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The Heat Equation

∂u
∂t

= β ∂2u
∂x2

Separation of Variables

u(x, t) =
∑

α Tα(t)Xα(x)

Modes

Tα(t)Xα(x) =





eαβt
[
C1(α) cos(

√−αx) + C2(α) sin(
√−αx)

]
, α < 0

C1(0) + C2(0)x, α = 0
eαβt [C1(α) cosh(

√
αx) + C2(α) sinh(

√
αx)] , α > 0

Boundary Conditions?

Homogeneous Dirichlet

u(0, t) = 0, u(L, t) = 0

Non-Homogeneous Dirichlet

u(0, t) = u0, u(L, t) = uL

Homogeneous Neumann
∂u(x,t)

∂x

∣∣∣
x=0

= ∂u(x,t)
∂x

∣∣∣
x=L

= 0

Tα(t)Xα(0) = 0
Tα(t)Xα(L) = 0

α 6= 0 :
Tα(t)Xα(0) = 0
Tα(t)Xα(L) = 0

α = 0 :
T0(t)X0(0) = u0

T0(t)X0(L) = uL

Tα(t)X
′
α(0) = 0

Tα(t)X
′
α(L) = 0

u(x, t) =

∑∞
n=1 bne

−β n2π2

L2 t sin
(
nπx
L

)
u(x, t) =

u0 +
uL−u0

L
x+

∑∞
n=1 bne

−β n2π2

L2 t sin
(
nπx
L

)
u(x, t) =

a0
2
+

∑∞
n=1 ane

−β n2π2

L2 t cos
(
nπx
L

)

u(x, 0) = f(x)

bn = 2
L

∫ L
0 f(x) sin(nx) dx

u(x, 0) = f(x)

bn = 2
L

∫ L
0

(
f(x)− u0 − uL−u0

L
x
)
sin(nx) dx

u(x, 0) = f(x)

an = 2
L

∫ L
0 f(x) cos(nx) dx

Solution

u(x, t)

X
′′
α

Xα
= T

′
α

βTα
= α


