Introduction to Ring Theory (MATH 228):
Practice Problems — v1.04

Paul Buckingham



(©) 2021-2026 Paul Buckingham. All rights reserved.

1. It X=1{1,23,4}, Y ={3,4,5}, and Z = {1,5}, find the following sets:

2. Let X ={1,2,4,5}, Y = {1,2,3}, and Z = {3,4}.

(a) Find the following sets, writing the elements of each set in increasing numer-
ical order:

(i) XnYynz
(i) (XNY)UZ
)
)

(ii) XNYu2z)

(iv) X\Y

(b) Write down all the elements of the set Y x Z.

3. Let X and Y be sets, and suppose that f: X - Y, ¢g:Y - X,and h: Y — X
are functions such that go f = 1x and foh = 1y. Show that ¢ = h. Hint: Observe
that g = goly.

4.  For each of the following functions, decide whether it is injective. If the function
is injective, prove carefully that it is. If the function is not injective, exhibit two

distinct elements of the domain that map to the same element in the codomain.
(a)
f:z2 — Z

x = z2+zx-3

g:7 — 7
x = 222+x+1

5. Consider Z>1, the set of positive integers, and define a map d : Z>; — Z>; by
letting d(n) be the sum of the decimal digits of n. For example, d(172) = 1+7+2 =
10. Show that d is surjective but not injective.

Paul Buckingham Introduction to Ring Theory (MATH 228): Practice Problems — v1.04 | 2



6. A square number is a number of the form b? where b € Z. Recall also the digit
sum d(n) from Question 5. Define

X ={n€Z|n-1isasquare number}

Y ={n¢€Z> |d(n)isodd}
(a) Write down the first 7 elements of X in increasing numerical order.

(b) Do the same for Y and X NY.

7. Consider the following function:

f : Zzl — Zzl

n—1 if nis even
n

n+1 if nis odd.

(a) Show that fo f=1z_,.

(b) Deduce that f is bijective by using a result from the course notes.

8. Consider the following functions:
f:Z — Q~{0}
% -2
x
2 42
g:Q~{0} — Z
y = XA
ly]

(a) Find Image(g), briefly explaining your answer.

(b) Show that g o f has a unique fixed point, i.e., a unique integer = such that
go f(z) = . What is a?

(¢) Find Image(f o g), explaining your answer.

9. By considering uniqueness of factorization of integers, find all pairs (z,y) € Z>g X
Z>q such that x* — y? = 77. Hint: Consider the identity x> — y*> = (z +y)(z — y).

10. For each of the following sets A and binary relations ~, decide whether ~ defines

an equivalence relation on A. Justify your answer in each case.

(a) Set: A=R

Relation: x ~ y if x = ay for some a € Q
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11.

12.

13.

14.

15.

16.

(b) Set: A=R
Relation: x ~ y if = ay for some a € Q. {0}

For each of the following sets B and binary relations ~, decide whether ~ defines

an equivalence relation on B. Justify your answer in each case.

(a) Set: B=R
Relation: z~yif|lz—y| <1

(b) Set: B = M, (R), the set of nxn matrices with real
entries, where n is some fixed positive integer
Relation: X ~Y if Tr(X -Y) € Z

(Here, Tr(X) denotes the trace of a matrix X € M, (R).)

Recall the dot product u- v defined for vectors u = (a1, as, a3) and v = (by, ba, b3)
in R3 by

u-v = a1b1 + CLQbQ + a3bg.
Define a relation ~ on the vector space R? by declaring that u ~ v if u-v > 0. De-
cide, with justification in each case, which of the three properties of an equivalence

relation (reflexivity, symmetry, and transitivity) the relation R satisfies.

Define a relation ~ on Q~ {0} by declaring that z ~ y if zy is the square of a
rational number, i.e., if 2y = r2 for some r € Q. Decide, with justification, whether
~ is an equivalence relation. If it is, prove so. Otherwise, explain why not with
the aid of a counterexample.

Consider the vector space R?, and let X = R?~.{(0,0)}. Define a relation ~ on X
by declaring that x ~ y if there is a positive scalar ¢ € R~ such that x = ¢y. This
relation is an equivalence relation. Find a representative for each equivalence class.
Hint: It may help you develop the right intuition for this problem if you first draw
yourself a diagram illustrating all the vectors that are related to a given vector.

Recall the factorial of a non-negative integer n:

n
n! = H m.
m=1

Prove by induction that Y ;_, k(k!) = (n + 1)! — 1 for every non-negative integer

n.

Show by induction that

~ k 1
—_— =1—— f 11 n>0.
kZ:O(k;—i—l)! CEE nz0
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17.

18.

19.

20.

21.

22.

23.

24.

25.

Prove by induction that 7 divides 3°"*3 4 5" for every non-negative integer n.

(a) Show that if n € Z, then (n + 1) — (n + 1) = (3n% + 3n) + (n® — n).

(b) Using part (a), show by induction that 3 divides n® — n for all non-negative
integers n.

(c) Without any further induction, deduce from part (b) that 3 divides n® —n

for all integers n.

Using the definition of divisibility given at the beginning of Section II-1 of the
course notes, show that if r, s, ¢ are integers such that r | s and s|¢, then r|t.

Using the Euclidean algorithm, find the greatest common divisor of ¢ = 14161
and b = 11011, and express the greatest common divisor in the form ma+nb with
m,n € 7.

Repeat Question 20 for the integers a = 5225 and b = 1183.

(a) Let a,b,c be integers such that a and b are coprime. Show that if a | be, then
a|c. Hint: Adopt the strategy of the proof of the unique-factorization lemma
in the notes.

(b) Show by counterexample that the assertion in part (a) would be false if the

assumption that a and b be coprime were removed.

(a) Let a,b,c be integers such that a and b are coprime. Show that if a|c and
b|c, then ab|ec.

(b) Show by counterexample that the assertion in part (a) would be false if the

assumption that a and b be coprime were removed.

(a) Find the remainder on dividing 11102°2* by 11.

ind the remainder on dividing y 11.
b) Find tl ind dividing 11102°22 by 11

(a) Use the Euclidean algorithm to find an integer k such that 22k = 1 mod 35.
Choose k so that 0 < k < 35.

(b) Solve the congruence 66z + 4 = 16 mod 105, expressing your answer in the
form x = a mod n for an appropriate positive integer n and an appropriate
integer a € {0,...,n — 1}.
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26.

27.

28.

29.

(a) Show that
100-99-98---52-51=1-2-3---49 50 mod 101.
Hint: 100 =101 — 1, 99 = 101 — 2.

(b) Deduce that 100! = (50!)? mod 101.

Let a be an integer, let b and ¢ be positive integers, and assume that ged(b, ¢) = 1.
(a) Show that there are integers k and [ such that

a k1

be b + c
Hint: Use the G.C.D. Theorem.

(b) Deduce that there are integers u, m,n, where 0 < m < b and 0 < n < ¢, such

that
a +m+n
—=u+— + —.
be b c

(a) Perform the Euclidean algorithm on a = 33 - 5% = 3375 and b = 73 = 343 to

express 1 in the form ma + nb, where m,n € Z.

(b) Do the same for a = 3% = 27 and b = 5% = 125.

Before attempting this question, make sure that your answers to Question 28 are
correct.
(a) Use your answer to part (a) of Question 28 to write 1/(3-53-73) in the form

T T2
3.5

where z1, 25 € Z.

(b) Use your answer to part (b) of Question 28 to write 1/(32 - 5%) in the form
n Y2
3 5
where y1,y2 € Z.
(c) Hence, find integers u, 21, 22, 23 with 0 < 21 < 33, 0 < 20 < 53, and 0 < 23 <
73 such that
105 T TR
(Note that 105 = 3 -5+ 7.) Check your answer by adding together the four
terms on the right and ensuring that they sum to 1/1053.
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30. (a) Find the smallest positive integer x satisfying the simultaneous congruences

=13 mod 19
r=1 mod 20
=14 mod 21

(b) What is the second smallest positive solution?

31. (a) Find the smallest positive integer z that simultaneously satisfies all of the

following:

z=17% mod 11
r =112 mod 13
r =132 mod 17

(b) Find the greatest negative integer satisfying the same congruences.

32.  Solve the following system of simultaneous congruences:

Qe =2 mod 13
br =6 mod 21

Give your answer in the form = a mod n for an appropriate positive integer n

and an appropriate integer a € {0,...,n—1}. You may use the following equalities:

1=13-3-4, 1=21-4-5 1=5-21-8-13.

33. In this question, you may use the fact that 541 |203% — 93.
(a) Let € Z. Using the fact that 541 is prime, show that
22 = 93 mod 541

<~
z =203 mod 541 or 2z = —203 mod 541

That is, show that x satisfies the first congruence if and only if it satisfies the
second or the third. You should make it clear how you use the primality of
541. Hint: Take the 93 over to the other side of the congruence.

(b) Find the first four positive integers z satisfying the simultaneous congruences

2 =93 mod 541
r=3 mod 200
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34.

35.

36.

37.

Do not adopt a brute-force approach.

Find all solutions to the simultaneous congruences

r=4 mod 315
=9 mod 715

Give your answer as a single congruence z = a mod n for an appropriate positive
integer n and an appropriate integer a € {0,...,n—1}. You may use the fact that
1=26-143 —59-63. Hint: Let y = x — 4, show that y must be divisible by 5, and
then divide the congruences through by 5.

(a) (¢) Without using the Euclidean algorithm, write down integers s, ¢t such that
1 = 45 4 9¢, and use your answer to find the inverse of 4 mod 9. Hence,

replace the congruence 4x = 5 mod 9 with one of the form x = a mod 9.

(ii) Without using the Euclidean algorithm, write down integers u,v such
that 1 = 3u + 22v, and use your answer to find the inverse of 3 mod 22.
Hence, replace the congruence 3z = 19 mod 22 with one of the form
x = b mod 22.

(b) Use your answers to part (a) to solve the simultaneous congruences

4o =5 mod 9
3r=19 mod 22

Give your answer as a single congruence x = ¢ mod n for an appropriate

positive integer n and an appropriate integer ¢ € {0,...,n — 1}.

Let a and b be integers and n a positive integer. Assume also that a and n have
a common divisor d > 1, but that the only positive integer dividing all three of a,

b, and n is 1. Show that the congruence axz = b mod n has no solutions.

Let T be the set of all functions f : Z — Z, and define operations of addition and

multiplication on 1" as follows:

(f+9)(x) = flx)+g(x) forallzcZ
frg=1fog

(a) Show that (g+h)-f=g-f+h-ffloral f,gheT.

(b) Exhibit functions f,g,h € T such that f-(g+h) # f-g+ f - h, and show
carefully that f-(g+ h) is indeed different from f-g+ f-h. (This part of the
question shows that T is not a ring with the above operations.)
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38.

39.

40.

41.

42.

43.

Let S =R x R, and define a multiplication operation on S by
(a,d) - (¢,d) = (ac — bd, ad + bc).
Verify that this operation is associative by showing that

((av b) : (C, d)) : (6, f) = (av b) . ((C, d) : (6, f))

for all real numbers a, b, c,d, e, f.

Let R be a ring such that a? = a for all @ € R, and assume that R has an identity.
Show that the only unit in R is 1.

Let R be a unital ring. Let a € R, and suppose that there is b € R~{0} such that
ab = 0. Show that there is no ¢ € R such that ca = 1.

Suppose that a non-empty set R together with binary operations + (addition)
and - (multiplication) satisfies all the axioms of a ring except possibly axiom
A2, commutativity of addition. In this case, we strengthen axiom A3 to say that
a+0=0+a=a for all @ € R, and also strengthen axiom A4 to say that, for
all @ € R, there is b € R such that a + b = b+ a = 0. Assume also that R has a

multiplicative identity, i.e., an element 1 such that 1-a=a-1=a for all a € R.

(a) Use the two distributivity axioms in one order to show that
I+1)-(z+y)=z+z+y+y.

for all z,y € R. (Do not assume commutativity of addition.)

(b) Now use the distributivity axioms in the opposite order to show that
A+D)-@+y)=zt+y+trty
for all x,y € R. (Do not assume commutativity of addition.)

(¢) Deduce from parts (a) and (b) that addition is commutative in R. Hint: Use
the strengthened axioms A3 and A4 described above.

Let n be a positive integer. Prove that multiplication in Z/nZ is associative. If
you use the associativity of multiplication in another ring, state clearly where you

use it.

Let R be a ring and a € R. Suppose that there is a positive integer n such that
na = Ogr. In that case, there is a least such n; let it be m. Show that if n is any

positive integer such that na = Og, then m divides n. Hint: Divide m into n with
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44.

45.

46.

47.

remainder. What can you deduce about the remainder? The proof of the G.C.D.

Theorem may help you.

(a) Let X be a set.
(i) Show that 24 =0 for all A € P(X).

(i1) Deduce that (A + B)? = A% + B2 for all A, B € P(X). (Remember that

P(X) is a commutative ring.)

(b) Let Y be a set with at least two elements. Show that there are non-zero
elements A and B of P(Y) such that A- B =0.

Let R be a unital ring. Show that the ring S = S(R) has elements e, eq, €3
satisfying

e?=¢ (i=1,2,3)

eiej =05 (i #J)

61+€2+€3:15

Find a solution to the equation a? + b* = 1 in each of the following unital rings
R. That is, exhibit an explicit element ¢ € R and an explicit element b € R
satisfying the equation. If you are given any restrictions on a and b, adhere to

those restrictions.
(a) R =Z. Choose a and b to be non-positive.

(b) R = Q. Choose a and b so that neither is an integer. Hint: If the two shorter
sides of a right-angled triangle have lengths 3 and 4, how long is the hy-

potenuse?

(¢) R = F. Choose the functions a and b such that both are continuous and

neither is constant. Hint: Think of a well-known identity from trigonometry.
(d) R=P(X), where X = {1,2,3}. Choose a and b so that neither is zero.

() R = Ms(Z), the ring of 2 x 2 matrices with integer entries. Choose the two

matrices so that both are diagonal and neither matrix is zero.

(f) R = M2(Z) again. This time, choose the two matrices so that at least one of
them is not diagonal. Hint: Can you think of a non-zero matrix B € My(Z)
such that B2 =07

(a) If n is a positive integer and a € Z, what is the condition on « for [a] to be a
unit in Z/nZ?
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48.

49.

50.

ol.

92.

(b) Find (Z/21Z)*.

(a) For each x € (Z/7Z)*, find the least positive integer n such that =™ = [1].

(b) What do you notice about these integers n in relation to the number of units
in Z/77?

Characterize the units in S(Z). That is, if &« = (an)n € S(Z), what is the condition

on the terms a,, for a to be a unit in S(Z). Explain your answer.

(a) If z = [11] € Z/455Z, find x~!. Express your answer in the form z=1 = [q]

where a is the least non-negative representative of z 1.

(b) Find non-zero elements y and z in Z/455Z such that yz = 0. Justify your

answer. Make sure that y and z are non-zero elements of the ring.

(a) Let R=Zand S={a€Z|a=1mod9}U{0}.

(i) Decide whether S is closed under subtraction. If it is, prove so. Otherwise,

explain why not with the aid of a counterexample.

(ii) Decide whether S is closed under multiplication. If it is, prove so. Oth-

erwise, explain why not with the aid of a counterexample.
(#i) Is S a subring of R?
(b) Repeat part (a) with the ring R = Q and the set

S={a/beQ|a,beZand 71b}.

(¢) Repeat part (a) with the ring R = Q and the set

S={a/2€Q]acZ}.

(d) Repeat part (a) with the ring R = P(Z) and the set
S={AeP(Z)|0¢g A}
Hint: If A € P(Z), then —A = A. This will help when you are considering

closure under subtraction.

Let S ={A € P(Q)|ZC A}. Is S a subring of P(Q)? Which of the properties
(i), (ii), and (iii) of Proposition 8.1 in Section IV hold and which fail? Justify your

answers.
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53.

54.

55.

56.

Let R =7 x (Z/5Z), the product of the rings Z and Z/5Z. Find all integers n and
all elements (a,x) € R such that

(a) n(a,z) = (20,[3]).
(b) n(a,z) = (5,[0]).

In each part, show your solutions in a table indicating the values of n, a, and =

for each solution, like this:

Explain how you arrived at your solutions. Do not use simply trial and error.

Note: n(a,z) = (na,nz) if n € Z.

In each of the following, R is a ring and S is a non-empty subset of R that is
closed under subtraction. Given this information, decide whether S is an ideal of

R. If it is, prove so. Otherwise, explain why not with the aid of a counterexample.
(a) R= M>(Z), S is the set of upper-triangular matrices in R.

(b) R=F,S={feR| f(x)=0for all x € Z}.

Let n > 2 be an integer, and let

S = {(Z Z) € My(Z)

(a) Is S an ideal of M5(Z)? Justify your answer.

n divides b} .

(b) Is S a subring of My(Z)? Justify your answer.

Let n > 2 be an integer.

(a) Define

S ={f € Z[z] | n divides both f(0) and the coefficient of x in f}.

(i) Is S an ideal of Z[z]? Justify your answer.

(i) Is S a subring of Z[z]? Justify your answer.
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(b) Repeat part (a) for the set

T = {f € Z[x] | n divides the coefficient of z in f}.

57. Let S ={f € F | sin(a®)f(z) = 0 for all z € R}. Decide whether S is an ideal of

F, justifying your answer either way.

58. Let I = (x — 1)z = (z — 1)Z[z], and let g = 2® + 22* — 2 — 3. Which of the
following polynomials f; are in the same coset of I as g, i.e., satisfy f; +1 = g+ 17

f1:x3—|—3x2—5 f2:23:3+x—2
fa = a*+ 222 —4x+3 fi=6x%—62* +234+22%> —x—3

Briefly explain your answers. You may use the fact that a polynomial f € Z[z] is
in I if and only if f(1) = 0.

59. (a) Let f(z) = 323 — 522 4+ 7z — 10.
(i) Express f(z) in the form g(z) -« + k - 2 where g € Z[z] and k € Z.

(i) Using part (i) and the equalities x+ = 3(z — 4) — 2(z — 6) and 2 =
(x—4)— (z—06), express f(z) in the form h(x)(z —4)+j(z)(x —6) where
h,j € Z[z].

(b) Explain why the polynomial 2 + 2z 4 3 is not in the ideal (z — 4,2 — 6)7[,].
Hint: Think about even and odd integers.

60. Let I ={(an)n € S(R) | a, =0 for all n < 5}.
(a) Show that I is an ideal of S(R).

(b) Suppose that «, 5 € S(R) begin

= 531441
a=(2,-1,1,3,6,2462465 426, 33141 )

B =(-4,3,5,-6,2,1292 1508975315,...)

Without using a calculator, compute (a+ 1)+ (8+ 1) and (a+I)(8 + 1) in
the quotient ring S(R)/I. Express each answer in the form v+ 1 for a suitable
v € S(R).

61. Let I = (2%)q[y, the principal ideal in Q[z] generated by 22, and let
72600182

= 436122° — ——— 48 _ 92945 + 2
f(x) =8306843612x 356109~ x+
60587954 ,, s
g(x) = TR + 958486 254 73123 + 3122 + 1
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62.

63.

64.

65.

Without using a calculator, compute (f +I)+ (g +I) and (f +I)(g + I) in the
quotient ring Q[z]/I. Express each answer in the form h+1I for a suitable h € Q[x].

Let I = {f € Z[z] | 6 divides both f(0) and the coefficient of = in f}, and note
that T is an ideal of Z[z] by part (a) of Question 56. For brevity, if f € Z[z], let

f1=F+1

(a) Show that every element of Z[z]/I may be expressed in the form o = [a][z] +
[b], where a,b € {0,...,5}.

(b) If a,b,c,d € Z, express ([a][x] + [b])([c][x] + [d]) in the form [s][z] + [t] for
suitable integers s and ¢ given in terms of a, b, ¢, d.

(¢) Show that [z]+[1] is a unit in Z[z]/I, and find its inverse in the form [a][z]+[b]
with a,b € {0,...,5}.

Let I ={f e F| f(1) =0}, an ideal of F, and let f,g € F be defined by

f(z) = cos(3z) In((2?* — 2z + 2)?) + 2z
g(x) = 32% + 3 sin((2? — 4z + 5)7) + 1

Find polynomials h and j such that (f+1)+(g+1) = h+I and (f+1)(g+1) = j+1.
Explain your answers.

This exercise gives an ad hoc way to show that if f € Q[z] and a,b are distinct
rational numbers such that f(a) = f(b) = 0, then f(x) = (x — a)(z — b)g(z) for
some ¢g € Q[z]. Another approach is via division-with-remainder in the ring Qlx],

which is encountered later in the course.

(a) Suppose that f € Q[z]. Show that if f(0) = 0, then f(x) = zh(z) for some
h € Q[z]. Hint: Consider the coefficients of f and what the equality f(0) =0

means for one of those coefficients.

(b) Now suppose that f € Q[z] and that there are rational numbers a # b satis-
fying f(a) = /(b) = 0.
() Show that if f1(x) = f(z + a), then fi(z) = zfa(x) for some fo € Q[z].
Deduce that f(z) = (z — a) f3(x) for some f3 € Q[z].

(ii) Show that f3(b) = 0. (Be careful; state what assumption you are using.)
Deduce that f3(x) = (z — b)g(z) for some g € Q[z]. Thus, f(z) = (z —
a)(x —b)g(x).

Let I = (IQ -3z + 2)Q[a:]
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66.

67.

(a) Using Question 64, show that I = {f € Q[z] | f(1) = f(2) = 0}. Be careful
to show both directions, i.e., that each set is contained in the other.

(b) Suppose that f € Q[z] is such that both f(1) and f(2) are non-zero. By

considering the polynomial

1
9(x) = zos (@ —1) = m(x -2),

show that f + I is a unit in Q[z]/I. Hint: Use part (a).

Let X be a set and A € P(X).
(a) Show that (A)px) = P(A).

(b) Show that if B € P(X), then B — BA € P(B~\A). Hint: Remember that
C =—-C forall C € P(X).

(¢) Show that B + P(A) may be expressed in the form D + P(A), where D €
P(B~\A). Hint: Use the previous part.

Let R be the cartesian product Q x Q together with operations of addition and
multiplication defined by
(a,b) + (¢,d) = (a+¢,b+d)
(a,b) - (¢,d) = (ac + bd, ad + bc)
You may assume that R is a ring with respect to these operations. Also, let S be
the product ring Q x Q with the usual operations of addition and multiplication.

In particular, (a,b)(c,d) = (ac,bd) in S. Note that R and S have the same addition

operations but different multiplication operations.
Now consider the map

p:R — S
(a,b) — (a+b,a—"b).

(a) Show that ¢ is a ring homomorphism.
(b) Show that ¢ is injective.

(c) Show that ¢ is surjective. If (z,y) € S, what is the unique element (a,b) of
R such that p(a,b) = (z,y)?

(d) The above shows that ¢ is a ring isomorphism. Explain how to use the ring
S and the isomorphism ¢ to construct non-zero elements «, 3 € R such that

a - B = 0r. Write down such a pair of elements « and .
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68.

69.

70.

71.

(a) Decide whether the map
p0:Z — My(Z)
a
a —a
is a ring homomorphism, justifying your answer either way.

(b) Repeat part (a) for the map

Vv:Z — My(Z)
3a —3a
a .
2a —2a

If @ € Z~{0} and p is a prime number, let v,(a) be the highest power of p dividing
a. For example, if a = 32 - 55 . 7% then v3(a) = 2, vs(a) = 6, v7(a) = 4, and

vp(a) = 0 if p is a prime not equal to 3, 5, or 7.
Now fix a prime p. Decide whether the map
p:Z — Q
1 vp(a) .
(5) ifa#0
0 ifa=0

a

respects addition, multiplication, both, or neither, justifying your answers care-
fully. (If a property fails, provide a counterexample.) You may use the fact that if

a and b are non-zero integers, then v,(ab) = v,(a) + v,(b).

Define
v: F — S(R)
[ (f(n)a

(a) Show that ¢ is a ring homomorphism.

(b) Use the First Isomorphism Theorem to show that there is a well-defined ring
isomorphism @ : /I — S(R) satistying @(f + I) = (f(n)), for all f € F,
where I = {f € F | f(n) =0 for all n € Z>o}.

(¢) Let 1 € F be the constant function 1 : 2 — 1. Find a non-constant function
feFsuchthat f+1=1+1.

Define

p:SMR) — SR

(an)nZO — (an+1)nzo,
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that is, ¢(ag, a1, az,as,...) = (a1, a2,as,...).
(a) Show that ¢ is a ring homomorphism.

(b) Show that there is a non-zero ideal I of S(R) such that S(R)/I = S(R). (Use
the First Isomorphism Theorem.)

72.  Consider the ring homomorphism

p: Q] —» Q
o= (F(=5), F(4)).
(a) Using Question 64, show that Ker(p) = I where I = (2 + 2 — 20)g[,). Be

careful to show both inclusions, i.e., not only that I C Ker(p), but also that
Ker(p) C I.

(b) By considering p(x —4) and ¢(z +5), or otherwise, show that ¢ is surjective.

(c) Deduce that Q[x]/I = Q?. What result from the course are you using?

73. Let X be a non-empty set, and let R be the set of maps f : X — Z/2Z. The
operations of addition and multiplication on R defined by

(f +9)(x) = f(z) + g(z)
(f9)(x) = f(z)g(x)

make R aring. If f € R, let Xy = {x € X | f(z) = [1]}, and view X; as an
element of P(X).

(a) Show that Xy, =Xy + X, and Xy, = XX, in the ring P(X).
(b) Part (a) shows that the map

¢:R — P(X)
f — Xf

is a ring homomorphism. Show that it is both injective and surjective and
therefore an isomorphism. Hint: For surjectivity, if A C X, consider the
function f € R that satisfies f(x) =[1] if x € A and f(z) = [0] otherwise.

74.  Consider the map

0 Z[V6| — Z/5Z
a+bV6 — [a+4b].

(Note: If a,b,a’,b’ € Z, then a + b\v/6 = o’ +b'/6 if and only if a = ¢/ and b =V,
so the map is well defined.) Show that ¢ is a ring homomorphism.
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75.

76.

e

Consider again the ring homomorphism

©:Z[V6] — Z/5Z
a+bV6 — [a+4b]
encountered in Question 74.

(a) Show that 1+ v/6 € Ker(y), and deduce that y(1 + v/6) € Ker(yp) for all
y € Z[V6).

(b) Now let z € Ker(¢), and write x = a + by/6 with a,b € Z.
(i) Show that a = 5¢ — 4b for some ¢ € Z.
(ii) Using part (i), show that 2 = 5d + b(1 + v/6) for some d € Z.

(iii) Using the fact that 5 = (v/6 — 1)(1 + v/6), deduce from part (ii) that
x = y(1 4 /6) for some y € Z[/6].

(c) Conclude that Z[v/6]/I = Z/5Z, where I = (1 + \/6)2[\/6]'

(a) Let a € Z/5Z. Show, by testing all five possibilities for o, that o ¢ {[2],[-2]}.

(b) Deduce that if k is an integer such that k¥ = £2 mod 5, then the equation
22 — 10y? = k has no solutions z,y € Z. Hint: The given equation yields the

congruence 2 — 10y% = k mod 5.

Consider P(Z), the power set of Z. Fix k € Z, and define

p0:P(Z) — ZJ2Z
0] ifkgA
1] ifkeA

A

(For example, p({k —1,k+1,k+2}) = [0], while o({k — 1,k k+ 1,k +2}) = [1].)

(a) Let A, B € P(Z). Complete the last two columns of the following table, where

Y means “Yes” and N means “No”.

Case k€A keB|ke(AUB)N(ANB) keANB

(i) N N N N
(ia Y N
i)b N Y

(i) Y Y

(b) Using the table in part (a), show that the map ¢ is a ring homomorphism.

(¢) Show that if I = {A € P(Z) | k ¢ A}, then there is a well-defined ring
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isomorphism
o:PZ))I — 7Z/2Z

0] ifkgA
1] ifkeA

A+T

(Incidentally, observe that I = P(Z~{k}), although this fact need not play

any role in your answer.)

78. Each of the following rings R is commutative with a non-zero identity. In each
case, decide whether it is a field, an integral domain that is not a field, or neither.

Remember that every field is an integral domain.

(a) R=Q[z]/(2* -z - 6)qpa]-

(b) R =Z[z]/(x)z[2)- You may refer to an example done in class.

(¢) R=P(Z).

(d) R =Z[x]/I,, where p is a prime and I, = {f € Z[x] | p divides f(0)}.
() R={z+yv2€eR |z,yclZ}

(f) R={z+yv/-3€C|z,yeQ}.

79. For each of the following rings R, decide whether it is an integral domain. If it is,
prove so. Otherwise, explain why not with the aid of a counterexample.

(a) R=F.
(b) R=F/I, where I ={f € F| f(1) =0}.

80. For brevity, given a,b € R, let

[a,b] = (Z Z) e My(R)

Now define F' = {[a,b] € M3(R) | a,b € R}. You may assume that F' is a ring.

This exercise proves that F' is a field.

(a) Show that [a,b][c,d] = [ac — bd, ad + bc] for all a, b, c,d € R.

(b) Show that F' is commutative and has the identity element [1, 0].
(¢) Show that if @ and b are not both zero, then

a _ b
a2 + b2’ a2 + b2

[a,b] = [1,0].
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81.

82.

83.

We continue with the ring F' of Question 80. Recall that we showed F’ to be a field
in that question.

(a)
(b)

(c)

Show that [a,b] + [¢,d] = [a + ¢,b+ d] for all a,b,c,d € R.
Show that the map
p:R —= F
a — [a,0]
is an injective ring homomorphism.

If 0 = [0, 0], the zero element of F, and 1 = [1,0], the identity element, show

that the equation 22 4+ 1 = 0 has exactly two solutions = € F.

Let F be as in Question 80.

(a)

Show that the map

p:C — F
a+bi — [a,b

is a ring isomorphism.

If we view C as a plane, so that a complex number o = a + bi corresponds to
the point (a,bd) in the plane, then as long as « is non-zero, the line segment
L(q,p) from the origin to (a, b) forms an angle 6 € [0, 27) with the line segment
L(1,0) from the origin to (1,0), where 6 is measured anticlockwise from Ly g).

This angle is called the argument of «, denoted arg(a).

Show that if & € C~ {0}, then the matrix () € F is equal to |o|Rarg(a),

where R,.g(q) is the rotation matrix with angle arg(a).

This exercise uses complex numbers to show that cos(2r/5) = (-1 + v/5). You

may use the following equation, which holds for any real number ¢ and any integer

n:

(a)

(b)

(c)

(cos(p) +isin(¢))™ = cos(ng) + isin(nag). (1)

Let 0 = 27/5 and ¢ = cos(f) + isin(f). Use (1) to show that ¢> = 1, and
therefore ¢(* = ¢~ ! and ¢3 = (2.

Using the fact that ¢ # 1, deduce from (a) that

0=C"+C+C+(+1=C+H+E+H+1

Let v = ¢ + ¢~ . Deduce from (b) that v2 + v — 1 = 0. Hint: Handle v by
expanding out (¢ + (1)
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84.

85.

86.

87.

88.

(d) Solve the equation ¥2 ++ — 1 = 0 to find the two possibilities for +.
(e) Use (1) to show that (=1 = cos(f) — isin(#), and hence use (d) to show that
cos(d) = 2(—1+ /5). Take care to explain the choice of sign in front of v/5.

Let a € C be a square root of —5 (i.e., a? = —5), and consider the ring

Zo)={x+yaecC|x,yeZ}
and the norm map
N:Za) — Z
r+ya — (z+ya)(z—ya).
Note that N respects multiplication.

(a) Show that if m € Z, then the equation 2% + 5y* = m has a solution with
x,y € Z if and only if there is r € Z[a] such that N(r) = m.

(b) Using part (a), show that if my, ma € Z and there exist z1, y1, T2, y2 € Z such
that 2 + 532 = my and x3 + 5y3 = ma, then there exist z3,ys € Z such that

23 + 5y3 = myma.

(¢) Via an induction argument, deduce that for every non-negative integer k, the
equation x? + 5y? = 29* has a solution with z,y € Z.

Recall that the map f : x + yv/2 — |22 — 2y?| is a Euclidean function on Z[/2].
If o« =5—8v2and 8 = 3+4v2, find v, p € Z[/2] such that a = v3 + p and
flp) < f(B).

For each of the following pairs of polynomials f,g € Q[z], find ¢, € Q[z] such
that f = qg + r and deg(r) < deg(g).

(a) f=3a2%—a2*+52% —42? —22+5,9g=2a>— 2%+ 20— 3.

(b) f=425—132* +823 — 22> + 2+ 7, g = 23 — 32% + 22 — 4.

() f=223—2?+2+4, g=32>+5x—1.

Let I ={f € F| f(0) =0}, an ideal of F. Show that I is a principal ideal. Hint:
Suppose that g € F has the property that g(z) = 0 if and only if v = 0. Show that

I'=(9)r-

Recall that the map f : 2 + yv/2 ~ |22 — 2y?| is a Euclidean function on Z[v/2].

(a) Ifa=7—4v2and =3+ /2, find v,p € Z[v/2] such that a = y8 + p and
flp) < F(B).
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89.

90.

91.

92.

In part (a), if you followed exactly the algorithm given in the course, then
you should have found that p € Z[/2]*. Multiply both sides of the equation
a—B = pby p~! to find p,v € Z[V2] such that 1 = pa + vB with u,v €
Z[v/2]. Make sure that each of your elements j,v is expressed in the form
a + b2 with a,b € Z.

Let I = (a)z,/5- Use your answer to part (b) to show that 8+ I is invertible
in Z[v/2]/I and to find (84 1)L

Repeat part (a) of Question 88 for the elements o = 5+ V2and 8 =5-2.
Follow the steps to perform division with remainder in this ring, as outlined

in the course notes.

The outcome of performing division with remainder in the previous part
should have resulted in o« = 3 + 2v/2. Now perform division with remainder
again to express f as 7a - 2v/2 + py with 7o, py € Z[\/i] and f(p2) < f(2V/2).

This time, the outcome of division with remainder should have been 8 =
V222 + (1-— \/5) Use this equation together with o = 3 + 2v/2 to express
1 — /2 in the form pa + vf with u,v € Z[/2].

This question is a continuation of Question 89, which showed that 1 — /2 =
— 2a+(1+\/§)ﬁwherea:5+\/§and525—\/5.

(a)

(b)

(c)

Using the fact that 1 — /2 € Z[v2]*, find p/,v/ € Z[v/2] such that 1 =
wa+ Vs,

By dividing through by a8 and making a suitable modification to one of the

numerators, find u, a,b € Z such that

1 a+b/2 a—bv/2

=u-+ + .
23 5+4v2  5—42

Show that the element 1 + +/—6 € Z[/—6] is irreducible. (Consider a factor-

ization and take norms.)

Show that the element 5 € Z[+/—6] is irreducible. (Consider a factorization
and take norms.)

Show that the element 31 € Z[/—6] is not irreducible. (Consider the equation
z? + 6y% = 31.)

Decide which of the following polynomials are irreducible in Q[z]. Explain your

answers.
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93.

94.

95.

96.

(a) at — 623 4+ 1022 — 10z + 12
(b) % +222+3x+4
(c) x* — 4522 4 51

(d) z*+a22+1

(a) Suppose that f(z) € Q[z] is a monic quadratic polynomial whose roots in
C are o? and %, where o and § are complex numbers such that o + S
and af3 are both rational. Show that f(2?) factorizes as a product of two
quadratic polynomials in Q[z] (so is not irreducible). Hint: Note that f(x) =
(z - a®)(x - B).

(b) By observing that 5 + 12i = (3 + 2i)?, use the above idea to factorize z* —
1022 4+ 169 in Q[x].

(a) Apply a result from the course to show that the polynomial 22 — 10 has no

rational roots. Specify which result you are using.

(b) Deduce that V3 4+ V5 + /3 — /5 is not rational. Hint: Consider its square.

Let R = Z[/15], and consider the map

p:R — ZJTZ
a+bv/15 — [a—b],

which is in fact a ring homomorphism.

(a) Show that Ker(p) = (7,1 + +/15)r, the ideal generated by 7 and 1 4 /15.

(b) Deduce that (7,1 ++/15)g is a maximal ideal.

(c) Suppose that a and b are integers such that a # b mod 7, and let o = a+bv/15.
(i) Show that o & (7,1 +\/15)g. Hint: Consider ().

(ii) Hence, or otherwise, show that there are 8,7,0 € R such that 1 = 3-7+
~v(1+ v15) + da.
Recall the norm map

N:Z[V10] — Z
z4+yvV10 — 22 —10y* = (z + yV10)(z — yV/10).

In the following, you may use the fact that N(ab) = N(a)N(b) for all a, b € Z[/10].
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97.

98.

(a) Suppose that 7+ /10 = ab where a,b € Z[v/10]. Show that N(a) divides 39
in Z and is therefore equal to one of +1,4+3, 13, £39.

(b) Show that N(a) is not equal to any of +3, +13. Hint: Let a = x + /10, and

use Question 76.
(c¢) Deduce that 7+ /10 is irreducible in Z[v/10].

(d) The equality (7 + v/10)(7 — v/10) = 3 - 13 shows that 7 + /10 divides the
product 3 - 13 in Z[v/10]. Show, however, that 7 + /10 divides neither 3 nor
13 in Z[/10]. Hint: Assume that 3 = (7 + \/10)c for some ¢ € Z[/10] and
apply N to both sides.

The significance of the above exercise is that it shows that 7++/10 is an irreducible
element of Z[v/10] but not a prime element, so Z[v/10] does not have uniqueness
of factorization.

In this exercise, v/—6 denotes a fixed square root of —6 in C. (We could adopt the
choice of square root made in the course notes, but the choice does not matter.)

Recall the norm map

N:Z[V-6] — Z
r+yv/—6 — 22 +6y* = (z+yv—6)(x —yv—6).

(a) Suppose that 2 + /—6 = af where o, 8 € Z[/—6]. Show that N(«) divides
10 in Z and is therefore equal to one of 1,2, 5, 10.

(b) Show that N(«) is not equal to either 2 or 5.
(c) Deduce that 2 4+ +/—6 is irreducible in Z[v/—6].

(d) The equality (2 + v/—6)(2 — v/—6) = 2 -5 shows that 2 + /—6 divides the
product 2 -5 in Z[v/—6]. Show, however, that 2 + v/—6 divides neither 2 nor
5 in Z[v/—6]. Hint: Assume that 2 = (2 + +/—6)y for some v € Z[/—6] and
apply N to both sides.

The significance of the above exercise is that it shows that 2++/—6 is an irreducible
element of Z[v/—6] but not a prime element, so Z[v/—6] does not have uniqueness
of factorization.

(a) Tt is a fact that if t € Z/13Z, then t> ¢ {[5], [~5]}. (You may verify this, if you
wish.) Using this fact, show that if k is an integer such that k¥ = +5 mod 13,
then the equation 22 — 26y? = k has no solutions z,y € Z. See Question 76 if

you need some help.
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99.

100.

(b) Use your answer to part (a) to show that 31 is irreducible in Z[v/26]. See
Question 96 or Question 97 if you need some help.

Show that there is no Euclidean function on Z[z]. Caution: It is not enough to
show that there is no Euclidean function defined in terms of the degree. It has
to be shown that there are no Euclidean functions whatsoever on Z[z]. The last

example in Section IV -9 of the course notes will help.

Let o € R satisfy o> = 1+, let R = {x +ya € R | 2,y € Z}, and let
I =(2)r =2R. If z + ya € R, abbreviate the coset (z + ya) + I by [z + ya].

(a) The quotient ring R/I consists of the four elements [0], [1], [a], [1 + «]. Com-
pute the multiplication table for R/I.

(b) In light of your answer to part (a), decide whether I is a maximal ideal of R,

giving your reasoning.
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