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The curl of a vector field, I

Definition

Let F = P i + Qj + Rk be a vector field on R3 such that P, Q,
and R have partial derivatives. The curl of F is defined as

curlF =

(
∂R

∂y
− ∂Q

∂z

)
i +

(
∂P

∂z
− ∂R

∂x

)
j +

(
∂Q

∂x
− ∂P

∂y

)
k.

If curlF = 0, F is called irrotational.
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The curl of a vector field, II

How to remember it. . .

Let

∇ =
∂

∂x
i +

∂

∂y
j +

∂

∂z
k.

Then:

∇× F =

∣∣∣∣∣∣
i j k
∂
∂x

∂
∂y

∂
∂z

P Q R

∣∣∣∣∣∣
=

(
∂R

∂y
− ∂Q

∂z

)
i +

(
∂P

∂z
− ∂R

∂x

)
j +

(
∂Q

∂x
− ∂P

∂y

)
k.

Thus:
curlF = ∇× F
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Examples, I

Example

Let
F(x , y , z) = xz i + xyz j− y2k.

Then:

curlF =

∣∣∣∣∣∣
i j k
∂
∂x

∂
∂y

∂
∂z

xz xyz −y2

∣∣∣∣∣∣
= (−2y − xy)i− (0− x)j + (yz − 0)k

= −y(2 + x)i + x j + yzk.
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Examples, II

Example

Let F be conservative, i.e., F = ∇f , and suppose that f has
continuous second order partial derivatives. Then:

curlF =

∣∣∣∣∣∣∣
i j k
∂
∂x

∂
∂y

∂
∂z

∂f
∂x

∂f
∂y

∂f
∂x

∣∣∣∣∣∣∣
=

(
∂2f

∂y∂z
− ∂2f

∂z∂y

)
i

−
(

∂2f

∂x∂z
− ∂2f

∂z∂x

)
j +

(
∂2f

∂x∂y
− ∂2f

∂y∂x

)
k

= 0.
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Examples, III

Theorem

Let F be a vector field defined on all of R3 such that
curlF = 0. Then F is conservative.

Example

Let
F(x , y , z) = y2z3i + 2xyz3j + 3xy2z2k.

Then:

curlF =

∣∣∣∣∣∣
i j k
∂
∂x

∂
∂y

∂
∂z

y2z3 2xyz3 3xy2z2

∣∣∣∣∣∣
= (6xyz3−6xyz3)i− (3y2z2−3y2z2)j+ (2yz3−2yz3)k = 0.
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Examples, IV

Example (continued)

Hence, F is conservative, i.e., there is a function f with
F = ∇f . This means:

fx = y2z3,

fy = 2xyz3,

fz = 3xyz2.

Thus:

f (x , y , z) =

∫
y2z3 dx = xy2z3 + g(y , z).
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Examples, V

Example (continued)

Differentiate with respect to y :

2xyz3 = fy (x , y , z) = 2xyz3 + gy (y , z).

Hence, gy (y , z) = 0 and thus g(y , z) = h(z). We obtain:

f (x , y , z) = xy2z3 + h(z).

Differentiate with respect to z :

3xy2z3 = fz(x , y , z) = 3xy2z2 + h′(z).

Hence, h′(z) = 0, i.e., h(z) = C , so that

f (x , y , z) = xy2z3 + C .
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The divergence of a vector field, I

Definition

Let F = P i + Qj + Rk be a vector field on R3 such that P, Q,
and R have partial derivatives. The divergence of F is defined
as

divF =
∂f

∂x
+

∂f

∂y
+

∂f

∂z
.

If divF = 0, F is called incompressible.
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The divergence of a vector field, II

Shorthand

divF = ∇ · F

Example

Let
F(x , y , z) = ex i + e−xy j− xyzk.

Then:
divF = ex − xe−xy − xy .
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The divergence of a curl, I

Computing the divergence of a curl

Let F = P i + Qj + Rk be such that P, Q, and R have
continuous second order partial derivatives. Then:

div curlF = ∇ · (∇× F)

=
∂

∂x

(
∂R

∂y
− ∂Q

∂z

)
+

∂

∂y

(
∂P

∂z
− ∂R

∂x

)
+

∂

∂z

(
∂Q

∂x
− ∂P

∂y

)
=

∂2R

∂x∂y
− ∂2Q

∂x∂z
+

∂2P

∂y∂z
− ∂2R

∂y∂x
+

∂2Q

∂z∂x
− ∂2P

∂z∂y

= 0
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The divergence of a curl, II

Theorem

Let F = P i + Qj + Rk be such that P, Q, and R have
continuous second order partial derivatives. Then
div curlF = 0.

Example

Let
F = xy i + xyz j− y2k.

Is there a vector field G with F = curlG?
No, because

divF = y + xz 6= 0.
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Curl and div and Green’s theorem, I

The vector form of Green’s theorem

Let C and D be as in Green’s theorem, and consider the vector
field F = P i + Qj, so that∫

C
F · dr =

∫
C

P dx + Q dy .

View F as a vector field on R3 with the third component 0.
Then:

curlF =

∣∣∣∣∣∣
i j k
∂
∂x

∂
∂y

∂
∂z

P(x , y) Q(x , y) 0

∣∣∣∣∣∣ =

(
∂Q

∂x
− ∂P

∂y

)
k.
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Curl and div and Green’s theorem, II

The vector forms of Green’s theorem (continued)

As

(curlF) · k =

(
∂Q

∂x
− ∂P

∂y

)
k · k =

∂Q

∂x
− ∂P

∂y
,

Green’s theorem becomes∫
C
F · dr =

∫∫
D

(curlF) · k dA.
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Curl and div and Green’s theorem, III

The vector forms of Green’s theorem (continued)

Let C be given by

r(t) = x(t)i + y(t)j, t ∈ [a, b].

Then the unit tangent vector is

T(t) =
x ′(t)

|r′(t)|
i +

y ′(t)

|r′(t)|
j.

The outward unit normal vector to C is given by

n(t) =
y ′(t)

|r′(t)|
i− x ′(t)

|r′(t)|
j.
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Curl and div and Green’s theorem, IV

The vector forms of Green’s theorem (continued)

Then∫
C
F · n ds =

∫ b

a
(F · n)(t)|r′(t)| dt

=

∫ b

a

(
P(x(t), y(t))y ′(t)

|r′(t)|
− Q(x(t), y(t))x ′(t)

|r′(t)|

)
|r′(t)| dt

=

∫ b

a
P(x(t), y(t))y ′(t)− Q(x(t), y(t))x ′(t) dt

=

∫
C

P dy − Q dx =

∫∫
D

(
∂P

∂x
+

∂Q

∂y

)
dA,

and thus ∫
C
F · n ds =

∫∫
D

divF dA.
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