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An extensive body of experimental work has proven the validity of the analysis of
Landau and Levich, who were the first to determine theoretically the thickness of
the film deposited by the withdrawal of a flat substrate from a bath of liquid with
a clean interface. However, there are a number of experimental investigations that
have shown that surfactants in the liquid may result in a thickening of the deposited
film. Marangoni phenomena have usually been considered responsible for this
effect. However, some careful experiments and numerical simulations reported in the
literature seemed to rule out this view as the cause of the observed behavior. Despite
all these studies and the number of reports of film thickening, an experimental study
of the flow field close to the coated substrate in the presence of surfactants has never
been undertaken. In this paper we will present a set of flow visualization experiments
on coating of a planar substrate in the range of capillary numbers 10−4 � Ca � 10−3

for sodium dodecyl sulfate solutions with bulk concentrations of 0.25 CMC ≤ C
≤ 5.0 CMC (critical micelle concentration). It was evident during experiments that the
flow field near the meniscus region exhibits patterns that can only be explained with
a stagnation point residing in the bulk and not at the interface. As opposed to patterns
with an interfacial stagnation point, the observed flow fields allow for the increase
in film thickness due to the presence of surfactants compared to the clean interface
case. C© 2012 American Institute of Physics. [http://dx.doi.org/10.1063/1.4703924]

I. INTRODUCTION

Dip coating, in which a substrate is withdrawn from a bath, is perhaps the oldest and simplest
form of liquid film deposition.1 Although employed in industry to coat objects of various shapes and
sizes, scientific investigation of dip coating has typically made use of flat and cylindrical substrates.
For the case of Newtonian liquids the thickness of the film h∞ is a function of fluid properties
(i.e., surface tension σ , viscosity μ, and density ρ), gravity g, withdrawal velocity U, and substrate
curvature r. Dimensional analysis provides a relationship for the relevant parameters of the form2

h∞/ lc = f (Ca, Re, Go), (1)

where lc = √
σ/ρg is the capillary length, Ca = μU/σ is the capillary number, Re = ρUh∞/μ is

the Reynolds number, and Go = r/lc is the Goucher number. The question of film thickness for the
vertical withdrawal of a flat substrate, Go � 1, in the limit of small capillary number with no inertia
effects was first addressed theoretically by Landau and Levich3 who arrived at a relationship of the
form

h∞ = 0.945 lc Ca2/3. (2)

This law holds only for clean interfaces and implies the corresponding flow field near the substrate4

shown in Figure 1(a). The distinguishing feature of this flow field is a surface stagnation point located
3h∞ from the substrate.5 The first experimental confirmation of the Landau-Levich expression can
be attributed to Deryagin and Titievskaya,6 who coated tubes of negligible curvature using oil for
2 × 10−5 < Ca < 101. The coating of thin wires, the formation of thin films on the inside of
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FIG. 1. Various flow fields associated with the Landau-Levich problem: (a) clean and soluble surfactant-laden interface cases9

with one interfacial stagnation point, (b) surfactant laden interface with one interior stagnation point, and (c) surfactant-laded
interface with two stagnation points.23 Outer phase (air) motion is not shown, but can be inferred from the motion at the
liquid-air interface.

capillary tubes by the passage of bubbles (Bretherton problem7), and the withdrawal of soap films
(i.e., Frankel’s law8) are considered “sister” problems to the flat plate case of Landau and Levich
and possess solutions similar to Eq. (2).9

Experimentally observed deviations in the thickness of films predicted by the Landau-Levich
equation have been attributed to a variety of reasons including effects of inertia,10–12 substrate charge
and pre-treatment procedures13, 14 (i.e., cleaning15), and surfactants.2, 7, 16–20 The deviations observed
in the presence of surfactants usually correspond to films thicker than predicted by (2). It has become
common to represent this effect using the thickening factor α, a ratio of the experimentally measured
film thickness to that predicted by Eq. (2),

α = h∞,measured/h∞,theory, (3)

which, in general, can be a function of the capillary number,7, 16 surfactant concentration,17–19 and the
coated object geometry.17, 18 The theoretical film thickness, h∞,theory, which is a function of σ through
both the capillary length and capillary number (2), is computed with the equilibrium surface tension
σ eq corresponding to the prescribed bulk concentration C with a surfactant uniformly distributed at
the interface.

Recent theoretical and numerical studies have attempted to elucidate the mechanisms responsible
for film thickening in the presence of surfactants.9, 21–23 Several flow field topologies, cf. Figures 1(a)–
1(c), have been proposed which include single stagnation points residing at or below the interface
as well as multiple stagnation points. As will be discussed in Sec. V, these studies have not led
to a consensus as to the mechanism responsible for film thickening and the conjectured flow fields
were not supported by experimental evidence. The authors’ opinion is that the true flow topology
needs to be determined through direct flow visualization experiments to resolve this long-standing
question, as well as a careful survey of the literature is required to address various confusions. As
far as the authors are aware, the results of the experiments presented here for the first time resolve
the structure of the flow field close to the coating substrate, when surfactants are present, and settle
the controversy regarding surfactant effects in the Landau-Levich problem.

The outline of this work is as follows. We begin with a historical review of experimental stud-
ies of the Landau-Levich problem in Sec. II, and highlight cases of film thickness measurements
(Sec. II A) when surface active impurities were either unintentionally or intentionally added. At-
tempts at flow visualization of the Landau-Levich problem and similar flows will also be discussed
(Sec. II B). In Sec. III, the experimental setup utilized in this study will be detailed (Sec. III A) as
will the relevant properties of the surfactant solutions used in experiments (Sec. III C). Results from
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the experiments will be presented in Sec. IV along with an examination of relevant length scales
(Sec. IV A 1), time scales (Sec. IV A 2), and transient effects (Sec. IV C). A thorough discussion
of the observed flow patterns in the context of early reported causes of film thickening (Sec. V A),
as well as previous analytical (Sec. V B) and numerical (Sec. V C) studies will be given in Sec. V.
The detailed discussion in the latter section serves the purpose of resolving the discrepancies in the
literature regarding film thickening in the presence of surfactants and finding a common ground
for a wide range of ideas pertinent to this problem. Finally, in Sec. VI, we formulate a number of
questions requiring further study.

II. HISTORY OF EXPERIMENTS

In this section we review the relevant history of coating flow experiments, specifically film
thickness measurements and examples of flow visualization pertaining to the Landau-Levich problem
and “sister” coating flows. While a number of comprehensive review articles on coating flows are
available for the interested reader,24–26 an emphasis is placed here on film thickening in the presence
of surfactants.

A. Film thickness measurements

With the exception of the work of Deryagin and Titievskaya,6 early studies of dip coating from
1922 to 1958 (Refs. 27–30) produced little more than empirical correlations of film thickness or de-
posited volume for relatively specific applications (e.g., burette dispensing accuracy28 or calibration
of gas meter standards29). These studies made use of oils, waxes, and organic liquids possessing
relatively large viscosities and low surface tensions compared to water, which makes them less
susceptible to adsorption of contaminants. In many cases the fluid properties were not adequately
recorded, making direct comparison to later theoretical predictions difficult.31 Film thickness was
inferred by gravimetric techniques, direct micrometer measurements, or photographic means (pro-
files of thick films on plates and cylinders were photographed). The range of capillary numbers
explored in these experiments was 2 × 10−5 < Ca < 2.5 × 101.

The period of 1960–1974, building on the experimental tools and techniques pioneered decades
earlier, includes more refined dip coating investigations. A related class of experiments involving the
motion of long bubbles through capillary tubes yielded the first real observations of film thickening
that can be attributed to surface active impurities. The data of Marchessault and Mason32 suggested
film thickening behavior for air bubbles in aqueous solutions of diglycol laurate, and for benzene
and hexane bubbles in water in the 10−5 < Ca < 10−4 range. Bretherton,7 using benzene and
aniline, reported significant variations in the film thickness as compared to theoretical predictions for
Ca < 10−5. Despite rigorous cleaning methods employed by Bretherton, he conjectured that dissolved
impurities could cause “hardening” of the interface (i.e., surface tension gradients allowing the
interface to support a viscous tangential stress). But, he concluded on the basis of the magnitude
of the predicted thickening that this phenomenon could not account for the observed film thickness
deviations.7

White and Tallmadge,33 confirming earlier measurements from experiments on the withdrawal
and removal of plates from rinsing baths,34 reported film thickening by a factor of 1.4–2.0 for
the case of dip coating of cylinders with water for 10−4 < Ca < 10−2. The “water paradox,” as
the authors named the film thickening, was observed for distilled water, as well as combinations
of water mixed with pontamine blue dye, sodium chloride, and “Dreft” detergent. The authors
claimed that none of these additives produced measurable changes in fluid properties – including
surface tension.35 Gradients in surface tension were disregarded by Tallmadge et al. as a possible
mechanism for the “paradox” and further study of the effect by Tallmadge and Stella was limited
to surface charge and substrate cleaning.13, 14 Later studies20, 36 showed, though, that surface charge
and substrate cleaning affect the measurability range37 of the film thickness and thus lead to the
deviations observed by Tallmadge et al. In general, however, substrate-liquid interactions yielding an
extra body force normal to the substrate may result in substantial deviations from the Landau-Levich
law.36 For example, an attractive interaction potential can produce film thickening. Therefore, it is
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inconclusive as to whether surface charge and cleaning can account for all of the “water paradox”
observations.

Surface impurities were again investigated by Groenveld2, 16 as part of his larger study on dip
coating.2, 12, 16, 38–40 A new optical technique for measuring film thickness was used to demonstrate
the effect of the deliberate addition of insoluble surface active impurities to the system. By adding
drops of hexane and piston oil to a glycerol-water solution, films 1.1–1.8 times thicker than clean
interface predictions were observed for 3 × 10−3 < Ca < 3 × 10−2. Groenveld speculated that the
effect of the impurities, resulting in gradients of surface tension, would enable the surface to sustain
a tangential stress. The surface would then move with the same velocity as the substrate and the
stagnation point, located at the surface for the clean interface case, would be displaced to the interior
of the fluid (cf. Figure 1(b)). This hypothesis was not confirmed through direct measurements.

Analogous to the works of Groenveld,2, 16 Carroll and Lucassen41 were the first to explore the role
of surfactants on film thickening in the course of coating thin wires. For the range 10−3 < Ca < 10−1,
film thickness in the presence of the TTAB (tetradecyl trimethyl ammonium bromide) surfactant was
nearly 2.5 times that of films produced with clean interfaces. Although the concentration of TTAB
was varied, no trend between thickening factor and surfactant concentration was reported.

Between 1974 and 2011, a large body of literature was dedicated to the study of coating
flows but only a handful of papers have reported on experiments in which the investigation of film
thickening in the presence of surfactants was the focus. Quere, de Ryck, and Ramdane17, 18 performed
experiments on liquid coating of fibers from SDS (sodium dodecyl sulfate) surfactant solutions using
an amount equal to approximately 8 CMC (critical micelle concentration). Their results confirm film
thickening in the range 1.5 � α � 2.5 for 10−4 < Ca < 10−2. The thickening factor was found
to decrease with increasing wire radius but remained essentially constant with changes in capillary
number. Shen et al.19 extended the work on fiber coating by conducting experiments with different
surfactants (anionic, cationic, and non-ionic) and wide ranges in concentration (both above and
below the CMC). They observed capillary number invariant thickening, that was highly dependent
on surfactant bulk concentration, and explained this complex thickening behavior based on surface
remobilization42 and micelle dynamics. Work on flat substrates was completed by Krechetnikov
and Homsy20 who conducted experiments with glass plates for 10−4 < Ca < 10−3. It should be
noted that flat plates exhibit much thicker films as compared to fibers, owing to the difference in
characteristic length scale (wire radius r vs. capillary length lc). The resulting substantial differences
in film thickness, owing to the problem geometry, can be responsible for variations in the dominant
surfactant transport mechanisms and surfactant availability between plates and fibers for the same
ranges of bulk concentration. Using SDS with surfactant concentrations between 0.25–1.0 CMC,
Krechetnikov and Homsy reported an average thickening factor of 1.55, although the data show that
the thickening factors have a slightly nonmonotonic dependence on withdrawal speed and surfactant
concentration. For a large concentration of the highly soluble DTAB (decyl trimethyl ammonium
bromide), Scheid et al.22 observed a subtle decrease in thickening factor for flat plates with capillary
numbers from 10−5 to 10−4, followed by a relatively small thickening factor of 1.06 for Ca ∼ 10−3.

B. Early attempts at flow visualization

Clearly, film thickness measurements are insufficient to gain a complete understanding of the
complexity of a coating flow field in the presence of surfactants. Only direct flow visualization studies
can highlight the location of stagnation point(s) and separating streamlines.1 These characteristic
flow features are still points of controversy for the surfactant laden Landau-Levich problem as many
speculations regarding the structure of the flow field have been put forth.9, 21–23 Only a small body of
work exists pertaining to flow visualization of dip coating2, 30, 33, 43–46 and no real studies up to this
time have probed the surfactant-laden case.

Crude flow visualizations using particles both intentionally and unintentionally placed in the
coating fluid were reported by van Rossum30 for the constant film thickness region, and White33

for the meniscus region. Van Rossum indicated that the surface moved with a non-zero velocity
in the direction of the withdrawal (as opposed to the assumption of Goucher and Ward27 that
the surface should have zero velocity). White also reported behavior consistent with the clean
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FIG. 2. Qualitative sketch of streamlines for the withdrawal of a flat plate from a small tank as studied by Lee and Tallmadge.47

The coating liquid was 99% glycerol, resulting in a film thickness ∼2.4 mm. The tank width and height were 65 and 40 mm,
respectively. The “feed flux” (i) is the liquid returned to the tank after scraping the continuous belt. Note the location of two
surface stagnation points (circles) and the vortex (ii).

interface case – interfacial motion away from a stagnation point toward the bath. Utilizing talcum
powder and small bubbles, Groenveld2 investigated the location of the surface stagnation point and
surrounding flow field for thick films of glycerol with clean interfaces and found agreement with
theory (cf. Figure 1(a)). No flow visualization for the surfactant laden case was reported in the
above-mentioned work. Vortex formation near the meniscus in free coating with a viscous liquid
was investigated using dye injection by Lee and Tallmadge47 in the continuous belt setup. Very
little information was given regarding the observed flow field and only a single flow visualization
image was provided in their publication. A favorable comparison was made to numerical results,
cf. Figure 2 for a sketch of the observed pattern. The vortex was strongly dependent on the nature
of the return flow of liquid into the small tank.

The only relatable works that exist with any real detail are those of moving contact line flow
visualization.43, 44, 46 These studies typically image the flow field near the interface between a solid,
an imperfectly wetting liquid, and air, which can exhibit a variety of flow patterns including rolling
motion (cf. Figure 1(a) but without film deposition) and splitting streamlines (both injection and
ejection forms),48 cf. Figure 1(b) but without a deposited film. Namely, a split-ejection streamline
denotes a streamline within a single fluid phase that separates two regions of the flow field and along
which fluid motion is directed away from the contact line.43, 44 Under certain conditions the liquid
may be caused to wet the solid surface, resulting in a dip coating pattern (cf. Figure 1(a)). Cerro
and co-workers43, 44 used tracer particles to investigate these flow patterns, presumably at low Ca
numbers as reported in Fuentes and Cerro.44 For a range of parameters, the flow field was observed
to exhibit a typical dip coating pattern with a surface stagnation point (cf. Figure 1(a)). However, an
interesting comment was made for a situation when coating was not expected and such a typical flow
field was not observed, “A split-ejection streamline was clearly seen ... although there is evidence
that a very thin film of oil remained on the glass surface.”43 No connection was established by Cerro
et al. between these observations and coating with surfactants. The high Ca withdrawal experiments
of Kizito et al.45 using water and Triton surfactant suggested a flow field with a stagnation point at
the surface. Their results are far from conclusive owing to lack of detail in the meniscus region. It
could be, as we will allude to later (Sec. IV B), that for larger Ca numbers it is difficult to interpret
the location of the stagnation point for experiments with tracer particles.

Very low Ca numbers usually lead to the production of Langmuir-Blodgett (LB) films, i.e.,
monolayer films of insoluble surfactants deposited on a substrate withdrawn from a trough.48

These films are typically “dry” in the sense that no water is entrained. The resulting flow pattern
during withdrawal should exhibit a split ejection streamline,48 but without a water film between the
monolayer and the substrate. However, recent experiments46 evidence existence of a split-ejection
streamline pattern for a withdrawal speed in excess of the maximum speed for the production of dry
films. It is unclear, though, if this pertains to a dip coating (Landau-Levich) regime or if it represents
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FIG. 3. (a) Experiment setup for Landau-Levich flow visualization with (A) plexiglass tank, (B) glass plate, (C) stepper
motor/lead screw, (D) bearings, (E) laser light sheet, and (F) camera. (b) Top down view of coverslip window region of
experimental setup with (A) camera lens, (B) glass coverslip, (C) plexiglass sidewall, (D) glass plate withdrawn from tank,
(E) laser light sheet, and (F) the region of interest imaged by the camera. The small distance maintained between the glass
plate and the coverslip promotes a large capillary rise to aid in non-distorted viewing the flow field within the region of
interest (F). This sketch is not to scale.

a transition pattern between the split ejection streamline flow field for dry LB films and that for
typical dip coating.48

In conclusion, it is evident from a review of the literature that the presence of surfactants leads to
film thickening in all known experiments. However, it is also apparent that a complete experimental
investigation has never been undertaken to resolve the structure of the flow field close to the substrate
for the Landau-Levich problem in the presence of surfactants to explain and fully understand the
origin of the film thickening behavior. The sparse results that have been reported in the literature are
inconclusive and this warrants the experiments undertaken and reported on in this work.

III. EXPERIMENTAL SETUP AND PROCEDURE

A. Plate withdrawal apparatus

The plate withdrawal apparatus shown in Figure 3(a) was constructed for flow visualization of
dip coating. A plexiglass tank, 8 cm × 28 cm × 55 cm (depth × width × height), could accommodate
substrates with submerged lengths of up to Lp = 35 cm. The dimensions of the tank were sufficient
to eliminate any tank wall influence on the meniscus or flow field, a detailed justification of which
will follow in the results section (Sec. III D). To improve optical access to the flow field near the
substrate, a small window was made using 0.17 mm thick coverslip glass, cf. Figure 3(b). The
tank was mounted onto a vibration isolated optical bench during testing. After each experiment the
liquid in the tank was drained, the tank was removed from the optical bench, and then thoroughly
cleaned. All final rinsing of the tank and any submerged parts was completed with copious amounts
of deionized water (18 M� cm).

The flat substrates used during experiments were glass strips 6.5 cm wide, 3 mm thick, and
60 cm long. Only Lp = 35 cm of that length was coated during experiments, the rest was needed for
attachment to the withdrawal apparatus. For experiments with either low surfactant concentration
(i.e., 0.25 CMC) or pure deionized water, the glass strips were roughened by chemical etching
and sanding with fine grit paper (≥400 grit) to improve wetting.20 Measurements using an opti-
cal profilometer (Veeco Instruments Inc. Wyko NT1100) indicate an average surface roughness of
∼1.1 μm.49 Controlled substrate withdrawal was performed by a precision stepper motor/lead screw
assembly (Velmex BiSlide) providing a range of withdrawal speeds from 0.25–7.6 cm/s. Horizontal
deflection and vibration of the substrate were minimized by a set of submerged bearings between
which the substrate traveled. The minimization of horizontal deflections serves two purposes. First,
reduced vibration provides clear flow field images without distorted streaklines. And second, sup-
pressing vibration limits the effects of normal accelerations (i.e., extra body forces perpendicular to
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the substrate) on film thickness variations.36, 50 Unlike a continuous belt setup, removal of a plate
from a finite-size bath is accompanied by a decrease in the level of the liquid due to displacement.
To eliminate this drop in the free surface level, a compensating plate was devised (not shown in
Figure 3(a)): as the substrate was withdrawn, an identical substrate located away from the region of
interest was submerged at the same rate.51

A thin light sheet was created using a cylindrical lens and a 150 mW, 488 nm argon ion laser
(American Laser Corporation), and positioned to highlight tracer particles in a vertical plane at a
distance of 30 mm from the coverslip window, deemed sufficiently far to ensure true two-dimensional
behavior of the flow field.1 A Phantom v5.2 camera, with a 55 mm Nikor lens and extension tube
set, was used to capture the motion of tracer particles added to the surfactant solutions. A field of
view (FOV) of either 8 mm × 6 mm, 12 mm × 9 mm, and 26 mm × 20 mm could be selected
and an xyz stage with rotation adjustment provided a means of the camera alignment. It was found
that scattered light from the particles was sufficient to produce useful quantitative flow field images.
Tracer particles (Polybead R© Hollow Microsphers, Polysciences, Inc.) were selected for near neutral
buoyancy (≥1.00 g/cm3), and small size (1 μm). The small size of the tracers is essential to minimize
settling during the course of experiments. More importantly, their size must be considerably smaller
than the film thickness formed from the withdrawal of aqueous solutions, which are estimated to
be within the range of 4 μm < h∞ < 50 μm. The higher-than-water density of the particles was
selected to ensure that once placed in the bulk they would not float to the surface and by disrupting
the interface would not exhibit surface active behavior (it is known that small particles, if present at
the interface and not completely wetted, can act in a manner similar to that of surfactant molecules
at fluid-fluid interfaces52). Even if some of these particles end up at the interface, which is unlikely
due to their density and the presence of surfactants which improve wettability (cf. discussion
in Sec. III C), the very low volume fraction of particles φ used throughout these experiments
(φ ∼ 10−6) suggest insignificant effects on the air-SDS solution surface tension.53

The overall goal of the flow visualization experiments was to determine the basic structure of the
flow field, primarily whether or not a surface stagnation point is present when surfactants are added
to the liquid (cf. Figure 1(a)). Thus, knowledge of the detailed velocity field was not needed and no
attempt was made to utilize the motion of the tracer particles for particle image velocimetry (PIV)
measurements. Exposure times of ∼0.05 s provided streak patterns that were more than acceptable
in elucidating the flow topology.

The role of transient behavior in the flow visualization results was explored using a modification
to the setup shown in Figure 3(a). A compact continuous belt apparatus was constructed that could
be placed into the tank in lieu of the glass plate. All components used for imaging (i.e., laser sheet,
camera, lens) remained unchanged. The belt, of approximately the same width as the glass plates
previously described, was driven by a dc gearmotor at speeds identical to the range of withdrawal
velocities tested. Figure 4 shows the continuous belt setup. It was found that the glass plate withdrawal
setup produced superior flow visualization images due to reduced vibrations compared to the belt as
well as the ability to promote a large capillary rise on the coverslip window (cf. Figure 3(b)).

A

B
C

D

E

FIG. 4. Continuous belt setup in place of glass plate withdrawal: (A) plexiglass tank, (B) continuous belt apparatus – belt
and pulleys, (C) dc gearmotor, (D) laser light sheet, and (E) camera.
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TABLE I. Properties of SDS solutions.56–67

c σeq
a μs

b κs
c

(−) (mN/m) (Pa m s) (Pa m s)

0.25 60 1 × 10−8 − 5 × 10−7 1 × 10−8 − 5 × 10−6

0.50 43 1 × 10−8 − 5 × 10−7 1 × 10−8 − 1 × 10−5

1.00 38 1 × 10−8 − 5 × 10−6 1 × 10−8 − 1 × 10−7

5.00 38 5 × 10−8 − 1 × 10−4 1 × 10−9 − 5 × 10−8

aReference 56.
bReferences 60–67.
cReferences 56–59.

B. Procedure

Experiments began by slowly filling the tank with surfactant solution to eliminate the formation
of bubbles which could be pinned in the meniscus or pulled into the film – both circumstances
adversely influencing the flow field.54 In all experiments care was taken to clean the tank and all
submerged components. But, given the nature of water to easily absorb contaminants, we do not
expect that there was a complete absence of surface active impurities. The substrate was then lowered
into the tank, passed through the support bearings, and aligned parallel to the front wall of the tank.
The space between the edge of the plate and coverslip window, as shown in Figure 3(b), was set
as small as possible to promote a large capillary rise on the front window to aid viewing of the
flow field.43, 44 Flow in the tank resulting from the setup procedure was allowed to decay before
withdrawal was started. After withdrawal, the substrate was returned to its original position by a
reversal of the stepper motor. This process was repeated at least twice for each of the five withdrawal
speeds. For each speed, movies were filmed with all three FOV settings to record the flow field near
and far from the substrate. Frames from all the flow visualization movies were extracted and the
particle streak patterns were analyzed using IMAGE J and MATLAB to highlight relevant details of the
flow structure. The same procedure was followed for each of the surfactant solutions tested as well
as for a pure deionized water case.

C. Surfactant solutions

Sodium dodecyl sulfate (SDS, Fisher Biomedical, 99% purity), a soluble anionic surfactant
with a CMC concentration of 8.3 mM and molecular weight of 288.38 g/mol,20 was mixed with
deionized water to make surfactant solutions for the withdrawal experiments. The density of each
solution was ρ = 0.998 gm/cm3 and the bulk viscosity μ = 1 mPa s.55 Table I includes relevant fluid
interface properties for the studied SDS solutions, where σ eq is the equilibrium surface tension, μs is
the surface shear viscosity, and κs is the surface dilatational viscosity. Note that the reported ranges
of μs and κs in Table I are based on the current knowledge in the literature, as discussed in detail
in the Appendix. Testing was performed in an air-conditioned laboratory where the air temperature
remained approximately 20 ◦C.

SDS was chosen for our experiments because its properties in aqueous solutions have been
extensively studied and well characterized. Moreover, previous experimental work on film thick-
ening in the presence of surfactants has made use of SDS17, 18, 20 eliminating the need to perform
simultaneous film thickness measurements. Concentrations below and above the CMC were used
and are reported here in a non-dimensional form using c = C/CCMC. SDS mixtures were prepared
in quantities sufficient to fill the plexiglass tank, ∼12 L. Approximately 60 μL of microsphere
solution was added to each mixture. Surfactant solutions were used immediately after preparation.
The styrene/acrylic microspheres are supplied in a suspension that contains surfactant needed for
stabilization. The amount of this surfactant is negligible compared to the amount of SDS added
to make surfactant solutions tested. For example, a 5.0 CMC solution requires the addition of
155.6 gm of SDS to 12 L of water whereas the total weight of the particle suspension is approxi-
mately 0.06 gm, of which the stabilizing surfactants constitute a small fraction.
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TABLE II. Parameters of SDS transport.56, 69

�∞a Db ka
b kd

b

(mol/m2) (m2/s) (m/s) (s−1)

1 × 10−5 8 ×10−10 0.64 × 10−5 5.9

aReference 56.
bReference 69.

The values of withdrawal speed and the solution properties correspond to capillary numbers
in the range of 4.2 × 10−5 < Ca < 2.0 × 10−3. These are consistent with the range of capillary
numbers in which film thickening had previously been reported.20 With the possible exception of
one set of operating conditions (0.25 cm/s and 0.25 CMC), all tests were performed within the
region of measurability of thin films for SDS solutions on glass defined by withdrawal speed and
surfactant concentration (cf. Refs. 20 and 37). Performing experiments within the region of measur-
ability ensures that the film deposited on the substrate is stable and will not undergo fast rupture and
dewetting from the surface. This also eliminates the possibility that dewetting and drainage into the
bath may influence the observed flow patterns. In addition, direct observation of the formation of a
stable film was made for each experiment. Typical parameters associated with transport and surface
density of SDS are provided in Table II.

The molecular density of surfactant at the interface � varies with bulk concentration but is on
the order of the maximum surface density �∞ for the range of tested bulk concentrations. Thus,
�∞ is employed in the estimates of relevant length and time scales in Sec. IV A. Note that the
theoretical value of �∞ reported in Table II comes from a fit68 of the σ (c) data below CMC using the
Szyszkowski equation of state, but as noted by Chang and Frances68 is never achieved and in reality56

the saturation value is around 3 × 10−6 mol/m2. The reported diffusivity D and kinetic coefficients ka

and kd, representing adsorption and desorption respectively, are obtained by conditional averaging of
the modified Langmuir-Hinshelwood equation over the entire range of the used concentrations.6970

D. Appropriate tank dimensions

The Landau-Levich equation (2) applies to withdrawal of a continuous substrate from an
infinite bath. This mathematical idealization can never be realized in practice, and the effects of tank
dimensions on the film thickness and meniscus shape have been a subject of previous studies.47 The
effect of finite tank dimensions (cf. Sec. III A) on the flow field near the substrate was an important
consideration here, and steps were taken in the design of the tank to ensure little influence, if any,
on the observed patterns.

The height of the tank, >200 lc, was sufficient to accommodate long substrates and was deep
enough to eliminate any influence of the tank height on the flow field and meniscus.71 The width of
the tank, LT ∼ 100 lc, was originally designed to eliminate crowding of surfactant along the surface
with the expectation that the flow field is as shown in Figure 1(a). One can estimate the lower bound
on that width in order to eliminate crowding for this configuration: the “residence time” of fluid,
tres ∼ LT/US, moving with surface speed US must be greater than the combined time for surfactants
to desorb td ∼ 1/kd and diffuse away tdiff ∼ η2/D from the interface; here η is the diffusion length,
which can also be thought of as a depletion depth (i.e. the distance from the surface into the bulk that
would be required to supply the interface with surfactant). The value of η can be estimated using the
surfactant surface and bulk concentrations via η ∼ �/C and is O(1 μm). Therefore, the necessary
tank width is given by LT > US[k−1

d + �2/(C2 D)]. For the highest surface speed, on the order of
10 cm/s, and the range of concentrations used the minimum width for the tank is ∼2 cm. Thus,
the actual width of the tank used in experiments can be judged “infinite” in extent. As has already
been reported, the flow field is not that of Figure 1(a) but rather Figure 1(b). Regardless of this fact
revealed a posteriori, the width of the tank is still more than sufficient to eliminate any unwanted
influence. The depth of the tank, ∼30 lc, was sufficient to visualize an undisturbed region 30 mm
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from the front window and no significant side flows were observed around the edges of the plate
near the tank walls.

IV. RESULTS

A. Characteristic scales in the problem

1. Length scales

The clean Landau-Levich problem is inherently multiscale. Namely, a thin film region charac-
terized by uniform thickness h∞ is connected to a static meniscus region of characteristic dimension
lc. This connection is provided through a dynamic meniscus9, 17, 72 of length

λ ∼ lc Ca1/3, (4)

this scaling results from a balance between viscous and capillary stresses in that region, i.e.,

μU/h
2
∞ ∼ σ/(lcλ). For the capillary numbers of interest here this gives the following range of

length scales:

h∞ = O(10 μm) < λ = O(100 μm) < lc = O(1000 μm).

The addition of surfactants to the flow yields further length scales that must be accounted for. One
of them is the depletion depth η, which can be thought of as the thickness of a liquid sublayer that
is depleted of surfactant in order to pack the surface at equilibrium. This sublayer thickness is a
convenient diffusion length and is related to the surface and bulk concentrations as discussed in
Sec. III D. As the bulk concentration decreases, the sublayer thickness increases and the role of
diffusion becomes more important in the transport of surfactant to and from the interface. It has
also been proposed9, 20 based on the theoretical considerations of the balance of interface stretching
and surfactant adsorption characteristic times that the addition of surfactant, specifically SDS, may
affect the length of dynamic meniscus region, transforming it to ∼lc compared to Eq. (4). Thus,
the surfactant-laden Landau-Levich problem is multiscale with nearly three orders of magnitude
separating η ∼ O(1 μm) and lc ∼ O(1 mm).

Finally, a relevant length scale associated with experimental imaging of the flow field must be
called to attention. This is the resolution of the imaging system, lR, which will vary with camera/lens
or objective combination. As an example, in the image shown in Figure 7, each pixel width represents
approximately 7 μm. But for situations in which detailed PIV measurements are not required, or
when flow structures on the order of ∼lc are of interest, a resolution closer to ∼ 50–100 μm is
sufficient. In comparison to the other relevant length scales,

h∞ = O(10 μm) < lR = O(100 μm) < lc = O(1000 μm).

The large span in length scales leads to difficulty in imaging the thin film region and makes resolution
of the location of the interior stagnation point ultimately impossible. As a side note, Groenveld2

was able to visualize the surface stagnation point and the surrounding flow field only for very thick
films, h∞ ∼ 3 mm, because of his use of glycerol. In his case lR 	 h∞, but such thick films are not
achievable for aqueous surfactant solutions studied here.

Therefore, the most relevant length scale that will be used to quantify flow field patterns is
the capillary length, lc, which is a key dimension over which the flow field features can clearly be
resolved, a distance over which the surfactant surface concentration may vary for SDS solutions as
discussed above (i.e., the scale of the dynamic meniscus), and a typical length scale in coating and
interfacial flow studies.

Finally, in the context of the discussion of length scales, it is worth commenting on the question
of the dynamic meniscus scale (4) vs. lc (see also the discussion in Sec. IV B 1). We compared the
interface shape in the dynamic and static cases for all studied values of the withdrawal speed U and
surfactant concentration c, which showed that indeed noticeable difference in the shapes occur in
some regimes as exemplified in Figure 5(b) in the case of C = 5.0 CMC and U = 2.54 cm/s. The
accuracy of the present experiments allows one to state with certainty that deviations are present in
the parameter region (ii) in Figure 6 characterized by higher withdrawal speeds. The corresponding
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FIG. 5. Interfacial profiles extracted from static, ©, and dynamic, ●, conditions. Symbol size represents the experimental
uncertainty of ∼50–100 μm.

range of capillary numbers, Ca = 10−4 − 10−3, suggests validity of the low capillary number regime
and thus unimportance of the inertia effects as discussed in Sec. IV C.

However, in region (i) of Figure 6 the comparison is inconclusive as the interfacial shape
variations are comparable with the experimental accuracy. In this context it should be reminded that
the goal of the present paper was to visualize the flow structure on scale of the capillary length lc. As
a result, the experimental technique is limited in resolution, e.g., the resolution of the interface on
the meniscus scale is on the order of 50–100 μm (even though each pixel only represents ∼7 μm, the
particle streaks defining the interface are generally up to ten pixels wide). While with this resolution
one can identify the interface profile and compare it to the static one, the result is inconclusive about
the dynamic or static nature of the observed meniscus in region (i). This is due to the facts that (a) it
is the curvature of the interface which is important when matching the menisci and constructing the
solution as follows from the standard Landau-Levich analysis,3 and (b) the accuracy of the present
experiments is not sufficient to resolve curvatures as small variations in the interfacial profile may
lead to significant variations in curvature. Therefore, more precise experiments specifically designed
to determine meniscus deviations in the presence of surfactants coupled, perhaps, with a technique to

10−1 100 101

10−4

10−3

C/CCMC

C
a

=
μ
U

/
σ

(i)

(ii)

FIG. 6. Observed variation between static interface shape and during withdrawal. Region (ii), ●, indicates conditions for
which a readily apparent change in shape exists. No observable change exits in region (i), ©, given the spatial resolution and
uncertainty in our experimental setup.
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measure surfactant concentration variations along the interface are necessary to address the question
of the scale of the dynamic meniscus, which is beyond the scope of this work.

The above discussion is based on a direct analysis of the experimental data. One should add
that based on the ratio of the adsorption time scale τ a ∼ �/(kaC) to that of stretching τ s ∼ lc/U, i.e.,
τ a/τ s ∼ (� U)/(ka C lc), one would expect that Marangoni stresses should weaken with (increasing)
bulk surfactant concentration. This is contrary to the experimental observations of interfacial shape
deviations in Figure 6, which indicate that departures are present even for C = 1 and 5 CMC.
A possible explanation for this behavior is that the above estimate for τ a is based on Langmuir-
Hinshelwood kinetics and valid for low concentrations, C < CMC, as for higher bulk concentrations
(a) the adsorption rate should decrease due to molecular crowding at highly covered interfaces19

and thus the simple estimate τ a ∼ �/(ka C) may be inaccurate, and (b) the micelle formation may
increase the time scale of surfactant supply from the bulk to the interface as micelle disintegration
requires extra time (see further discussion in Sec. V B 2).

2. Time scales

There are a number of characteristic time scales associated with the development of the flow
field as well as surfactant transport in the Landau-Levich problem.

An experimental run time, based on the submerged length of the plate Lp and the speed of
withdrawal U, is given as τ exp ∼ Lp/U. A small fraction of τ exp is taken up by the acceleration
and deceleration of the stepper motor/lead screw assembly.73 As is expected, the total run time is
shortest for the fastest withdrawal experiments (e.g., ∼4 s for U = 7.6 cm/s), but is relatively long
for the slowest withdrawal speeds (e.g., ∼130 s for U = 0.25 cm/s). Transient fluid motion due to the
impulsive starting of a flat plate can be characterized by a timescale associated with the first Stokes
problem,74 τSt = ρ l2

c /μ where the characteristic length has been selected as lc based on the earlier
discussion of relevant length scales. This time scale can be used to estimate the onset of fluid motion
at the selected distance from the flat plate. Another flow field time scale of interest is associated with
stretching or formation of new interface in the meniscus region, τ s ∼ lc/U.

Film thickening behavior in the presence of surfactants requires knowledge of relevant time
scales, that are based on the transport of surfactant to and from the interface. We can separate the
transport mechanisms into two categories: diffusion and kinetics. Diffusion is associated with the
bulk transport of surfactant due to concentration gradients and the associated time scale is expressed
as τ diff ∼ η2/D, where η is the relevant diffusion length discussed before and D is the surfactant
diffusivity. Surfactant kinetics are associated with the adsorption and desorption of molecules at the
interface. Each of the corresponding time scales is given as τ a ∼ �/(C ka) and τ d ∼ 1/kd, respectively.
The surface is stretched in the meniscus region, not compressed; therefore adsorption is the only
relevant kinetic transport mechanism. The ratio of the adsorption time scale to the diffusion time
scale provides a means of estimating which transport mechanism will be limiting. We find that this
ratio, given by τ a/τ diff ∼ C D/(� ka), is proportional to the concentration. Using the lowest tested
concentration (i.e., c = 0.25), the ratio of time scales is equal to τ a/τ diff ∼ 25, which implies that the
transport of surfactants is sorption limited for the entire range of concentrations used in experiments.

B. Observed flow topologies

1. Key flow patterns

A typical flow visualization movie frame showing particle streak patterns is provided in Figure 7.
The glass substrate is located at the right edge of the image and the direction of travel is toward the
top. The need to capture flow patterns on the scale of several millimeters near the substrate implies
that the thin film deposited on the glass (h∞ ∼ 10 μm) cannot be resolved in the upper right corner
nor can the exact location of any stagnation point in this thin region. The resolution of the camera/lens
combination is equivalent to 7 μm per pixel, which is more than enough to resolve the structure of
the flow field indicated by the particle streak patterns. In fact, a resolution of ∼ 50–100 μm would
be sufficient for our purposes given that PIV measurements were not intended in this study.
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FIG. 7. Typical flow field pattern for U = 1.27 cm/s and c = 0.5 corresponding to Ca = 3.0 × 10−4. Scale bar represents
2 mm. The small white arrow in the upper right-hand corner indicates that fluid near the surface is swept into the film
deposited on the moving substrate.

There are several important features of the flow field that merit description, as they are observed
for each of the withdrawal speeds and surfactant concentrations tested. Although not distinguishable
in a still image, analysis of the movies clearly demonstrates that the direction of motion of the
interface at these scales is directed toward the substrate as indicated by (i) in Figure 7. This is
contrary to the clean interface case, cf. Figures 1(a) and 10, where the direction of motion of
the surface is away from the substrate and toward the bath as follows from the classical study of
Landau and Levich (in the film region, the free surface in the clean interface case moves upward at
the substrate velocity). Figure 8 shows surface velocity distributions US(y) along the interface for
c = 0.5 and 5.0, measured based on particle streaks, i.e., clearly US is directed toward the substrate.
It is also not surprising though20 that the surface velocity US is of the same order of magnitude as U.
Experimental scatter of these distributions suggests that the experimental accuracy is not sufficient
to conclude if there is an interfacial velocity variation along the meniscus. Such a scatter is due to the
method used to obtain estimates of US, i.e., streak lengths produced by particles at/near the surface
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FIG. 8. Surface velocity US as a function of interface coordinate y/lc measured based on particle streak length.
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FIG. 9. Surface velocity estimates for the range of studied concentrations, averaged over the values the meniscus region
as exemplified in Figure 8. Note that the direction of the surface motion is toward the substrate (US > 0), opposite to the
direction for the clean interface case (cf. Figure 1(a)).

with the known exposure for each movie frame. As only very bright and distinguishable streaks can
be used (not every particle creates an in focus streak that is distinguishable from others), only a few
can be obtained from each movie. Also some streaks are perhaps produced by multiple particles, so
that the streak length is the summation of streaks from particles starting at different locations. More
detailed PIV measurements, which were not the intention of this work, would be needed for superior
determination of surface velocity.

Therefore, in Figure 9 we represent averaging of the interfacial velocity over the meniscus
length, which shows non-monotonic dependence of US from U as opposed to US = −U/2 in the
clean interface case. It should be noted that even if the interfacial velocity does not vary significantly
over the meniscus scale lc, except for the region near y = 0, this does not imply that there are no
significant Marangoni gradients in the meniscus region on the scale lc. Indeed, the interfacial velocity
may not vary much, but its gradient in the direction normal to the interface creates substantial
viscous stresses which can be maintained only by Marangoni stresses. However, it is clear from
Figure 8 that US should change from whatever value for a given concentration away from the film to
US = 1 in the film over a short region near y = 0; of course, one cannot conclude on the length
scale of that region from the given data – it could be on the order of Eq. (4) or different. It is also
interesting to observe that interfacial velocity varies substantially with withdrawal speed for c = 5.0
compared to c = 0.5, which suggests that Marangoni stresses are stronger in the former case as the
interfacial velocity varies from lower value in the meniscus region to US = 1 in the film.

Referring back to the flow field shown in Figure 7, just below the interface there is motion of
the liquid toward the substrate and the film (ii), and adjacent to the substrate there is an upward
motion of liquid directed toward the film (iii). Not all of this liquid contributes to the formation of
the coating film. The liquid that does not become a part of the film is redirected into the bath along a
distinct separating streamline (SSL), also referred to as a “split-ejection streamline”43 in the context
of moving contact line studies, shown as the dashed line (iv) in Figure 7. In contrast to the simulated
flow fields of Campana et al.,23 there is no stagnation point located at the free surface away from
the meniscus region. This observation is confirmed by the flow visualization movies filmed with the
largest FOV, as well as direct visual observation of the flow field and interface beyond the FOV of
the camera during the course of experiments. Remarkably, the flow pattern in Figure 7 is similar to
the case of non-wetting withdrawal when the contact line moves with a prescribed velocity75 as was
mentioned in Sec. II B. However, as was previously pointed out, the combinations of withdrawal
speeds and surfactant solutions were all within the range of measurability (cf. Sec. III C) previously
determined for SDS solutions,20 i.e., every experiment resulted in a deposited film on the glass
substrate. Thus the observed patterns correspond to the situation when the substrate is perfectly
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wetted by the coating fluid – not the situations of a moving solid/liquid/fluid contact line with a finite
contact angle43, 75 or the deposition of a LB film.46

Without the ability to clearly resolve the precise location of a stagnation point, the features of
the flow pattern described above are critical to elucidating the true topology of the Landau-Levich
flow field in the presence of surfactants. The possibility of a surface stagnation point is ruled out due
to the motion of the liquid surface toward the substrate. The presence of the SSL and return flow
of liquid toward the bath requires a stagnation point that is located within the fluid. It is apparent
that the SSL exists in the upper right corner, cf. Figure 7, to a distance from the substrate within
the resolution of our imaging system. Since the stagnation point cannot be located in the constant
film thickness region, this suggests that it resides at a location in the neighborhood of the substrate
where the film is very thin, which cannot be resolved using our experimental setup. Thus, the only
possible topology is that sketched in Figure 1(b). Such a flow field is consistent with the notion
that Marangoni stresses, resulting from surface tension gradients, can account for the measured
thickening effect. Specifically, the absence of a surface stagnation point allows a single Marangoni
flow near the surface to entrain fluid that contributes to the formation of the coating film. This is
in contrast to the previously reported predictions4, 9 of several competing Marangoni flows near a
surface stagnation point that lead to film thinning. The flow topology inferred indirectly here on the
scale of ∼lc has never been experimentally reported as far as the authors are aware and helps one to
resolve the controversy in regards to the mechanism of film thickening in the presence of surfactants.

To make the differences between the surfactant-laden and clean flow fields clear, a typical
image of the clean interface case is presented in Figure 10. During clean interface experiments the
same plate withdrawal setup was used with the only difference being the lack of SDS added to the
deionized water in the tank. The experiments were performed immediately after filling the tank with
deionized water (i.e., it was not allowed to remain exposed to the laboratory air for extended periods
of time), as other studies have shown that “aged” air-water interfaces are easily contaminated76 with
surface active impurities leading to a measurable effect on experimental results.77 The withdrawal
speeds of the plates in Figures 7 and 10 are the same. For the clean interface flow field, note the
absence of a separating streamline and the direction of the interface motion as indicated by the
arrows. It is apparent that this is the flow field depicted in Figure 1(a).

SDS concentrations below c = 0.25 were not explored, primarily because these conditions are
outside the measurability range,20 i.e., film thickness cannot be measured due to strong dewetting
effects. Nevertheless, should one ignore the measurability issue, it is expected that a threshold
concentration for which the steady flow field transitions from that of Figures 10 to 7 should exist

FIG. 10. Flow field pattern for the clean Landau-Levich problem corresponding to U = 1.27 cm/s. Scale bar represents
2 mm. The small black arrow in the upper right-hand corner indicates that the fluid near the substrate is carried into the film.
Unlike the case shown in Figure 7, liquid from the reservoir surface does not contribute to the film.
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(a) Ca = 5.9 × 10−5 (b) Ca = 5.9 × 10−4 (c) Ca = 1.2 × 10−3 (d) Ca = 1.8 × 10−3

FIG. 11. Change in flow field, specifically separating streamline geometry, for increasing Ca (based on increasing U) at fixed
surfactant concentration (c = 0.50). The flow field for Ca = 3.0 × 10−4 is shown in Figure 7. Scale bar represents 2 mm.

between c = 0 and c = 0.25. This is consistent with the abrupt appearance of film thickening at
c = 0.1 reported for the coating of wires with SDS solutions.26 The expected transition in the flow
pattern is also hinted at by the structure of the flow field observed at very early times for the clean
interface experiments, which does in fact evolve between the Figure 7 and 10 patterns. The initially
observed SSL structure in the clean interface experiments can be due to inadvertent contamination,
by relatively insoluble surface active impurities, that are rapidly swept away from the surface by the
motion of the plate.

As in the case of any other bifurcation phenomena, the change in the steady-state flow topology
from that in Figure 1(a) to the one in Figure 1(b) happens due to the competition of physical effects
(forces). First, the way the flow pattern in Figure 1(a) is formed is as follows: (a) surface tension
and gravity are responsible for the (static) shape of the interface; (b) viscous stresses due to moving
substrate drag the fluid up, but because of the presence of the static interface, part of the dragged
fluid is deflected into the bath thus leading to a stagnation point at the interface where the flow
diverges into two parts going into the film and the bath, respectively. Second, once the interface
becomes surfactant-laden, Marangoni stresses arise on both sides of the stagnation point. The latter
disappears once the Marangoni stresses become strong enough and unidirectional, e.g. for trace
amounts of surfactants this can be quantified by the condition −E γ̃s > 2/h at each point of the
interface following from Equation (34) in Ref. 4 (see also formula (6) below). This happens when
the Marangoni flow from the bath towards the film overcomes the counterflow into the bath, ‘breaks’
the separating streamline, and thus leads to the flow structure shown in Figure 1(b).

2. Separating streamline profiles

An ideal coating flow visualization with surfactant solutions would allow for the capture of all
important flow field features: stagnation point location, film thickness, and separating streamline
geometry. The thickness of the film (O(10 μm)) and the need to image the flow field far from the
front wall (O(30 000 μm)) makes this task difficult from a technical standpoint. This is especially
true given the reflective properties of both the glass plate and the curved air-liquid interfaces
(cf. Figure 3(b)).

Therefore, a quantification of the coating flow field in the presence of surfactants should make
use of a flow topology that exists on the order of the size of the meniscus, e.g., the SSL shape and
position. Future numerical simulations may find such information useful for confirming models.
Figure 11 contains four images which represent flow field patterns corresponding to increasing
withdrawal speed U (indicated by increasing capillary number) for a fixed surfactant concentration.
The most relevant portion of the flow field is the region close to the substrate, within ∼lc of the
upper right corner. What this sequence of images shows is that the SSL approaches the shape of the
surface with an increase in withdrawal speed. We suspect that this represents a transition in the flow
topology occurring at large capillary numbers, perhaps indicating a decrease in the significance of
surface tension gradients.2

The sequence of plots in Figure 12 captures the shapes of both the surface (gray) and SSL
(white) as withdrawal speed and surfactant concentration vary. Note that due to the changing shape
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FIG. 12. Variations in surface and SSL shape as a function of the clean interface capillary number Ca0 = μU/σ0 , used
here to isolate only changes in withdrawal speeds U, and surfactant concentration. All vignettes are given on the same
scale; orientation of the (x, y)-coordinate system is the same as shown in Figure 7. Since in the clean interface case,
c = 0, there are no SSLs, they are not presented. The curves of c = 5.0 are similar to c = 1.0 and have been left out. Only the
portion of curves, x/lc and y/lc ≤ 1.25, are shown in each subplot. The vertical arrows in the subplots are included to provide
a measure of the relative distance between the surface and SSL curves at y/lc ∼ 1 (lc chosen as a relevant length scale for
comparison, see Sec. IV A 1).

of both the surface and SSL as functions of these parameters, direct comparisons of only the SSLs
would be meaningless. To compare the shapes of the surface and SSL with variations in withdrawal
speed in a non-dimensional form without the effect of surfactants, the sub-figures are organized
according to Ca0 , the capillary number based on the clean interface value of surface tension σ0 .
The data points terminate at y/lc ∼ 0.1, which is due in part to the resolution of the images.
The comparisons shown in the plots of Figure 12 do not require the precise location of the start
of the thin film region to be known so long as the spacing between the surface and SSL is accurate
(the error in position is less than the size of the data marks).

The separation distance between the surface and SSL can be measured at any location as can
the angle between tangents to the two curves. The most distinguishing trend is the change in shape
of the SSL with increasing withdrawal speed (left to right in Figure 12). For any particular surfactant
concentration (including c = 5.0 not shown in the figure), the SSL approaches the shape of surface
with increasing speed. The separation distance decreases and the slopes of the two curves at any
chosen x/lc value become more similar in value. The same type of trend, although not as dramatic,
occurs at fixed withdrawal speed but with increasing surfactant concentration (top to bottom in
Figure 12). Although we cannot predict what will happen to the SSL for even faster speeds, it is
reasonable to assume that it will be more difficult to visualize the SSL and distinguish it from the
surface. For large withdrawal speeds and surfactant concentrations (cf. bottom right of Figure 12),
the pattern with the surface and SSL being in close proximity could be mistaken for the clean
interface pattern (cf. Figure 10) without careful attention to the direction of motion of the surface.
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(a) t = 0 s (b) t = 0.2 s (c) t = 0.4 s

(d) t = 0.6 s (e) t = 1.6 s (f) t = 2.6 s

FIG. 13. Transient motion of the flow field, t < τSt, for Ca = 1.8 × 10−3 and c = 0.50. Scale bar represents 2 mm.

C. Transient and inertial effects

An important question to answer is whether the observed flow patterns, in particular the sepa-
rating streamline, are the result of the addition of surfactants or caused by transient effects due to
the finite withdrawal. We can eliminate transient effects through a series of simple arguments.

Let us start by taking into account the run time τ exp for the experiment compared to the Stokes
time scale based on the capillary length. We expect the flow field to be “steady” within ∼lc of
the substrate/meniscus if τ exp/τ St > 1. In the ideal case of an infinite plate and run time, τ exp/τ St

→ ∞. Substituting the relations for these time scales into the above ratio results in (Lp/ lc)Re−1
lc

> 1
where Relc is the Reynolds number based on the capillary length. For our experiments, given the
relatively long plate length, Lp/lc ∼ 150. However, Relc changes with substrate withdrawal speed
and varies between ∼10 and 200. This produces a range of 0.75 < (Lp/ lc)Relc < 15 and thus, in
general, nearly all experiments allow for a steady flow field to establish within lc.

These time scale estimates are supported by flow field images and extracted patterns. For
example, Figure 13 shows a sequence of images corresponding to the development of the flow field
for t < τ St. During this time frame, the motion both near and far from the meniscus is changing;
however, in panel (f) the SSL has almost established itself. Figure 14 presents the transient behavior
of both the surface and the SSL and confirms that the SSL is time-invariant within x/lc ≤ 1 of the
substrate. But, the motion of the SSL far from the meniscus does change over the course of the
experiment. The behavior of the SSL is in direct contrast to the practically time-invariant shape of
the entire liquid interface, both near and far from the substrate.

Further confirmation of the steady nature of the observed flow patterns for finite withdrawal
experiments, i.e., that typified by Figure 7, came from the results obtained with a continuous belt
setup in place of the glass plate withdrawal apparatus, cf. Figure 4. No noticeable difference in the
flow patterns were observed using the continuous belt setup (i.e., the SSL was clearly present and
maintained a steady position).

The appearance of the Reynolds number Relc brings up an important issue regarding inertial
effects which have deemed responsible for the film thickening in plate coating.10 To address this
issue we must consider two inertial parameters: the Landau number78 La = ρU4/σg and Reh∞ . The
Landau number arises from non-dimensionalizing the Navier-Stokes equations for the bulk velocity
field, i.e., for the domain on the order of ∼lc. If La 	 1, inertial effects are negligible and the bulk
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FIG. 14. Transient behavior of the separating streamline for c = 0.50 and Ca = 3.0 × 10−4. Shaded data points, of which
three sets are plotted, represent the location of the surface which does not change appreciably over the time frame captured
here. Open data points represent streamline locations at 1.3 s intervals beginning 0.65 s (�) after start of substrate motion.

flow can be considered a Stokes regime.9 For the experiments performed, the maximum La ∼ 0.05
and thus this condition is satisfied. It should be mentioned that, typically, Reh∞ has been used to
establish whether inertial effects are significant,10 and for our experiments Reh∞< 1. But, this is a
deceptive parameter in that it does not account for the influence of inertia on the meniscus scale,
leading to distortion of the meniscus region and thus of the Landau-Levich law (2). It should be
kept in mind that low viscosity liquids can exhibit inertia-related thickening effects even for very
low capillary numbers. In fact, there exists a “threshold” capillary number Ca* for any liquid, above
which inertia-related thickening can be significant.10 For example, for aqueous SDS solutions10

Ca* ≈ 2 × 10−3, corresponding to U ≈ 16 cm/s. This value of Ca* is at the upper range of the
experiments performed. Accounting for inertia via Reh∞ , clearly not as precise as via La, nevertheless
suggests that inertia effects are not the cause of the observed flow patterns.

In conclusion, the flow field for the surfactant-laden case is in stark contrast to the clean interface
case as can be seen from the differences between Figures 7 and 10. It is safe to assert that the flow
patterns shown in Figure 7 are the result of the addition of surfactants and not due to transient effects
associated with the finite size withdrawal setup and/or inertia.

V. DISCUSSION – RELATION TO REPORTED CAUSES OF FILM THICKENING

Experimental analyses aiming to elucidate the mechanism responsible for film thickening have
made use of surfactants with different properties,19 ranges in bulk concentration,17, 19, 20 and different
coating geometries (i.e., flat plates,16, 20 capillaries, and wires17, 19, 41). These studies relied on film
thickness measurements, but not flow visualization or measurements of surface tension/surfactant
concentration gradients. Analytical4, 17, 79, 80 and numerical studies23, 36 have covered a wide range of
surfactant transport regimes, surfactant properties, and solution construction approaches – scaling
arguments, lubrication approximations, and asymptotic studies, as well as full numerical simulations.
As of yet, there is still no real consensus as to the mechanism responsible for film thickening due to
the presence of surfactants and even the contradictory result of film thinning has been predicted.9, 81

In what follows we provide a detailed discussion of the relation between the previously reported
causes of film thickening and the outcome of the experiments reported here.

A. Early reported causes

The earliest suggested cause of film thickening behavior due to the presence of surfactants can
be attributed to Bretherton7 who noted the “hardening” effect on the interface resulting from surface
tension gradients. Applying a rigid surface boundary condition to the bubble interface, a thickening
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factor of only 22/3 was found. Groenveld16 too speculated as to the effect of surfactants in the case
of dip coating flat plates. As he put it, “an impure water surface in the pool will expand at the cost
of a pure surface in the fresh film...,” that is the driving force due to the surface tension difference
between film and bath would give rise to an upward flow at the interface in the meniscus region. His
analysis included only an interface moving with the velocity of the flat substrate.82 A sketch of the
corresponding flow field, very similar to Figure 1(b), was provided with almost no explanation of its
origin other than being consistent with the assumed surface velocity. Similar qualitative reasoning
was echoed by Carroll and Lucassen41 for the coating of wires, although the thickening factor
incorporated by these authors was left as an empirically determined constant.

Despite conjectures regarding the film thickening mechanism, estimates for film thickening
factors, and a hypothetical flow field in Groenveld’s case, no direct evidence was provided to
uncover the true flow field in the presence of surfactants or to determine surface tension gradients
which were thought to exist.

B. Lubrication approximations and scaling arguments

1. Surfactant-induced Marangoni effects

When studying the Bretherton problem, Ratulowski and Chang79 (RC) recognized the need to
model the variations in surface tension and surfactant concentration along the interface and in the bulk
as the latter are needed to correctly couple the transport of surfactant in the bulk phase and along the
interface. Using asymptotic analysis RC explored soluble surfactants but restricted their study only
to trace amounts (σ /σ c ≈ 1 and � ≈ �c 	 1, where subscript c designates quantities at the bubble tip
used as a reference value). The typical clean interface scaling for the dynamic meniscus proportional
to Ca1/3 – was used (see Sec. IV A 1). It was discovered that if bulk concentration gradients exist
and adsorption kinetics are fast, then the resulting Marangoni stress due to surfactant concentration
variations at the interface can thicken the film and result in a maximum thickening factor of α = 42/3.
This limiting factor was found for both M = 0.1 and 1.0 where M is the Marangoni number defined as
M = −(�/σ )(∂σ /∂�)� . The Marangoni number couples surface tension and surface concentration,
and can be thought of as a measure of Marangoni effects on the system. A brief mention by RC of
changes in the limiting interfacial velocity of the bubble cap region in the presence of surfactants
is provided.83 Their results suggest that for particular ranges of capillary numbers, this limiting
velocity can be of the same sign as the velocity of the surface in the thin film region – indicating that
no surface stagnation point exists near the wall. However, no significance appears to be attributed to
this possibility and no further indication of changes to the flow field in the presence of surfactants
is given. Based on the lack of flow field information provided by RC no comparison to the results
of our experiments can be made. Likewise, the capillary tube geometry explored by RC does not
even possess a region of the flow field at the ∼lc scale for which a comparison can be made as the
characteristic scale there is the tube radius. Furthermore, RC state79 that their analysis would not
apply to experiments for surfactants at concentrations above the CMC, which were also explored in
our experiments.

Around the same time as RC, Park80 analyzed the Landau-Levich problem for the case of
insoluble surfactants, which implies that surface convection and surface diffusion were the only
important transport mechanisms. Two regimes were considered, that of small concentrations or
trace amounts and small spatial variations in surfactant concentration. Using the method of matched
asymptotic expansions and the traditional lubrication approximations in the transition region, the
same maximum thickening factor of RC, α = 42/3, was found for both regimes using 0.01 < M < 1.0
(Ref. 84) despite different transport mechanisms and the insolubility of the modeled surfactant. Park
does provide a brief mention of the modified flow field when he comments that the surface stagnation
point found in the clean case is “removed” from the surface due to the shear stress resulting from
Marangoni effects. This behavior is only reported for one value of the Marangoni number, M = 0.01,
and it is not clear if such behavior persists for higher values of M or for soluble surfactants. Park does
not conclude if the removed stagnation point exists in the liquid, and no further details of the flow
field are provided. However, it is clear that hints do exist in the literature79, 80 for the disappearance
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of the surface stagnation point in the presence of surfactants beyond the hypothesized flow field of
Groenveld. But Park’s analysis only applies to the case of insoluble surfactants which is by no means
valid for the SDS solutions tested here and elsewhere, and so no direct comparison of the observed
flow field patterns can be made. The studies of both Park80 and Ratulowski and Chang79 rely on the
clean interface scaling (4) of the dynamic meniscus region which, as Krechetnikov and Homsy9, 20

have pointed out, is not always valid and may not apply for the conditions here. This prevents
one from performing a local analysis of the problem using standard perturbation techniques and
thus questions the relevance of the results of both works79, 80 to the coating experiments presented
here, including predictions of the maximum thickening factor and the disappearance of the surface
stagnation point. The lack of reported changes to the flow field in the presence of surfactants,
beyond comments regarding the surface velocity, can also be attributed to the use of lubrication
approximations in these studies. Namely, a key assumption behind the lubrication approximations,
i.e. that the flow field is unidirectional, may have prevented the authors from investigating further
details of the flow.

Ramdane and Quere17 (RQ) offered a model for the thickening factor as a function of the
properties of the surfactant solution and wire radius b. Their model was predicated on several ideas.
First, the surface surfactant concentration � varies along the interface from the bath to the film due to
convection. In their words, the surface has a “tracting power,” due to Marangoni stresses, that varies
with the surface velocity. And second, based on earlier predictions79 the thickening factor should
be bound by the limits 1 < α < 42/3, where the maximum thickening factor is achieved when the
surface velocity is equal to that of the substrate along the entire surface. It should be mentioned that
their model was constructed to enforce the upper limit thickening factor and makes use of scaling
arguments based on the lubrication approximations for flow in the dynamic meniscus region with
the typical scaling ∼Ca1/3. However, in the presence of surfactants the dynamic meniscus length
was modified to include the effect of the film thickening factor α, i.e., λ ∼ b α1/2Ca1/3. To relate
the thickening factor to surfactant transport, and ultimately bulk concentration, a relation between
the thickening factor and the surface velocity was required. This was accomplished by computing
the flux through the dynamic meniscus using an arbitrary surface velocity boundary condition and
matching it to the flux though the dynamic meniscus from the clean interface case modified to
increase the flux. The result is a difference in surface velocity between the bath and film, �US,
enforcing the condition that the entire interface moves with the velocity of the substrate when
α = 42/3 and is given as

�US = −1

2

(
4 − α3/2

)
U. (5)

The relation between thickening factor and the surfactant solution properties is achieved by balancing
estimates for the convection and adsorption of surfactant using M as an O(1) quantity. Convection
is based on the surface velocity and dynamic meniscus length scale, while adsorption is related
to surface and bulk concentrations using equations that are only valid for “small deviations from
equilibrium.”

The RQ analysis for the surface velocity varying with the thickening factor yielded limits
consistent with earlier works, but this is expected due to the prescribed nature of the solution
approach. In fact, the �US(α) relationship results in rather interesting behavior. It suggests that
increase in the thickening factor corresponds to motion of the surface stagnation point toward
the bath, and ultimately at an infinite distance from the substrate when α = 22/3 is achieved. For
larger thickening factors, RQ pointed out that the relationship does not predict a surface stagnation
point. Rame21 extended these ideas to track the location of the stagnation point and the flow field
streamlines. He conjectured that when the stagnation point disappears from the surface, it reappears
within the fluid in the dynamic meniscus and approaches a location halfway between the surface and
the substrate for α = 42/3. No explanation for how, or by what means, the stagnation point transitions
to the interior was provided.

Recent work on the application of lubrication approximations to coating flows4 suggests that
although the lubrication approximations can predict stagnation points and the surrounding flow
field, they cannot be used to capture behavior too far from the region of applicability. Therefore,
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the notion that a surface stagnation point can transition to a region far from the substrate in the
model of RQ and extended by Rame is not rigourously justified. For example, the surface velocity
u(s) in the case of trace amounts of surfactants, derived systematically by Krechetnikov4 using the
lubrication approximation, is given by (Eq. (34) of that reference)

u(s) = 3

2

(
1 − h∞

h

)
− 1 + 1

4
E γ̃sh, (6)

at the location along the interface denoted by the local distance h from the substrate scaled by
lc Ca2/3, where the Marangoni effects are represented by the last term E γ̃s . Here E = −dσ /dγ |γ = 0

is the nondimensional elasticity number and γ̃s = dγ̃ /ds the dimensionless surface surfactant
concentration gradient with γ̃ being the surface surfactant concentration scaled by �∞ Ca2/3.
Equation (6) always predicts the existence of a stagnation point in the vicinity of the substrate and does
not allow the surface stagnation point to move to h → ∞ for any surfactant induced behavior. This
suggests that the previously discussed relationship between surface velocity and thickening factor of
RQ and Rame and flow fields offered by Rame have not been arrived at through systematic means.

A further question is whether the relationship of RQ between the thickening factor and surfactant
bulk concentration is valid. First, the surfactant convection time scale is based on the assumed, but
not justified, dynamic meniscus scaling λ ∼ b α1/2Ca1/3. Second, the adsorption flux approximation
utilized by RQ is valid only for small deviations in surfactant surface concentration from the
equilibrium value. Third, the Marangoni number was evaluated to be O(1) quantity under the
assumption that the surfactant concentration is dilute. As RQ pointed out this “becomes a crude
approximation when approaching surface saturation.”

Based on the assumed scaling of the dynamic meniscus and the dilute concentration approx-
imations employed (mimicking the idea of trace amounts of surfactants in earlier works79, 80), no
direct comparison can be made to the experimental results here. The fact that we observe flow
fields without a surface stagnation point for corresponding thickening factors of ∼22/3 can only be
considered a coincidence. No experimental evidence exists for the transition of the stagnation point
along from the interface for either the wire coating or flat plate geometry.

2. Beyond Marangoni effects: Surface viscosity

Figures 8 and 9 suggest that at small and moderate concentrations, Us/U is close to one thus
indicating large bulk viscous stresses at the interface (keeping in mind that the flow pattern is as shown
in Figure 1(b)), while this may not be always the case at the large concentration c = 5.00. As known
from standard boundary conditions at surfactant-laden interfaces,85 these bulk viscous stresses at the
interface can be supported by both Marangoni and surface viscous stresses. If one assumes that the
surfactant-laden interface is Newtonian and thus accepts the standard Boussinesq-Scriven model,85

which relates surface deformations to surface stresses, then (after the non-dimensionalization based
on scaling of the velocity by the withdrawal speed U and coordinates by the capillary length lc) the
effects of surface tension gradients, surface dilatational and shear viscosities are characterized by
three non-dimensional parameters,

E(�) = −�∞
σ0

dσ

d�
, Bqμ = μs

μ lc
, Bqκ = κs

μ lc
, (7)

which are the elasticity number E dependent here on interfacial concentration � and two Boussinesq
shear Bqμ and dilatational Bqκ numbers, respectively. Relative magnitudes of the parameters E/Ca0

= (E/Ca) (σ 0/σ eq) (Ca0 is the capillary number based on the clean interface value σ 0 of surface
tension), Bqμ, and Bqκ define the importance of the corresponding effects on the scales defined
by (U, lc) used in the non-dimensionalization. This can be understood with the following (highly
simplified) form of the tangential boundary condition:

∂u

∂y

∣∣∣∣
y=h

= − E

Ca0

σ0

σeq

∂�

∂x
+ Bq

∂2u

∂x2
(8)
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TABLE III. Values of the elasticity number E for the surfactant concentrations used in our
experiments.

E c = 0.25 c = 0.50 c = 1.00
(−) (−) (−) (−)

(�∞/σ o)(dσ /d�) 0.85 1.00 1.32

in the (x, y) frame of reference shown in Figure 7 and nondimensionalized with respect to the scales
defined by (U, lc). Strictly speaking Eq. (8) just illustrates the balance of the key effects – bulk
shear at the interface, Marangoni and surface viscosity stresses – since on the lc scale and for a
curved interface it should be written in the interfacial coordinates and thus have a more complicated
form.85–87

The elasticity number E measures surface tension gradient effects relative to bulk viscous
effects. The factor dσ /d� in the elasticity number E corresponds to the sensitivity of surface tension
to changes in the surface concentration of surfactant, � (note that the negative sign in the definition
of E is because dσ /d� < 0). Values of E can be calculated using knowledge of the behavior of σ (c)
and �(c). As this information is readily available for SDS,56, 69 we provide estimates for the values
of E based on the Frumkin equation88 in Table III and, for convenience of the subsequent discussion,
capillary numbers in Table IV for each bulk concentration c and plate withdrawal speed U used in
our experiments. It can be seen that for the majority of the experiments, the elasticity numbers are
on the order of one and suggest the importance of surface tension gradients.

To evaluate the contributions of surface dilatational and shear viscosities measured by the
Boussinesq numbers Bqμ and Bqκ , respectively, consider the ranges of Boussinesq numbers, Bqμ

and Bqκ , in Table V and Figure 15 corresponding to the ranges of the surface shear and dilatational
viscosities of SDS reported in the literature and summarized in Table I. It is evident that at bulk
concentrations below the CMC (i.e., c = 0.25, 0.50), the upper limit of Bqκ is larger than that of
Bqμ. This is consistent with the observation that values of κs are typically larger than μs for this
range of concentrations. At or near the CMC the estimates suggest that Bqμ and Bqκ have some
overlap in the range of values. We should point out that for concentrations at or below the CMC, the
maximum upper limit corresponds to Bq ∼ 5. For the only SDS concentration above the CMC used
in our experiments (c = 5.00), the range of Boussinesq numbers based on surface shear viscosity
Bqμ substantially exceeds that for Bqκ with the upper limit Bqμ ∼ 50.

Singled-out surface viscosity effects (i.e., when surface elasticity can be neglected) were ex-
plored theoretically by Scheid et al.22 for moderate capillary numbers, on the order of 10−4 − 10−3,
using lubrication analysis and accounting for surface viscosity in the tangential stress balance
at the interface, cf. Eq. (8) with E = 0. They concluded that film thickening in the absence of
Marangoni effects could be explained solely by surface shear viscosity μs (or “intrinsic” viscosity)
as the dilatational viscosity (or “exchange” viscosity) is expected to be negligible at large surfac-
tant bulk concentrations; in the limit of “infinite” surface viscosity the film thickening factor was
found to approach 42/3. Flow patterns, specifically the location of the stagnation point, were shown

TABLE IV. Values of the capillary numbers, Ca, for all withdrawal speeds U and surfactant
concentrations c used in our experiments.

U c = 0.25 c = 0.50 c = 1.00 c = 5.00
(cm/s) (−) (−) (−) (−)

0.25 4.2 × 10−5 5.8 × 10−5 6.6 × 10−5 6.6 × 10−5

1.27 2.1 × 10−4 3.0 × 10−4 3.3 × 10−4 3.3 × 10−4

2.54 4.2 × 10−4 5.9 × 10−4 6.7 × 10−4 6.7 × 10−4

5.08 8.5 × 10−4 1.2 × 10−3 1.3 × 10−3 1.3 × 10−3

7.62 1.3 × 10−3 1.8 × 10−3 2.0 × 10−3 2.0 × 10−3
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TABLE V. Estimates of Boussinesq numbers, Bqμ and Bqκ .

c Bqμ Bqκ

(−) (−) (−)

0.25 4 × 10−3 − 2 × 10−1 4 × 10−3 − 2 × 100

0.50 5 × 10−3 − 2 × 10−1 5 × 10−3 − 5 × 100

1.00 5 × 10−3 − 3 × 100 5 × 10−3 − 5 × 10−2

5.00 3 × 10−2 − 5 × 101 5 × 10−4 − 3 × 10−2

by Scheid et al.22 to be affected by surface viscosity through the modified Boussinesq number,86

Bq = μ*/(μ lc), where μ* = κs + μs.86, 87, 89 When Bq ≈ 1, the flow field is similar to the clean
interface case, with a stagnation point located at the interface. It is only when Bq > 25 that the
stagnation point reportedly moves to the interior.

To relate these results to our study, let us look at the conditions when surface elasticity can be
neglected (surfactant concentration gradients must be negligible) and thus surface viscosity-induced
film thickening may occur. The discussion follows Scheid et al.22 and Krechetnikov and Homsy.20

The first condition is that the surfactant should be present in the bulk in abundance (concentration
should be sufficiently high and film thick enough) to supply surfactant to the interface so that its
complete remobilization occurs (i.e., repopulation of the interface resulting in the elimination of
surfactant concentration gradients). To quantify this condition consider the interface stretching on
some characteristic length l: the number of molecules necessary to fill the interface per unit length in
the third dimension is � · η and will be consumed from the sublayer of thickness η near the interface,
C l η = � l. Accordingly, a sublayer thickness is η ∼ �/C, which should be much thinner than the
film thickness,

η

h∞
≈ �

C h∞
	 1, (9)

which is the case for most of the coating conditions in our experiments, except for the lowest speed,
0.25 cm/s, and concentrations c = 0.25 and 0.50, in which cases η/h∞ = 1.11 and 0.52, respectively;
however, for SDS at the CMC we get η ∼ 1 μm, while h∞ varies from 4.7 to 45.9 μm with the
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FIG. 15. Plotted values of the ranges for Bqμ and Bqκ from Table V to suggest variation in values with concentration. Note
that calculated values of both Bqμ and Bqκ correspond to the same concentrations c, but to clearly distinguish the two ranges
at each concentration (i.e., eliminate overlap that will hide the extent of the dashed lines), Bqκ values have been translated to
the right. As one can observe, the range of values for Bqμ shifts to higher ones for increasing concentration, but the range for
Bqκ shifts to lower values. At the CMC, both ranges overlap, though there is an apparent drop in the values of Bqκ .
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withdrawal speed changing from 0.25 to 7.62 cm/s. A second condition dictates that there must also
be sufficiently fast transport of surfactant from the bulk to the surface compared to the interfacial
stretching rate,

τa

τs
≈ (�/kaC)

(lc/U )
	 1, (10)

where we took into account that interface stretching takes place on the whole meniscus length
scale, lc, since there is no stagnation point at the interface as follows from our experimental ob-
servations (cf. Sec. IV B 1 and Figure 7). The corresponding adsorption times can be calculated
from τ a = �∞/(kaC) based on the Langmuir-Hinshelwood kinetics model and, for the lowest
speed of withdrawal 0.25 cm/s, attain values 0.77, 0.46, 0.24, and 0.04 s for the concentrations
c = 0.25, 0.50, 1.00, and 5.00, respectively;90 for higher withdrawal speeds the ratio τ a/τ s only
increases. It should be noted that for concentrations above the CMC surfactant adsorption time
may be faster than predicted above based on the value of ka from Table II as the latter was de-
termined using the data only up to the CMC (Ref. 69) and may attain higher value at elevated
concentrations.17 However, above the CMC τ a may also be affected by the micellar relaxation
times:61, 91 the time τ 1 associated with the fast exchange of monomers between micelles and bulk
aqueous phase (in the microsecond range) and the time τ 2 associated with micelle dissociation
kinetics (in the millisecond range). As τ 1 is faster compared to both the adsorption and stretching
times, we are only concerned with the magnitude of τ 2. As follows from Figure 2 in Oh and Shah,91

at c = 5.00 one gets τ 2 ∼ 0.01 s, which is comparable to the above predicted adsorption time
τ a, i.e., should the adsorption time be faster based on a more precise value of ka at concentrations
above the CMC, micelle kinetics would delay the adsorption process and thus lead to an increase of
the adsorption time scale.

Using the properties of SDS in Table II and for the range of capillary numbers and concentrations
explored here, the requirements (9) and (10) are both satisfied simultaneously only for the largest
concentration 5.0 CMC, e.g., for the smallest capillary number Ca = 7 × 10−5 we find η/h∞
∼ 5 × 10−2 and τ a/τ s ∼ 5 × 10−2. This corresponds to the largest value Bq ∼ 50 which is in
the range of the Bq numbers from Scheid et al.22 for which the flow fields, predicted based solely
on surface viscosity effects, are qualitatively similar to those observed in our experiments. Based
upon these calculated Bq numbers and their uncertainty, the role of surface viscosity should not be
ruled out as a contributing factor in the flow patterns observed in our experiments. For all other
concentrations tested in our experiments, the requirements (9) and (10) for neglecting Marangoni
stresses are not met.

In addition to the conditions (9) and (10) based upon sorption kinetics considerations, the im-
portance of Marangoni stresses is determined by the material properties of the surfactant-laden
interface. Namely, the balance of stresses in the tangential boundary condition (8) should be in favor
of surface viscosity contributions compared to the Marangoni effects. There are two key cases to
consider – when the meniscus is dynamic of the length scale lc and when the meniscus is dynamic
only on the scale (4) as in Scheid et al.22 In the latter case (8) reduces to

∂u

∂y

∣∣∣∣
y=h

= − E

Ca2/3
0

σ0

σeq

∂�

∂x
+ Bq

∂2u

∂x2
. (11)

As one can learn from the values of E and Ca reported in Tables III and IV, respectively, in both
cases (8) and (11), Marangoni effects dominate for concentrations c = 0.25, 0.50, 1.00, while for c
= 5.00 the elasticity number is not available92 thus again leaving the question on the contribution
of surface viscosity open. One would expect, though, that should the film thickening mechanisms
switch from Marangoni-driven at low concentrations to the one due to surface viscosity at higher
concentrations, the film thickening factor should change. This hypothesis requires a separate study
as the film thickening data are not available above CMC for coating of flat substrates with SDS
solutions.

In conclusion, it must be noted that the wide ranges of μs and κs values, their variation with
surfactant concentration, and strong dependence of surface tension on the surface concentration
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indicate that the surface rheology is quite complex and not fully understood in even such a simple
coating flow as the Landau-Levich problem.

C. Numerical simulations

In addition to the theoretical works relying on scaling arguments and lubrication approximations
discussed above, the Landau-Levich problem in the presence of surfactants has been studied using
numerical simulations (the Bretherton problem has also been approached in this manner). These
studies fall into two categories: (a) simulations involving parameters (e.g., surfactant concentration)
that differ from those typical of dip coating and involve imposed boundary conditions similar to the
clean interface case flow structure,9 and (b) attempts to simulate23 with parameters directly relevant
to the experiments reported in this work.

A numerical study of the role of soluble surfactants in the Landau-Levich problem was under-
taken by Krechetnikov and Homsy9 (KH) who concluded that the application of standard perturbation
techniques to the solution of the problem was inappropriate due to the scaling of the dynamic menis-
cus for typical coating conditions, i.e., surfactant concentrations close to the CMC require that the
dynamic meniscus and the gradients in surfactant concentration scale as ∼lc instead of ∼lcCa1/3

given by Eq. (4), which comes from the clean interface case. The motivation for their work was
to address the lack of convincing theory and corroborating experimental evidence that Marangoni
effects are responsible for thickening. KH used a boundary integral method to model the flow in the
Stokes regime (La 	 1) with boundary conditions for the far field corresponding to the reversed
solution of Moffatt93 for a flat plate drawn into a viscous fluid (cf. Figure 1(a)). Their solution
approach demonstrated excellent agreement with Eq. (2) for clean interfaces. Insoluble surfactants
were found to have no influence on the film formation due to the nature of the prescribed flow field,
which is similar to the clean interface case (cf. Figure 1(a)) and thus removes surfactant from the
meniscus region. Soluble surfactants with constant bulk concentration in the thin film region (con-
sistent with estimates that η/h∞ 	 1) were also considered. Film thinning (α < 1) was predicted for
Ca ∼ 10−2 − 10−3 in contrast to earlier experimental work.20 The results of KH are not necessarily
relatable to the results of the current experiments given the values of the parameters explored by the
authors which are not consistent with the experimental conditions here. Also, there is a dramatic
difference in the flow field structures – the numerics of KH relied on a flow field similar to the
clean interface case with a surface stagnation point, cf. Figure 1(a), while we observe a separating
streamline and surface motion inconsistent with this picture, cf. Figure 1(b).

Recently, Campana et al.23 performed numerical simulations of the full hydrodynamics problem
for the flat plate case with soluble surfactants, represented by the properties of SDS from previous
studies.20, 69 The range of parameters relevant to surfactant transport was similar to actual coating
conditions used in experiments.20 The numerical results for film thickening factors were reportedly
in good agreement with published experiments20 in the range of 10−4 < Ca < 10−3 with average
α ∼ 1.7 only 8.5% higher than the experimental average.20 Furthermore, the simulated structure of
the flow field for two surfactant concentrations (c = 0.5 and 1.0) were provided. They suggest that
an interior stagnation point is present along with a surface stagnation point far from the substrate, cf.
Figure 1(c). The location of the surface stagnation point changes with bulk concentration, moving
further from the substrate with increase in concentration. The results of the study of Campana et al.
are in question, though, for a variety of reasons. First, the resolution of the grid along the interface is
too low, with ∼750 points. However, as discussed in Sec. IV A 1, the problem is inherently multiscale
and would require a grid resolution on the order of 105 to adequately resolve the details of the flow
field occurring over the wide range of length scales between 10 lc ∼ 10−1 m for the bath geometry,
∼10−5 m for the film thickness, and ∼10−6 m for the sublayer thickness η = �∞/Ccmc (an indicator
of the surfactant diffusion length). Second, the flow field predicted with two stagnation points
(cf. Figure 1(c)) is unrealistic and from a dynamical systems standpoint is structurally unstable:94

the results of our experiments confirm the unrealistic nature of the flow fields. For all of the surfactant
solutions used in the experiments reported here (0.25 < c < 5.0), although the separating streamline
structure hints at the existence of an interior stagnation point, in none of the cases were a surface
stagnation point and a corresponding “swirl” pattern observed.
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As follows from the above discussion, there is a gap between numerical and experimental
understanding of the Landau-Levich problem in the presence of surfactants, which requires develop-
ment/application of sufficiently accurate numerical approaches to resolve the wide range of length
scales and the complexities of surfactant effects for the parameter values relevant to dip coating
experiments. This, in particular, is important to achieve reliable predictions of flow topologies ob-
served in experiments. Conceivably, variations in surfactant properties may lead to different flow
topologies in analogy with the different flow structures predicted near moving contact lines based
on changes in contact angle and viscosity ratio by Huh and Scriven.75

VI. CONCLUSIONS

The results of the Landau-Levich flow visualization presented in this work suggest that the dip-
coating with the soluble ionic surfactant SDS under the conditions when the transport of surfactant
is sorption limited and in the low capillary number regime, has the flow topology that can only be
explained with a stagnation point residing in the bulk and not at the interface. Such a flow field
allows Marangoni stresses to be the mechanism responsible for the increase in film thickness over
that predicted by the Landau-Levich law.

Since here we studied only one well-characterized surfactant, SDS, an interesting question is
whether the flow structure depends on the variation of surfactant properties such as the nature of
surfactant – ionic vs. nonionic – and different transport conditions – diffusion- vs. sorption-limited.
Also the role of surface viscosity over that of surface elasticity in setting up the flow structure
requires further investigation as was pointed out earlier by Scheid et al.22

Therefore, further efforts to investigate the Landau-Levich problem in the presence of surfactants
would require both experimental and theoretical approaches:

(a) On the theoretical side, detailed full numerical simulations of the coating flow with sufficient
resolution to capture all aspects of the bulk flow and surface flow fields are required along with proper
modeling of bulk and surface surfactant transport mechanisms. Such efforts are required because it
has been recently proven that the lubrication approximations developed in the past are insufficient
for quantitative studies.9

(b) On the experiment side, confirmation of numerical simulations can only be expected from
detailed PIV measurements applied in the bulk and at the surface in the ∼lc distance range of the
substrate/meniscus. Also, determining the scale of the dynamic meniscus – lc vs. lc Ca1/3 – would
require more accurate interface shape and interfacial velocity measurements. In addition, identifying
the precise location of the interior stagnation point would be ideal, but this would require a micro
PIV at macro distance approach to determine the structure of the flow field in such a thin film region
far from any tank sidewalls. To clarify the contribution of surface elasticity to the film thickening
phenomena, direct visualization or measurement of surfactant concentrations gradients both at the
surface and in the bulk will be required, possibly using tagged or fluorescent surfactants.95 And
to complete the picture, accurate measurements of both the surface shear and surface dilatational
viscosities would be necessary to understand the role of these surface rheological effects in the
Landau-Levich problem.

Such theoretical and experimental studies would have an impact beyond the academic nature of
typical studies of the Landau-Levich problem and provide insight into industrial coating flows with
complex fluids.
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FIG. 16. (a) Surface shear viscosity μs data from the literature97 for a range of SDS surfactant concentrations. Black symbols
represent measurements from experiments involving deep channel viscometers, rotating viscometers, and the drag of small
objects on the surface. Gray symbols represent inferred values of μs (from film or Plateau border drainage). The most
complete data sets corresponding to the range of SDS concentrations of interest are those of Poskanzer and Goodrich62 (�)
and Patist et al.61 ( ● ). (b) Dilatational viscosity κs data from the literature for a variety of SDS surfactant concentrations.
Symbols correspond to the following sources: (�) Fruhner et al.,58 (©) Wantke et al.,59 and (�) Kao et al.57 Results from a
variety of experimental methods are plotted including the use of oscillating bubbles58, 59 and the maximum bubble pressure57

methods. Note that, despite the scatter, there appears to be an increase in κs with surfactant concentration below the CMC
(c < 1). With further increase in c the magnitude of κs decreases sharply.

APPENDIX: SURFACE VISCOSITIES OF SDS SOLUTIONS

In this section we summarize the values of surface shear μs and dilatational κs viscosities as
functions of the surfactant bulk concentration based on the current knowledge in the literature. Plots
of the data are included to suggest concentration dependent trends and to emphasize the scatter in the
reported values. Although there are numerous reports in the literature of measurements of surface
viscosity of SDS solutions, criteria were established here to select only the most relevant values.
Aside from considering values pertaining to the neighborhood of SDS surfactant concentrations
used in our experiments, results in which it was ambiguous as to what type of surface viscosity –
shear vs. dilatational – was measured were not included.96

Surface shear viscosity. Experimental methods used to measure surface shear viscosity are
based on the deformation of the surface shape without appreciable change in the area of the surface,
i.e., an ideal setup would involve a surface flow with no dilatational motion.85 Techniques that have
been used to explore SDS surface shear viscosity include the deep channel surface viscometer,60, 61

rotating wall viscometers,62 and the measurement of the drag of small objects such as rotating disks
or translating spheres on the surface under investigation.63, 64 Other investigators have inferred values
of the surface shear viscosity from the drainage of thin liquid films and Plateau borders.65–67 A recent
review by Stevenson97 summarizes the measurements of surface shear viscosity for aqueous SDS
systems from a variety of experimental techniques and covering a wide span of surfactant bulk
concentrations. The data from that review, obtained from eight sources,98 are shown in Figure 16(a).

Several features regarding this body of experimental values for μs should be mentioned. First,
it is evident that there is a wide spread in reported values of μs at any particular bulk concentration.
Part of this discrepancy, as pointed out by Stevenson,97 is due to the nature of the invasive versus non-
invasive (inferred) measurement techniques and the other part is natural scatter due to experimental
accuracy. Second, for the sets of measurements with varied surfactant concentration,61, 62 the values
of μs are seen to increase with concentration and then essentially plateau. The rather abrupt rise
was found to occur below the CMC in the experiments of Poskanzer and Goodrich.62 Their data,
measured with a rotating wall knife edge viscometer, also indicate that μs is essentially unchanged,
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∼2 × 10−6 Pa s m, for concentrations in excess of the CMC. Data of Patist et al.,61 measured using
a deep channel viscometer, suggest an approximately constant value of μs (∼10−4 Pa s m) for SDS
concentrations well in excess of the CMC (2 � c � 20). Despite trends being qualitatively consistent
with each other and each of the techniques highly regarded,85 the magnitudes of the measured values
of μs in the plateau region of Poskanzer and Goodrich62 and Patist et al.61 are in disagreement.

Inspection of the entire group of data points suggests that there is a concentration dependence
of surface shear viscosity, with a monotonic increase in μs below the CMC.85 However, well in
excess of the CMC there does not appear to be a strong variation of μs with further increases in
concentration.

Surface dilatational viscosity. Typical experimental techniques to probe surface dilatational
properties involve interface area changes and include the use of capillary waves,99 oscillating drops
and bubbles,58, 59, 100 and the maximum bubble pressure method.57 For example, in the context of
the maximum bubble pressure method,57 to avoid the contribution from Marangoni effects uniform
interface dilation mode (when the bubble expands radially) is used in the measurements, as well as
the sorption effects are avoided by rapid expansion of bubbles so that there is essentially no transport
of surfactant to the interface.85

Kao et al.57 utilized a maximum bubble pressure method to measure surface dilatational viscosity
of surfactant solutions spanning a range of concentrations corresponding to values above and below
the CMC (0.01 � c � 12). They found that below the CMC, the value of κs increases with increasing
concentration, while above the CMC, κs decreases with further increase in bulk concentration.
Their results agree with the trends reported by Stenvot and Langevin99 for DTAB surfactant, namely,
increase in κs with concentration below the CMC and decrease above the CMC. Kao et al. commented
that κs returns to a “negligible” value for systems with a surfactant concentration one order of
magnitude above the CMC. A discrepancy was also reported between magnitudes of κs for “research-
purity” and “industrial-purity” surfactants, the former having the larger of the measured values of κs.
Over the entire range of concentrations tested, the dilation viscosity was reported to vary between
around 10−9 and 10−7 Pa s m. Typical magnitudes of κs for SDS concentrations near the CMC are
also on the order of 10−8 − 10−7 Pa s m. More recently, Fruhner et al.58 and Wantke et al.59 used an
oscillating bubble method to measure surface dilatational modulus (from which κs can be obtained)
for SDS solutions below the CMC with the majority of their reported values falling within the
10−6 − 10−5 Pa s m range. Inspection of the reported values in those works suggests that there
appears to be an increase in magnitude of κs with surfactant bulk concentration, with values of
“approximately zero”58 for concentrations well below the CMC.

From this diverse group of experiments it is apparent then that the surface dilatational viscosity
is a function of the surfactant bulk concentration, with increasing values of κs below the CMC and
decreasing values above (cf. Figure 16(b)). However, there exists a large degree of variation in the
reported values for any particular surfactant concentration. This wide range of differences in values
may be related to deformation rate dependence of the surface viscosity, as expansion rates can vary
considerably for different experimental methods.85

Summary: Range of values for μs(c) and κs(c). From reviewing the literature we have found that
even a well characterized surfactant such a SDS has a wide range of reported values of both μs and
κs for the surfactant concentrations relevant to our experiments (0.25 < c < 5.0). Because of this,
natural scatter due to experimental accuracy, and availability of data not for all exact concentrations
used in our experiments but in their neighborhood, we can only report ranges of values, which
suffices for our purpose of estimating the orders of magnitude of surface viscosities. Thus, using all
of the surface viscosity data compiled from the literature and shown in Figures 16(a) and 16(b), by
rounding to the nearest decade or half decade one can compile a range of values of μs and κs for
each of the SDS bulk concentrations in Table I.

Furthermore, we can overlay the data from Figures 16(a) and 16(b) to compare directly the
magnitudes of μs and κs for the range of concentrations relevant in our experiments. This is
provided in Figure 17 where a shaded region highlights our concentration range of interest.

By inspection of Figure 17 it is apparent that at low surfactant concentrations (below the CMC),
both shear viscosity and dilatational viscosity tend to increase with concentration. Despite the scatter,
it is noticeable that many of the dilatational viscosity values are in excess of those for shear viscosity.
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FIG. 17. Measured values of surface dilatational κs (empty symbols) and surface shear μs (filled symbols) viscosities as
functions of the SDS surfactant concentration. The CMC concentration is denoted by the bold dashed line. Concentrations
explored in the flow visualization experiments reported here (i.e., 0.25 ≤ c ≤ 5.0) fall into the range indicated by the shaded
gray region.

This can also be seen by comparing the upper limit of the ranges of μs and κs for c = 0.25 and
c = 0.50 in Table I. However, for larger values of SDS concentrations (above the CMC), the values for
shear viscosity essentially level off while those for the dilatational viscosity decrease dramatically.
Again, this is supported by the upper limit of the magnitude ranges in Table I.
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