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Abstract. We study a population model for an infectious disease that spreads in the host
population through both horizontal and vertical transmission. The total host population is assumed
to have constant density and the incidence term is of the bilinear mass-action form. We prove that
the global dynamics are completely determined by the basic reproduction number R0(p, q), where
p and q are fractions of infected newborns from the exposed and infectious classes, respectively.
If R0(p, q) ≤ 1, the disease-free equilibrium is globally stable and the disease always dies out. If
R0(p, q) > 1, a unique endemic equilibrium exists and is globally stable in the interior of the feasible
region, and the disease persists at an endemic equilibrium state if it initially exists. The contribution
of the vertical transmission to the basic reproduction number is also analyzed.
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1. Introduction. Many infectious diseases in nature transmit through both hor-
izontal and vertical modes. These include such human diseases as rubella, herpes sim-
plex, hepatitis B, Chagas’ disease, and, most notorious, AIDS [2, 3]. For human and
animal diseases, horizontal transmission typically occurs through direct or indirect
physical contact with infectious hosts, or through disease vectors such as mosquitos,
ticks, or other biting insects. Vertical transmission can be accomplished through
transplacental transfer of disease agents. Among insects or plants, vertical transmis-
sion is often through eggs or seeds. Busenberg and Cooke [3] discussed a variety of
diseases that transmit both vertically and horizontally, and gave a comprehensive sur-
vey of the formulation and the mathematical analysis of compartmental models that
also incorporate vertical transmission. In a standard S-I-R compartmental model,
the vertical transmission can be incorporated by assuming that a fraction q of the
offspring from the infectious (I) class are infectious at birth, and hence a birth flux,
qbI, enters the I class, and the remaining birth, b − qbI, enters the susceptible (S)
class. Here b is the natural birth rate of the host population, which is assumed to
have a constant density 1. SIR models assume the disease has no latent period, so
that infected hosts instantaneously become infectious. For many human diseases such
as hepatitis B, Chagas’ disease, and AIDS, the infected hosts stay in a latent period
before becoming infectious [1, 10]. The latent hosts form an additional exposed (E)
class. To incorporate vertical transmission in an SEIR model, it is plausible to assume
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that a fraction of the offsprings of infected hosts (both E and I) are infected at birth
and, like adult infected hosts, will stay latent before becoming infectious, and hence
the infected birth flux will enter the E class. In this paper, we study an SEIR model
in which vertical transmission is incorporated based on the above assumption. The
transfer diagram is depicted in the following figure.

pbE + qbI

�
� � � �b − pbE − qbI λIS εE λI

bS

� bE

� bI

� bR

�
S E I R.

The total host population is partitioned into susceptibles, exposed (in the latent pe-
riod), infectious, and recovered, with the densities respectively denoted by S(t), E(t),
I(t), and R(t). The natural birth rate and death rate are assumed to be identical
and denoted by b. The disease is assumed not to inflict death on the infected hosts
so that the total population density is constant; S(t) + E(t) + I(t) + R(t) = 1. The
horizontal transmission is assumed to take the form of direct contact between infec-
tious and susceptible hosts. The incidence term λIS is of the bilinear mass-action
form. For the vertical transmission, we assume that a fraction p and a fraction q of
the offspring from the exposed and the infectious classes, respectively, are born into
the exposed class E. Consequently, the birth flux into the exposed class is given by
pbE + qbI and the birth flux into the susceptible class is given by b − pbE − qbI.
Naturally, 0 ≤ p ≤ 1 and 0 ≤ q ≤ 1. Rubella is among the diseases for which our
model is a good approximation [2]. There is no recovery in Chagas’ disease; this can
be approximated in our model by taking the limit γ → 0. Herpes simplex tends to
relapse after recovery; one needs to modify the permanent immunity assumption in
our model and consider an SEIRS model by allowing recovered hosts to return to the
S class. In the case of AIDS, one needs to modify the constant population assumption
and incorporate disease-related death to the infectives.

The transfer diagram leads to the following system of differential equations:

S′ = b− λIS − pbE − qbI − bS,
E′ = λIS + pbE + qbI − (ε + b)E,
I ′ = εE − (γ + b)I,
R′ = γI − bR.

(1.1)

We study (1.1) in the following feasible region:

Σ = { (S,E, I,R) ∈ R4
+ : S + E + I + R = 1 }.

It can be verified that Σ is positively invariant for (1.1). The parameter ε > 0 is the
rate at which the exposed individuals become infectious, and γ ≥ 0 is the rate at
which the infectious individuals recover. Therefore 1/ε is the mean latent period and
1/γ is the mean infectious period. In the limiting case when ε → ∞, the latent period
is negligible, and the model (1.1) reduces to an SIR model with bilinear incidence
and no vertical transmission [3]. When γ = 0, there is no recovery from the disease,
and (1.1) reduces to an SEI model. When p = q = 0, (1.1) becomes a classical SEIR
model with no vertical transmission, and the vertical transmission is also lost if the
birth rate b = 0, in which case (1.1) is an SEIR model with no birth and death. See
[9, 10, 11, 19] for surveys of SEIR models and their limiting cases.



60 MICHAEL Y. LI, HAL L. SMITH, AND LIANCHENG WANG

We derive a basic reproduction number R0(p, q) and prove that it completely
determines the global dynamics of (1.1); if R0(p, q) ≤ 1, the disease-free equilibrium
(1, 0, 0, 0) is globally asymptotically stable and the disease always dies out, whereas if
R0(p, q) > 1, a unique endemic equilibrium P ∗ is globally asymptotically stable in the
interior of the feasible region so that the disease persists at the endemic equilibrium
level if it is initially present. When p = q = 0, vertical transmission is not present in
the model; R0(p, q) reduces to the basic reproduction number R0 for an SEIR model
with no vertical transmission [1]; this threshold parameter is also denoted by σ and
called the contact number in the literature [10, 19]. When p, q > 0, we give, in section
5, a detailed analysis of R0(p, q) and identify the relation between R0(p, q) and R0,
as well as the contribution from the vertical transmission.

A nontrivial part of the model analysis is to establish the global stability of the
unique endemic equilibrium P ∗. For earlier SIR and SIRS models, the global stability
is proved by reducing the model to a two-dimensional system and applying the classical
Poincaré–Bendixson theorem. Periodic orbits are ruled out using the Dulac criteria
or a condition of Busenberg and van den Driessche [4]. The addition of the exposed
class in an SEIR model introduces an additional equation to the SIR model, and hence
makes the global stability analysis highly nontrivial. Li and Muldowney [18] and Li
et al. [15] studied SEIR models with no vertical transmission. The models in [15, 18]
can be reduced to a three-dimensional competitive system. The global stability of a
unique P ∗ was proved using a Poincaré–Bendixson theorem for competitive systems
in R3 established in Hirsch [12] and Smith [24]. The nonexistence of periodic solutions
for these models was proved using a stability condition of Muldowney [21] for periodic
solutions in higher dimensions. Our system (1.1) does not appear to reduce to any
system that is known to possess a Poincaré–Bendixson property, so the method used
in [15] and [18] does not apply.

In our main result, Theorem 2.3, we prove that the endemic equilibrium P ∗ is
unique and globally stable whenever it exists. Our proof utilizes a general approach
to the global stability problem developed in Li and Muldowney [17] and Smith [25].
The key step in the proof of Theorem 2.3 is the construction of a suitable Lyapunov
function for the second compound (linear) system (3.2). The Lyapunov function used
in section 4 of [17] does not work for our model (1.1), and a different Lyapunov
function is constructed. We give a brief outline of the mathematical framework in
section 3. The proof of Theorem 2.3 is given in section 4. In section 5, we give a
detailed discussion of the basic reproduction number R0(p, q).

2. Statement of results. Using the relation R(t) = 1 − S(t) − E(t) − I(t) we
may reduce (1.1) to the following equivalent system:

S′ = b − λIS − pbE − qbI − bS,
E′ = λIS + pbE + qbI − (ε + b)E,
I ′ = εE − (γ + b)I

(2.1)

on the closed, positively invariant set

Γ = { (S,E, I) ∈ R3
+ : S + E + I ≤ 1 }.(2.2)

Denote the interior of Γ by
◦
Γ.

System (2.1) has two possible equilibria in Γ: the disease-free equilibrium P0 =

(1, 0, 0) and an endemic equilibrium P ∗ = (S∗, E∗, I∗) ∈ ◦
Γ with S∗ = 1/R0(p, q),
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where

R0(p, q) =
λε

(b + ε)(b + γ) − bp(b + γ) − bqε
.(2.3)

It is easy to verify that R0(p, q) > 0 for 0 ≤ p, q ≤ 1. Note that P ∗ exists in Γ and is
unique if and only if R0(p, q) > 1.

Theorem 2.1. (a) If R0(p, q) ≤ 1, then P0 is the only equilibrium and it is
globally stable in Γ. (b) If R0(p, q) > 1, then P0 is unstable and there exists a unique
endemic equilibrium P ∗. Furthermore, all solutions starting in Γ and sufficiently close
to P0 move away from P0 if R0(p, q) > 1.

Proof. Set

L = εE + (ε + b− pb)I.

Then

L′ = λεIS − [(b + γ)(b + ε− pb) − qbε] I

= (b + γ) [(b + ε− pb) − qbε] [R0(p, q)S − 1] I

≤ 0 if R0(p, q) ≤ 1.

Furthermore, L′ = 0 if and only if I = 0 or R0(p, q) = 1 and S = 1. Therefore
the largest compact invariant set in {(S,E, I) ∈ Γ : L′ = 0} is the singleton
{P0}. LaSalle’s invariance principle [14] then implies that P0 is globally stable in Γ.
This proves claim (a). Claim (b) follows from the fact that L′ > 0 if I > 0 and
S > 1/R0(p, q).

If R0(p, q) > 1, then the disease-free equilibrium is unstable by Theorem 2.1.
Moreover, the behavior of the local dynamics near P0 as described in Theorem 2.1
implies that system (2.1) is uniformly persistent in Γ; namely, there exists constant
c > 0 such that

lim inf
t→∞ S(t) > c, lim inf

t→∞ E(t) > c, lim inf
t→∞ I(t) > c,

and lim inf
t→∞ [ 1 − S(t) − E(t) − I(t) ] > c,

(2.4)

provided (S(0), E(0), I(0)) ∈ Γ [5, 8, 26]. Here, c is independent of initial data in Γ.
This can be proved by applying a uniform persistence result in [8] and using a similar
argument as in the proof of Proposition 3.3 of [15].

Proposition 2.2. If R0(p, q) > 1, the system (2.1) is uniformly persistent.
The uniform persistence of (2.1) in the bounded set Γ is equivalent to the existence

of a compact K ⊂ ◦
Γ that is absorbing for (2.1), namely, each compact set K0 ⊂ ◦

Γ
satisfies x(t,K0) ⊂ K for sufficiently large t, where x(t, x0) denotes the solution of
(2.1) such that x(0, x0) = x0 [5, 26]. We state our main result in the following theorem.
Its proof will be given in section 4.

Theorem 2.3. Assume that R0(p, q) > 1. Then the unique endemic equilibrium

P ∗ is globally stable in
◦
Γ .

Theorems 2.1 and 2.3 completely determine the global dynamics of system (2.1)
and hence of our original model (1.1). They establish R0(p, q) as a sharp threshold
parameter. If R0(p, q) ≤ 1 the disease dies out, whereas when R0(p, q) > 1 the
disease persists at an endemic equilibrium level if it initially exists. The parameter
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R0(p, q) can be interpreted as the basic reproduction number since, at the endemic
equilibrium, R0(p, q)S

∗ = 1 [1, p. 17]. If p = q = 0, then R0(0, 0) gives the basic
reproduction number R0 [1] or the contact number σ [10, 19] for the SEIR or SEIRS
models with only horizontal transmission; see [9] for a recent survey on these models.
In the limiting case when ε → ∞, R0(p, q) gives a threshold parameter R0 in [3, p. 63]
for an SIR model.

Theorem 2.3 contains a global stability result in [18] for the bilinear incidence,
where no vertical transmission is assumed (p = q = 0). The proof in [18] utilizes the
property that the model in [18] can be reduced to a three-dimensional competitive
system and thus satisfies a Poincaré–Bendixson theorem [12] and [24]. System (2.1)
does not appear to reduce to such a system when p, q > 0. Since our model contains
SIR models as special cases (ε → ∞), Theorem 2.3 generalizes some earlier results
on SIR models with vertical transmission and a constant population; see [3] and the
references therein.

3. A geometric approach to global-stability problems. In this section we
briefly outline a general mathematical framework for proving global stability, which
will be used in section 4 to prove Theorem 2.3. The framework is developed in the
papers of Smith [25] and Li and Muldowney [16, 17]. The presentation here follows
that in [17].

Let x �→ f(x) ∈ Rn be a C1 function for x in an open set D ⊂ Rn. Consider the
differential equation

x′ = f(x).(3.1)

Denote by x(t, x0) the solution to (3.1) such that x(0, x0) = x0. We make the following
two assumptions:

(H1) There exists a compact absorbing set K ⊂ D.
(H2) Equation (3.1) has a unique equilibrium x in D.
The equilibrium x is said to be globally stable in D if it is locally stable and all

trajectories in D converge to x. The following global-stability problem is formulated
in [17].

Global-stability problem. Under the assumptions (H1) and (H2), find conditions
on the vector field f such that the local stability of x implies its global stability in D.

The assumptions (H1) and (H2) are satisfied if x is globally stable in D. For n ≥ 2,
a Bendixson criterion is a condition satisfied by f which precludes the existence of
nonconstant periodic solutions of (3.1). A Bendixson criterion is said to be robust
under C1 local perturbations of f at x1 ∈ D if, for sufficiently small ε > 0 and
neighborhood U of x1, it is also satisfied by g ∈ C1(D → Rn) such that the support
(f − g) ⊂ U and |f − g|C1 < ε, where

|f − g|C1 = sup

{
|f(x) − g(x)| +

∣∣∣∣∂f∂x (x) − ∂g

∂x
(x)

∣∣∣∣ : x ∈ D

}
.

Such g will be called local ε-perturbations of f at x1. It is easy to see that the classical
Bendixson’s condition f(x) < 0 for n = 2 is robust under C1 local perturbations of
f at each x1 ∈ R2. Bendixson criterion for higher dimensional systems that are C1

robust are discussed in [16, 17, 25].
A point x0 ∈ D is wandering for (3.1) if there exists a neighborhood U of x0 and

T > 0 such that U ∩ x(t, U) is empty for all t > T. Thus, for example, all equilibria
and limit points are nonwandering. The following is a version of the local C1 closing
lemma of Pugh [22, 23] as stated in [13].
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Lemma 3.1. Let f ∈ C1(D → Rn). Suppose that x0 is a nonwandering point of
(3.1) and that f(x0) 	= 0. Also assume that the positive semiorbit of x0 has compact
closure. Then, for each neighborhood U of x0 and ε > 0, there exists a C1 local
ε-perturbation g of f at x0 such that

(1) supp(f − g) ⊂ U , and

(2) the perturbed system x′ = g(x) has a nonconstant periodic solution whose
trajectory passes through x0.

The following general global-stability principle is established in [17].

Theorem 3.2. Suppose that assumptions (H1) and (H2) hold. Assume that (3.1)
satisfies a Bendixson criterion that is robust under C1 local perturbations of f at all
nonequilibrium nonwandering points for (3.1). Then x is globally stable in D provided
it is stable.

The main idea of the proof in [17] for Theorem 3.2 is as follows: Suppose that
system (3.1) satisfies a Bendixson criterion. Then it does not have any nonconstant
periodic solutions. Moreover, the robustness assumption on the Bendixson criterion
implies that all nearby differential equations have no nonconstant periodic solutions.
Thus by Lemma 3.1, all nonwandering points of (3.1) in D must be equilibria. In
particular, each omega limit point in D must be an equilibrium. Therefore ω(x0) =
{x} for all x0 ∈ D since x is the only equilibrium in D.

A method of deriving a Bendixson criterion in Rn is developed in [16]. The idea
is to show that the second compound equation

z′(t) =
∂f

∂x

[2]

(x(t, x0)) z(t),(3.2)

with respect to a solution x(t, x0) ⊂ D to (3.1), is uniformly asymptotically stable,
and the exponential decay rate of all solutions to (3.2) is uniform for x0 in each

compact subset of D. Here ∂f
∂x

[2]

is the second additive compound matrix of the

Jacobian matrix ∂f
∂x ; see the appendix. It is an (n2 ) × (n2 ) matrix, and thus (3.2) is

a linear system of dimension (n2 ). If D is simply connected, the above-mentioned
stability property of (3.2) implies the exponential decay of the surface area of any
compact two-dimensional surface in D, which in turn precludes the existence of any
invariant simple closed rectifiable curve in D, including periodic orbits. The required
uniform asymptotic stability of the linear system (3.2) can be proved by constructing
a suitable Lyapunov function.

Let x �→ P (x) be an (n2 ) × (n2 ) matrix-valued function that is C1 for x ∈ D.
Assume that P−1(x) exists and is continuous for x ∈ K, the compact absorbing set.
Set

B = PfP
−1 + P

∂f

∂x

[2]

P−1,(3.3)

where the matrix Pf is obtained by replacing each entry pij of P by its derivative in
the direction of f, pijf . Let |z| be a suitable vector norm for z ∈ RN , N = (n2 ), and
let µ(B) be the Lozinskĭı measure of B with respect to the induced matrix norm | · |
in RN , defined by

µ(B) = lim
h→0+

|I + hB| − 1

h
;
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see [6, p. 50]. Define a quantity q2 as

q2 = lim sup
t→∞

sup
x0∈K

1

t

∫ t

0

µ(B(x(s, x0))) ds.(3.4)

It is shown in [17] that if D is simply connected and q2 < 0, the function |P (x)z|
is a Lyapunov function for (3.2), and hence (3.1) has no orbit that gives rise to an
invariant simple closed rectifiable curve, such as periodic orbits, homoclinic orbits,
and heteroclinic cycles. Hence q2 < 0 is a Bendixson criterion for (3.1) in D. More-
over, it is robust under C1 local perturbations of f near any nonequilibrium point
that is nonwandering. In particular, the following global-stability result is proved in
Theorem 3.5 of [17].

Theorem 3.3. Assume that D is simply connected and that the assumptions
(H1), (H2) hold. Then the unique equilibrium x of (3.1) is globally stable in D if
q2 < 0.

We remark that, under the assumptions of Theorem 3.3, the condition q2 < 0
also implies the local stability of x, since, assuming the contrary, x is both the alpha
and the omega limit point of a homoclinic orbit that is ruled out by the condition
q2 < 0.

4. Proof of Theorem 2.3. We now apply the theory outlined in the preceding
section, in particular Theorem 3.3, to prove Theorem 2.3. From the discussion in
section 2, we know that system (2.1) satisfies the assumptions (H1), (H2). Let x =
(S,E, I) and f(x) denote the vector field of (2.1). The Jacobian matrix J = ∂f

∂x
associated with a general solution x(t) of (2.1) is

J =


−λI − b −pb −λS − qb

λI pb− b− ε λS + qb
0 ε −b− γ


 ,

and its second additive compound matrix J [2] is, from the appendix,

J [2] =


−λI − ε− 2b + pb λS + qb λS + qb

ε −λI − γ − 2b −pb
0 λI −ε− γ − 2b + pb


 .(4.1)

Set the function P (x) = P (S,E, I) as

P (S,E, I) =



a1 0 0

0 (1 − a2)
E

I
0

0 a2
E

I

E

I


 ,(4.2)

where

a2 =




0 if ε ≥ pb,

1 − ε

pb
if ε < pb,

(4.3)
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and 1 < a1 < 1 + λc2/(λ + b). Here c is the uniform persistence constant in (2.4).
Then

PfP
−1 =




0 0 0

0
E′

E
− I ′

I
0

0 0
E′

E
− I ′

I




and the matrix B = PfP
−1 + PJ [2]P−1 in (3.3) can be written in block form:

B =

[
B11 B12

B21 B22

]
,

where B11 = −λI − ε− 2b + pb,

B12 = a1

[
(λS + qb)

I

E
, (λS + qb)

I

E

]
, B21 =

1

a1




(1 − a2)
εE

I

a2
εE

I
,


 ,

B22 =



E′

E
− I ′

I
− λI − γ − 2b + a2pb −(1 − a2)pb

λI +
a2 [ε− (1 − a2)pb]

1 − a2

E′

E
− I ′

I
− ε− γ − 2b + (1 − a2)pb




=



E′

E
− I ′

I
− λI − γ − 2b + a2pb −(1 − a2)pb

λI
E′

E
− I ′

I
− ε− γ − 2b + (1 − a2)pb


 ,

since a2[ε−(1−a2)pb] = 0 by (4.3). Let z = (u, v, w) denote the vectors in R3 ∼= R(3
2);

we select a norm in R3 as

|(u, v, w)| = max {|u|, |v| + |w|}
and let µ denote the Lozinskĭı measure with respect to this norm. As described in
[20], we have the estimate

µ(B) ≤ sup {g1, g2},(4.4)

where

g1 = µ1(B11) + |B12|,
g2 = |B21| + µ1(B22),

|B12|, |B21| are matrix norms with respect to the l1 vector norm, and µ1 denotes the
Lozinskĭı measure with respect to the l1 norm; also see [6, 16, 17]. More specifically,
µ1(B11) = −λI − ε− 2b+ pb, |B12| = a1(λS + qb)I/E, |B21| = εE/(a1I). To calculate
µ1(B22), add the absolute value of the off-diagonal elements to the diagonal one in
each column of B22 and then take the maximum of two sums; see [6, p. 50]. We thus
obtain

µ1(B22) =
E′

E
− I ′

I
− γ − 2b + max { a2pb, (1 − a2)pb− ε + (1 − a2)pb}

≤ E′

E
− I ′

I
− γ − 2b + pb,
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since 0 ≤ a2 < 1 and (1 − a2)pb− ε ≤ 0 from (4.3). Therefore

g1 = −λI − ε− 2b + pb + a1(λS + qb)
I

E
,(4.5)

g2 ≤ E′

E
− I ′

I
− γ − 2b + pb +

1

a1

εE

I
.(4.6)

Rewriting (2.1), we have

E′

E
+ b + ε− pb = (λS + qb)

I

E
,(4.7)

I ′

I
+ b + γ =

εE

I
.(4.8)

The uniform persistence constant c in (2.4) can be adjusted so that there exists T > 0
independent of x(0) ∈ K, the compact absorbing set, such that

I(t) ≥ c and E(t) ≥ c for t > T.(4.9)

Substituting (4.7) into (4.5) and (4.8) into (4.6) and using (4.9) and our choice of a1,
we obtain, for t > T,

g1 = −λI − b +
E′

E
+ (a1 − 1)(λS + qb)

I

E

≤ E′

E
− λc− b + (a1 − 1)

λ + b

c
≤ E′

E
− b

(4.10)

and

g2 ≤ E′

E
− b + pb +

(
1

a1
− 1

)
εE

I

≤ E′

E
− b + pb +

(1 − a1)εc

a1
≤ E′

E
− (a1 − 1)εc

a1
,

(4.11)

since 0 ≤ p ≤ 1. Therefore µ(B) ≤ E′/E − b for t > T by (4.4), (4.10), and (4.11),
where b = min{b, (a1 − 1)εc/a1} > 0. Along each solution x(t, x0) to (2.1) such that
x0 ∈ K and for t > T, we thus have

1

t

∫ t

0

µ(B) ds ≤ 1

t

∫ T

0

µ(B) ds +
1

t
log

E(t)

E(T )
− b

t− T

t
,

which implies q2 ≤ −b/2 < 0 from (3.4), proving Theorem 2.3.
Remark. In [17], as an example, the same approach as in the preceding proof was

used to prove the global stability of a unique endemic equilibrium of an SEIRS model
without vertical transmission. Our choice of the matrix function P (x), and hence the
Lyapunov function for the second compound system (4.2), differs from that in [17] in
an essential way; when p = q = 0, our P (x) does not reduce to the one in [17], and
the construction in [17] does not extend trivially to our model.
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5. The basic reproductive number. To get a better understanding of the
basic reproduction number R0(p, q) in (2.3), we rewrite it using Taylor expansion as

R0(p, q) = R0 (1 + R + R2 + · · · ),(5.1)

where

R0 =
λε

(b + γ)(b + ε)
(5.2)

and

R = Rp + Rq =
pb

(b + ε)
+

qbε

(b + ε)(b + γ)
.

The R0 in (5.2) is the basic reproduction number for the horizontal transmission; it
represents the number of secondary infections contributed through horizontal infec-
tion by a single infectious host during the infective period in an entirely susceptible
population [1]. Rewrite R0 Rp as

R0 ·Rp = λ · 1

b + γ
· bp

b + ε
· ε

b + ε
.

This expression can be deciphered as follows. Over the mean infectious period 1
b+γ ,

a single infective produces λ · 1
b+γ latent hosts through direct contact. Each of these

new latent hosts gives bp
b+ε latent offspring during the mean latent period, a fraction

ε
b+ε of which survives latency and becomes infectious. Similarly, rewrite R0Rq as

R0 ·Rq = λ · 1

b + γ
· ε

(b + ε)
· bq

b + γ
· ε

(b + ε)
,

which can be interpreted as follows. Over the mean infectious period, a single in-
fective produces λ 1

b+γ latent hosts through direct contact, a fraction ε
b+ε of which

survives latency and becomes infectious. Each of these new infectious hosts gives bq
b+γ

latent offspring during the mean infectious period, a fraction ε
b+ε of which survives

latency and becomes infectious. Therefore, R0 R = R0 (Rp + Rq) represents the to-
tal contribution to the infective class made by the first generation offspring of our
original infective. Similarly, R0 R

2 and the higher order terms in (5.1) represent the
contribution through vertical transmission in the second generation and so on. If
p = q = 0, no secondary infections come from vertical transmission, R0(p, q) simply
gives the standard basic reproduction number R0 for the horizontal transmission.

6. Summary. In this paper, we have studied an SEIR model for the dynamics
of an infectious disease. The infection can be through a direct horizontal transmission
and a vertical transmission where a fraction p of the newborns from the exposed class
and a fraction q of the newborns from the infectious class are assumed to be infected
at birth. In comparison to some SIR models that incorporate vertical transmission,
we assume that the disease possesses a nonnegligible latent period and infected indi-
viduals will stay in the latent period before they become infectious. The natural birth
and death rates are assumed to be equal and disease-related death is negligible so that
the total population is a constant. The incidence term is of the bilinear mass-action
form and the immunity is assumed to be permanent.
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A threshold parameter R0(p, q) is identified which completely determines the
global dynamics of our model. If R0(p, q) ≤ 1, the disease-free equilibrium is globally
stable in the feasible region and the disease always dies out, whereas if R0(p, q) > 1,
a unique endemic equilibrium is globally stable in the interior of the feasible region,
and the disease persists at a constant endemic level if it initially presents. Our result
generalizes a global stability result in [18] in the case of no vertical transmission and
some earlier global stability results on SIR models with vertical transmission. Our
proof of the global stability of the endemic equilibrium when R0(p, q) > 1 utilizes a
general approach established in [17], and relies on the construction of a new Lyapunov
function for the second compound (linear) system (3.2).

Appendix. The second additive compound matrix. Let A be a linear
operator on Rn and also denote its matrix representation with respect to the standard
basis of Rn. Let ∧2Rn denote the exterior product of Rn. A induces canonically a
linear operator A[2] on ∧2Rn : for u1, u2 ∈ Rn, define

A[2](u1 ∧ u2) := A(u1) ∧ u2 + u1 ∧A(u2)

and extend the definition over ∧2Rn by linearity. The matrix representation of A[2]

with respect to the canonical basis in ∧2Rn is called the second additive compound
matrix of A. This is an

(
n
2

) × (
n
2

)
matrix and satisfies the property (A + B)[2] =

A[2] + B[2]. In the special case when n = 2, we have A
[2]
2×2 = trA. In general, each

entry of A[2] is a linear expression of those of A. For instance, when n = 3, the second
additive compound matrix of A = (aij) is

A[2] =



a11 + a22 a23 −a13

a32 a11 + a33 a12

−a31 a21 a22 + a33


 .

For detailed discussions of compound matrices and their properties we refer the reader
to [7, 21]. A comprehensive survey on compound matrices and their relations to
differential equations is given in [21].

REFERENCES

[1] R. M. Anderson and R. M. May, Infectious Diseases of Humans, Dynamics and Control,
Oxford University Press, Oxford, 1992.

[2] K. Bellenir and P. Dresser, Contagious and Non-Contagious Infectious Diseases Source-
book, Health Science Series 8, Omnigraphics Inc., Detroit, 1996.

[3] S. Busenberg and K. Cooke, Vertically Transmitted Diseases. Models and Dynamics,
Biomathematics 23, Springer-Verlag, Berlin, 1993.

[4] S. N. Busenberg and P. van den Driessche, A method for proving the non-existence of limit
cycles, J. Math. Anal. Appl., 172 (1993), pp. 463–479.

[5] G. J. Butler and P. Waltman, Persistence in dynamical systems, Proc. Amer. Math. Soc.,
96 (1986), pp. 425–430.

[6] W. A. Coppel, Stability and Asymptotic Behavior of Differential Equations, Heath, Boston,
1965.

[7] M. Fiedler, Additive compound matrices and inequality for eigenvalues of stochastic matrices,
Czechoslovak Math. J., 99 (1974), pp. 392–402.

[8] H. I. Freedman, M. X. Tang, and S. G. Ruan, Uniform persistence and flows near a closed
positively invariant set, J. Dynam. Differential Equations, 6 (1994), pp. 583–600.

[9] D. Greenhalgh, Hopf bifurcation in epidemic models with a latent period and nonpermanent
immunity, Math. Comput. Modelling, 25 (1997), pp. 85–107.

[10] H. W. Hethcote and S. A. Levin, Periodicity in epidemiological models, in Applied Mathe-
matical Ecology, L. Gross and S. A. Levin, eds., Springer, New York, 1989, pp. 193–211.



AN SEIR MODEL WITH VERTICAL TRANSMISSION 69

[11] H. W. Hethcote, H. W. Stech, and P. Van den Driessche, Periodicity and stability in epi-
demic models: A survey, in Differential Equations and Applications in Ecology, Epidemics,
and Population Problems, K. L. Cook, ed., Academic Press, New York, 1981, pp. 65–85.

[12] M. W. Hirsch, Systems of differential equations that are competitive or cooperative. IV: Struc-
tural stability in three-dimensional systems, SIAM J. Math. Anal., 21 (1990), pp. 1225–
1234.

[13] M. W. Hirsch, Systems of differential equations that are competitive or cooperative. VI: A
local Cr closing lemma for 3-dimensional systems, Ergodic Theory Dynam. Systems, 11
(1991), pp. 443–454.

[14] J. P. LaSalle, The Stability of Dynamical Systems, CBMS-NSF Regional Conf. Ser. in Appl.
Math. 25, SIAM, Philadelphia, 1976.

[15] M. Y. Li, J. R. Graef, L. C. Wang, and J. Karsai, Global dynamics of an SEIR model with
a varying total population size, Math. Biosci., 160 (1999), pp. 191-213.

[16] M. Y. Li and J. S. Muldowney, On Bendixson’s criterion, J. Differential Equations, 106
(1994), pp. 27–39.

[17] M. Y. Li and J. S. Muldowney, A geometric approach to global-stability problems, SIAM J.
Math. Anal., 27 (1996), pp. 1070–1083.

[18] M. Y. Li and J. S. Muldowney, Global stability for the SEIR model in epidemiology, Math.
Biosci., 125 (1995), pp. 155-164.

[19] W.-M. Liu, H. W. Hethcote and S. A. Levin, Dynamical behavior of epidemiological models
with nonlinear incidence rate, J. Math. Biol., 25 (1987), pp. 359–380.

[20] R. H. Martin, Jr., Logarithmic norms and projections applied to linear differential systems,
J. Math. Anal. Appl., 45 (1974), pp. 432–454.

[21] J. S. Muldowney, Compound matrices and ordinary differential equations, Rocky Mountain
J. Math., 20 (1990), pp. 857–872.

[22] C. C. Pugh, The closing lemma, Amer. J. Math., 89 (1967), pp. 956–1009.
[23] C. C. Pugh and C. Robinson, The C1 closing lemma including Hamiltonians, Ergodic Theory

Dynam. Systems, 3 (1983), pp. 261–313.
[24] H. L. Smith, Periodic orbits of competitive and cooperative systems, J. Differential Equations,

65 (1986), pp. 361–373.
[25] R. A. Smith, Some applications of Hausdorff dimension inequalities for ordinary differential

equations, Proc. Roy. Soc. Edinburgh Sect. A, 104 (1986), pp. 235–259.
[26] P. Waltman, A brief survey of persistence in dynamical systems, in Delay Differential Equa-

tions and Dynamical Systems, S. Busenberg and M. Martelli, eds., Springer-Verlag, New
York, 1991, pp. 31–40.


