MATH 209—
Calculus,
11

Volker Runde

MATH 209—Calculus, I

Volker Runde

University of Alberta

Edmonton, Fall 2011



The divergence theorem, |

MATH 209—
Calculus,
11

Physical motivation

Volker Runde
The Let S be an oriented surface in R3 in the path of a fluid with
divergence density p(x, y, z) and velocity v(x, y, z). The rate of flow is the
vector field F(x,y, z) := p(x,y, z)v(x, y,z). The mass of the
fluid crossing S in the direction of n is the surface integral

//Sp.ds.

Suppose that S is the boundary of a solid region E.

Suppose that E is split into small rectangular boxes E; j . Let
(X0, Y0, 20) be the lower left corner of E; ;, and let Ax, Ay,
and Az the lengths of its edges.
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The

divergence Let F = Pi I Qj aF Rk. Then:

theorem
mass flowing through E;  ; in the direction of i
~ (P(xo + Ax, y0,20) — P(x0, Y0, 20)) Ay Az

_ P(XO + AX;}/O,ZO) - P(X07.y0)20)
Ax

AxAyAz

oP
~ a(xo, ¥0,20)AxAyAz.

Similarly for j and k.
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Physical motivation (continued)

The
divergence

s Therefore:

mass flowing through E; x

oP

AxAyAz
= div F(xo, y0, 20) AxAyAz.

o OR
~ <5(X07)/o,20) + 8—S(Xo,)/o,20) + E(XOJ/OvZO))
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Physical motivation (continued)
The
divergence Consequently:

theorem

// F - dS = mass flowing through E
S

= lim 2’7: Zm: EV: div F(xo0, Yo, 20) AxAy Az

n,m,v—00
j=1 k=1 I=1

:// divFdV.
E



The divergence theorem, V

MATH 209—
Calculus,
11

The We call a solid region E C R3 simple if its of type I, Il, and IlI
divergence simultaneously.

theorem

Theorem (divergence theorem; Gauss' theorem)

Let E C R3 be a simple region with boundary S with positive
orientation, and let F be a vector field on an open region
containing E with continuous partial derivatives. Then

//SF-dS—///EdideV.
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Volker Runde EXa m ple

i Let S be the sphere x? +y? 4+ 2> =1, and let
ivergence
theorem

F(x,y,z) = zi+ yj + xk.

Find [[oF - dS.
Let £ be the unit ball x?> + y? 4+ z2 < 1. Then by the
divergence theorem:

//sF'ds:///Edi"FdV:///EldVZ%ﬁ-
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" F(x,y,z) = xyi+ (y* + &% )j + sin(xy )k,

i and let S be the boundary of the solid region E bounded by the

parabolic cylinder z = 1 — x? and the planes z=0, y = 0, and

y+z=2

Find ffs F-dsS.

View E as a type Il region:
E:{(x,y,z):—1§x§1,0§z§1—x2,0§y§2—z}.

Note also:

divF = %(Xy) + a%(ﬁ +e%) + % sin(xy) =y +2y = 3y.
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VAP The divergence theorem yields:

The

divergence 1 1—x?2 2—z

theorem //Fds:3///ydv:3/ / / ydydzdx
1—x2 2 y=2—z 1—x2

= 2/ / dzdx = 3/ /

dz dx

z=1—x2
1
/ dx:——/ (x> +1)® —8dx
z=0 2/ 4
7 x=1
:—/x—|—3x + 3x2 7dx——X——3i—x + 7x
0 7 5 =0
1 3 184

- _Z_147=
7 5 = 35"
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(BIEEIES [ et S be the boundary of the solid E bounded by the
hemispheres

The
divergence

e z=1/4—x2—y? and  z=+/1-x2—y2
Find [[sF - dS, where
F = (x®+ ysinz)i + (y? + zsin x)j + 3zk.

Even though E is not simple, the divergence theorem applies.
We have

divF =3x? +3y? +3=3(x*+ y? +1).
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The

e E={(xy.2): 1< +y2 <4,
VI-Z -y <z<\a- Xy}

In spherical coordinates:

E={(9,0,¢):1§p§2,0§9§2w,0§¢§g},

Thus:

//SF.ds:///‘Edidevz3///EX2+yz+1dV:m
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The

divergence
theorem :3///X2+y2+1dv
E
2r 3 2
— [ [7 [ (st oco 0.+ 2 sin gsin? o + 1
0 0 1
p*sing dpde do

2 z 2
:3/ /2/(p2sin2¢+1)p2singbdpd¢d9
0 0 1

z 2
:67r/ /(p2sin2¢+1)p2sin¢dpd¢:-.-
0 1
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The

) z 2
heorom” =67r/2/ (p*sin® ¢+ 1)p°sinp dp d¢p
0 1
z o2
:67r/ / ptsin® ¢+ pPsingdpdo
0 1

p=2

do

p=1

us

z 5 3
:67r/02 %sin3¢+%sin¢

=

1
:67r/2 3136+ L sing do
s 5 3

1 us s
:g 2(1—cosqu)sinqﬁd¢-|—147r/2singz5d¢:---
0 0



Examples, VIlI

MATH 209—
Calculus,
11

Volker Runde Example (Continued)

The
divergence
theorem

1867

=/ (1—c052¢)sin¢dq§+1477/02Sin¢d¢

1 —
_ 18 1—u du+147r(—cos¢>‘ 2)
5 Jo
1867 BTN | g, 1247 T0m_ 194x
= — u— — = ———" = — g -
5 3 |u=o 5 5 .
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