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POINCARE~SSTABILITY CONDITION 

FOR QUASI-PERIODIC ORBITS 


MICHAEL Y. LI AND JAMES S. MULDOWNEY 

ABSTRACT. A criterion for the orbital asymptotic stabil- 
ity of a quasi-periodic solution to autonomous systems in any 
finite dimension is derived. A principal tool used is the theory 
of compound matrices and compound linear differential sys- 
tems. Results generalize a stability criterion of Poincark for 
periodic solutions of planar autonomous systems. 

1. Introduction. Let function x ++ f (x)  E Rn be defined and C1 
in an open subset D cRn. A solution p(t)  to the autonomous system 

x' = f (x) 

is said to be quasi-periodic with m basic frequencies if there exists a 
function u H +(u) E Rn which is Lipschitz continuous for u E Rm 
and periodic of period 1 in each of its arguments, and m real numbers 
w l , . . . ,w, linearly independent over the rationals, such that 

Any such choice of w l , . . . , w, will be called a set of basic frequencies 
for p(t). 

Quasi-periodic functions belong to a larger class of uniformly almost 
periodic functions which can be characterized as functions that have a 
Fourier series. An equivalent definition of quasi-periodicity is to require 
that the frequency module for its Fourier series have a finite integral 
base, cf. [I,71.A quasi-periodic function with a single basic frequency 
w is periodic with period l l w .  A simple example of quasi-periodic 
function that is not periodic is sint + sin f i t ,  which has two basic 
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frequencies 1/27r and I/&. It is well known that, see [I, 71, if cp(t) 
is as given in (1.2), then its orbit closure is the same as 

which is a nondegenerate topological m-torus in Rn. For this reason, 
quasi-periodic orbits are also called invariant tori. 

As is the case for periodic orbits, study of stability is central to 
tlie investigation of many important properties of quasi-periodic orbits 
such as persistence under small perturbations of the vector field and 
bifurcations with respect to changes of certain parameters. For periodic 
orbits, stability is described in terms of the Floquet multipliers, see [7, 
81. In the case of quasi-periodic orbits, however, a general Floquet 
theory no longer exists. The stability is described using exponential 
rates in various solution subspaces of the linearized equation in terms 
of Lyapunov numbers, see [6, 9, 171, or using exponential dichotomies, 
see [2, 15, 181. In both cases, verification of stability conditions for 
the concrete system is of great importance and still a great challenge, 
see [17]. 

When the space dimension n = 2, the following well-known stability 
criterion for periodic orbits is due to PoincarC, cf. [B] .  

PoincarB's stability criterion. A periodic solution x = p ( t )  to 
(1.1) with period w is orbitally stable with asymptotic phase i f  

A generalization of PoincarB's criterion to periodic orbits in a space 
of any finite dimension is given in [14], which is subsequently applied 
to resolve a global stability problem in an epidemic model [12]. In 
the present paper we give in Theorem 4.1 a stability condition in the 
spirit of PoincarB7s criterion for quasi-periodic orbits in Rn for n 2 3. 
The proof uses certain dichotomy properties for the hull of the linear 
variational equation with respect to a quasi-periodic orbit. The key 
tool in our study, as in [14], is the theory of compound matrices and 
compound linear differential systems, which we will briefly describe in 
the next section. Our main results are given in Section 4, after we 






























