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Curl and 0 ono
divergence Definition

Let F = Pi+ Qj + Rk be a vector field on R3 such that P, Q,
and R have partial derivatives. The curl of F is defined as

_[(OR 0Q)\. oP OR). 0Q OP
wlF= (G =5 )+ (3~ 30 )i+ (32~ 3y )

If curl F = 0, F is called irrotational.
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Curl and v ox % _k
s aXl + ayj + az

_ (OR 0QY\. oP OR). 0Q OP
-7 -2)+(Z %)+ (& 7))~

curlF =V x F

Thus:
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Curl and Let

divergence

F(x,y,z) = xzi + xyzj — y°k.
Then:
i j Kk
arfF=|% & £
xz xyz —y?

=(=2y —xy)i— (0—x)j+ (yz—-0)k
= —y(2 + x)i + xj + yzk.
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B Let F be conservative, i.e., F = Vf, and suppose that f has
Curl and continuous second order partial derivatives. Then:

divergence

i J k
curl F = g % 3%
af Of of

_ (8 F N (0 N
0Ox0z  0z0x ! Oxdy  Oyodx
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curlF = 0. Then F is conservative.

Curl and
divergence
Example
Let
F(x,y,z) = y*2% + 2xyz%j + 3xy?Z°k.
Then:
i ] k
curl F = % a% %
y2z3 2xyz3 3xy?z?

= (6xyz® — 6xyz>)i — (3y?z® —3y22%)j+ (2yz® — 2yz*)k = 0.
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Curl and Hence, F is conservative, i.e., there is a function f with
divergence o
F = Vf. This means:

fx — y2z3,
f, = 2xyz°,
f, = 3xy22.

Thus:
f(x,y,2) = /y223 dx = xy22> + g(y, 2).
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e Differentiate with respect to y:

Curl and

T 2xy2® = f,(x,y,2) = 2xy2°> + gy (v, 2).
Hence, gy(y,z) = 0 and thus g(y, z) = h(z). We obtain:
f(x,y,2) = xy°z + h(z).
Differentiate with respect to z:
3xy?2% = f(x,y, z) = 3xy?2> + H(2).
Hence, h'(z) =0, i.e., h(z) = C, so that

f(x,y,z) =xy?z23 + C.
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Curl and 0 ono
divergence Definition

Let F = Pi+ Qj + Rk be a vector field on R3 such that P, Q,
and R have partial derivatives. The divergence of F is defined
as

divF=2F o | OF
VT X dy 0z

If divF =0, F is called incompressible.
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Curl and
divergence

divF=V-F
Let
F(x,y,z) = e*i+ e ¥j— xyzk.
Then:

divF = & — xe ¥ — xy.
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B Lt F = Pi+ Qj + Rk be such that P, Q, and R have
Curl and continuous second order partial derivatives. Then:

divergence

diveurl F =V - (V x F)

_9 (orR_0Q
~ Ox \ 9y 0Oz

0 (0P OR o (0Q 0P
*a—y(z‘ﬁw(a‘a—y)
_O’R 0°Q 0’pP 0’R 0°Q 0’P
~ Ox0y  Ox0z * 0y0z B Ay Ox * 0zdx 0z0y
=0
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Curl and Let F = Pi+ Qj + Rk be such that P, Q, and R have
divergence continuous second order partial derivatives. Then
divcurl F = 0.

Example

Let
F = xyi + xyzj — y°k.
Is there a vector field G with F = curl G?

No, because
divF =y +xz #0.
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Let C and D be as in Green's theorem, and consider the vector
field F = Pi+ Qj, so that

Curl and dviv
e / F-dr= / P dx + Q dy.
C C
View F as a vector field on R3 with the third component 0.
Then:
i ] k
P
arlF=| 2 2 2 :(%—Z—>k.
P(x,y) Q(x,y) 0 Y
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The vector forms of Green's theorem (continued)

Curl and div AS

and Green's o aQ 8P o 80 aP
theorem (CUrI F) -k = <§ a) k-k = Ix ay,

Green's theorem becomes

/CF.dr://D(curlF)-de.
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Let C be given by

r(t) = x(t)i + y(t)i, t € a,b.

Curl and div
and Green's
theorem Then the unit tangent vector is
x'(t) ‘().
Ty = X0, YO,

IREGIREO]

The outward unit normal vector to C is given by
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DO oo [ Fn)
and Green's C a
PO Q) (XD |
-/ ( V(1) V()] )'*(t)"“

b
_ / P(x(£), y(£)y'(£) — Q(x(2), y(£))X(t) dt

/de de—// (8_P+%> dA,
// F-nds= /D/ div F dA.
JC JJD

and thus



	Curl and divergence

