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Abstract The dynamics of a general in-host model with intracellular delay is studied.
The model can describe in vivo infections of HIV-I, HCV, and HBV. It can also be consid-
ered as a model for HTLV-I infection. We derive the basic reproduction number Ry, for the
viral infection, and establish that the global dynamics are completely determined by the
values of Ry. If Ry < 1, the infection-free equilibrium is globally asymptotically stable,
and the virus are cleared. If Ry > 1, then the infection persists and the chronic-infection
equilibrium is locally asymptotically stable. Furthermore, using the method of Lyapunov
functional, we prove that the chronic-infection equilibrium is globally asymptotically sta-
ble when Ry > 1. Our results shows that for intercellular delays to generate sustained
oscillations in in-host models it is necessary have a logistic mitosis term in target-cell
compartments.
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1. Introduction

Much interest has been devoted to mathematical modeling of in vivo dynamics of vi-
ral infections. These in-host models are formulated to explore possible mechanisms and
dynamical behaviors of the viral infection process (Perelson et al., 1993; Perelson and
Nelson, 1999). They can be used to estimate key parameter values for the viral infection
such as virion clearance rate, infected cell life-span, and viral generation time (Perelson
et al., 1996), and to guide development of efficient anti-viral drug therapies (Bonhoeffer
et al., 1997).

A basic in-host compartmental model of viral dynamics contains three compartments:
the population of uninfected target cells, x(¢), infected target cells that produce virus,
y(t), and free virus particles, v(¢). Uninfected target cells are assumed to be produced at
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a constant rate A and die at rate dx(¢). Infection of target cells by free virus is assumed
to occur at rate Bx(¢)v(¢). Infected cells die at rate ay(¢). New virus are produced from
infected cells at rate ky(¢) and die at rate uv(¢). The average life-time of uninfected cells,
infected cells, and free virus is thus given by 1/d, 1/a, and 1/u, respectively. The average
number of virus particles produced over the lifetime of a single infected cell (the burst
size) is given by k/a.

The preceding assumptions lead to the following system of differential equations

xX'(1) =1 —dx(1) — Bx()v (o),
y'(1) = Bx (v (t) —ay(t), 1)
V() =ky(t) —uv().

System (1) has been derived to model in vivo dynamics of HIV-1, HBV, and other
virus (Perelson et al., 1993, 1996; Bonhoeffer et al., 1997; Perelson and Nelson, 1999;
Nowak and May, 2000; Tuckwell and Wan, 2004; Nowak et al., 1996). It can also
be considered as a model for the HTLV-I infection if x(¢), y(¢), and v(¢) are re-
garded as healthy, latently infected, and actively infected CD4% T cell pools (Nowak
and Bangham, 1996; Wang et al., 2002). It has been shown (e.g. in Nowak et al.,
1996), the basic reproductive number of the virus for system (1) is given as Ry = %,
which describes the average number of newly infected cells generated from one in-
fected cell at the beginning of the infection process. An illustration of Ry is given in
Fig. 2. If Ry < 1, the infection-free equilibrium E, = (%, 0,0) is locally asymptoti-
cally stable and the virus will be cleared; if Ry > 1, then a unique chronic-infection
equilibrium E; = (x, y,v),x,y,v > 0, exists and is locally asymptotically stable. The
virus establish themselves among the target cells and infection becomes chronic. In
Smith and De Leenheer (2003), Korobeinikov (2004), Wang and Li (2006), global dy-
namics of system (1) are established: the system is infection free if Ry < 1, and if
Ry > 1, then the chronic-infection equilibrium is globally asymptotically stable. Di-
visions of activated target cells have been incorporated into the basic model (1) in
such a way that the target cells satisfy the following set of equations (Perelson et
al., 1993; Perelson and Nelson, 1999; Smith and De Leenheer, 2003; Wang and Li,
2006)

IEIORSI0

x'(t) :A+r1x(t)|: X

] —dx(1) = Bx(®)v(?),

V(0 = Bx()o(r) — rzy(t)[l - W] —ay().

It has been shown (e.g. in Wang and Li, 2006) that addition of cell divisions, as modeled
by logistic terms, can destabilize the chronic-infection equilibrium and lead to sustained
oscillations.

In the basic model (1), no distinction is made between target cells infected by the
virus and virus producing target cells; they are both labeled y(¢). To account for the
time between viral entry into a target cell and the production of new virus particles,

typically lasts for around 1 day for the HIV-I infection (Dixit et al., 2004), mod-
els that include time delays have been developed and investigated (Herz et al., 1996;
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Mittler et al., 1998; Nelson et al., 2000; Culshaw and Ruan, 2000; Nelson and Perel-
son, 2002; Dixit et al., 2004; Wang et al., 2009). One distinct feature of delay differ-
ential equation models is that delays typically destabilize an otherwise stable equilib-
rium and cause sustained oscillation through Hopf bifurcations. In recent studies of in-
host viral model with intracellular delay and cell divisions (Culshaw and Ruan, 2000;
Wang et al., 2009), it is shown that sustained oscillation can occur for realistic parame-
ter values. The paper Wang et al. (2009) also contains a updated review of literature of
in-host viral modeling. Regarding periodic oscillations in in-host models, it is known that
such oscillations can occur in ODE models with cell divisions, and they can also occur
in delayed models with cell divisions. It is not known, however, if periodic oscillations
can be caused by intracellular delays without cell divisions. This motivates our study in
the present paper. By rigorously establishing the global dynamics of a general viral model
with intracellular delay and without cell divisions, we show that no sustained oscillations
are possible in the model.

To incorporate the intracellular phase of the virus life-cycle, we assume that virus
production occurs after the virus entry by a constant delay 7. The recruitment of virus-
producing cells at time ¢ is given by the number of cells that were newly infected at time
t — 7 and are still alive at time ¢. If we assume a constant death rate s for infected but
not yet virus-producing cells, the probability of surviving the time period from ¢ — 7 to ¢
is e7*7. A transfer diagram for the transmission of viral infection is shown in Fig. 1. We
thus arrive at the following model:

x'(t) =1 —dx(t) — Bx()v(t),
Y'(t)=Bx(t —D)v(t — 1) —ay(t), (2)
V() =ky(t) —uv(z).

Division of target cells is not included in model (2) since we are interested in the ef-
fects of intracellular delays alone. The delay is incorporated in the same way as in Herz
et al. (1996), Wang et al. (2009). Possible cell death during the delay phase is consider
in model (2) while it was not assumed in Wang et al. (2009). Delays with general ex-
ponential distribution were considered in Nelson and Perelson (2002). In contrast, de-
lays in model (2) satisfy a delta-type distribution. Many previous in-host models con-
sidered the effects of anti-viral drug therapies such as HAART (Bonhoeffer et al., 1997;
Nelson et al., 2000; Nelson and Perelson, 2002; Wang et al., 2009). We note that model (2)

k
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Fig. 1 Transfer diagram for model (2).
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is mathematically equivalent to these models by allowing the transmission coefficient
to include a reduction due to the effect of reverse transcriptase inhibitors, and allow virus
production coefficient k£ to include a reduction caused by protease inhibitors (c.f. Wang
et al., 2009). Our results on the global dynamics of model (2) can readily apply to these
models with anti-viral therapies. In all previous studies of delayed viral models, only lo-
cal stabilities were investigated for the chronic-infection equilibrium. However, to rule
out the existence of periodic solutions, it is necessary to establish the global stability of
the chronic-infection equilibrium.

In the present paper, our primary goal is to carry out complete mathematical analysis
of system (2) and establish its global dynamics. First of all, we derive the basic reproduc-
tive number Ry as given in (3). We show that Ry is a decreasing function of the delay t.
This implies that ignoring the intracellular delay will overestimate the basic reproduc-
tion number. We show that the basic reproductive number R, completely determines the
global dynamics of model (2). More specifically, if Ry < 1, the infection-free equilibrium
E, is globally asymptotically stable, and the virus will be cleared; if Ry > 1, a unique
chronic-infection equilibrium E; is locally asymptotically stable and all positive solu-
tions converge to E;. Our global-stability result for the chronic-infection equilibrium is
the first in the literature for in-host models with intracellular delays. The proof utilizes
a global Lyapunov functional that is motivated by the work in McCluskey (2009, 2010).
The global stability of E, rules out any possibility for Hopf bifurcations and existence of
sustained oscillations.

Our paper is organized as follows. In the next section, the basic reproduction num-
ber Ry is derived and the existence of equilibria in the feasible region is discussed. In
Section 3, the global dynamics when Ry < 1 are established. In Section 4, we prove our
main result, global stability of the chronic-infection equilibrium when Ry > 1. Biological
implications of our results are discussed in Section 5.

2. Equilibria and basic reproductive number

In system (2), without infection (y = 0, v = 0), uninfected target cells stabilizes at the
equilibrium x¢ = 3 The basic reproductive number Ry for in-host models (Perelson et al.,
1993; Nowak and May, 2000) measures the average number virus-producing target cells
produced by an single virus-producing target cell during its entire infectious period in an
entirely uninfected target-cell population. As illustrated in Fig. 2, the basic reproductive
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Fig. 2 An illustration of the basic reproduction ratio in model (2).
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number Ry for system (2) is given by

Ro=— —— . 3)

In (3), each virus-producing target cell produces f virus particles over its entire infec-

tious period al, and each virus infects g target cells over the life span 5, and of the newly
infected target cells, a fraction of e™** survives the delay period t to become virus pro-
ducing. When no intracellular delay is considered (z = 0), our R, reduces to the basic
reproduction number for model (1). If the cell death during the delay is ignored (s = 0),
our R, agrees with the basic reproduction number in Culshaw and Ruan (2000), Wang et
al. (2009) when no cell division is present. We see that, if s > 0, Ry is a decreasing func-
tion of the delay 7. An implication of this is that, if cells die during the delay period, an
intracellular delay decreases Ry, and thus ignoring the intracellular delay in a viral model
will overestimate Ry.
The equilibrium equations are

Bive " —ay =0, “4)

If Ry <1, an infection-free equilibrium Ey = (x¢, 0, 0) is the only equilibrium, corre-
sponding to the extinction of free virus. If Ry > 1, in addition to the infection-free equi-
librium, there is a unique positive (chronic-infection) equilibrium E; = (x, y, v), where

s 5o, 5=%Re-1 5)
T y_ﬁk 0 ) B 0 .

To study the stability of equilibria and investigate the dynamics of system (2) when t > 0,
we need to consider a suitable phase space and a feasible region. For T > 0, we denote by
C =C([—r, 0], R) the Banach space of continuous functions mapping the interval [—t, 0]
into R, with norm ||@|| = sup_, .y [¢(6)| for ¢ € C. The nonnegative cone of C is defined
as CT = C([—, 0], R,). The initial conditions for system (2) are chosen at t =0 as ¢ €
CT x Ry x C* and ¢(0) > 0. We present the preliminary results for system (2) in the
following.

Proposition 2.1. Under the above initial conditions, all solutions of system (2) are posi-
tive and ultimately bounded in C x R x C.

Proof: First, we prove that x(¢) is positive for all # > 0. Assuming the contrary, and
letting #; > O be the first time such that x (#,) = 0, then by the first equation of system (2)
we have x’(t;) = A > 0, and hence x(t) < 0 for 7 € (t; — €, t;), where € > 0 is sufficiently
small. This contradicts x(¢) > 0 for z € [0, #;). It follows that x (¢) > 0 for ¢ > 0. Similarly,
we can show the solutions y(t), v(¢) of system (2) are positive for # > 0 under positive
initial conditions. In fact, assuming the contrary, and letting #, > O be the first time such
that v(;) = 0, then by the third equation of system (2) we have v'(f,) = ky(t,). Solving
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y(t) in the second equation of (2), we have

y(t) = (y(O) + / ’ Bx( — T)v(d — z)e—Sfe“9d9>e-“f2 > 0.
0

It follows that v'(z,) > 0, and hence v(t) is positive, and

Y= (y(O) +/ Bx (@ —1)v( — r)e_”eagd9>e_“[ > 0.
0

From the first equation of (2), we obtain x'(f) < A — dx(t), and thus
limsup,_,  x(t) < %1 Adding the first two equations of (2), we get
(x(O) +y(t +1)) =2 —dx(t) —ay(t + 1)+ Bx(Ov(t) (e " — 1)
SA—R(x@) 4y +1)),

where [l = min{d, a}. Thus, limsup,_, . (x(¢) + y(t + 7)) < . This relation and the third

equation of (2) imply

U

V() =ky(t) —uv(t) < k% —uv(?),

and limsup,_, , v(t) < % Therefore, x(¢), y(¢) and v(¢) are ultimately bounded in C x
RxC. O

The dynamics of system (2) can be analyzed in the following bounded feasible region
. . A A k
=10y, v) el xRy xC x| =, Ix+yl == vl =—=¢.
d s ump

Furthermore, the region I is positively invariant with respect to model (2) and the model
is well posed.

3. Global dynamics when Ry <1

Intuitively, if Ry < 1, the virus will not spread since an infected cell produces on average
less than one secondary infection. In this section, we rigorously show that when Ry < 1,
the infection-free equilibrium E| is locally asymptotically stable, and all solutions in I
converge to Ey in the C x R x C topology.

Translating the equilibrium E, of system (2) to the origin, we let x;(¢) = x(¢) —
X0, Y1(t) = y(t), v1(¢t) = v(¢). Then system (2) becomes

x1 (1) = —dx1 (1) — Bxovi (1) — Bxi(t)v (1),
(@) = —ay; (t) + Bxoe*Tvi(t — T) + Bx1(t — D)oy (t — 1)e”’7, (6)
vi(t) =ky1(t) — uv ().
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The characteristic equation associated with the linearization of system (6) at (0, 0, 0) is
(n+d) [,u2 +(@+u)pu+au— kﬂxoe‘”e_“’] =0. @)

One of the characteristic roots is ©; = —d < 0, and the equilibrium (0, 0, 0) is asymptot-
ically stable if all roots of

W+ (a+wp +au — kBxogeTe *T =0 ®)

have negative real parts. It can be verified that all roots of Eq. (8) with T = 0 have negative
real parts if Ry < 1. Now, let us consider the distribution of the roots of Eq. (8) when
T>0.

Suppose iw (w > 0) is a root of Eq. (8). Substituting iw (o > 0) into Eq. (8) and
separating the real and imaginary parts gives

—w? + au = kBxpe*T cos wr,

(a +u)w = —kBxge " sinwrt,
which imply
o+ (a2 + uz)a)2 +a*u? — kzﬂzxgefz” =0. 9)

Noticing that a’u® —k*B*x3e*" > 0 when Ry < 1 and that a* +u? > 0, we know Eq. (9)
have no positive solutions. This shows that Eq. (8) has no purely imaginary roots for all
T > (. A continuity argument shows that no roots of Eq. (8) can cross the imaginary axis,
and has to remain to the left of imaginary axis for all T > 0. We arrive at the following
result.

Proposition 3.1. Suppose Ry < 1. Then the infection-free equilibrium Ey is locally as-
ymptotically stable.

A stronger result can be established using a Lyapunov functional. In the following, we
show that when Ry <1, E is globally asymptotically stable in I".

Theorem 3.2. Suppose Ry < 1. Then the infection-free equilibrium Ey is globally asymp-
totically stable in I'.

Proof: Define a Lyapunov functional L :C x RxC — R

ST 0
x(0) + e Ty(t) + ai v, (0)+ B8 X (0)v,(0)do.

L(x,, (1), v,) =x,(0) — xo1n
(10)

Here, x,(0) = x(t +0), v,(8) = v(t + 0) for 6 € [—t, 0]. Therefore, x(¢) = x,(0), v(t) =
v;(0) in this notation.
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Since f(z) =z —Inz, z € Ry, has the global minimum at z =1 and f(1) =1, we
have

4,(0) — xoln x(0) _ x0<x,(0) I Xz(0)> _—
X0 X0 X0

The Lyapunov functional L is non-negative definite in I” with respect to the infection-free
equilibrium Ey = (xo, 0, 0).
Calculating the time derivative of L along solutions of system (2), we obtain

A
L'loy= A —dx(t) — TXIO) + dxo + Bxov(t) — %e”v(;)
_ x() X aum oo
= X0<2 - x—o — m) + ?e (R() I)U(t) (11)

The arithmetical mean is greater than or equal to the geometrical mean, and the function

is non-negative for all x(¢) > 0, and it is equal to zero if and only if x = x(. Since
x(t), y(t), v(t) are positive, it follows from Ry < 1 that L’ <0, and L’ = 0 if and only
if (x,y,v) = (x0,0,0). Then the globally asymptotical stability of E, follows from the
Lyapunov—LaSalle invariance principle (Hale and Verduyn Lunel, 1993). g

4. Global dynamics when R > 1
First, we show that the infection-free equilibrium E| is unstable when Ry > 1.
Proposition 4.1. Suppose Ry > 1. Then the infection-free equilibrium E is unstable.

Proof: Considering the same Lyapunov functional L in the previous section, and rela-
tion (11), when Ry > 1 and ||x;(0) — xo|| is sufficiently small, we can show that L'| ;) > 0.
Therefore, the infection-free equilibrium E is unstable by the standard Lyapunov insta-
bility theorem (Hale, 1977). O

The following discussions focus on the stability of the chronic-infection equilib-
rium E;. First of all, we translate the equilibrium E; of system (2) to the origin. Let
X2(t) =x(t) — X, y2(t) = y(t) — ¥, v2(¢t) = v(t) — v. Then system (2) becomes

x5 (1) = —(d + Bo)xa(t) — Bxva (1) — Bra(H)va (1),
Yo (t) = —ay:(t) + Boe " xa(t — 7) + fre T va(t — 7)
+Be T xa(t — st — 1),

v(1) = ky2 (1) — uva ().

(12)
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The linearization of (12) at the origin is
x5 (t) = —(d + Bo)xa(t) — Bxva (1),
Yo (t) = —ay:(t) + Bve " "xa(t — 7) + e Tua(t — 1), 13)
vy (1) = kya(t) —uva(t),
whose characteristic equation is given by
W4 ap? + a4 az + (byju + by)e ™ =0, (14)
where by = —au <0, b, = —adu <0,
ag=a+u+d+pv>0, ay=au+ (d + Bv)(a+u) >0,
as =au(d + Bv) > 0.

Note that a; (i =1, 2, 3) are all dependent on the delay 7, since x and v include .
Equation (14) takes the general form

P(u, 1)+ Q(p, 1)e " =0 15)
with

P(u. D)= +a(Op’ +ax(p+as(r),  Qu,t)=biu+bs. (16)
When 7 =0, Eq. (15) becomes

1+ a0 + (a2(0) + by )i + (a3(0) + by) = 0.
Noticing that

a;(0) >0, a(0) + by >0, az(0) + b, > 0,
a1(0)(a2(0) + by) — (a3(0) 4 b) > 0,

Routh—-Hurwitz criterion implies that all roots of Eq. (15) with T = 0 have negative real
parts. Hence, we get the following conclusion.

Lemma 4.2. Suppose Ry > 1. Then the chronic-infection equilibrium E, = (X, y,v) of
system (2) is locally asymptotically stable when T = 0.

In the following, for t > 0, we investigate the existence of purely imaginary roots
n=iw (w>0) toEq. (15).
Let u =iw (w > 0) be a root of Eq. (15). Substituting it into Eq. (15) and separating
the real and imaginary parts yield
® —ay(t)w = bjwcoswt — by sinwt, (17
a1 (D) @? — a3(t) = biwsinwt + by cos wr.
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Let
F(w,7)=|P(io, )|’ = |Qliw, 1|
=0’ + 1 (D)o + (D)o’ + (1),
() =aj(r) = 2ax(t), (1) =a3(v) — 2a1(v)az(v) — by,
c3(t) =a3(t) — b3.

Then iw (w > 0) is aroot of Eq. (15) if and only if F(w, ) =0. The polynomial function
F can be written as

F(w,7)=h(0’, 1),
where £ is a third-degree polynomial defined by

h(z,7) :=2"+ (1) + e2(T)z + ¢3(7). (18)
Noticing that

ci()=a’+u*+(d+ B0’ >0,

o () = (a® + u*)(d + BV)* > 0,

c3(t) = a*u*Bo(2d + Bv) > 0,

for all T > 0, Eq. (18) has no positive roots, and thus the characteristic equation (14) has
no purely imaginary roots.

In addition, P(0, t) + Q(0, ) = a3(t) + b2(t) > O for all T > 0 implies that O is not
the root of Eq. (14). Summarizing the discussion above, we have the following conclusion.

Proposition 4.3. Suppose Ry > 1. Then the chronic-infection equilibrium E, is locally
asymptotically stable.

Using a global Lyapunov function, we can establish the following global-stability re-
sult for the chronic-infection equilibrium E;. The detailed proof is mathematically tech-
nical and will be given in the Appendix.

Theorem 4.4. Suppose Ry > 1. Then the chronic-infection equilibrium E is locally as-
ymptotically stable, and all solutions in I" with positive initial conditions converge to E;
in C x R x C topology.

As a corollary, Theorem 4.4 implies that no sustained oscillations can occur in
model (2).

Corollary 4.5. Assume Ry > 1. For s > 0 and t > 0, system (2) has no non-constant
periodic solutions.

We remark that results in Theorem 4.4 and Corollary 4.5 hold even when s = 0, since
coefficients of the characteristic equation (14) do not depend explicitly on e~** and V
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in (A.1) continues to be a Lyapunov functional when s = 0. In particular, Hopf bifurca-
tions will not occur in delayed models of Culshaw and Ruan (2000), Wang et al. (2009)
when no cell divisions are considered.

5. Summary and discussions

Mathematical models are used to provide insights into the mechanisms and dynamics of
the progression of viral infection in vivo. Several studies have shown that sustained os-
cillations in the form of periodic solutions can exist in in-host models with cell divisions
(Wang and Li, 2006) or with both intra-cellular delays and cell divisions (Culshaw and
Ruan, 2000; Wang et al., 2009). Since time delays are known to cause sustained oscil-
lations, it is of both mathematical and biological interest to investigate if the sustained
oscillations observed in Culshaw and Ruan (2000), Wang et al. (2009) can be the result of
intra-cellular delays alone.

We have carried out complete analysis for an in-host model with intra-cellular delays,
system (2). We have rigorously established the global dynamics of model (2): if the basic
reproduction number R, < 1, then all solutions converge to the infection-free equilib-
rium Ey; if Ry > 1, then all positive solutions converge to the chronic-infection equilib-
rium E;. As a result, no non-constant periodic solutions can exist for all positive values of
parameters. An implication of our result in that the underlying mechanism for sustained
oscillations in in-host viral models is the target cell divisions, rather than intra-cellular
delays.

Intra-cellular delays are nonetheless important for modeling the viral dynamics in vivo.
It is shown in Wang et al. (2009) that the inclusion of intra-cellular delays and target
cells divisions allow sustained oscillations to occur for biologically realistic parameter
values. Another importance of intracellular delay is that, as we show in (3), it can re-
duce the basic reproduction number Ry if cell die during the delay period. As a conse-
quence, ignoring the delay will produce overestimation of Ry. It also is worth mentioning
that, while mathematical models with intracellular delays have predicted the possibil-
ity of sustained oscillations in viral infection of target cells (Culshaw and Ruan, 2000;
Wang et al., 2009), experimental data on HIV infection of CD4" T cells in vivo have
failed to detect such oscillations (Breban and Blower, 2006). Our result establishing that
no sustained-oscillation regime exists without cell division even in the presence of intra-
cellular delays is of particular interest in this context; together with the result in Wang and
Li (2006), it shows that target-cell dynamics plays a crucial role in the dynamics of viral
infection in vivo.

Mathematically, Theorem 4.4 is the first complete result on the global stability of the
chronic-infection equilibrium for in-host models with intracellular delays. The global sta-
bility result is essential for our conclusion that the delay does not produce periodic os-
cillations; local stability analysis or partial results on global stability will not rule out the
possibility of Hopf bifurcations.

The intracellular delays incorporated in model (2) has a step-function distribution. It
remains to be seen if Hopf bifurcations can occur if intracellular delays with other types
of distribution functions are incorporated into the model.
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Appendix: Proof of Theorem 4.4

We assume that Ry > 1 so that the chronic-infection equilibrium E; is the only equilib-
rium in the interior of the feasible region I". Since the local stability of E; is established
in Proposition 4.3, it suffices to show that all positive solutions in I" converge to E;. We
achieve this by constructing a global Lyapunov functional.

Let

g@x)=z—1—Inz.

Define a Lyapunov functional V :C x R x C — R

V(x,y “)ZJ:=i8<XAO)> yf’g<zgl>
* y
0
" (Ut( ))H}“/ (Mﬁ@o (A1)
k -7 Xv

Calculating the time derivative of V along the positive solutions of system (2), we obtain

Vg =+ —dx@) — Bx(H)v(r) — k% +dx + Bxv()+ Bx(t —t)v(t — 1)

or _x(t—1tv(iEt—r1) o au
—ae’"y(1) —ﬂy— +ae”"y+ae'Ty(t) — —eTu(t)
y(@) k
_y(@®) au . _
—ae’ v——+ —e v+ Bx(@®)v(t) — Bx(t — T)v(t — 1)
v(t) k

— Bxvinx(@®)v(t) + Bxvinx(t — t)v(t — 7).

Using A =dx + Bxv, Bxv = aye', Bx = 9*e'", we obtain

0o x() X __ Bx* _ _x(t -1 —1)
V|(2)—dx|:2—7—ﬁi|+,3xv— [ +ﬂxU(f)-/3yT
—i—ae”)';_aue”y(z) - ”&—i—@e”
k v(t) k

— Bxvinx(@®)v(t) + Bxvinx(t — t)v(t — 1)
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yx(t —t)v(t —1) x(t —1)v(t —1)y
xvy(t) xvy(t)
_ X X __ [vy(@®) __. y(@)v
— ﬂxvg(%) — Bxvin % — ﬂxvg(yv(t)) — Bxvin 00
— Bxv(Inx()v(®) +Inx(t — T)v(t — 1))

= 5[2— - i} —ﬁiﬁg(M)

xvy(r)
__ x __ (vy()
ﬂgW(%) _ﬂx”g<&v<t))'

We note that g : R, — R has the global minimum at z =1 and g(1) = 0. Hence, X, y, v >
0 ensures % < 0. By Theorem 5.3.1 of Hale and Verduyn Lunel (1993), solutions limit
to M, the largest invariant subset of {‘fi_‘t/ = 0}. It can be verified that % =0 if and only if

—ﬂiﬁg( ) — Bxvin

x =xand % = ;zg; = 1. For each element of M, we have x = x and x/(¢) =0,

since M is invariant. Using the first equation of system (2), we obtain

0=x'(t) =1 —dx — Bxv(r).

This gives v(t) = % =, and then y(¢) = y from % = 1. Therefore, % =0 if and

only if (x, y,v) = (X, y, v). Therefore, all solutions in I" with positive initial conditions
converge to E| by the LaSalle invariance principle (Hale and Verduyn Lunel, 1993).

References

Bonhoeffer, S., May, R.M., Shaw, G.M., Nowak, M.A., 1997. Virus dynamics and drug therapy. Proc.
Natl. Acad. Sci. USA 94, 6971-6976.

Breban, R., Blower, S., 2006. Role of parametric resonance in virological failure during HIV treatment
interruption therapy. Lancet 367, 1285-1289.

Culshaw, R.V., Ruan, S.G., 2000. A delay-differential equation model of HIV infection of CD47F T-cells.
Math. Biosci. 165, 27-39.

Dixit, N.M., Markowitz, M., Ho, D.D., Perelson, A.S., 2004. Estimates of intracellular delay and average
drug efficacy from viral load data of HIV-infected individuals under antiretroviral therapy. Antivir.
Ther. 9, 237-246.

Hale, J.K., 1977. Theory of Functional Differential Equations. Springer, Berlin.

Hale, J.K., Verduyn Lunel, S., 1993. Introduction to Functional Differential Equations. Springer, New
York.

Herz, V., Bonhoeffer, S., Anderson, R., May, R., Nowak, M., 1996. Viral dynamics in vivo: limitations on
estimates of intracellular delay and virus decay. Proc. Natl. Acad. Sci. USA 93, 7247-7251.

Korobeinikov, A., 2004. Global properties of basic virus dynamics models. Bull. Math. Biol. 66, 879-883.

McCluskey, C.C., 2009. Global stability for an SEIR epidemiological model with varying infectivity and
infinite delay. Math. Biosci. Eng. 6, 603-610.

McCluskey, C.C., 2010. Complete global stability for an SIR epidemic model with delay-distributed or
discrete. Nonlinear Anal. 11, 55-59.

Mittler, J., Sulzer, B., Neumann, A., Perelson, A., 1998. Influence of delayed virus production on viral
dynamics in HIV-1 infected patients. Math. Biosci. 152, 143-163.



Global Dynamics of an In-host Viral Model with Intracellular Delay 1505

Nelson, P.W., Perelson, A.S., 2002. Mathematical analysis of delay differential equation models of HIV-1
infection. Math. Biosci. 179, 73-94.

Nelson, P.W., Murray, J., Perelson, A., 2000. A model of HIV-1 pathogenesis that includes an intracellular
delay. Math. Biosci. 163, 201-215.

Nowak, M.A., Bangham, C.R.M., 1996. Population dynamics of immune responses to persistent viruses.
Science 272, 74-79.

Nowak, M.A., May, R.M., 2000. Virus Dynamics. Cambridge University Press, Cambridge.

Nowak, M.A., Bonhoeffer, S., Hill, A.M., Boehme, R., Thomas, H.C., 1996. Viral dynamics in hepatitis B
virus infection. Proc. Natl. Acad. Sci. USA 93, 4398-4402.

Perelson, A.S., Nelson, PW., 1999. Mathematical analysis of HIV-I dynamics in vivo. SIAM Rev. 41,
3-44.

Perelson, A.S., Kirschner, D.E., de Boer, R., 1993. Dynamics of HIV infection of CD4 T cells. Math.
Biosci. 114, 81-125.
Perelson, A.S., Neumann, A.U., Markowitz, M., Leonard, J.M., Ho, D.D., 1996. HIV-1 dynamics in vivo:
virion clearance rate, infected cell life-span, and viral generation time. Science 271, 1582—1586.
Smith, H.L., De Leenheer, P., 2003. Virus dynamics: a global analysis. SIAM J. Appl. Math. 63, 1313—
1327.

Tuckwell, H.C., Wan, F.Y.M., 2004. On the behavior of solutions in viral dynamical models. Biosystems
73, 157-161.

Wang, L., Li, M.Y., 2006. Mathematical analysis of the global dynamics of a model for HIV infection of
CD4™T T cells. Math. Biosci. 200, 44-57.

Wang, L., Li, M.Y., Kirschner, D., 2002. Mathematical analysis of the global dynamics of a model for
HTLV-I infection and ATL progression. Math. Biosci. 179, 207-217.

Wang, Y., Zhou, Y., Wu, J., Heffernan, J., 2009. Oscillatory viral dynamics in a delayed HIV pathogenesis
model. Math. Biosci. 219, 104-112.



	Global Dynamics of an In-host Viral Model with Intracellular Delay
	Abstract
	Introduction
	Equilibria and basic reproductive number
	Global dynamics when R0<=1
	Global dynamics when R0>1
	Summary and discussions
	Acknowledgements
	Appendix: Proof of Theorem 4.4
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e5c4f5e55663e793a3001901a8fc775355b5090ae4ef653d190014ee553ca901a8fc756e072797f5153d15e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc87a25e55986f793a3001901a904e96fb5b5090f54ef650b390014ee553ca57287db2969b7db28def4e0a767c5e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020d654ba740020d45cc2dc002c0020c804c7900020ba54c77c002c0020c778d130b137c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor weergave op een beeldscherm, e-mail en internet. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for on-screen display, e-mail, and the Internet.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <FEFF004a006f0062006f007000740069006f006e007300200066006f00720020004100630072006f006200610074002000440069007300740069006c006c0065007200200037000d00500072006f006400750063006500730020005000440046002000660069006c0065007300200077006800690063006800200061007200650020007500730065006400200066006f00720020006f006e006c0069006e0065002e000d0028006300290020003200300031003000200053007000720069006e006700650072002d005600650072006c0061006700200047006d006200480020>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToRGB
      /DestinationProfileName (sRGB IEC61966-2.1)
      /DestinationProfileSelector /UseName
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing false
      /UntaggedCMYKHandling /UseDocumentProfile
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


