that F'(z) = f(z). O
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From now on, we shall use the word curve as shorthand for piecewise smooth curve.
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5 Cauchy’s Integral Theorem and Formula

Definition 5.1. Let D C C be open. If f: D — C is complex differentiable at each
z € D, then we call f holomorphic (or analytic) on D.

Let z1, 22, and z3 be three different points in C. They span a triangle A. Its boundary

can be parametrized as a curve in counterclockwise orientation.

43

We denote this curve by 0A.

Theorem 5.2 (Goursat’s “Lemma”). Let D C C be open, let f: D — C be holomorphic,
and let A C D be a triangle. Then we have

f(¢)d¢ = 0.

0A

Proof. We split up A into four subtriangles AW, A® A®) andA® as shown:
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As the line sugments in the interior of A also occur as their reversed paths, we have

/aAf:Z/A(J>f

7j=1
4
Z_: /aNJ) ‘

Choose j € {1,2,3,4} such that UaA(j> f‘ is largest, and set A; := AU, Tt follows that

so that

f .

I

f‘<4

0Aq

also, note that £(9A;) = SL(OA).
Repeat this argument with A; in place of A, and obtain a triangle Ay, C Ay with

0(0As) = %E(@Al) = %E(@A)

and

L=l

0A1 0A2
so that
f’ < 4 f ‘ < 16 f '
8A1 8A2
Inductively, we obtain triangles
ADAI DAy D ---
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with )
L(0A,) = 275(8A)

RIS T

and
<4"

for n € N.
Let zg € (2, Ay, and define

r:D—C, zw f(z) = f(z0) = f'(20)(2 — 20),
[r(2)]

|z—20]

so that lim,_,, =0 and f,y r= fv f for each closed curve 7 in D; hence, we have

Ju 1= o

for n € N. Let € > 0 and choose ¢ > 0 such that

r(z)

Z— 20

<4n

€

= 1(0A)?

for all z € D with |z — 29| < §. Choose n € N such that A,, C Bs(z0). For z € A, this
means that 1
|z — 20| < L(0A,) = QTE(GA).

Jutl= el
[o7A 0A,

< 4™(0Ay) sup [r(C)]

We thus obtain:

CedA,
= 2"(9A) sup |r(¢)]
¢edA,
€
<2M(QA) sup 5 | — 2
( )CeaAn (0A)? u
<5 L(0A)
<e.
As e > 0 was arbitrary, this proves the claim. O

Definition 5.3. A set D C C is called star shaped if there is z9 € D such that {zp+t(z —
29) :t € [0,1]} C D for each z € D. The point 2 is called a center for D.

Corollary 5.4. Let D C C be open and star shaped, and let f: D — C be holomorphic.

Then f has an anti-derivative.
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Proof. Let z5 € D be a center for D. Define
F:D—-C, z+— f
[Z07Z]

Let z € D, and let 6 < 0 be such that Bs(z) C D. Let w € D. Since [29, 2| @ [z, w] $ [w, 2]
is the boundary of a triangle A C D, Goursat’s lemma yields

0= / f
[2073]@[271”}@[1”77;0]

so that

Fw=[ f==[ s=[ s+ s1=Fe)+[ 1
[20,w] [w,z0] [20,2] [z,w] [z,w]

As in the proof of Theorem 4.10, we see then see that F' is an anti-derivative for f. [

Corollary 5.5. Let D C C be open, and let f: D — C be holomorphic. Then, for each
20 € D, there is an open neighborhood U C D of zy such that f|y has an anti-derivative.

Corollary 5.6 (Cauchy’s Integral Theorem for Star Shaped Domains). Let D C C be
open and star shaped, and let f: D — C be holomorphic. Then f,y f(€)d¢ = 0 holds for

each closed curve v in D.

Ezample. The sliced plane is defined as
Co:={z€C:2z¢ (—00,0]}.

Then C_ is star shaped (1 is a center, for instance). As seen in the proof of Corollary 5.4,
the function

Log:C_ —-C, 2z~ 1dC
1,2 €

is an anti-derivative of C_ > z — %; it is called the principal branch of the logarithm.
Let z € C_, and let v, be any curve in C_ with initial point 1 and endpoint z. From
Theorem 4.10, we conclude that Log z = fyz %dg )
For any z € C_, there is a unique 6 € (—m, 7)—the argument argz of z—such that
2z =|z|e. For z € C_ with # > 0, the curve

7:[0,0] = C, tr |z|e"

has the initial point |z| and the endpoint z. It follows that [1,|z|] & 7 is curve with initial

point 1 and endpoint z as shown:
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L7]

0

1 [112]] T2 x

It follows that

1 1 0 it
Logz:/ dC+/dC=log|z|+i/ %dt:10g|z|+iargz.
(REIRS 76 0 €

Similarly, we obtain the same equation for arg z < 0.

Lemma 5.7. Let D C C be open and star shaped with center zy, and let f: D — C be
continuous such that

f(€)d¢=0
0A
for each triangle A C D with zg as a corner. Then f has an anti-derivative.

Proof. This is proven just like Corollary 5.4. O

Lemma 5.8. Let D C C be open and star shaped with center zg, and let f: D — C be

continuous such that f|p\(z,) s holomorphic. Then f has an anti-derivative on D.

Proof. We shall apply Lemma 5.7.

Let A be a triangle in D with zg as a corner:

Z;

Zp
Z;
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Let z; be a interior point on the line segment connecting zp and w, let z5 be an interior
point on the line segment connecting zy and z, and let z3 be an interior point on the line
segment connecting w and z. Use these points to split A into four subtriangles—as shown
above—, which we denote by A(zg, 21, 22), A(z1, 23, 22), A(z1,w, 23), and A(z9, 23, 2). As

in the proof of Goursat’s Lemma, we have

Jis 7= Lt s ™ s+ s
OA OA(20,21,22) OA(21,23,22) OA(21,w,23) OA(22,23,2)

Since A(z1, 23, 22), A(z1,w, 23), A(22,23,2) C D\ {20}, and since f is holomorphic on
D\ {z0}, Goursat’s Lemma yields

/ = f=[  i-o
OA(z1,23,22) OA(z1,w,23) OA(z2,23,2)

/ / .
OA 8A(Z 32 ,ZZ)

RIS T
OA OA(z0,71,22)

Placing z; and z, sufficiently close to zg, £(OA(z0, 21, 22)) can be made smaller than every
€ >0, so that | [, f| =0. O

so that

< L(OA(z0,21,22))  sup |f(Q)-
CEaA(Zo,ZLZZ)

Let zp € C, and let r > 0. Slightly abusing notation, we use 0B, (z9) to denote the

boundary of B,(zg) in counterclockwise orientation.

Lemma 5.9. Let D C C be open, let zo € D, and let v > 0 be such that By[zp] C D.

Then )
/ d¢ = 2mi
0B, (z0) ¢ — %

holds for all z € By(z0).

Proof. Through direct computation, we saw that

/ 1 d¢ = 2mi.
8Br(20) € — 20

Let z € By(2p), and choose € > 0 such that Bc[z] C B,(2p), so that

1
/ d¢ = 2mi.
8B.(z) C — %

We need to show that

/ LI / L oae—o
8B, (z0) ¢ — % 8B.(z)- C — Z
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This is how the situation looks like:

We connect the boundaries of B, (zp) and B¢(z) through line segments:

Consider the following two curves v; and ~s:
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Then it is clear that

éBv'(zo)CideJr/aBe(z)Cizdcz/vléideJr/wzCide'

The sketches also show that there are star shaped open D; C C\ {2z} with {v;} C D; for
j =1,2. Cauchy’s integral theorem for star shaped domains thus yields that

1

%‘C_Z

dc =0

for j = 1,2, which proves the claim. O

Theorem 5.10 (Cauchy’s Integral Formula for Circles). Let D C C be open, let f: D — C
be holomorphic, and let zg € D and r > 0 be such that By[z0] C D. Then we have

fo) = L f(©)

2w 9Br(20) € — %

d¢

for all z € By(zp).
Remark. The values of f on all of B;[z] are already determined by those on 0B, (2).

Proof of Theorem 5.10. Let R > 0 be such that B,[z9] C Br(z0) C D. Let z € By(z0),
and note that z is a center for the star shaped domain Bg(2p).

Define J(w)—f(2)
g:D—C, we w0 WED
f'(z), w=z.
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Then g is continuous an holomorphic on D\ {z}. By Lemma 5.8, ¢ has an anti-derivative
on BRr(zp). Since 0B, (zp) is closed, this means that

Q) |
= d¢ = d —d
0 /a o sod= [ S ac ) /a s

=2

where the identity [, 9B, (z0) C—iz d¢ = 27i holds by Lemma 5.9. Division by 277 yields the

claim. 0

Corollary 5.11 (Mean Value Equation). Let D C C be open, let f: D — C be holomor-
phic, and let zg € D and r > 0 be such that B.[z9] C D. Then we have

1 2 )
f(z0) = = f(z0 + re) dt.

2m Jo
Proof. Parametrize 0B, (29) as
7:[0,27] — C, t+> 2o+ re’.
The Cauchy Integral Formula then yields

%) 22/(—2’0
27

fzo +re't) .

it
dt

271'2 0 reit ¢

1 2

% f(z0 +re't) dt. O
Lemma 5.12. Let D C RY be open, and let f: [a,b] x D — R be continuous such that
{?Tf, . aa—f: [a,b] x D — R all exist and are continuous. Define

1 TN

b
gD —R, «x r—»/ f(t,x)dt
a
Then g is continuously partially differentiable with

dg B baf
s = [ Sty

forxee D andj=1,...,N.

Proof. There is no loss of generality supposing that N = 1.

Let xg,x € D be such that every number between them is also in D. By the Mean
Value Theorem of single variable calculus, there is, for each ¢t € [a,b], an real number &
between xg and = such that

f(t,$) — f(t,l‘o) f

Tr — X0

5g L&)
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Let € > 0. By uniform continuity, there is § > 0 such that

0 0
L t01) - I 1,2

€
b—a

<

for any ¢ € [a,b] and all 1,z between z¢ and = with |x; — x9| < J.

Suppose that |xg — 2| < §. Then we have:

x€r — Tr — 1‘0
b
t,x) — f(t 0
S/ f(,IL‘) f(7$0)_l(t7x0) dt
a T — X ox
*1of of
= — (¢ - =t dt
/L; 8$(7£t) 8x(7x0)
boe
< [ ——dt, because |& — xg| < 4,
. b—a
<e.
This proves that g is differentiable at 2o with ¢'(z) = fab %(t, x0) dt.
A similar (but easier) argument shows that ¢ is continuous. O

Corollary 5.13. Let D C C be open, and let f: [a,b] x D — C be continuous such that

%: [a,b] x D — C exists and is continuous. Define

b
g: D — R, zr—>/f(t,z)dt.

Then g is holomorphic with
b af
J(z) = /a a(t,z) dt
for z e D.

Proof. Apply Lemma 5.12 to Re f and Im f and check that the Cauchy Riemann differ-

ential equations are satisfied. O

Theorem 5.14. Let D C C be open, let zo € D and r > 0 be such that B,|z9] C D, and
let f: D — C be continuous such that

foy = L f©)

2 Jop, (o) C — 2

d¢

holds for all z € B,(z9). Then f is infinitely often complex differentiable on By.(zy) and

satisfies

)y — iR
f7E) = 270 Jop, (z) (¢ — 2)" 1

holds for all z € B,(zy) and n € Ny.

dg (%)
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Proof. We prove by induction on n € Ny: f is n-times complex differentiable and (x)
holds.

For n = 0, the claim is clear, so suppose that it is true for some n € Ny. Define

n! f(zo + rett)ret

F:[0,27] x By(z9) = C, (t,z) — 27 (20 + reft — z)ntl

Then F' is continuous and, by the induction hypothesis, satisfies

TR R (S HP

for all z € B,(zy). Furthermore,

Gj(t 2) = (n+1)! f(zo +ret)ret
9z "7 2m (29 +reit — z)nt2

is continuous on [0,27] x By(z). From Corollary 5.13, we thus conclude that £ is
holomorphic on D with
T OF 1)!
ren ey = [y = D j/ O e 0
0o 02 276 JoB,(z) (€ — 2)™
Corollary 5.15 (Generalized Cauchy Integral Formula). Let D C C be open, and let

f: D — C be holomorphic. Then f is infinitely often complex differentiable on D.
Moreover, for any zgp € D and r > 0 such that B,[z0] C D, the generalized Cauchy

integral formula holds, i.e.,

n! f(©)

T 2mi OB, (z0) (¢ — 2)"T1

™ (z) d¢

for all z € By(29) and n € Ny.

Ezxample. We shall use Cauchy’s integral theorem and formula to evaluate the line integral

e
Ac«—lfﬁ

for various curves 7:

(a) v = 0Br(—3): The function

eZ

f:C\ {1} - C, 2o

is holomorphic, and we have B;[—3] C C\ {1}. Cauchy’s integral formula thus yields:

e Q) | |
/8371—(3) Q(C - 1) C OB (—3) C C 2mi f(O) 2
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(b) v = 8B% (7): As the integrand is holomorphic in on the star-shaped domain B%(i),
Cauchy’s integral theorem yields that

_€ _a—o0
/{93%(1') ¢(¢—1) <=0

(¢) v = 0B2(0): Partial fractions yield

1 1 1

2(z—1) z—-1 2

Since 0,1 € B3(0), we obtain with the help of Cauchy’s integral formula:

eS i e J eCd i X
/E)BQ(O)Q((—l) ¢= aBg(o)Cj ¢— 332(0)? ¢ =2mi(e—1).

Characterizations of Holomorphic Functions. Let D C C be open, and let f: D — C

be continuous. Then the following are equivalent:
(i) f is holomorphic;
(ii) the Morera condition holds, i.e., faA f(¢)d¢ =0 for each triangle A C D;

(iii) for each zo € D and r > 0 with By[zp] C D, we have

f(2) = 1 f(©) dc

"~ 2mi 9B (20) C — 2

for z € By(20);
(iv) for each zy € D, there is v > 0 with By[z0] C D and

fe) = 5. 7e

2w 9Br(z0) C — %

dg
for z € By(20);

(v) f is infinitely often complex differentiable on D;

(vi) for each zy € D, there is an open neighborhood U C D of zy such that f has an

anti-derivative on U.

Proof. (i) = (ii) is Goursat’s Lemma.
(i) = (iii) is the Cauchy Integral Formula for circles, and (iii) = (iv) is trivial.
(iv) = (v) follows immediately from Theorem 5.14, and (v) = (i) is again trivial.
(ii) = (vi) follows from Lemma 5.7 because every zp € D has an open, star shaped

neighborhood contained in D.
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(vi) = (v): Let zp € D, and let U C D be an open neighborhood of zy such that f
has an anti-derivative, say F', on U. Then F' is holomorphic on U. Applying (i) = (v)
to F', we see that F' is infinitely often complex differentiable on U. Consequently, f = F”’
is infinitely complex differentiable on U. Since zy € D was arbitrary, we conclude that f

is infinitely often complex differentiable on D. O

We conclude this section with Liouville’s Theorem and its application to the Funda-

mental Theorem of Algebra.
Definition 5.16. A holomorphic function defined on all of C is called entire.

Theorem 5.17 (Liouville’s Theorem). Let f: C — C be a bounded entire function. Then

f is constant.

Proof. We will show that f' = 0.
Let C' > 0 be such that |f(z)| < C for all z € C. Let z € C be arbitrary, and let » > 0.

By the generalized Cauchy integral formula, we have

/ 1 / f(©) 1 1f(O)l 1 ¢ _c
zZ)| = — 2 d(| < — (OB, (z sup < —2mr— = —.
7 210 | Jop,(z) (¢ — 2)? =gl ( ))CEBBT(Z) (=2 720 12
Letting r — oo, we obtain f’(z) = 0. This completes the proof. O

Corollary 5.18 (Fundamental Theorem of Algebra). Let p be a non-constant polynomial

with complex coefficients. Then p has a zero.

Proof. Assume that p has no zero. Then the function

ffC—-C, 2z~ 1

p(2)
is entire. Since p is a polynomial, we have lim,|_, [p(2)| = oo and thus lim|,; . |f(2)| =
0. Let R > 0 be such that |f(z)| < 1 for |z] > R. Since f is continuous it is bounded
on Bgr|[0], and by the choice of R, it is bounded on C\ Bg|0], too, and thus bounded on
all of C. By Liouville’s Theorem, f is thus constant, and so is therefore p, which is a

contradiction. m
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6 Convergence of Holomorphic Functions

Just as a reminder:

Definition 6.1. Let D C C be open. Then a sequence (f,,)>2; of C-valued functions on
D is said to converge uniformly on D to f: D — C if, for each € > 0, there is n. € N such
that |f,(z) — f(2)| < € for all n > n. and all z € D.

We recall the following theorem, which we won’t prove:

Theorem 6.2. Let D C C be open, and let ()52 of continuous, C-valued functions on

D converging uniformly on D to f: D — C. Then f is continuous.
We now “localize” the notion of uniform convergence:

Definition 6.3. Let D C C be open. Then a sequence (f,,)>>; of C-valued functions on
D is said to converge locally uniformly on D to f: D — C if, for each zy € D, there is an
open neighborhood U C D of zy such that (fy|)52; converges to f|y uniformly on U.

Proposition 6.4. Let D C C be open, and let ()52 of continuous, C-valued functions

on D converging locally uniformly on D to f: D — C. Then f is continuous.

Proof. Let zp € D, and let U C D be an open neighborhood of 2y such that f,|v — f|u

uniformly on U. By Theorem 6.2, f|y is continuous. Hence, f is continuous at z. O

Proposition 6.5. Let D C C be open, and let f, f1, fa,...: D — C be functions. Then

the following are equivalent:
(1) (fn)sey converges to f locally uniformly on D;
(ii) for each compact K C D, the sequence (fn|r)>, converges to f|x uniformly on K.

Proof. (i) = (ii): Let K C D be compact. For each z € K, there is an open neighborhood
U, C D of z such that f,|y, — f|y, unformly on U,. Since K is compact, there are
21, ..+, 2m € K such that

KcU,u---uU,,.

Let € > 0. For each j = 1,...,m, there is n; € N such that |f,(z) — f(2)] < € for all
n >n; and all z € U,;. Set n. := max{ni,...,nm}. Then [f,(2) — f(2)| < € holds for all
n>neand z € K.

(i) = (i): Let z0 € D, and let 7 > 0 be such that B,[z9] C D. Since B[z is
compact, (fn|p,[z])ner converges uniformly on By (2] to f|p, (). Trivially, (fulB, (z0))ne1

thus converges uniformly on B,(20) to f|g,(z)- Ol

Instead of locally uniform convergence, we therefore often speak of compact conver-

gence.
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Lemma 6.6. Let D C C be open, let v be a curve in D, and let f, f1, fo,...: D — C be

continuous functions such that (fu|(y))ney converges to f|¢y uniformly on {v}. Then we

[ @ac= i [ gcyac

Proof. Let € > 0, and choose n. € N such that

have

(y)+1

[fn(C) = F(OI <

for all n > n. and z € {y}. For n > n., we thus obtain:

/an/vf‘z/v(fnf)‘

< L(y) sup{[fn(C) = F(O] : C € {}}

el(v)
(y)+1

€. OJ

IN

A

Corollary 6.7. Let D C C be open, let v be a curve in D, and let fi, fa,...: D — C be

continuous functions converging compactly to f: D — C. Then f is continuous, and we

[ @ac= i [ gcyac

Proof. 1f v: [a,b] — C is a curve—and thus continuous—, then {7} = v([a, b]) is compact.

have

Hence, Lemma 6.6 applies. O

Theorem 6.8 (Weierstrafy’ Theorem). Let D C C be open, let f1, fa,...: D — C be
holomorphic such that (f,)52, converges to f: D — C compactly. Then f is holomorphic,
and (fék))oo converges compactly to f*%) for each k € N.

n=1

Proof. Clearly, f is continuous.
To see that f is holomorphic, let A C D be a triangle. By Goursat’s Lemma,
/. aa fn(¢)dC =0 holds for all n € N. From Corollary 6.7, we conclude that

fQyac=tim [ fucyac=o

0A

i.e., f satisfies the Morera condition and thus is holomorphic.
Let zg € D, and let 0 < r < R be such that B,[z9] C Br(z0) C Brlzo] C D. For any
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z € By(z0), we have

- re= g [ B i
1 R VA (SR (9
< o108l 0))CEGB}£)(Z0) (¢ —2)? ‘

R
< m (easgf(zo) ’fn(C) - f(<)|

Let € > 0, and choose n. € N such that

(R—1)?
R

for all n > n. and ¢ € dBRr(z0). Then it follows from the above estimates that |f}(z) —
['(z)] < eforall n > ne and 2z € By(20). Consequently, (f},|p,(z))ne; converges to

[fn(Q) = F(Q)] <e

J'1B,(z) uniformly on B;.(20). As zg € D is arbitrary, this means that (f;,)5%; converges
to f locally uniformly, i.e., compactly, on D.

For higher derivatives, the claim now follows by induction. O

Lemma 6.9. Let zg € C, let r > 0, and let z € By(zp). Then

o0

1 1 .
LT )

n=0

holds for all ¢ € 0B, (zy) with absolute and uniform converges on 0B, (zp).

Proof. Let ¢ € 0B,(2p), and note that
1 1 1 1

=z (C—20)—(2-20) (-20l-FZ2

Since |z — zg| < r and |( — zg| = r, we have Z:jg < 1, so that
1 1 [z — zo>” > 1 n
— = —(2 — Z .
L () gt
n=0 n=1
Since ’ (4(:3)7)111 = |Z7;li°1|n and > "7 ‘Z;ﬂ'" < oo, the Weierstrafl M-test yields absolute
and uniform convergence on 9B, (zp). O

Theorem 6.10. Let D C C be open. Then the following are equivalent for f: D — C:
(i) f is holomorphic;

(ii) for each zy € D, there are r > 0 with B,(z9) C D and ag,a1,az2,... € C such that
f(z) =307 gan(z — 20)" for all z € By(2);
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(iii) for each zo € D and r > 0 with B,(z0) C D, we have

©  r(n)(,
foy =3 Ty
n=0

n

for all z € By(zp).

Proof. (iii) = (ii) = (i) are clear.
(i) = (iii): Let z9 € D, and let r > 0 be such that B,(z9) C D. Let z € B,(z9) and
choose p € (0,7) such that z € B,(z). Then we have:

_ 1 f(Q)
2= 5 0B,(20) 6 — % &
1 — [

T omi 9B, (20) W('Z — 20)" dg, by Lemma 6.9,
P 20) n=0

(1

n=0
O £(n)

= ’ n(|ZO) (z = 20)" =
n=0 :
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7 Elementary Properties of Holomorphic Functions

Theorem 7.1 (Identity Theorem). Let D C C be open and connected, and let f,g: D — C

be holomorphic. Then the following are equivalent:
(i) f=g
(ii) the set {z € D : f(z) = g(g9)} has a cluster point in D;
(i) there is zo € D such that f (z0) = g™ (2p).
Proof. Without loss of generality, let g = 0.
(i) = (iii) is trivial.
(iii) = (ii): Let 29 € D be as in (iii), and let > 0 be such that B,(z9) C D. Then
we have by Theorem 6.10 that
- f(n) (ZO) n
f@)=) ———(z=2)"=0
n=0

n

for all z € B,(2p), so that
By(20) C Z(f) = {2 € D f(2) =0},
Every point in B(z9) is a cluster point of Z( f).
(ii) = (i): Let
V:={z€ D: z is a cluster point of Z(f)},

so that V # @ by (ii).
We claim that V' is open. Let zg € V, and let r > 0 be such that B,(z9) C D. Then

flz) = Z an(z — 20)"
n=0

holds for some ag, a1, as,... € C and all z € B,(z9). We claim that B,(z9) C Z(f), so
that B,(z9) C V. Assume that B,(z9) ¢ Z(f). Then there must be m € Ny such that
am # 0; let m € Ny be minimal with this property. As zg is a cluster point of Z(f), there
is a sequence (z)32, in Z(f) \ {20} such that zp = limy_.o 2z, We obtain:

Ay = kli)n;o Z an(zp — z0)" ™
=m
=1 a(zE — 20)"
ki»Holo (Zk — Zo)m ng()a (Zk ZO)
lim 1 (z)
k—oo (2 — 20)™
=0,
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which is a contradiction. We conclude that ag = a1 = az = -+ = 0, so that B,(z9) C Z(f).

We now claim that D \ V is also open. Let zp € D\ V, and € > 0 be such that
B(z0) € D and (Be(20) \ {20}) NZ(f) = @. For any z € Be(29) \ {20} and 6 > 0 such
that Bs(z) C Be(z0) \ {20}, we thus have (Bs(2) \ {z}) NZ(f) = @. It follows that z ¢ V.
Consequently, B.(z9) C D\ V.

All in all, V and D \ V are both open and clearly satisfty D = V U (D \ V) and
VN (D\V)=. The connectedness of D yields D =V and thus Z(f) = D. O
Examples. 1. There is non non-zero entire function f: C — C such that f (%) =0 for

n € N. For any entire function f with this property, we have f(0) = 0 by continuity,
so that 0 is a clsuter point of Z(f). By the Identity Theorem, this means f = 0.

2. Since R has cluster points in C, the holomorphic extendsions of exp, cos, and sin from
R to C are unique. For analogous reasons, Log is the only holomorphic extension of
log to C_.

3. There is no entire function f such that

()=t (D)

for n € N. In the view of the identity theorem, the first condition necessitates that
f(2) = z whereas the second one implies that f(z) = (—z)? for all z € C.

Lemma 7.2. Let D C C be open, let f: D — C be holomorphic, and let zo € D andr > 0
be such that By[zo] C D. Suppose that
[f(z0)] < _inf  [f(2)].

2€0Br(z0)

Then f has a zero in By (zp).

Proof. Assume otherwise, i.e., f has no zero in B,.(zp). The hypothesis implies that f
has no zero on 0B, (zp), so that f thus has no zero in B;[zp]. Assume that, for each
R > 0 such that B,[z9] C Bgr(z0) C D, there is a zero of f in Bgr(z9). Then we have
a sequence (R,)5%; in (r,00) with r = lim, . R, such that B,[z0] C Bgr,(20) C D
and Z(f) N Bg, (z0) # @ for each n € N. For each n € N, pick z, € Z(f) N Bg, (20)-
Then (2,)52, is bounded, and thus has a convergent subsequence (zy, )72, with limit 2’.
Clearly, 2’ € Z(f), and since limj_.o Ry, = 7, we have 2z’ € B,[z], which is impossible.
Consequently, f has no zero on some Bpg(z¢) with B, [z0] C Br(z0) C D. Replacing D

with Bg(20), we can thus suppose that f has no zeros.
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From the Cauchy Integral Formula, we obtain

1
| f(20)]

1 1 1
— o d
2mi /azar(zo) (€)¢—20 C‘

1 1
—27r  sup
27 ¢€dB-(20) |f(O)]r

1
infeeap, (z0) 1F(C)]

IA

and thus
|f(z0)| = inf  [f(Q)I,

" (€0By(20)

which is a contradiction. O

Theorem 7.3 (Open Mapping Theorem). Let D C C be open and connected, and let
f: D — C be holomorphic and not constant. Then f(D) C C is open and connected.

Proof. By the continuity of f, it is clear that f(D) is connected.

Let wg € f(D), and let 29 € D be such that wy = f(z9). Choose r > 0 such that
B, |z0] € D and such that {z € B,[z0] : f(2) = wo} = {wp}. (This can be accomplished
with the help of the Identity Theorem.) Choose € > 0 such that |f(z) — wo| > 3¢ for all
z € 0By (z9). We claim that B.(wg) C f(D). Let w € Bc(wy). For z € 0B, (z), we have

1f(2) —w| = |f(2) — wo| — |w —wo| = 3¢ — € = 2e.
It follows that

|f(z0) —w| < e<2e< zeailr%’lf(zo) |f(2) —w|.

By Lemma 7.2, this means that
D—C, zr f(2)—w
has a zero in B,(zp). It follows that w € f(D). O

Theorem 7.4 (Maximum Modulus Principle). Let D C C be open and connected, and
let f: D — C be holomorphic such that the function

[fl:D—C, zw—|f(z)]
attains a local maximum on D. Then f is constant.

Proof. Let zy € D be such that | f| attains a local maximum at zg, i.e., there is € > 0 such
that Be(z0) C D and |f(z0)| > |f(2)| for all z € B(zp). Then f(zp) is not an interior point
of f(Be(20)), so that f|p. () is constant by the Open Mapping Theorem. The Identity
Theorem then yields that f is constant. O
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Corollary 7.5. Let D C C be open and connected, and let f: D — C be holomorphic

such that |f| attains a local minimum on D. Then f is constant or f has a zero.

Proof. Suppose that f has no zero. Applyint the Maximum Modulus Principle to % then
yields that f is constant. O

Corollary 7.6 (Maximum Modulus Principle for Bounded Domains). Let D C C be open,
connected, and bouned, and let f: D — C be continuous such that f|p is holomorphic.

Then |f| attains its mazimum on D on OD.

Proof. The claim is trivial if f is constant, so suppose that f is not constant.

Since f is continuous and D is compact, there is a point zg € D with |f(z0)| =
max {|f(z)| : z € D}. If z9 € D, then |f| would attain a local maximum at zo, which is
impossible by the Maximum Modulus Principle. Therefore zg € 0D must hold. O

From now on, we shall use D to denote the open unit disc Bj(0).

Theorem 7.7 (Schwarz’ “Lemma”). Let f: D — C be holomorphic such that f(D) C D
and f(0) = 0. Then one has

lf(2)| <|z| forzeD and |f(0)] < 1.

Moreover, if there is zg € D\ {0} such that |f(z0)| = |z0| or if |f'(0)| = 1, then the there
is ¢ € C with |c| = 1 such that f(z) = cz for z € D.

Proof. Let f(z) = .7 anz" be the power series expansion of f. Since f(0) = 0, we have
ag = 0. Define

Then g is holomorphic with ¢(0) = a; = f/(0) and f(2) = zg(z) for z € D. Let r € (0, 1).

Then we have

for z € 0B,(0) and thus for all z € B,[0] by the Maximum Modulus Principle. Letting
r — 1, we obtain that |g(z)| < 1 for all z € D and thus |f(z)| < |z| for all z € D as well
as |£/(0)] = g(0)] =< 1.

Suppose that there is zp € D\ {0} such that |f(z0)| = |z0| or |f'(0)| = |g(0)|] = 1.
Then |g| has a maximum at zp or 0, respectively, so that g is constant. Hence, there is
¢ € C with |¢| = 1 such that f(z) = zg(z) = ¢z for z € D. O

Definition 7.8. Let Dy, Dy C C be open. Then f: D; — Dy is called biholomorphic (or

conformal) if

(a) f is bijective and



(b) both f and f~! are holomorphic.

Corollary 7.9. Let f: D — D be biholomorphic such that f(0) = 0. Then there is ¢ € C
with |c| = 1 such that f(z) = cz for z € D.

Proof. Let z € D. Then |f(z)| < |z| holds by Schwarz’ Lemma as does

2l = [ FED < 1))
The claim then follows from Schwarz’ Lemma. O
Lemma 7.10. Let w € D, and define

zZ— W

¢Ow:D—-C, z+—

wz — 1
Then:
(i) ¢w maps D bijectively onto D;
(i) ¢uw(w) = 0;
(iil) ¢uw(0) = w;
(iv) 65" = du.

Proof. Obviously, ¢, is holomorphic and extends continuously to D.
Let z € 9D. Then we have

9w (2)] =

—w‘ ‘ Z—w

z
: ‘:1.
wz — 1

(z —w)
By the Maximum Modulus Principle, thus ¢,(D) C D holds. Since ¢,, is not constant,
#w(D) is open and thus contained in the interior of D, i.e., in D.

It is obvious that ¢, (w) = 0 and ¢,,(0) = w.

Moreover, we have for z € :

wz —ww — wz + 1
~2(1 = [wl?)
1= Jw]?

= Z.

Hence, ¢,, is bijective with ¢! = ¢,. O
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Theorem 7.11. Let ¢: D — D be biholomorphic. Then there are w € D and ¢ € ID with

¢(2) = ¢

zZ— W

wz — 1
for z € D.
Proof. Set w := ¢~1(0). Then ¢ o ¢,: D — D is biholomorphic with (¢ o ¢,,)(0) = 0. By
Corollary 7.9, there is ¢ € C with |¢| = 1 such that ¢(¢,(z)) = cz for z € D, so that

$(2) = (Pw(dw(2))) = cPu(2)
for z € D. O
Definition 7.12. Let D C C be open, and let f: D — C be holomorphic. We call
2o € C\ D an isolated singularity for f if there is € > 0 such that Bc(z0) \ {20} C D.

We say that the isolated singularity zg is remowable if there is a holomorphic function
g: DU {2z} — C such that g|p = f.

Theorem 7.13 (Riemann’s Removability Condition). Let D C C be open, let f: D — C
be holomorphic, and let zy € C\ D be an isolated singularity for f. Then the following

are equivalent:
(i) z0 is removable;
(ii) there is a continuous function g: D U {zy} — C such that g|p = f;

(iii) there is € > 0 with Be(20) \ {z0} C D such that f is bounded on Be(zo) \ {20}-
Proof. (i) = (ii) = (iii) is clear.

(iii) = (i): Let C' > 0 be such that |f(z)| < C for z € Bc(20) \ {20}. Define
(2 = 20)f(2), 2 # 20,

0, zZ = 29.

h: DU{z} — C, zr—>{

Then we have for z € Be(zp) \ {z0} that
‘ h(z) — h(z0)

zZ — 20

= [(z = 20)f(2)| < C|z = z|.

Hence, h is holomorphic with A'(z9) = h(z9) = 0. Let h(z) = > o7 ;an(z — 20)™ be the
power series representation of h on Be(zp). Then h/(z9) = h(z0) = 0 means that ap = a1 =
0, so that h(z) = > 075 an(z — 20)" for z € Be(z0) and thus f(z) = > 7 g ant2(z — 20)"
for z € Be(z0) \ {20}-

Define

> omeo ant2(z — 20)", 2 € Be(20),

g: DU} = ZH{ f(2), z€D.

Then g is a holomorphic function extending f. O
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8 Analytic Continuation along a Curve

Ezample. Let

Dy :={z€C:Rez >0},
Dy :={z€C:Imz > Rez},

and
D3 :={z€C:Imz < —Rez},

so that
D1 UDsU Dsg :C\{O}

Let
g:C\{0} ~C, 20,

and let f; = Log|p,, so that f; is an anti-derivative of g on D;. Since D3 is star shaped,
g also has an anti-derivative on Dy; since f{ — fi|p,np, = 9 — 9p,np, = 0, it follows
that fi1 — fa|p,nD, is constant, and by altering fo by an additive constant, we can achieve
that fi|p,np, = f2|p,nD,- In the same fashion, we can find an anti-derivative f3 of g on
D3 such that fa|p,nps = f3|ponps. However, fi|p,nps # f3lp,nps because otherwise, we
would have an anti-derivative of g on all of C\ {0}, which we know to be impossible.

Since f{— f4|p,nps = 9—9D.nDs = 0, however, there is ¢ € C such that f3(z) = f1(z)+c
for z € D1 N Dy. We claim that ¢ = 2mi. To see this, let z1, 29,23 € 0D be such that
21 € D1N D3, 29 € DaN Dy, and 23 € D3N Da. Let vz, 25, Vzo,25, and 7., ., be the arc
segments of O from z; to 22, from 23 to 23, and from z3 to 21, respectively. Since f; is

an anti-derivative of g on D; for j = 1,2, 3, we obtain

/ 9= fi(z2) — fi(=1), / g = fa(23) = fa(22),
. .

21,22 22,23

and [y g = f3(z1) — fa(zs).

23,21

It follows that
c= fs3(z1) — fi(z1)
= f3(21) — f3(23) + fa(23) — fa(22) + fi(22) — fi(z1)

Y. Yz, Vz1,29
/Yzl 29 DVz9,253D723,21

- [,

= 2mi.

2321

g
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Definition 8.1. A function element is a pair (D, f), where D C C is open and connected,
and f: D — C is a holomorphic function. For a given function element (D, f) and zg € D,
the germ of f at zo—denoted by (f).,—is the collection of all function elements (FE,g)
such that zg € E and there is a an open neighborhood U C D N E of zy such that
f(z) =g(z) forall z € U.

Definition 8.2. Let ~: [0,1] — C be a path, and suppose that, for each ¢ € [0, 1], there

is a function element (D, f;) such that:
(a) y(t) € Dy for t € [0,1];

(b) for each t € [0, 1], there is 6 > 0 such that, whehenver s € [0, 1] is such that |s —t| < 0,
then ’7(5) € Dy and <fs>'y(s) = <ft>'y(s)-

Then we call {(Dy, f¢) : t € [0,1]} an analytic continuation along v and say that (D1, f1)
is obtained by analytic continuation of (Dy, fy) along ~.

Remark. Since v is continuous and Dy is open for each t € Dy, it is clear that there is
d > 0 such that v(s) € Dy for all s € [0,1] such that |s — ¢| < §. What is important
about Definition 8.2(b) is that (fs)y) = (ft)y(s), i-€., there is an open neighborhood
Us C Ds N Dy of v(s) such that fs(z) = fi(z) for z € Us.
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Theorem 8.3. Let v: [0,1] — C be a path, and let {(Dy, fi) : t € [0,1]} and {(E, g¢) :
t € [0,1]} be analytic continuations along v such that {fo)) = (9o)~(0)- Then we have

(f1)1) = (91)7(1)-

Proof. Let
I={te[0,1]: (f)y) = (gt)y() }

so that 0 € 1.
We first claim that I is closed. Let t € T, and let § > 0 be such that v(s) € D; N E;
and

<fs>'y(s) = <ft>'y(s) and <gs>'y(s) = <gt>7(s)

for all s € [0,1] with |s —t| < §. Since t € I, there is s € I with |s —t| < 6. There is
thus an open neighborhood U C D, N Ds N Ey N E5 of v(s) such that fs(z) = gs(z) for all
z € U by the definition of I. From the choice of §, we also have—after possibly making
U smaller—that fs(z) = fi(2) and gs(z) = g+(2) for z € U. It follows that fi(z) = g+(2)
for z € U, so that t € I.

Let tp :=sup . Let 6 > 0 be such that v(s) € Dy, N Ey, and

<f8>'y(s) = <ft0>'y(s) and <95>'y(s) = <gto>'y(s)

for all s € [0, 1] with |s —t| < §. Since I is closed, we have to € I and thus fi,(2) = g4,(2)
for all 2 in some neighborhood V' of y(to) contained in Dy, N Ey,. It follows that (f,)(s) =
(9to)(s) for all s € [0,1] such that v(s) € V. For § > 0 sufficiently small, we thus have
(fs)y(s) = (gs)~(s) for any s € [0, 1] with [s—¢| < §. Tt follows that [0, 1]N(to—6,t0+0) C 1.
Since to = sup I, this means that top = 1, so that I = [0, 1]. O
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9 Harmonic Functions

Definition 9.1. Let D C RY be open, and let u: D — R be twice continuously partially

differentiable. Then f is called harmonic if

2 2
Au:ail;—k---—kaigzo,
Oxy oy,

In this course, we will only be concerned with harmonic functions on R?, i.e., on C.

Proposition 9.2. Let D C C be open, and let f: D — C be holomorphic. Then Re f and

Im f are harmonic.

Proof. Clearly, Re f and Im f are twice continuously differentiable.
We have

PRef) 0D
or2 Oz ox
0 0

=——Imf/f, by Cauchy—Riemann,
Oz Jy

0 0
=——1
Oy Ox m f

_*(Ref)

= ) by Cauchy—Riemann again,

82

Re f

so that ARe f =0, i.e., Re f is harmonic.

Similarly, one sees that Im f is harmonic. O

Example. Consider
u:C\ {0} = R, =z~ loglz|,

so that

=logvz2+1y? = loga: + 42)

for (z,y) € R?\ {(0,0)}. Then the first partial derivatives of u are computed as

ou T ou T
or 22+ 42 and or 22+ 42
so that
92w B (22 + y2) — 222 B 22 4 y?
o2 (22 +4y2)2 (22 +12)?
and

Pu (24 -2 22— ?

W@’ @

Consequently, u is harmonic.
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Assume that there is a holomorphic function f: C\ {0} — C such that Re f = u. On
C_, we then have that Re f = Re Log. The Cauchy—Riemann Equations thus yield

OImf), . Ou O0(Im Log)

O (2) = —%(z) = T(Z)v
so that
fl(z) = g;t(z) + l@(l@n;f) (z) = ?;(z) + Z,@(Irg;og) () =Log' z = %

for z € C_. By continuity, it follows that f’(z) = 1 for all z € C\ {0}, so that f is an
anti-derivative of C \ {0} 3 z — 1. This is impossible.

Definition 9.3. Let D C C be open, and let u: D — R be harmonic. We call a harmonic

function v: D — C a harmonic conjugate of u if u + i v is holomorphic.

Theorem 9.4. Let D C C be open and suppose that there is (xo,yo) € D with the
following property: for each (z,y) € D, we have

e (x,t) € D for each t between y and yo and
e (s,y0) € D for each s between x and xy.
Then every harmonic function on D has a harmonic conjugate.

Proof. Let u: D — R be harmonic. We will find a harmonic v: D — R such that

gu _ v and v __Qu (*)
oxr Oy or Oy
For (z,y) € D, define

va) = [ Gh ) dt+o(a),

where ¢ will be specified later. First, note that

ov Y 9%u
—(v,y) = | == (z,t)dt+¢(z), by Lemma 5.12,
ox " 02

2
- —/ngyé‘@,t)dtm'(x)

ou ou ,
= —871(96’73/) + 87y(x’y0> + ¢'(z).

Hence, if we want the Cauchy—Riemann Differential Equations to hold for u + iv, we need
that ¢'(z) = —%(m, yo). We thus set

Y ou

o
v(x,y) (z,t) dt—/ a—;(s,yo) ds.
zo

yo 0T
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Then (%) holds, so that

0% 0 Ov 0 ou 0 Ou 5%

0x2 ~ dxdr drdy  dydr Oy
i.e., v is harmonic. O

Example. Let
uw:R? >R, (x,y) — zy.

Yy x 2 2

Yy x
U(x,y):/ tdt—/ sds = == — —
0 0 2 2

is a harmonic conjugate for w.

Then u is harmonic and

Corollary 9.5. Let D C C be open, and let w: D — R be harmonic. Then, for each
20 € D, there is an open neighborhood U C D of zy such that u|ly has a harmonic

conjugate.

Corollary 9.6. Let D C C be open, and let u: D — R be harmonic. Then u is infinitely
often partially differentiable.

Corollary 9.7. Let D C C be open and connected, and let u: D — R be harmonic. Then

the following are equivalent:
(i) u=0;
(ii) there is @ # U C D open with u|y = 0.
Proof. Of course, only (ii) = (i) needs proof. Let
V:={z € D :u=0 on an open neighborhood of z}.

Clearly, V is open and not empty.
We will show that D\ V is open, too. As D is connected, this establishes D = V.
Let z9 € D\ V and € > 0 be such that Bc(z9) C D. Assume that Be(z0) NV # @. Let
2 € Be(z9) NV, and let § > 0 be such that Bs(z) C Be(z9) N V. By Theorem 9.4, u has a

harmonic conjugate v on B(zp). Set f := u + i v, so that f is holomorphic with

on Bs(z). Consequently, f is constant on Bs(z) and thus—by the Identity Theorem—on
all of Bc(zp). Hence, u = Re f is constant on B.(zp), and since u = 0 on Bj(z), this means
u =0 on Be(zp), which contradicts zo ¢ V. O
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Corollary 9.8. Let D C C be open, let u: D — R be harmonic, and let zg € D and r > 0
be such that B[z9] C D. Then we have

1 2 )
u(zo) = 27r/0 u(zo + re't) dt.

Corollary 9.9. Let D C C be open and connected, and let uw: D — R be harmonic with

a local mazimum or minimum on D. Then u is constant.

Proof. Tt is enough to consider the case of a local maximum: otherwise, replace u by —u.

Let z9p € D be a point where u attains a local maximum. Let ¢ > 0 be such that
Be(z0) C D and u(z) < u(zg) for all z € B(zp). Let v be a harmonic conjugate of u
on Be(zp). Hence, f := u+iv: Be(z9) — C is holomorphic such that Re f has a local
maximum at zg. By a midterm practice problem, this means that f is constant, i.e., there

is ¢ € C such that v — c\Be(ZO) = 0. By Corollary 9.7, this means that u = ¢ on D. O

Corollary 9.10. Let D C C be open, connected, and bounded, and let uw: D — R be
continuous such that u|p is harmonic. Then u attains its mazimum and minimum on D
on 0D.

The Dirichlet Problem. Let D C C be open, connected, and bounded, and let f :
OD — R be continuous. Is there a continuous g: D — R such that glsp = f and f|p is

harmonic?

Remark. If the Dirichlet problem has a solution, then it is unique. To see this, let
g1,92: D — R be such that gjlsp = f and g;|p is harmonic for j = 1,2. Then g1 — g2
vanishes on 0D. Since g1 — g2 attains both its maximum and minimum on 9D, it follows

that g — go =0 on D.

Definition 9.11. Let > 0. The Poisson kernel for B, (0) is defined as

1 72— |22
P (¢ 2) = ra gl

for z € B,(0) and ¢ € 0B,(0).

Lemma 9.12. Let D C C be open, let r > 0 be such that B.[0] C D, and let f: D — C

be holomorphic. Then we have

f(z) = S /27T f(reit)M dt = " f(re®)P,(re®, 2) dt.
0

2 |rett — z|? 0
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Proof. The Cauchy Integral Formula yields

f(z) = : f¢) d¢ = 1 2WMdt— 127 fre)r?

C2mi Jopo) C—2 2w Jo  relt—z C2m Jy r2_reity

dt (%)

for z € B,(0).
Fix z € B,(0), and define g(w) := L@ for w in a neighborhood of B, [0]. Then g is

r2—wz

holomorphic, and from (#*)—with f replaced by g—we obtain

f(2)
r2 _ ‘Z|2 = g(z)
1 21 it ,.2
Ty
2 Jo 12 —reitz
_ i 2 f(rei’f)r2 i@t
21 Jo o (r2 —rez)(r2 — reitz)
1 21 1t .2
. / G e,
2m Jo  |r?2 —reitz|2
so that
1 27 ) 2002 2 1 27 ) 2 2
f(z) == f(Telt)L—M) dt = — f(re”)% dt. O
2w Jo |2 — reitz|2 27 /o |reit — 2|2

Theorem 9.13 (Poisson’s Integral Formula). Let r > 0, and let u: B,[0] — R be contin-

uous such that u|g, (o) is harmonic. Then

2
u(z) = / u(re®)P(re', z) dt
0
holds for all z € B;(0).

Proof. Suppose first that u extends to Br(0) for some R > r as a harmonic function.
Then u has a harmonic conjugate v on Bgr(0), so that f := u + iv is holomorphic. By
Lemma 9.12; we have, for z € B,.(0), that

u(z) +iv(z) = f(2)
2m ) ) 27 ) ) 2 ) )
= fre™)P.(re, ) dt = / u(re®)P,(re', z) dt + 2/ v(re™)Pu(re", ) dt,
0 0 0
so that )
u(z) = / u(re®) P, (re®, z) dt.
0

Suppose now that u is arbitrary. For 6 € (0, 1), define

UQBg(O)—)R, zr—>u(92).
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Then uy is harmonic, and by the foregoing we have

2m
ue(z):/ ug(re®t) P (re®, 2) dt
0

for z € B,(0). Letting & — 1 (compare a related homework problem on the Cauchy
Integral Formula), we obtain for z € B,(0) that

2 2w

u(z) = él_)rri ug(z) = gl_)rri ; ug(re®) Py (re', 2) dt = /0 u(re’) P, (re', z) dt. O

Theorem 9.14. Let r > 0, and let f: 0B,(0) — R be continuous. Define

f(2), z € 0B,(0),

: B0 C, ™ . A
9: Bi{0] - W{ et Py(ret 2)dt, z € By(0).

0

Then g is continuous and harmonic on By (0).

Proof. There is no loss of generality to suppose that r = 1.
For z € D and ¢ € 0D, note that

(+z2 (C+2)(¢—2) 1 2 2 12
Re = Re = Re([C|* —|z2]" +2( —(2) = —.
= - c—aprelel T
As the real part of a holomorphic function,
D—-R, z— P((2)
is therefore harmonic for each ¢ € 0ID. We thus obtain for z € D:
&g g i [0 it 0 it
@0 = 46+ 586 = [ 1) (JaReet 2 + 5Pt ) =o.

Consequently, ¢ is harmonic on B, (0).

What remains to be shown is that g is continuous at any point zy € 0D.

Let 2o = €%, and supose without loss of generality that 6y € (0,27). Let € > 0. We
need to find 0 > 0 such that |g(z0) — g(2)| < € for all z € D with |z — 2| < 4.

For 69 > 0, let J := [0y — 2dp,00 + 20p]. Making 09 > 0 sufficiently small, we can
achieve that J C [0,2n] and |f(z0) — f(e?)] < & for 6 € J. Set

S :={se" :5€10,1), 0 € [fy — b0, 00 + 0o]},

and note that C := inf{|e? — 2| : 0 € [0,27] \ J, z € S} > 0.
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90+ 260 60 60_260

Since f027r Py(e", 2)dt = 1 for all z € D, we have
271' . .
m@—gwo=A (") — Fo) Pa(e, =) dt
—Luwﬁ—fwmawﬁaw+/' (F(e) — F(20))Pr(e", =) dt .

[0,27]\J

=:I =:12
Note that

2
L] < / F(e") — f(z0)| Pr(e™, 2)dt < & | Pi(e®,2)dt = -
<

(V1)

Set K := sup¢eop | f(¢)]- For 2z € S, we then have

Uﬂg/’ (£ ()] + £ (z0))Pr(e™, 2) d
[0,27]\J

1 , 1— |22
= — FEeM] + | f(20)]) ——— dt
5 ooy 10
K 1— |2
K sk
T Jjo2a\s € — 2]
K
< 2/ 1 —|z|?dt, because z € S,
mC [0,27]\J
2K
< ﬁ(l —[=[%)
Choose 0 € (0,0p) so small that |zp — z| < d for z € D implies z € S and
C? ¢
L= < gg



For z € D with |29 — z| < §, we then have |I3| < § and therefore, all in all, [g(20) — g(2)| <
€. U

Definition 9.15. Let D C C be open, and let f: D — C be continuous. We say that f
has the mean value property if, for every zo € D, there is R > 0 with Bg[z9] C D such

that on
f(zo):% [ st retydt = i (1.20)

for all r € [0, R].

Theorem 9.16. Let D C C be open, and let f: D — C have the the mean value property

such that | f| attains a local maximum at zy € D. Then f is constant on a neighborhood

of 9.

Proof. Withoug loss of generality, suppose that f(zp) > 0.

Choose R > 0 with Bg[z9] C D such that f(z9) > |f(2)| for all z € Bpg[z] and
f(z0) = pr(f,20) for all » € [0,R]. Set g := Re f — f(20). Then g has the mean value
property and satisfies

9(2) <[f(2)| = f(20) <0

for z € Br[zo]. It follows that

2
0= g(20) = pr(g, 20) = / g(z0 +re') dt
0 <0

for all r € [0, R]. As the integrand is continuous, we conclude that g(zo + 7€) = 0 for all
r € [0, R] and 6 € [0,27], i.e., g = 0 on BRr|z0]. This means that, for z € Bg[zg], we have
f(z0) = Re f(z) as well as

[f(2)] < f(20) = Re f(2) < [f(2)];
so that |f(z)| = Re f(z) for z € Brlzo] and thus f(z) = f(zo). O

Corollary 9.17. Let D C C be open, let f: D — R have the mean value property, and
suppose that f has a local maximum or minimum at zg € D. Then f is constant in a

neighborhood of zy.

Proof. We only consider the case of a local maximum (for a local minimum, replace f by
—f).

Let R > 0 be such that Brlzp] C D and f(z) < f(z0) for all z € Br[zp]. Choose C
such that f(z) 4+ C > 0 for all z € Br[zo]. It follows that |f 4+ C| has a local maximum at
zo. Hence, f 4 C' is constant in a neighborhood of zg, as is f. O
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Corollary 9.18. Let D C C be open, connected, and bounded, and let f: D — R be
continuous such that f|p has the mean value property. Then f attains its mazimum and

maimimum on 0D.

Proof. Without loss of generality, suppose that f is not constant. Let 29 € D be such
that f(zo) is maximal. Set

Vi={zeD: f(z) < f(z0)}

Then V is open and not empty. Let z € D\ V, ie., f(2) = f(20). Then f has a
local maximum at z, so that, by Corollary 9.17, f(w) = f(z) = f(z0) for w in an open
neighborhood, say W C D, of z. Consequently, W C D\ V holds, so that z is an interior
point of D\ V. Since z € D \ V is arbitrary, this shows that D \ V is open. Since D is
connected, and V' # &, we must have D\ V = @&, i.e., V = D.

The case of the minimum is treated analogously. O

Corollary 9.19. Let D C C be open, and let f: D — R be continuous. Then the following

are equivalent:
(i) f is harmonic;
(ii) f has the mean value property.

Proof. Only (ii) = (i) needs proof.

Let zp € D, and let R > 0 be such that Bgr[zg] C D. By Theorem 9.14, there
is a continuous function g: Bglz0] — R such that glop,:0) = floBglz] a0d 9lB.(z) 18
harmonic. Consequently, f — g|p, () has the mean value property. By Corollary 9.18,
this means that f — g attains its maximum on Bg[zo] on 0Bg[z0], so that g = f|g, .-
Hence, f|p, (s, is harmonic, i.e., Af = 0 on Bg[z]. Since zy € D was arbitrary, this
means that Af = 0. O
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10 The Singularities of a Holomorphic Function

Definition 10.1. Let D C C be open, let f: D — C be holomorphic, and let zy € C\ D

be an isolated singularity for f. Then zq is called a pole for f if lim, ., |f(z)| = occ.

Example. For n € N, the function

C\{} ~C, 2

has a pole at 0.

Theorem 10.2. Let D C C be open, let f: D — C be holomorphic, and let zg € C\ D be

an isolated singularity for f. Then the following are equivalent:

(i) zo is a pole for f;

(ii) there are unique k € N and holomorphic g: D U{zp} — C such that g(z9) # 0 and

for ze D.

Proof. (ii) = (i) is obvious.
(i) = (ii): We prove the uniqueness first.
Suppose that there are ki, k2 € N and holomorphic ¢1,¢2: D U {20} — C such that

9;(z0) # 0 and
£(2) = 9(2)

(2 — 20)ks
for z € D and j = 1,2. Assume that ki # ko and without loss of generality that ki < ko.
For all z € D, we then have

gl(z) = g2(}2_k1'
——

(z—20) >°
It follows that

_ |92(2)]|
91(20)| = thzlo |2 — zo[F2—F1

= 007
which is impossible. Hence, k1 = ko must hold and thus ¢g; = g2 on D and—by
continuity—on all of D U {z}.

To establish the existence of k and g, choose r > 0 such that B,(z9) \ {20} C D and

|f(z)] > 1 for all z € B.(20) \ {20}. Then

Br(zo) \ (s} = €. 2= 5
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is holomorphic and bounded and thus—by Riemann’s Removability Criterion—, has a

holomorphic extension h: B,(z9) — C with h(zp) = lim,_,, ﬁ = 0. (Note that zg is the

only zero of h.) Let
h(z) =Y an(z—2)"
n=0

for z € B,(z9) be the power series representation of h. Set k := min{n € Ny : a,, # 0}.
Since ag = h(zg) = 0, we have k > 1. Define

h: B,(z) = C, zw~— Z an(z — ZO)”_"?.
n==k

Then A is holomorphic, has no zeros, and satisfies h(z) = (z — z0)¥h(2) for z € By(2).
For z € By(z0) \ {20}, we thus have

1
&) = G )
Define .
_ (z—=20)"f(2), z# 20,
9:DU{z} C, zr— { B(lz)’ z € Br(20). -

Definition 10.3. Let D C C be open, let f: D — C be holomoprhic, and let zy € C\ D
be a pole for f. Then the positive integer k in Theorem 10.2(ii) is called the order of zg
and denoted by ord(f, zo). If ord(f, z0) = 1, we call zy a simple pole of f.

Ezample. For m € N, consider

sin z

fm:C\{0} =C, =z~ .

We claim that f; has a removable singularity at 0 whereas f, has a pole of order m —1
at 0 for m > 2.
Recall that

i S2n+1
sinz = (-1)"
|
— (2n+1)!
for z € C. For z # 0, we thus have
sinz i(_ y 22
z vt (2n+ 1)
Define
e 52n
g:C—>C, z— Y (-1)" -,
= (2n +1)!

Then g is holomorphic with g(0) # 0 and clearly extends fi. Hence, f; has a removable
singularity at 0.

For m > 2 and z # 0, note that f,,(z) = jﬁi’l. Hence, f,, has a pole of order m — 1
at 0.
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Ezxample. Consider
1

f:C\{0} - C, 2z~ e=.

Then 0 is not removable because lim,, .o f (%) = lim,, . " = co. But 0 is not a pole

(@)
n

Definition 10.4. Let D C C be open, let f: D — C be holomorphic, and let zy € C\ D

be an isolated singularity for f. Then zq is called essential if it is neither removable nor

for f either: for n € N, we have

a pole.

Theorem 10.5 (Casorati-Weierstral Theorem). Let D C C be open, let f: D — C be
holomorphic, and let zg € C\ D be an isolated singularity for f. Then the following are

equivalent:
(i) zo is essential;
(ii) f(Be(z0) N D) = C for each € > 0.

Proof. (ii) == (i): For each n € N choose z, € B1(z) N D such that |f(z,) —n| < 1. It
follows that lim,, . | f(2n)| = co. Hence, 2 canngt be removable.

For each n € N, choose z], € B1(z9) N D such that |f(z},)] < L. This means that
lim,, o0 f(2],) = 0, so that z is not a pole either.

(i) = (ii): Assume otherwise, i.e., there is ¢y > 0 such that f(Bc,(20) N D) # C.
Without loss of generality, suppose that Be,(z0) \ {z0} € D. Let wp € C and 6 > 0 be
such that Bs(wg) C C\ f(Be(20) \ {20}). Consider

1
: B C, _—.
g 0(20)\{20}_> Z= f(Z)—wo
Then g is holomorphic with
1 1
9(2) = < 5
9= 1) —wol =5

for z € Be,(20) \ {20}. Hence, z¢ is a removable singularity for g. Let §: B¢, (z0) — C be
a holomorphic extension of g.

Case 1: g(zp) # 0. Since f(z) = le) +wp for z € Bey(20) \ {20}, this means that z is
a removable singularity for f, which contradicts (i).

Case 2: g(z9) = 0. For z # zp, we have

1 z—20
1f(2)| 2 =7 — lwo| "=~ 0.
l9(2)]
Hence, 2 is a pole for f, again contradicting (i). O
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11 Holomorphic Functions on Annuli

Definition 11.1. Let zp € C, and let , R € [0, oo] be such that » < R. Then the annulus

centered at zg with inner radius r and outer radius R is defined as
Arr(20) ={2€C:r <|z—2)]| <R}

Theorem 11.2 (Cauchy’s Integral Theorem for Annuli). Let zg € C, let r, p, P, R € [0, o0
be such that r < p <P < R, and let f: A, r(20) — C be holomorphic. Then we have

/ Q) d¢ = £(0) dc.
0B, (20) OBp(20)

Proof. The claim is equivalent to

/ F(¢)d¢ + / F(0)d¢ = 0.
OBp(z0) 0B, (20)~

Consider
=
r
Y
Split dBp(z0) and 0B,(z)~ into finitely many arc segments—say aq,...,q, and
Bi,. .., Bn—, and connect them with line segments 1, ..., v, as shown (for n = 3):

60



‘We thus obtain

n

/83P(Zo)f(<)d<+/830(zo) f(()d<=2/a O+ [ f(Q)d¢

J j=1 Bj

fQac+ [ 7(Q)d¢

n®¥n BBn®M1

Making the arc segments a4, ...,a, and (1,..., 3, sufficiently, we can achieve that each
of the closed curves a1 &1 L1 S V2, A1 BV, 1D Br1 D Yy n &7y, & B O
lies inside a star shaped open subset of A, r(z20):
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It follows that

/ F(O)dC + / Q) dc
OBp(z0) 9By(20)~

n—1
= d d¢ =0
-Z /(leB'yj@BjEB’Yj+1 f(C) ot /OCnEBVn@ﬁ@’Yl f<C) ‘

Jj=1

as claimed. O

Theorem 11.3 (Laurent Decomposition). Let z9 € C, let r,R € [0,00] be such that
r < R, and let f: A, r(z9) — C be holomorphic. Then there are holomorphic

g: Br(z)) — C and h:C\ B,[z] — C

with f = g+ h on Ay r(20). Moreover, h can be chosen such that lim|, . [h(2)| =0, in
which case g and h are uniquely determined.

Proof. We prove the uniqueness assertion first.

Let ¢1,92 : Br(z0) — C and hy,hy : C\ B,[20] — C be holomorphic such that
lim,| o [j(2)| = 0 for j = 1,2 and

f=g+h =g+ ho.
It follows that g1 — g2 = ho — h1 on A, r(zp). Define

FCC zH{ 0(2) = 92(2), = € Brl(x),
' ’ ha(z) — hi(z), z € C\ B[z
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Then F is entire with lim|,|_ [F(2)| = lim|;| o |h2(2) —h1(2)| = 0. Hence, F is bounded
and entire and thus bounded by Liouville’s theorem. Since lim,|_., [F'(2)| = 0, this means
that F' =0, so that g1 = go and hy; = ho.

To show that g and h exists, let p € (r, R), and define

1 f(Q)

2mi 8B,(z0) C — %

gp: Bpl20) = C, 2z .

Then g, is holomorphic. Let p1,p2 € (1, R) be such that p; < pa. Let z € B, (20), and
choose ro € (|z — 29|, p1). Since

o L fw)

A
ro.R(20) = C, o2miw — 2

is holomorphic, Cauchy’s Integral Theorem for Annuli yields that

_ 1 fQ .1 fQ
90 = i /aBp1 e C— 2 T T oy G2 )

Hence, we can define ¢g: Bgr(z9) — C as follows: for z € Br(zp), choose p € (r, R) with
z € By(20), and set

o) = 5. M€ g

T 2mi 0B,(z0) ¢ — #
Similarly, define h: C\ B,[20] — C as follows: for z € C\ B,[z], choose o € (r, R)
such that z € C\ B,[z] and set

| 1)

N 2 9B, (20) C— z

dc.

Then h is holomorphic and satisfies

|h(2)] <o sup () oo PCeDB, (20) FC)] Sty
T CedBy(20) |C— 2| T dist(z,0B5(20))
Let z € Ay r(20) and choose ¢ and p such that r < o < |z — 2| < p < R. Define
fw)—f(z)
G: Arp(2) = C, wr— wes o WS
f(z), z=w.

Then G is holomorphic on A, r(20) \ {2z} and continuous on A, r(zp). By Riemann’s
Removability Criterion, this means that G is holomorphic on all of A, g(2p). It follows

that
/ G(¢)d = / G(¢) d,
0Bs(20) 9B, (z0)
ie.,

f(Q) 1 f(€) 1
-2 d( — d¢ = =22 d d
/83(,(%) ¢—=2 S /330(20) ¢—=z ¢ /33p(z0) ¢—=2 i) /83p(zo) ¢—=z ¢

=—27i h(z) =0 =2mig(z) =27
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so that
—2mih(z) = 2mig(z) — 2mi f(2)
and thus
f(2) = g(2) + h(2). il

Terminology. The function A in Theorem 11.3 is called the principal part and g is called
the secondary part of the Laurent decomposition f = g+ h.

Theorem 11.4. Let zy € C, let r, R € [0, 00] be such thatr < R, and let f: Ay g(z0) — C
be holomorphic. Then f has a representation

o

fz)= > an(z—z)"

n=—oo

for z € A, r(20) as a Laurent series, which converges uniformly and absolutely on compact

subsets of Ay r(20). Moreover, for any n € Z and p € (r, R), we have

_ L _ SO
= 2mi /83p(zo) (¢ — zo)ntL .

Proof. Let g and h be as in Theorem 11.3 (in particular, with lim,|_, [h(2)| = 0).
For z € Bg(z0), we have the Taylor series

9(z) = D an(z — 20)"
n=0

with uniform and absolute convergence on the compact subsets of Br(z).
Define

r

E:AOI(O)—)C, zr—>h(zo+1>,
z

so that h is holomorphic with lim,_ ﬁ(z) = 0. Hence, h has a removable singularity at
0 and thus extends to Bi1(0) as a holomorphic function (which we denote likewise by h).

For z € B1(0), we have the Taylor series

h(z) = i bp2" = i bp 2",
n=0 n=1
so that

h(z) =) bu(z—20) "
n=1

for z € C\ By[z0] with uniform and absolute convergence on compact subsets.
Set ay, :=b_p, for n < 0. For z € A, r(20), we obtain

[e.9]

F(2)=9(z) +h(z) =Y an(z=20)" + Y a-n(z—20)" = Y anlz—20)"
n=0 n=1

n=—oo
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Finally, pick m € Z and p € (r, R). Note that

1 00

z

(z — 2g)mHL _f( ))m+1 = E anym+1(z = 20)" + E anym+1(z — 20)"
Z= % n=—00 n=0

converges uniformly on 0B,(zo). Hence, we obtain:

f(Q)
—
/83,,(z0) (€ — z)m+1 ¢

—1
= E An+m+1 /

(¢ —20)"dC + Z Anfmtl / (¢ —20)"dC

n=—00 p(20) n=0 0By(z0)
1
= am/ d
8B, (z0) C — 20
= 271 Qp,
ie.,
1 1
Am P dC O

210 Jop,(20) € — %0
Corollary 11.5. Let zp € C, let r > 0, and let f: By (20) \ {20} — C be holomorphic with

o0 n

Laurent representation f(z) =Y " an(z —20)". Then the singularity zo of f is

(i) remowvable if and only if a, =0 for n < 0;
(ii) a pole of order k € N if and only if a_, # 0 and a,, =0 for alln < —k;
(iii) essential if and only if an # 0 for infinitely many n < 0.

Proof. (i) The “if” part is clear.

Conversely, suppose that zg is a removable singularity, and let f : B,(z9) — C be
a holomorphic extension of f with Taylor expansion f(z) = Y 2 bn(z — 29)" for
z € By(20). Uniqueness of the Laurent representation yields a,, = b,, for n € Ny and
a, =0 for n < 0.

(ii) For the “if” part, set

o0

9(z) = (z = 20)"f(2) = Y an(z = 2)"**
n=—=k
for z € By(z0) \ {#0}. Then g extends holomorphically to B,(zo) with g(z0) = a_; #
0. By definition, we have f(z) = 9C)_ for 2 € By (z0) \ {#z0}. Hence, f has a pole

(z—20)

of order k at zg.
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For the converse, let g : B,(z9) — C be holomorphic such that g(zp) # 0 and

Fz) = (z%jo))k for z € By(20) \ {z0}. Let g(2) = 325 ba(z — 20)" for z € By(z0) be
the Taylor series of g, so that

f(z) = Z bn(z — zo)”*k
n=0

for z € B;(20)\{20}. Uniqueness of the Laurent representation yields that a,, = b4
for n > —k and a,, = 0 for n < —k.

(iii) This follows by default from (i) and (ii).

Ezxamples. 1. Let

w"“

f:C\{0} = C, zr—e 2.

Then f has the Laurent representation

F) =3 (_1)712;

n!

n=0

for z € C\ {0} and thus an essential singularity at 0.

2. Let
e? —1

23

f:C\{0} —=C, =z~

9.

so that
n—3

1 X 2 g
f@=3> ==> —
n=1 n=1

for z € C\ {0}. Hence, f has a pole of order two at 0.

The Laurent representation of a holomorphic function on an annulus A, g(zp) does

not only depend on 2y, but also on r and R.
Ezample. Consider the function

2

. C\ {1 .
FOAML3 =G 2

and note that

)= —— -

T 11—z 33—z

Then f has the following Laurent representations:

(a) On A 1(0): For |z| < 1, we have




and for |z| < 3 that

so that, for z € Ay 3(0):
=1 2 2
fla) =~ (ZW—FZ?,TL-H)‘
n=1 n=0

(c) On A3 (0): For |z| > 3, we have

[e.9]

(S T B
3—2z 2z-3 2z(1-2) n:02n+1
and thus, for z € A3 (0):
= n—1 1
f) =) 6" =1
n=1
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12 The Winding Number of a Curve

Definition 12.1. Let v be a closed curve in C, and let z € C\ {7}. Then the winding

number of v with resepct to z is defined as

1 1
v(7, z) ::M/vg_zdg.

Remark. Geometrically, v(7y, z) is the number of times v winds around z in counterclock-

wise direction.

Lemma 12.2. Let v: [0,1] — C be curve, and let z € C\ {}. Then there are a partition
0=ty <ti <---<t,=1andopen discs Dy, ...,D, C C\{z} such thaty([tj—1,t;]) C D;
forji=1,....n

Proof. Let € := dist(z,{v}) > 0. Since 7 is uniformly continuous, there is ¢ > 0 such that
|v(t) —~(t")| < eforall t,t" € [0,1] such that |[t—¢'| < . Choose 0 =ty < t; < -+ <t, =1
such that [t;_1 —t;| < d for j =1,...,n, and set D; := B(y(t;)) for j = 1,...,n. By the
choice of €, it is clear that Dy,..., D, C C\{z}. For j =1,...,n, let t € [t;_1,t;], and
note that [t — ;] < |tj_1 —t;| <6, so that |y(t) —v(t;)| <, i.e., y(t) € Dj;; consequently,
v([tj-1,t;]) C Dj; holds. O

Proposition 12.3. Let v be a closed curve in C, and let z € C\ {v}. Then v(y,z) € Z.

Proof. Choose a partition 0 = ¢tg < t; < --- < t, = 1 and open discs Dy,...,D, as
Lemma 12.2.

Let j € {1,...,n}. Since z ¢ D, there is a holomorphic function L;: D; — C such
that

el =y — 2

for w € D;. Differentiation yields L;(w)eLﬂ' () =1 and thus

for w € Dj. It follows that

1
C_ch Z/ s

=17t 1151

=1
n—1

= Ln(y(t)) = L1(7(t0)) + D (L;(7(t5)) = L1 (7(t5)))
j=1
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Since
we have

and thus
Lij(v(t)) — Ljt1(v(t)) € 2mi Z
for j =1,...,n — 1. With a similar argument—using that ~(¢,) = v(to)—, we see that

Ln(y(tn)) — L1(7(to)) € 2mi Z, too.
All in all, fv C—% d¢ € 2mi Z holds. O

Definition 12.4. Let v be a closed curve in C. We define the interior and exterior of
to be

inty:={z € C\ {7} : v(v,2) # 0}

and

exty:={z€ C\ {7} :v(y,2) =0}.
Proposition 12.5. Let v be a closed curve in C. Then:

(i) the map
C\ {7} =C, z—v(y,2)

1s locally constant;
(ii) there is R > 0 such that C\ Bprlzo] C ext~y.

Proof. (i): Let zg € C\ {7v}. Let R > r > 0 be such that Br(zy) C C\ {v}.

Consider the function

F: {')’} X BT[ZO] - (C7 (C? Z) =

1
(-2
Then F' is continuous and thus uniformly continuous. Choose 6 € (0,r) such that

‘F(Clazl) - F(C? Z)’ <

L(y)+1

for all (¢',2'), ((,2) € {7y} x By[z0] such that ||(¢'z") — (¢, 2)|| < §.
Let z € Bs(z0) and note that

|F(<?Z) _F(C3Z0)| < €(7)+1
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holds for all ¢ € {7}. Consequently, we have

1 1 1
2 z/<c—z_c—zO> dc'

<8 qup [F(¢,2) - (G, 20)
T oce{ny
) =
= 21 l(y)+1
1

< -
2

v(7,2) =v(v:20)| =

Since v(7, z) — v(7, 29) € Z, this means that v(v, z) = v(v, 20).
(ii): For any z € C\ {7}, we have

B 1 () L
v(v.2)| = M/C—ng' = 2n dist(z (01

Since lim,|_,o dist(z, {7}) = oo, there is R > 0 such that [v(y,z)| < QW)m <1
for all z € C such that |z] > R. Since v(7v,z) € Z for all z € C\ {7}, this implies that

v(v,z) =0 for all z € C with |z| > R. O
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13 The Residue Theorem and Applications

Definition 13.1. Let zp € C, let » > 0, and let f: B,(z0) \ {z0} — C be holomorphic

with Laurent series representation

o0

[ =3 anz—2)"

n=—oo

for z € By(20) \ {z0}. Then a_; is called the residue of f at zp and denoted by res(f, zp).

Remarks. 1. By Theorem 11.4, we have
1
res(fo) = 5 | F(O
271 8Bp(zo)

for any p € (0,r).
2. If f has a removable singularity at zg, then res(f, z9) = 0.

3. Suppose that f has a simple pole at zg, i.e.,

o0

f(Z) = Z an(z - ZO)n

n=—1
with a_; # 0, then
res(f,z0) = lim (z — 2p) f(2).

Z—Zz0

4. Suppose that f has a pole of order k at zp, and let g be as specified in Theorem
10.2(ii). Then we have

(k=1)
9 20
res(f, z0) = (kz—(l)')
Ezamples. 1. Let '
e'LZ
f(Z) - 22 i 1a

so that f has a simple pole at zg = ¢. It follows that
res(f,i) = lim(z —4) f(2) = lim =

z—1 z—i 2+ 1 2¢e’

1

2. Let
cos(mz)

flz) =

so that f has a simple pole at each n € Z. For n € Z, we thus have:

sin(7z)’

res(f,n) = Zlgr}l(z —n) Z?j((:j))
= lim(z — n)— COS(FZ:)
z—n sin(mz) — sin(mn)
. Tz — TN
T zlgl;lz sin(7z) — sin(7n) cos(mz)
1
T
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3. Let

1
f(z) = m7
then f has a pole of order 3 at zp = i. With
9(2) =~ P F(2) =
(z+1)%
we have 5 1
/ _ d Z _
g'(2) Gt oM@ 9" (2) G
so that | 19 5
. i
res(f,i) = S 16

Theorem 13.2 (Residue Theorem). Let D C C be open and star shaped, let z1, . .., z, € D
be such that zj # z, for j # k, let f: D\ {z1,...,2,} — C be holomorphic, and let v be a

closed curve in D\ {z1,...,z,}. Then we have
[ £©yd6 =2m Y-l ) wes( ).
il j=1

Proof. Let € > 0 be such that B.(z;) C D for j =1,...,n. For j = 1,...,n, we have

Laurent representations

=Y al(z—z)F

k=—o0

for z € Be(z;) \ {7}, so that res(f, z;) = a(_j%. For j =1,...,n, define

—1
hj:C\{z;} = C, =z~ Z a,(cj)(z—zj)k,

k=—o00

so that h; is holomorphic on C\ {z;}. Define

n

g: D\ {z1,...,2,} — C, sz(z)—Zhj(z),

J=1

and note that z1, ..., z, are removable singularities for g.
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Since D is star shaped, Cauchy’s Integral Theorem yields:

O—Ag(v)dC
— [1©ac =Y [ o
ol j=1"7
n —1 )
=/f(§)dC—Z/ ( > aé”«—zj)k) d¢
v j=1"7 \k=-o0
n —1 )
~ [1©dc-3 Y o [(c- )

j=1k=—00 v
- ac—S et [y
JRIGKS ;a_l/wg_zj ¢
— [ 1©dc =3 ) 2miv(a, ). 0
ol j=1

Corollary 13.3. Let D C C be open, and star shaped, let f: D — C be holomorphic, and

let v be a closed curve in D. Then we have

V009 1) = o [ X ac

for z€ D\ {~}.
Proof. Fix z € D\ {7}, and define
f(w)

w—z

g:D\{z} - C, ww~

Then g is holomorphic with an isolated singularity at z. Let
oo
flw) =" an(w—2)"
n=0
be the Taylor series expansion of f near z, so that

gw) = Y anpi(w—2)",

n=-—1

and thus res(g,z) = ap = f(z). The Residue Theorem then yields:

2mivly.2) £(2) = 2riv(y rest, 2) = [ 9(Od¢ = |
:

v
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Applications of the Residue Theorem to Real Integrals

Proposition 13.4. Let p and q be polynomials of two real variables such that q(x,y) # 0
for all (z,y) € R? with 2> + y*> = 1. Then we have

/27r p(cost,sint)
0

Q(COSt, Sil’lt) dt WZZres(f, Z)a

zeD

where

1pGE+Y)n(E-2)
izq(3(2+2) 5 (- 2))

Proof. Just note that, by the Residue Theorem,

flz) =

27rines(f, z) = BDf(Q) d¢

zeD

2T ) )
= fleMyie dt
0
2T :
t,sint
- / pleost,sint)
0

q(cost,sint)

Ezamples. 1. Let a > 1. What is [ dt

a+cost ’

First, note that

/’r dt _1/” dt _1/27r dt
o atcost 2 ) _a+cost 2J, a+cost
Let
p(z,y) = and  ¢(z,y) =a+x,
so that
1 1
f(z)=—
zza—i—%(z—k%)
1 1
iz 1 (2241
22a+§<zj>
1
S —
tazt+ g + 3
21
02242z +1
2 1
i(z—21)(z— 22)’
where

znn=—-a++Va?—-1€D and z2=-a—Va?-1¢D.
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By Proposition 13.4, we thus obtain:

/’T dt _1/27r dt
o a+cost 2J, a-+cost

= mires(f,z1)

2 1
=Tl
i (21 — 22)
5 1
= [ R ——
2Va2 -1
__ T
a2—1
2. Let @ > b > 0. What is fOQTr ((erbd#t)Q?
Let
p(z,y) =1 and  g(z,y) = (a+ bz)?,
so that
1 1
f(Z) = b 1
“lat+35(2+3))
_ 1 1
iz b224b 2
a -+ 9,
— 1 c
- ; bz2 b 2
<CLZ + 5 + §>
P8z = 21)%(z - 2)?
where

a [a? a a?
21:—E+ be—le}D and 22:—5— be_lgD

At 21, the function f has a pole of order two. In order to calculate res(f, z1), set

2) 1= (= 2P 1() = g

z— 29)?’

so that




it follows that

res(f,z1) = g'(z1)

b2i 3 3
8( g—1>
_a 1
= 75 5
(V&)
_1 a
g

From Proposition 13.4, we conclude that

27
dt 2
/ ——————— = 2mires(f,21) = Ly
o (a-+bcost) ( ) —b2)

Proposition 13.5. Let p and q be polynomials of one real variable with degq > degp+ 2
and such that q(x) # 0 for x € R. Then we have

[ gor=mmSee (3).

z€eH

where
H:={zeC:Imz > 0}.

Proof. Since degq > degp + 2, the comparison test yields that the indefinite integral
exists.
Let r > 0, and define

Yr: [0,7] = C, t s ret.

Let € > 0 be such that, for D := {z € C:Imz > —e}, we have
{z€eH:q(z) =0} ={z¢€ D:q(z) =0}

Then D is star shaped, and 157 is holomorphic on D except at the zeros of ¢ in H. For
large enough r—such that all zeros of ¢ in D lie in the interior of [—7,7] ® v,—, we have
by the Residue Theorem:

p(C) o . <p ) L <p >
250 =2 p _o p |
/[—m«]@% g % 7 2 res o ) = 2w ) res {02

There are R > 0 and C > 0 such that

)

q(z)| ~ [z?

76



for all z € C with |z| > R. It follows that

p(€) ‘ c _nC
PAS) g =~ <
.Armo =mr e E =y

for r > R and thus
lim / PO 4o — o,

All in all, we obtain:

/dex:lim ]ﬁd

q(x) r=e0 Jimra) 4(C)
= lim @ im @
YR GL Y el
p(¢)

— lim DS e
T Jl—rr|®y Q(C)

:2m'Zres (p,z> . L]
zeH q

Ezxamples. 1. What is fooo dx?

1
1+a6
The zeros of g(z) = 14 2 are of the form e where § € [0,27) is such that
€% = —1=¢" ie., 60—7 € 2w Z, so that § = 55 %”, %r, 37”, HT”. Fork=1,...,6,
let

2 = @D
Then % has a simple pole at z, for k=1,...,6.

By a homework problem, we have

1 1 Zk
res| —, 2k | = — = ——,
¢ %) 622 6
so that by, Proposition 13.5,

* 1 1/ 1
[l [
0 1+$ 2 70014_.%'

> 1
=i Z res <, zk>
k=1 1

:—%2 (ez%%—eig —I—ei%ﬂ>
T 7r+,,7r+,+ 57r+,s, 5T
=——|(cos=+isin— + 7+ cos— +isin —
6 6 6 6 6
T T
=" (2sin T 1)
6< 81n6+
_r
=3
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2. What is foo —A—— dz, where n € N?

—00 (x2+1)"

The polynomial ¢(z) := (22 + 1)™ has zeros of order n at +i. Define

. ni =(z4+1)""
9(z) = (2 —1) q(2) SR
so that
g () = () (20 2)(z 4 )

1 1 1
BECEN I A
11 (2n-2)!

22l ((n—1))2

and thus

It follows that

o 1 . 1 T (2n—2)!
/_oo (@2 yn 4 = <q> 2202 ((n — 1)!)?’

in particular, we have

> 1
/ 3 dr =,
oo T4+ 1
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14 Function Theoretic Consequences of the Residue Theo-

rem

Definition 14.1. Let D C C be open. We call S C D discrete in D if it has no cluster
points in D.

Ezample. If D is connected, and f: D — C is holomorphic, then Z( f) is discrete if f # 0.

Remark. Let S C D be discrete, and let K C D be compact. Assume that KNS is infinite.
Then K NS has cluster points, which must lie in K in thus in D. Hence, K N.S must be
finite. In the homework, it was shown that there are compact K1 C Ko C K3 C --- C D
with D = J;2, Ky. It follows that

S=|JK.nS

n=1

is countable.

Proposition 14.2. Let D C C be open, let v be a closed curve in D, and let S C D be
discrete. Then S Nint+~y is finite.

Proof. By Proposition 12.5(ii), there is R > 0 such that inty C Bgr|0]. O

Definition 14.3. Let D C C be open. A meromorphic function on D is a holomorphic
function f: D\ P(f) — C, where P(f) is a discrete subset of D such that each point in
P(f) is a pole of f.

Remark. If D is connected, and f,g: D — C are holomorphic, then L g meromorphic if

g
g #0.

Proposition 14.4. Let D C C be open, and let f be meromorphic on D. Then, for each
20 € D, there are € > 0 with Bc(z9) C D as well as holomorphic g,h: Be(z9) — C such

that f(2) = &2 for z € B(20) \ {20}

Proof. If zg is not a pole of f, the claim is clear.
Otherwise, choose € > 0 so small that B(z9) C D and P(f) N Be(z0) = {z0}. We can
then find holomorphic g: B(z9) — C with g(z9) # 0 and k € N such that

__9()
f(Z) - (Z _ Z())k
for z € Be(z0) \ {#0}. Setting h(z) := (z — z0)" yields the claim. O

Lemma 14.5. Let D C C be open and connected, and let S C D be discrete. Then D\ S

1 open and connected.
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Proof. Let z € D\ S. Since S is discrete in D, there is € > 0 such that B, (2) N S = @.
Also, since D is open, there is €3 > 0 with Be,(z) C D. Setting € := min{e;, €2}, we get
Be(z). This proves the openness of D\ S.

Assume that D \ S is not connected. Then there are open sets U # & # V with
UNV=gand UUV =D\ S. Let s € S, and choose € > 0 such that B.(s) C D and
Be(s) NS = {s}. Set W := B(s) \ {s}, and note that W is open and connected. Since
UnNnW)N(VnWwW)=gand (UNW)U(VUW) =W, the connectedness of W yields
that either UNW =g or VNW =g and thus W CU or W C V.

Set

Sy :={s € S : there is € > 0 such that Be(s) \ {s} C U}

and
Sy :={s € S : there is € > 0 such that B(s) \ {s} C V'}.

By the foregoing, we have S = Sy U Sy, and trivially, Sy N Sy = & holds. Set
U:=UUSy and V:=VUSy.

Then U # @ # V are easily seen to be open and clearly satisfy UNV = @ and UUV = D,

which contradicts the connectedness of D. O

Theorem 14.6. Let D C C be open and connected. Then the meromorphic functions on

D —with pointwise addition and multiplication—form a field.

Proof. Tt is routinely checked that the meromorphic functions do indeed form a commu-
tative ring with identity.

Let f be a non-zero meromorphic function on D, and let P(f) and Z(f) denote the
poles and zeros, respectively, of f in D. As P(f) is discrete, D \ P(f) is connected by
Lemma 14.5. From the Identity Theorem, we conclude that Z(f) is discrete, too.

Define

1
7. R o Ty * ¢ P(f),
f+D\Z(f)—C, =z { 0. cP(f).
Then f is holomorphic, and we have f(z)f(z) =1 for z € D\ (P(f) UZ(f)). O

Theorem 14.7 (Argument Principle). Let D C C be open and star shaped, let f be
meromorphic on D, and let vy be a closed curve in D\ (P(f)UZ(f)). Then we have

L f/(C) = v Z ) or Z) — v Z ) or z
i |7 3 v on(ra) = 3 vl ord(s )

(The order of a zero of a holomorphic function was defined on the homework.)
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Proof. By the Residue Theorem, we have

% wj;l((é)) d¢= " v(y,2)res <‘};,z>+ > v(y,2)res (‘?z)

2€Z(f) 2€P(f)

Let zo € Z(f), and let k := ord(f,z). Then there is a holomorphic function g with
g(20) # 0 such that f(z) = (z — 20)*g(20) and thus

f'(2) = k(2 = 20)"g(2) + (2 = 20)"9' (2).

It follows that

f2) == g2)

res (J;,z) = k.

Let 29 € P(f), and let k := ord(f, z0). Then f(z) = —22_ holds with g holomorphic

(z—20)k

for z near zg, so that

such that g(z¢) and, consequently,

f'(z) = =k(z = 20)" " Vg(2) + (2 = 20) "4/ (2).

It follows that

fz) 2=z g(2)

res <J;/,z> = —k. ]

Definition 14.8. Let D C C be open, and let f: D — C be holomorphic. We say that f
attains wg € C with multiplicity k € N at zg € D if the function

for z # zp near zg, so that

D—C, z~ f(z)—wo
has a zero of order k at zj.

Theorem 14.9. Let D C C be open, let f: D — C be holomorphic, and suppose that,
at zg € D, the function f attains wy with multiplicity k € N. Then there are open
neighborhoods V- C D of zg and W C f(V) of wo such that, for each w € W\ {wp}, there
are pairwise distinct z1,...,z € V with f(z1) = --- = f(zx) = w, where f attains w at

each z; with multiplicity one.

Proof. Without loss of generality, suppose that D is star shaped.
Choose € > 0 with B[z9] C D such that f(z) # wp and f'(z) # 0 for all z €
Be[zo] \ {20}
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Set V' := B¢(20) and 7 := 90Bc(2p). Choose § > 0 such that Bs(wg) C C\ {f o},
and set W := Bs(wp). Let w € W. By the Argument Principle, the number of times w is
attained in V' (with multiplicity) is

L[ ¢
/7 d

21

f(()_w _Tm fo'yg_w

As v(f or,-) is constant on W, the number of times w is attained in V is the same as

=v(f ovy,w).

the number of times wy is attained in V, i.e., k. Suppose that w € W \ {wp}. Since
f(z) #0 for all z € V '\ {20}, there are pairwise distinct z1,...,2r € V' \ {20} such that

f(z1) = -+ = f(21) = w; necessarily, f attains w at each z; with multiplicity one. O

Theorem 14.10 (Hurwitz’ Theorem). Let D C C be open and connected, let f, fi, fo,...:
D — C be holomorphic such that (f,)5>, converges to f compactly on D, and suppose
that Z(fn,) = @ forn € N. Then f =0 or Z(f) = @.

Proof. Suppose that f # 0, but that there is zg € Z(f). Choose € > 0 such that B¢[zg] C D
and f(z) # 0 for all z € B[z0] \ {20}, and note that

.1 fa(0) 1 f'(©)
0=1 — d¢ = — d¢ = ord(f, zp),
n0o 27 /836(20) fu(Q) = om 0B.(z0) J(C) ¢ = ord(f )
which is a contradiction. ]

Corollary 14.11. Let D C C be open and connected, let f, f1, fo,...: D — C be holomor-
phic such that (f,)02, converges to f compactly on D, and suppose that fy is injective

forn € N. Then f is constant or injective.
Proof. Suppose that f is not constant. Let zo € D be arbitrary, and define
gn: D\ {20} = C, 2 fulz) — fal20)
for n € N. Then g1, g2, ... have no zeros. Since f is not constant, the function
D\{z20} = C, =z f(2) = f(20)

is not zero, so that that is has no zeros by Hurwitz’s theorem, i.e., f(z) # f(z¢) for all
z €D, z# z. O

Theorem 14.12 (Rouché’s Theorem). Let D C C be open and star shaped, and let
fyg: D — C be holomorphic. Suppose that v is a closed curve in D such that inty = {z €
D\ {7} :v(y,2) =1} and that

1£(€) = 9(OI < [f(Q)]

for ¢ € {v}. Then f and g have the same number of zeros in int~y (counted with multi-
plicity).
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Proof. For t € [0,1], define hy := f +t(g — f), so that hy = f and hy = g. Also, since

tlg = NI <lg—fI <Ifl

for any t € [0,1] on {v}, the functions h; have no zeros on {v}. For ¢ € [0, 1], let n; € Ny

denote the number of zeros of h; in int~y. From the Argument Principle, we obtain that

1R f(¢ ) f'(Q))
27 7ht 2%%/ ¢) — f(Q)) !

Since the integral on the right hand side depends continuously on ¢, we conclude that

C.

nyg =

ng = ni. ]

Example. How many zeros does z* — 4z + 2 have in D?
Set
g(z) =2 — 4z 42 and f(z) =—4z+2.

For ¢ € 9D, we have |f({)| > 4 — 2 =2, so that

£ —g(Ql=1¢ =1 <2< [f(Q)-

Since f has precisely one zero in D, so has g.

Corollary 14.13. Let p be a polynomial with n := degp > 1. Then p hasn zeros (counted
with multiplicity).

Proof. Let
p(2) = anz" 4+ -+ a1z + ag

with a, # 0, and let g(z) := a,2", so that lim|,|_ ‘p(z )(z) = 0. Choose R > 0 such

that
‘p(z) —9(2)
9(2)
for z € C with |z| > R. Consequently, if ( € 9Br(0), we have [p(¢) — g(¢)| < |9(¢)|- By

Rouche’s Theorem, p thus has as many zeros in Bgr(0) as g, namely n. Since p has at

<1

most n zeros, these are all the zeros of p. ]
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15 The General Cauchy Integral Theorem

Definition 15.1. Let D C C be open. We call a closed curve v in D homologous to zero
if v(v,z) =0 for each z € C\ D.

Theorem 15.2 (Cauchy’s Integral Theorem). Let D C C be open, let f: D — C be holo-
morphic, and let v be a closed curve in D that is homologous to zero. Then f7 f(Q)d¢=0
holds.

Theorem 15.3 (Cauchy’s Integral Formula). Let D C C be open, let f: D — C be

holomorphic, and let v be a closed curve in D that is homologous to zero. Then, for

n € Ny and z € D\ {7}, we have

iy [
vl )06 = g [ LS ac

21

Proof. 1t is enough to prove the claim for n = 0: for general n € Ny, use induction and

differentiation under the integral.

Define fw)-£)
g:DxD—C, (wz)— vz 0 WTE
[ —

We claim that g is continuous. To see this, let (wg, z9) € D x D. As g is clearly continuous
at (wo, z0) if wo # zp, we suppose without loss of generality that wg = z9. Let § > 0 be
such that Bs[zo] C D. For (w, z) € Bs(20) x Bs(z0), we then have:

o ifw==z
9(w, z) — g(20,20) = ['(2) — f'(20);
o ifw# 2z
o) = (a0, 20) = L IO ) = L [ (7@ - £

Let € > 0, and choose 6 > 0 so small that |f'(z) — f'(z20)] < € for all z € Bs[zp]. Let

z,w € Bs(zp). If w = z, we have
l9(w, 2) = g(z0,20) = |f'(2) = f'(20)] <€
and, if w # z,

|z —w| sup |f'(C) = f(20)] < e

1
lg(w, z) — g(20,20)| < ——
jw — 2| ce{lzu]}

All in all, g is continous at (zg,wp).
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Next, define
hiD—C 2 [ g(¢2)de.
¥

We claim that hg is holomorphic. It is easy to see that hg is continuous. To see that it is
indeed holomorphic, we shall show that it satisfies the Morera condition. Let A C D be
a triangle. For fixed ¢ € {7}, the function

D—C, zw—g((=2)

is holomorphic as a consequence of Riemann’s Removability Condition. Goursat’s Lemma

thus yields that
/ 9(¢,2)dz =0
0A

for each ¢ € {7}. As a consequence, we obtain that

°:L<AA9(C’Z)dZ>dC
:/aA (lg((,z)d()dz

= /ar) ho(z) dz,

so that hg is holomorphic as claimed.

Define
f)

-z

hy:exty — C, z»—>/ dc.
¥

Then h; is holomorphic. For z € D Next~y, we have
ho(2) = [ 9(¢.2)d¢
v

_ [ 1)~ f(=)
By GER N

=/7f(ozdc+f(Z)/7Cide
Ll

gr

h: DU ext, z»—>{

Define
ho(z), z€D,

hi(z), =z € ext~y.

Then h is holomorphic. Since ~ is homologous to zero, we have C\ D C ext~y. Hence, h

is entire.
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For any z € exty, we have the estimate

ty
N = (2 < g s s L ()
Let R > 0 be such that C\ Br(0) C ext~y. Then (x) yields that & is bounded on C\ Br(0);
by continuity, & is trivially bounded on Bgr[0]. All in all, h is bounded and thus constant
by Liouville’s Theorem. From (x) again, we see that lim,|_ |h(z)| = 0. Hence, h =0
holds.
All in all, we have for z € D \ {7} that

f(Cé:i(Z)d

Proof of Cauchy’s Integral Theorem. Let zo € D \ {} be arbitrary, and define

0=h(z) = ho:) = [ ¢ 0
v

g:D—C, zw—(z2—20)f(2),

so that
1

0= v 20)g(e0) = 5 [ XL~
Y

P g [ =

Definition 15.4. Let D C C be open. We call D simply connected if D is connected,

21

and every closed curve in D is homologous to zero.

Corollary 15.5. The following are equivalent for an open, connected set D C C:
(i) D is simply connected;
(ii) every holomorphic function on D has an anti-derivative.

Corollary 15.6 (Existence of Holomorphic Logarithms). Let D C C be simply connected,
and let f: D — C be holomorphic such that Z(f) = @&. Then there is a holomorphic
g: D — C with f = expog.

Proof. This was proven in the homework for star shaped D; the argument carries over

verbatim. O

Corollary 15.7 (Existence of Holomorphic Roots). Let D C C be simply connected, and
let f: D — C be holomorphic such that Z(f) = @. Then, for each n € N, there is a
holomorphic hy,: D — C such that hy(2)" = f(z) for z € D.

Proof. Let g be as in the previous corollary, and set h,, := expo (%) for n € N. O
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16 Montel’s Theorem

Definition 16.1. Let S ¢ RYN. A family F of functions on S into RM is called equicon-
tinuous if, for each € > 0, there is 6 > 0 such that || f(z) — f(y)|| < € for all f € F and for
all z,y € S such that ||z — y|| <.

Lemma 16.2. Let S € RY. Then S contains a countable dense subset.

Proof. Let {x1,72,23,...} be a dense, countable subset of RV, e.g., QV. For n,m € N
with SN B1 (x,) # 9, choose ypm € SN B1(xy,). Then

So = {yn,m S0 B (1) # @} cs

is countable.

Let € > 0 and € S. Choose m € N so large that % < §. Since {x1,2,23,...} is
dense in RY, there is n € N such that ||z, — z|| < £ and thus z € SN B (2,) # @. It
follows that "

[0 = 1 < gnam = zall + 1z — 2] < = < 0

Theorem 16.3 (Arzela-Ascoli Theorem). Let K C RY be compact, and let F be a
bounded, equicontinuous family of functions from K to RM. Then every sequence in F

has a subsequence that converges uniformly on K.

Proof. Let (fn)>2, be a sequence in F, and let {z1, 2, x3, ...} be a countable dense subset
of K.

Since (f, (1), is a bounded sequence in RM | there is a subsequence (f,, 1), of
(fn)92; such that (f,1(z1))22, converges.

Since (fn,1(72))%; is a bounded sequence in RM | there is a subsequence (f,2)2%; of
(fn,1)5%; such that (f,2(z2))52, converges.

Continuing inductively in this fashion, we obtain, for each k£ € N, a subsequence

(frk)peq of (fn)pe; such that, for each k € N,

o (fuk+1)22, is a subsequence of (f, %)0;, and

o (fnr(zk))Se, converges.

For n € N, set g, := fnn. Then (g,)22, is a subsequence of (f,,)02;, and (gn(xk))5
converges for each k € N.

We claim that (g,,)72 is a uniform Cauchy sequence on K (and thus convergent).

Let ¢ > 0. Choose § > 0 such that [|f(z) — f(y)|| < § for all f € F and for all
xz,y € K with || — y|| < §. Since K is compact, there are y1,...,y, € K such that
K cUj, B% (yj). Since {x1, 22, 23,...} is dense in K, there are ki, ..., k, € N such that
oy; € By (yj)- It follows that K C UU;_; Bs(wx,)-
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By definition, (gn(zx))52, is a Cauchy sequence for each k € N. Choose n. € N such
that
€
3
for n,m > n.and j = 1,...,v. Let x € K be arbitrary, and let n,m > n.. Choose

J €{1,...,v} such that = € Bs(xy,), and note that

g (2k;) = gm (i) || <

lgn() = gm (@)l < llgn (@) = gn(@r;)I| + [|9n(@k;) = gm(zr)) | + lgm (2h;) = gm(@)]] <.

<

< <

wolm
olm
wlm

Hence, (gn)0%; is a uniform Cauchy sequence as claimed. O
Definition 16.4. Let D C RY be open. We call a family F of functions from D into RM

(a) locally bounded if, for each xy € D, there is ¢ > 0 with Bc(z9) C D such that
{f1B.(zo) : f € F} is bounded and

(b) locally equicontinuous if, for each xg € D, there is € > 0 with B.(z¢) C D such that
{f1B.(wo) : f € F} is equicontinuous.

For any non-empty set S C R, we define its diameter as
diam(S) = sup{||lz — y| : z,y € S}.

Proposition 16.5 (Lebesgue’s Covering “Lemma”). Let K C RN be compact, and let
U be an open cover for K. Then there is a number £(U) > 0—the Lebesgue number of
U—such that, for each @ # S C K with diam(S) < ¢(U), there is U € U such that S C U.

Proof. Assume towards a contradiction that the assertion is false. Then, for each n € N,
there is @ # S, C K such that diam(S,) < % and S, ¢ U for each U € U. For
n € N, choose z,, € S,,. Since K is compact, (x,)22; has a convergent subsequence, say
(@n, )72, with limit g € K. Let Uy € U be such that zg € Uy. Let € > 0 be such that
B(z) C Uy (this is possible because Up is open). Let ky € N be so large that % <3
and ||z, — ol < 5. Let z € Sy, be arbitrary, and note that

[ = zol| < [l = 2ny || + [[2ny,, — ol <e.

[S1leY

gdiam(SnkO) <
It follows that Snko C Be(xo) C Uy, which contradicts the choices of S1, 59, .. .. O

Lemma 16.6. Let D C RY be open, and let F be a family of functions from D into RM.
For K C D compact, set

Flx ={flx: feF}

Then we have:
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(i) if F is locally bounded, then F|k is bounded;
(ii) if F is locally equicontinuous, then F|x is equicontinuous.

Proof. (i): For each z € K, there is €; > 0 such that B, (r) C D and {f|p. (2): [ € F}
is bounded, i.e., there is C, > 0 such that

sup{[[f(W)Il : f € F, y € Be, ()} < Cy.

Since {Be,(x) : * € K} is an open cover for K, and since K is compact, there are
T1,...,T, € K such that
n
K c | B, (z)).
j=1
Set C' := max{Cy,,...,Cy,}. Then

sup{[[f(W)ll : fe F,ye K} <C

holds, i.e., F|x is bounded.

(ii): For each x € K, there is €, > 0 with B, (x) C D such that {f[p_ () : f € F} is
equicontinuous.

Let € > 0 be arbitrary. Then, for each x € K, there is 6, > 0 such that || f(y)— f(2)|| <
eforall f € F and all y,z € B, (z) with |ly — 2| < d;. Since K is compact, there are
T1,...,2, € K such that K C UJj_, Be,, (xj). Let £ > 0 be the Lebesgue number of
the open cover {ngj (xj):j=1,... ,n} of K, and choose ¢ := min{d,,,...,0s,,¢}. Let
f € F,and let z,y € K be such that ||z —y|| <, so that diam({z,y}) < J < ¢. By the
definition of ¢, there is j € {1,...,n} such that {z,y} C Be,, (z7). Since ||z —y|| < 6., <6,
this means that ||f(z) — f(y)|| < e. Hence, F|k is indeed equicontinuous. O

Proposition 16.7. Let D C RY be open, and let F be a locally bounded and locally
equicontinuous family of functions from D to RM. Then every sequence in F has a

compactly convergent subsequence.

Proof. Let (f,)s2, be a sequence in F.

Define a sequence K1, Ko, ... of compact sets such that
e Uit Ky =D and
e Kj Cint Ky4q for n € N.

(As in the N = 2 case, this can be accomplished, for instance, by letting K}, := By[0] if
D =C and K := {z € D : dist(z,0D) > 1, ||| <k} if D #C.)

By Lemma 16.6, F|g, is bounded and equicontinuous. By the Arzela—Ascoli Theorem,
there is thus a subsequence (f,,1)5%; of (f,)%; and a function g;: K3 — RM such that

fnalk, — g1 uniformly on K.
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Invoking Lemma 16.6 and the Arzela—Ascoli Theorem again, we obtain a subsequence
(fn2)5e; of (fn1)o2, and a function go: Ko — RM guch that fn2lK, — g2 uniformly on
K.

Inductively, we thus obtain, for each k € N, a subsequence (f,, )02 of (fn)52; and a
function gy : Kj — RM such that, for each k € N,

o (fnk+1)72, is a subsequence of (f,, x)re;, and

K, — gk uniformly on Kj.

Define g : D — RM as follows: for x € D, let k € N be such that z € K}, set
g(z) := gr(z). It is easy to see that g well defined. From the definition of g, it is obvious
that fn |k, — 9|k, uniformly on Kj.

Let K C D be compact. By the choices of K1, Ko, ..., we have K C D C |Jg—, int K,
so that {int K} : k € N} is an open cover for K. Since K is compact, and since int Kj, C
int K41 for k € N, there is kg € N such that K C int K}, C Kj,. Since fn,n‘KkO — 9|Kk0
uniformly on Ky, it follows that f, |k — ¢|k uniformly on K. O

Theorem 16.8 (Montel’s Theorem). Let D C C be open, and let F be a locally bounded
family of holomorphic functions on D. Then every sequence in F has a subsequence that

converges compactly to a holomorphic function on D.

Proof. In view of Proposition 16.7, we only need to show that F is locally equicontinuous.
Let zo € D, and let » > 0 be such that By.[29] C D. By Lemma 16.6(ii), there is
C > 0 such that |f(¢)| < C for all f € F and for all { € 9Ba,(20).
Let f € F, and let z,w € B,(zp). Then we have:

| f©) s J©)
[f(z) = Fw)l = |5 = /8B2r (20) ¢ — 2% o OBap(z0) 6 — W *
1 6] f<<>)
C2r /OBQT C C_ v dC
1 sQwen)
27 /632r (20) (¢ = 2)(C — w) dC‘
_ |z — w| &
2m /8B2T(ZO) (€=2)(C ~w) dq‘
z—w C
< | 5 |47r7"r2
2C
—|Z—1U|
.

For € > 0, thus choose 0 := &, so that [f(z) — f(w)| < € for all z,w € B;(20) with
|z —w| < 6. O
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17 The Riemann Mapping Theorem

Definition 17.1. Let D, Do C C be open and connected. We say that D; and Dy are

biholomorphically equivalent if there is a biholomorphic map from D; onto Ds.

Ezamples. 1. Let 21,22 € C, and let 71,72 > 0. Then B,,(z1) and By,(z2) are biholo-

morphically equivalent because

By (21) = Bro(z), 2 2(z—21)+2
1

is biholomorphic.

2. Consider the Cayley transform

z—1
z+1
Let z,y € R with y > 0, and let 2z =  + ¢y. Then

ffH—-C, 2z~

|z —il* = |z +i(y — DI
=ity -2y +1
<z®+yi+2y+1
= |z +i(y+ 1)
= |z +i|?

holds, so that |f(z)| < 1. Consequently, we have f(H) C . Consider

g:D— C, z»—>i1+z,
1—=2
and note that
1+
g(f(2)) =i—=
1 -2
z+1
Z4+1+z—1
=
Z+1—2z+1
2z
= 11—
21
=z

for z € H. Hence, f is injective. Let 22 + y? < 1, and note that

(A+a)+iy
(1—=)—iy
_ (4 2) +iy)((1 - 2) +iy)
(1—x)%+y?
_ 2y 11— (2*+¢7)
T R (el
—_———

>0

gz +iy) =1
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For z € D, we can thus evaluate

fl9(z)) =

Hence, f is also surjective and thus bijective with inverse g. Since f and g are

obviously holomorphic, this means that D and H are biholomorphically equivalent.

3. There is no biholomorphic map f: C — D because any holomorphic map from C
to D is bounded and thus constant by Liouville’s theorem. Hence, C and D are not

biholomorphically equivalent.

Lemma 17.2. Let D1, Dy C C be open, let f: D1 — Dy be holomorphic, let g: Do — C

be continuous, and let v be a curve in Dy. Then we have
| srac= [ aronrac.
foy v

Proof. Let a =1tg <t; < --- <t, =b be such that 7|[t]._17t].] is continuously differentiable

for j =1,...,n, and note that

o

[ a0a=3 [" suomiraorea= [doroe o

Proposition 17.3. Let D1, Dy C C be open and connected such that Dy is simply con-
nected, and suppose that D1 and Do are biholomorphically equivalent. Then Do is simply

connected.

Proof. Let f: D1 — Dy be biholomorphic. Let g: Dy — C be holomorphic, and let « be
a closed curve in Dy. We shall see that fy g(¢)d¢ = 0. Note that f~ o+ is a closed curve
in Dy, so that by Lemma 17.2 and the simple connectedness of D1,

[o0ac=[  aac=[  sror@ic=o 0

Ezxample. Let r, R € [0,00] be such that » < R. Then A, r(0) is not biholomorphically

equivalent to D or C.

Biholomorphic maps have a very interesting geometric property.
Given and open set D C R and curves 71, 7o : [0,1] — D, suppose there are t1,ts €
(0,1) such that 1 (t1) = y2(t2) = zo. In order to define the angle between v1 and v, at xg,
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we further suppose that there is € > 0 such that ; is differentiable on (¢; — €,t; + €) for
j =1,2 with 4}(¢;) # 0. The angle is then defined to be the unique ¢ € [0, 7] such that

71 (t1) - v3(ta)
v @) e (t2)]

Given two open sets Di, Dy C RV, a differentiable map f: D; — Ds is called angle

cosf =

preserving at xo € Dy if, for any two curves ; and 5 in D1, the angle between f o~; and
f o at f(zg) is the same between ~y; and 2 at x.
Recall that a real N x N matrix A is called orthogonal if it is invertible with A=1 = A?.

Lemma 17.4. Let D1, Dy C RY be open, let xg € D1, and let f: D1 — Dy be differen-
tiable such that J¢(xo) is orthogonal. Then f is angle preserving at xg.

Proof. Let v and 79 be two curves in D; satisfying the necessary requirements, and note
that

cosine of the angle between f o~ and f o~y at f(xg)
_ (fem)'(t) - (f 0 72)'(t2)
1(F o yn) (DI o v2) (E2)]
_Jr@o)n () - Jp(xo)va(ta)
(o) )Ty (o) (t2) |17
Jr(w0)" T (o)1 (t1) - 75(t2)
15 (@o)y; @5 (o) E2)l]
_ () - 15(t2)
IREACIIEAC]

= cosine of the angle between v and 2 at xg. O

by the chain rule,

Ezxample. Let z be a complex number. Then multiplication by z is a R-linear map from

C = R? into itself and thus uniquely represented by a real 2 x 2 matrix A of the form

il

where a = Re z and b = Im 2. It follows that A’ is the matrix representing z. Hence, A is

orthogonal if and only if |z| = 1.

Proposition 17.5. Let D1, Dy C C be open, and let f: D1 — Dy be holomorphic. Then
f is angle preserving at zy € D1 whenever f'(z) # 0.

Proof. Let zg € Dy be such that f'(z9) # 0. In view of Lemma 17.4 and the example
following it, the claim is clear if |f/(z9)| = 1.

For the general case, let

1 z
THe { Pl ° € DQ} /
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and define

1 £(2)
9:Pr = et ()

and )
h: mDQ — DQ, Z = |f/(ZQ)|Z.

Then g is angle preserving at zo because |¢'(z0)| = 1, and it is easily seen that h is angle

preserving at g(zp). Consequently, f = h o g is angle preserving at zg. ]

Corollary 17.6. Let D1, Do C C be open and connected, and let f: D1 — Do be biholo-

morphic. Then f is angle preserving at every point of D1.

Proposition 17.7. Let D1,Ds C C be open and connected, and let f: Dy — Dy be

holomorphic and bijective. Then f is biholomorphic.

Proof. We first show that f~! is continuous.

Let wg € Da, and let € > 0. Without loss of generality suppose that B(f~!(wo)) C D;.
By the Open Mapping Theorem, f(B(f~!(wp))) is open. Hence, there is § > 0 such that
Bs(wo) C f(Be(f~Y(wo))). Hence, if w € Do is such that |w — wg| < d, i.e., w € Bs(wy),
we have f~1(w) € Bo(f~(wo)), i.e., |f~H(w) — f~(wo)| < e. Hence, f~! is continuous at
wo.

Since f is not constant, we have f’ # 0, so that Z(f’) is discrete. We claim that
F(Z(f")) is also discrete. Assume that f(Z(f’)) is not discrete. Then there are wg € Do
and a sequence (z,)5° ; in Z(f') such that wy # f(zy) for n € N, but wo = limy, 00 f(2n)-
By the bijectivity and continuity of f~1, we have f~!(wp) # z, for n € N and f~(wg) =
lim,, o 2. Hence, f~1(wp) is a cluster point of Z(f’), which is impossible.

Let 29 € D1 be such that f/(z29) # 0, and let wg := f(20). For w € Dy \ {wg}, we then
have

S o) F )~ M) ey 1

w —wp FUHw)) = f(fF~Hwo)) f'(z0)
Hence, f~1 is holomorphic on Dy \ f(Z(f’)). Since f~! is continuous and f(Z(f")) is
discrete, Riemann’s Removability Criterion yields the holomorphy of f~! on all of Dy. [

Corollary 17.8. Let D C C be open and connected, and let f: D — C be holomorphic
and injective. Then f'(z) # 0 for all z € D.

Proof. If f is injective, it is not constant. By the Open Mapping Theorem, f(D) is there-
fore open and connected, and by the previous proposition, f: D — f(D) is biholomorphic,
so that

L=(fTtof)(2) =D () (2)
for all z € D, which is possible only if f'(z) # 0 for all z € D. O
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Definition 17.9. Let D C C be open and connected. We say that D admits

(a) holomorphic logarithms if, for every holomorphic f: D — C with Z(f) = &, there is
a holomorphic g: D — C with f = expog;

(b) holomorphic roots if, for every holomorphic f: D — C with Z(f) = @ and each n € N,
there is a holomorphic h,: D — C with f(z) = hy(2)" for z € D;

(¢) holomorphic square roots if, for every holomorphic f: D — C with Z(f) = @, there
is a holomorphic h: D — C with f(z) = h(z)? for z € D.

Remark. By Corollary 15.6, every simply connected D admits holomorphic logarithms,
and the proof of Corollary 15.7 shows that every D that admits holomorphic logarithms

also admits holomorphic roots.

Theorem 17.10 (Riemann’s Mapping Theorem). Let D C C be open and connected and
admit holomorphic square roots, and let zog € D. Then there is a unique biholomorphic

f: D — D with f(z0) =0 and f'(z0) > 0.

Proof. Uniqueness: Let g: D — D be another such function. Then fog™': D — D is
biholomorphic with (f o g71)(0) = f(20) = 0. By Corollary 7.9, there is thus ¢ € C with
lc| = 1 such that

flg™(z) = ez
for z € D and thus
fz) = flg7(9(2))) = cy(2)
for z € D. Differentiation yields f'(z) = ¢¢/(z) for z € D. Since |c¢| = 1 and f'(20), ¢’ (20) >
0, we conclude that ¢ = 1.

FExistence: Let
F:={f: D —D: fis injective and holomorphic with f(zo) = 0 and f’(29) > 0}.
Claim 1 F # @.

Since D # C, there is w € C\ D. Since D admits holomorphic square roots, there
is a holomorphic g: D — C such that g(z)? = z — w for z € D. Let 21,2 € D be such
that g(z1) = +g(22). Then z; = 29 holds, and, in particular, g is injective and thus not
constant.

By the Open Mapping Theorem, there is r > 0 with B,(g(z9)) C g(D).

Assume that there is z € D with g(z) € B,(—g(z0)). This means that

r>1g9(2) + 9(20)| = | = 9(2) = g(20)];
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so that —g(z) € B;(g(20)) C g(D). Hence, there is Z € D with g(Z) = —g(z) and thus
Z = z, which, in turn, yields that g(z) = 0, so that

0=g(2)?=2z—w.

This contradicts w ¢ D. Hence, g(D) N By (—g(z0)) = @ must hold.

Define
r

z+g(20)

and set § := T og. Then g: D — D is holomorphic and injective. Let @ := g(zp). Then
¢ 0g: D — D is holomorphic and injective with (¢ 0 §)(20) = 0 and (¢pgz 0 g)'(20) # 0 by
Corollary 17.8. Let ¢ € C with |¢| = 1 be such that ¢ (¢g0§) (20) > 0. Then ¢ (¢pgzog) € F
holds, so that indeed F # &.

T:C\ By[-9(20)] = C, 2z~

Claim 2 Let (f,)02; be a sequence in F converging compactly to f: D — C. Then
either f=0or f € F.

It is straightforward that f(z9) = 0, f’(20) > 0, and f(D) C D. By Corollary 14.11,
f =0or fis injective. If f is injective, then f’(z9) # 0 must hold by Corollary 17.8, i.e.,
f'(20) > 0. Also, since f(D) C D is open, we have f(D) C D, so that f € F.

Claim 3 There is f € F such that f(D) =D.

Choose a sequence (f,)72; such that
Tim_f1(20) = sup{(F) () : f € F} € (0,00].

By Montel’s Theorem, we can suppose, by passing to a subsequence, that (f,)>; con-

verges compactly to some f: D — C. In particular,

f'(z0) = sup{(f)'(20) : f€ F} >0 ()

holds, so that f € F by Claim 2.
Assume that there is w € D\ f(D). Since D admits holomorphic square roots, there
is a holomorphic h: D — C such that

o J(e)—w _
for z € D. In particular, h(D) C D, and h is injective. Define

W (o)l h(z) = h(zo) _ WG
W(z0) 1— h(z0)h(z) (20 (Ph(z0) © h)(2)-

Then fy is injective with fo(D) C D and fy(z0) = 0. Differentiation yields

|W (20|
W (zo)

fO:D—>Cv

_ [P Go)| 1= |h(z0)?

fo(z) = W(z0) (1— h(z0)h(z))?

Phzo) ()N (2)

h'(2)
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for z € D and thus, in particular,

W (20)]
() = )
fO( 0) 1— ‘h(Z())‘Q

so that fy € F.

Differentiating (x*), we obtain

1— |w|?
2h(2)h (2) = ——————f'(z
(W) = o ! @)
for z € D and thus, letting z = 2y,

2h(z0)h' (20) = (1 — [w]*) f'(0).
Since |h(20)|* = | — w| = |w|, we obtain

W (20)]
1 — [h(z0)[?
2[h(z0)1 (20)]
2[h(20)(1 = |h(20)[?)
_ (= JwP)f'(20)
2y/[wl|(1 = |w])

_ oy LI

24/Ju]

fo(zo0) =

> f'(20),

which contradicts (x). O

Characterizations of Simply Connected Domains. The following are equivalent for
an open and connected set D C C:

(i) D is simply connected;
(ii) D admits holomorphic logarithms;
(iii) D admits holomorphic roots;
(iv) D admits holomorphic square Toots;
(v) D is all of C or biholomorphically equivalent to D;
(vi) every holomorphic function f: D — C has an anti-derivative;

(vii) f7 f(€)d¢ =0 for each holomorphic f: D — C and each closed curve vy in D;
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(viii) for every holomorphic function f: D — C, we have
_ 1 [ Q)
A2)C) = g [ o e
for each closed curve v in D and all z € D\ {v};

(ix) every harmonic function u: D — R has a harmonic conjugate.

Proof. (i) = (ii) is Corollary 15.6, (ii) = (iii) is shown in the proof of Corollary 15.7,
(iii) = (iv) is trivial, (iv) == (v) follows from Theorem 17.10, and (v) = (i) is implied
by Proposition 17.3.

(i) <= (vi) is Corollary 15.5, and (vi) <= (vii) follows from Theorem 4.10.

(i) = (viii) follows from Theorem 15.3, and (viii) = (vii) is seen as in the proof of
Theorem 15.2.

(v) = (ix): Let u: D — R be harmonic. If D = C, the existence of a harmonic
conjugate is immediate by Theorem 9.4. So suppose that D # C. Hence, there is a
biholomorphic map f: D — D. It is easily seen that @ := wo f~': D — R is harmonic
and thus has a harmonic conjugate v: D — R by Theorem 9.4. Then v :=v0 f: D — R
is a harmonic conjugate of u.

(ix) = (ii): Let f: D — R be holomorphic such that Z(f) = @. Then u := log|f|
is harmonic and thus has a harmonic conjugate v: D — R, i.e., v is harmonic such that

g := u + tv is holomorphic. For z € D, we have

lexp(g(2))| = |exp(u(z) +iv(2))] = [exp(u(z))||exp(iv(2))| = exp(u(z)) = [f(2)]

Thus,

1@
D= o @)

is a holomorphic function whose range lies in JD and therefore isn’t open. By the Open
Mapping Theorem, this means that there is ¢ € C—mnecessarily of modulus one—such
that f(z) = cexp(g(z)) for z € D. Choose § € R with exp(if) = ¢, and note that
f(z) = exp(g(z) + 10) for z € D. O

Further Characterizations of Simply Connected Domains. There are more condi-
tions that characterize the simply connected domains. We will only mention them without

giving proofs.

(x) for every holomorphic function f: D — C, there is a sequence of polynomials con-

verging to f compactly on D;

It was shown in the homework that, if every holomorphic function on D can be approx-
imated by polynomials, then D is indeed simply connected. The proof of the converse

relies on Runge’s Approzimation Theorem, which we didn’t prove in this course.
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Two (not necessarily piecewise smooth) curves v1,v2: [0, 1] — D are with 1 (0) = 72(0)
and 1 (1) = v2(1) are called path homotopic if there is a continuous function I': [0, 1] x
[0,1] — D such that,

F(Ovt) = 71(75) and F(l’t) = ’72(t)

for t € [0,1] and
I'(s,0) = ~1(0) and I'(s,1) =~(1)

for s € [0,1]. A closed curve v with starting point/endpoint zg is called homotopic to zero
if v and the constant curve zy are path homotopic.

Simple connectedness is equivalent to:
(xi) every (not necessarily smooth) curve in D is homotopic to zero;

This conditions makes no reference to holomorphic functions and is entirely topological

in nature, like:
(xii) D is homeomorphic to D;

This means that there is a bijective, continuous map f: D — C with continuous
inverse. Since (xi) is preserved under homeomorphisms, it is clear that D satisfies (xi) if
it is homeomorphic to . For the converse, it is sufficient to show that C is homeomorphic
to D (for D # C, this is clear by Theorem 17.10). Since

z
C—D, z+—
1+ ||
and
z
D—-C, z+—
1—|z|

are continuous and inverse to each other, this is indeed the case.
Let Co denote the unit sphere in R3. We can connect every point z in zy-plane, which
we identify with C, with (0,0, 1) through a straight line that intersects Co, in a point ¢(z).

Thus, we obtain an injective map ¢: C — C.
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(0,1,0)
(0,0,0) (1,0,0) X

Z= x+iy

One can show that ¢ is continous, and that the inverse =1 : +(C) — C is also continuous.
Hence, we may identify C with +(C).

With regards to simple connectedness, we have another equivalent conditions involving
Coo:

(xiii) Coo \ D is connected.
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