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Volker Runde What Is fa f(X) dX?
Double

integrals over

rectangles Reca”. ..

Divide [a, b] into n subintervals [x;_1,x;] of length Ax = 2-2.

n
In each subinterval [x;_1, x;] find a support point XJT*. Then

b
[ 200 g S0

For f > 0: fab f(x) dx is the area under the graph of f.
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- Let R = [a, b] x [c,d]. What is [ f(x,y)dA?
integrals over
rectangles

Divide [a, b] into n subintervals [x;,_1, ;] of length Ax = 2=2,
Divide [c, d] into m subintervals [yx_1, yk] of length Ax = d;f.
For (j,k) € {1,...,n} x {1,..., m}, chose a support point
(X7, ¥) € [xi—1, %] x [yk—1, y&]. Then

//R fx,y)dA= lim lim 3 > f(x,yi)AxAy.

j=1 k=1
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Double For f > 0: [[ f(x,y)dA is the volume of the solid over R and
integrals over beIOW 7 = f(X,y)

rectangles

Theorem (Midpoint rule)

If X; and yy are the midpoints of [xj_1, ;| and [yk—1, y],
respectively, then

n m

//R flx,y)dA~ Z Z f(Xj, k) AxAy .

Jj=1 k=1 —AA
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Double EXample

integrals over

rectangles Let R =1[0,2] x [1,2]. What is [[(x — 3y?) dA?
Let n=m =2, so that Ax =1 and Ay = % and thus
AA=1

Also:
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Volker Runde Hence:

Double

2
integrals over
rectangles X — 3y2 dA ~ f )?7}_//( AA
JICEEREED IR

Jrk=1

15 17
_f<§,z) AA+f<§7Z) AA

35 37

[ 67 139 51 123\1
~\ 16 16 16 16)2
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I//[fxy +g(x,y)]dA =

integrals over
rectangles // X y dA+// X y

A for ¢ constant:

//Rcf(x,y)dA:c//Rf(x,y)dA

for f(x,y) > g(x,y) on R:

//Rf(x,y)dAZ//Rg(X,y)dA

Double
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Theorem (Fubini's theorem)

Let R = [a, b] X [c,d], and let f: R — R be continuous. Then

//Rf(x,y)dA:/ab (/Cdf(x,y)dy> d
:/Cd(/abf(x,y)dx)dy.

Iterated
integrals
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B et R=1[0,2] x [1,2].
By Fubini's theorem:

2 2
integral // x —3y2dA = / (/ x — 3y dy) dx.
R 0 1

Fix x and compute

2 a2 o 3|YT?
x—3y“dy =xy —y
1 y=1
=2x—8—x+1

=x—1.
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It follows that

Iterated 2
integrals // X — 3y2 dA = / x — 7dx
R 0
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Volker Runde Let R =[1,2] x [0,7]. What is ffRysin(Xy) dA?
By Fubini’s theorem:

2 T
imegrals / / ysin(x,y) dA = / < / ysin(xy) dY) dx.
R 1 0

Fix x and compute [ y sin(xy) dy.
Use parts:

u=y and dv = sin(xy) dy.

Then
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Therefore:
!terated ™ COS y=n 1 &
integrals / ysin(xy) dy — _}L(Xy) A= / cos(xy) dy
0 X y=0 X Jo
1 y=r
_ _ mcos(mx) 1 L singy)

_ mcos(mx) " sin(7x)

X X2
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Now:

Iterated . .
integrals / (_T(COS(T(X)) dx — _sin(mx) / sm(72rx) o,
X X X

so that

X X2 X

/ (_Wcos(ﬂx) . sin(wx)) o _Sin(mx)
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Hence:

2 s
ot / / y sin(xy) dA = / (/ venleE dy) *
R 1 0

_ /12 (_Wcoi(ﬂx)+sin)(<72rx)> ”
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Another approach:

T 2
// ysin(xy) dA :/ </ ysin(xy) dx) dy
imegrals R 0 \J1
us x=2
= / <— cos(xy) > dx
0 x=1

s
= / —cos(2y) + cos y dy
0

y=n

1
= ——sin(2y) +siny
2 o
=0.
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B Find the volume V of the the solid bounded by the elliptic
paraboloid x2 + 2y2 4+ z =16, the planes x =2 and y = 2,
and the three coordinate planes.
Iterated We haVe:

integrals
vz// 16 — x% — 2y° dA
[0,2] x[0,2]

2 2 2 X3 x=2
:/ / (16—x2—2y2)dxdy:/ 16x — = — 2y°x dy
0 JO 0 3 x=0

2 y=2
88 5 88 4
- g2 dy= oy = 48.
/0 ( 3 Yy ) y 3 y 3)/

y=0
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