GLOBAL STABILITY IN SOME SEIR EPIDEMIC MODELS
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Abstract. The dynamics of many epidemic models for infectious diseases that
spread in a single host population demonstrate a threshold phenomenon. If the basic
reproduction number Ry is below unity, the disease-free equilibrium Py is globally stable
in the feasible region and the disease always dies out. If Ry > 1, a unique endemic
equilibrium P* is globally asymptotically stable in the interior of the feasible region and
the disease will persist at the endemic equilibrium if it is initially present. In this paper,
this threshold phenomenon is established for two epidemic models of SEIR type using
two recent approaches to the global-stability problem.
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1. Introduction. Epidemic models study the transmission dynamics
of infectious diseases in host populations. In this paper, we deal with
diseases that spread in a single host population through direct contact
among hosts. Typically after the initial infection, a host stays in a latent
period before becoming infectious. At the infectious stage a host may die
from the disease or may recover with acquired immunity. The population
can be partitioned into four compartments: susceptible, latent or exposed,
infectious, and recovered, with sizes denoted by S, E, I, and R, respectively.
The total population N = S + F + I + R. The dynamical transfer of hosts
among compartments can be demonstrated in a diagram

A AIS eE oR

I . R

dEJ( dI+aIJ( de

The resulting model is of SEIRS type. The term A denotes the influx or re-
cruitment of susceptibles. The constants d and « denote the rates of natural
and disease-caused death, respectively. The parameters ¢,v, and ¢ denote
the transfer rates between the corresponding compartments. Heuristically,
1/e can be regarded as the mean latent period, 1/ the mean infectious
period, and 1/§ the mean immune period. In the special case when 6 = 0,
the immunity is permanent and there is no return from the R class to the
S class, the resulting model is an SEIR model. Other special cases include
SIRS (e — o0) and SEIS (§ — oo) models, see [2, 3, 8, 12, 29, 32, 39]
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for detailed discussions. The bilinear incidence form AIS assumes that the
disease incidence is in proportion to the sizes of S and I classes ([1, 2]).
Other incidence forms include the proportionate mixing incidence SIS/N
([2, 6]), nonlinear incidence AI?S? ([16, 29]), and saturation incidences
AS/(1+al) ([4, 16]) or AIS/(1 + aS) ([2, 31]).

Using the transfer diagram, the following system of differential equa-
tions can be derived

S = A-dS - XIS+ 6R
E = MS—(c+dE
I' = eE—(y+a+dI
R = I - (0 +dR

(1.1)

From (1.1) and N(t) = S(t) + E(t) + I(t) + R(t) we have
(1.2) N' = A —dN — al.

If A is a constant, the feasible region for (1.1) is

(1.3) I'={(S,E,[,R)eR} : S+E+I+R<A/d},

since by (1.2), limsup,_,. N(¢{) < A/d, and thus the global attractor of
(1.1) is contained in I". The dynamical behavior of (1.1) in T' and the fate
of the disease is determined by the basic reproduction number

AXe
dd+e)(y+d+a)

(1.4) Ry =

If Ry <1, (1.1) has only the disease-free equilibrium P, = (4/d,0,0,0) and
P, is globally asymptotically stable in I'. If Ry > 1, P becomes unstable
and endemic equilibria P* = (S*, E*,I*, R*) exist in f‘, the interior of T
Typically, if the endemic equilibrium is unique, it is globally asymptotically
stable in T' . Because of the high dimensionality of (1.1), it is highly non-
trivial to prove the global stability of the unique endemic equilibrium P*,
and establish rigorously the threshold phenomena. Some earlier work deal
with models that can be reduced to a 2-dimensional system. The global
stability of P* is proved using the classical Poincaré-Bendixson Theorem
and periodic solutions are ruled out using Bendixson-Dulac conditions or
a condition of Busenberg and van den Driessche [5], see [12, 14, 15, 32] for
surveys of these results. In some recent work ([22, 25]), for SEIR models
that can be reduced to a 3-dimensional monotone system, the global stabil-
ity of P* is proved using a Poincaré-Bendixson property due to Hirsch [17]
and Smith [36], and periodic solutions are ruled out using a stability cri-
terion of Muldowney [33] for periodic solutions in higher dimensions. This
method is also used in a Dengue fever model by Esteva and Vargas [10].
In [26], the global stability of P* is resolved for ¢ small or ¢ large in an
SEIRS model with a constant population, in which the monotonicity is not
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present. The proof uses a geometric approach to global-stability problems
developed in Li and Muldowney [23] and Li [21], also see Smith [38] and
Leonov et al [20]. This approach is also used in [28] to resolve the global
stability of P* for an SEIR model with vertical transmission.

In the present paper, we apply these two aforementioned approaches to
prove the global stability of P* in two SEIR models. The first modelis (1.1)
with § = 0 and a constant recruitment A. The global stability of a unique
P* is proved using monotonicity and Muldowney’s stability criterion. The
second model is an SEIR model with a constant total population and A =
bN. It also incorporates vertical transmission and vaccination. The proof
of global stability of P* in the second model uses the geometric approach of
Li and Muldowney. These global-stability results have not been obtained
before. Our main purpose is to demonstrate these new methods. We do not
strive for the most generality in modeling considerations . The geometric
approach of Li and Muldowney may be applied as in [26] to resolve the
global stability of P* when the immune period is sufficiently long (& small)
or sufficiently short (& large).

Using a Lyapunov function, Mena-Lorca and Hethcote [32] prove the
global stability of a unique endemic equilibrium for SIRS models with a
varying size and constant recruitment when the disease does not cause
fatality. Thieme and van den Driessche [40] consider SIRS models where
the recovered class R has distributed stages. A unique endemic equilibrium
is shown to be globally stable whenever it exists using techniques from
differential-integral equations and a Lyapunov function.

Our paper is organized as follows, in the next section, we outline two
general mathematical frameworks for resolving global-stability problems.
The two SEIR models are analyzed in Sections 3 and 4. The paper ends
with a brief discussion in Section 5.

2. Mathematical frameworks. In this section we outline two gen-
eral mathematical frameworks for proving global-stability, and they will be
applied to two SEIR models in Sections 3 and 4.

Let A be a linear operator on R" and also denote its matrix repre-
sentation with respect to the standard basis of R™. Let A2R™ denote the
exterior product of R™. A induces canonically a linear operator Al?! on
A2R™ : for ui,us € R”, define

A[Z] (u1 A u2) = A(Ul) ANus + ug A A(UQ)

and extend the definition over A2R™ by linearity. The matrix representa-
tion of A[?! with respect to the canonical basis in A2R" is called the second

additive compound matriz of A. This is an (Z) X (Z) matrix and satisfies the

property (A + B)!?l = Al + BI2] In the special case when n = 2, we have
A[;iz = trA. In general, each entry of A%l is a linear expression of those

of A. For instance, when n = 3, the second additive compound matrix of
A = (ai;) is
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a1 + ag2 Q23 —ai3
2
(21) A[ = as2 a1 + ass ai2
—as1 az1 a22 + ass

Let o(A) = {\1,---,\,} be the spectrum of A. Then, o(APl) = {\; +
Aj ¢ 1 <i<j<n}is the spectrum of AP, For detailed discussions
of general compound matrices and their properties we refer the reader to
[11, 33]. A comprehensive survey on compound matrices and their relations
to differential equations is given in [33].

Let z — f(z) € R™ be a C! function for = in an open set D C R™.
Consider the differential equation

(2.2) ' = f(z).

Denote by z(t, zo) the solution to (2.2) such that z(0,z9) = zo. A set K is
said to be absorbing in D for (2.2) if z(¢, K1) C K for each compact K1 C D
and ¢t sufficiently large. We make the following two basic assumptions:

(H1) There exists a compact absorbing set K C D.
(H2) Equation (2.2) has a unique equilibrium 7 in D.

The equilibrium 7 is said to be globally stable in D if it is locally stable
and all trajectories in D converge to Z. The assumptions (H;) and (H2)
are satisfied if T is globally stable in D. For epidemic models and many
other biological models where the feasible region is a bounded cone, (H;)
is equivalent to the uniform persistence of (2.2) (see [7, 41]). The following
global-stability problem is formulated in [23].

Global-Stability Problem. Under assumptions (H;) and (Hs), find con-
ditions on the vector filed of (2.2) such that the local stability of Z implies
its global stability in D.

When n = 2, the classical Poincaré-Bendixson theory allows the fol-
lowing two approaches to solve the global-stability problem. Approach I:
if all periodic orbits Q of (2.2) in D can be shown to be orbitally asymp-
totically stable, using Poincaré’s stability condition [, divfdt < 0 ([13])
for instance, then the local asymptotic stability of = also implies its global
stability in D. Approach II: if D C R? is simply connected and that the
Bendixson’s criterion divf < 0 holds in D, then (2.2) has no nontrivial
periodic orbits and ¥ is globally stable in D. Recent developments in the
qualitative theory make it possible to use similar approaches in higher di-
mensions. We give a brief outline in the following two subsections.

2.1. Proving global stability using the Poincaré-Bendixson
property. System (2.2) is said to satisfy the Poincaré-Bendizson Prop-
erty if any nonempty compact omega limit set of (2.2) that contains no
equilibria is a closed orbit.

Any autonomous system (2.2) in the plane satisfies the Poincaré-
Bendixson Property by the classical Poincaré-Bendixson theory ([13]). It
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is also known that a three-dimensional competitive system satisfies the
Poincaré-Bendixson Property in a convex region, as shown by Hirsch [17]
and Smith [36]. See [37] for a general definition of competitive systems.

THEOREM 2.1. Assume that n = 3 and D is convex. Suppose that
(2.2) is competitive in D. Then it satisfies the Poincaré-Bendizson Prop-
erty. (cf. [37, Chapter 3, Theorem 4.1.])

For higher dimensional systems that satisfy the Poincaré-Bendixson
Property, we prove the following global stability result.

THEOREM 2.2. Assume that

(1) assumptions (Hy) and (Hz) hold;

(2) T is locally asymptotically stable;

(3) system (2.2) satisfies the Poincaré-Bendizson Property;

(4) each periodic orbit of (2.2) in D is orbitally asymptotically stable.
Then the unique equilibrium T is globally asymptotically stable in D.

Proof. 1t suffices to show that T attracts all points in D. Let U be
the basin of attraction of T, the set of all zy such that z(¢,zo) converges
to Z. Then U is nonempty and open by the asymptotic stability of Z.
The theorem is proved if we establish that D C U. Assume the contrary;
then the boundary 0U of U has a nonempty intersection Z with D. Since
both U and its closure U are invariant and U is open, U = U — U is
also invariant, and thus Z is positively invariant. Therefore Z contains a
nonempty compact omega limit set Q. By the assumption (H;), we must
have Q N @D = (. Since it contains no equilibria, Q is a closed orbit by
the Poincaré-Bendixson Property, and is asymptotically orbitally stable by
the assumption (4) of Theorem 2.2. We thus obtain a contradiction since
Q belongs to the alpha limit set of a trajectory in U. This completes the
proof. O

Remark. A similar proof was used in [25] in the context of epidemic
models. We reproduce it here in a more general setting for the convenience
of the reader.

The assumption (3) is satisfied if D is a convex region in R? and (2.2)
is a competitive system in D. The orbital stability of periodic solutions in
R"™ (n > 2) can be verified using the following result of Muldowney [33],
which generalizes a 2d condition of Poincaré.

THEOREM 2.3. A periodic orbit @ = {p(t) : 0 <t < w} of (2.2) is
orbitally asymptotically stable with asymptotic phase if the linear system

(2]
(23) 20 = 2 ) 20

2
18 asymptotically stable, where %[ ! is the second additive compound matriz

of the Jacobian matriz % of f. (cf. [33, Theorem 4.2.])
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A matrix is stable if all its eigenvalues have negative real parts. The
next result gives a criterion for the stability of matrices. A proof can be
found in [27].

THEOREM 2.4. Ann x n real matriz A is stable if and only if A%l is
stable and (—1)™ det(A) > 0.

Using Theorems 2.2-2.4, we prove the following result.

THEOREM 2.5. Assume that
(1) assumptions (H1) and (Hz) hold;
(2) system (2.2) satisfies the Poincaré-Bendizson Property;
(3) For each periodic solution x = p(t) to (2.2) with p(0) € D, system
(2.3) is asymptotically stable,
(4) (—1)"det (%(E)) > 0.
Then the unique equilibrium T is globally asymptotically stable in D.

Proof. 1t suffices to show that T is locally asymptotically stable. Re-

gard the equilibrium solution z = T as a constant periodic solution. Then
2

assumption (3) of the theorem implies that the matrix %{ ](f) is stable.

This and the assumption (4) of the theorem imply that the Jacobian ma-

trix %(E) is stable, by Theorem 2.4. Therefore, 7 is locally asymptotically

stable, and thus Theorem 2.5 follows from Theorem 2.2. a

2.2. Proving global stability using autonomous convergence
theorems. When a Poincaré-Bendixson Property is not known to exist
for a system, a type of results known as autonomous convergence theorems
(see [24, 38]) can be used to prove global stability.

For n > 2, by a Bendizson criterion we mean a condition satisfied by
f which precludes the existence of nonconstant periodic solutions of (2.2).
A Bendixson criterion is said to be robust under C' local perturbations of
f at 1 € D if, for sufficiently small € > 0 and neighborhood U of z;, it is
also satisfied by g € C(D — R™) such that the support supp(f —g) C U
and |f — g|lcr < €, where

lf —glcr = sup{|f(x)—g(x)| + |%(x)—%(x)| : xED}.

Such g will be called local e-perturbations of f at x1. It is easy to see that
the classical Bendixson’s condition divf(z) < 0 for n = 2 is robust under
C* local perturbations of f at each z; € R2. Bendixson criterion for higher
dimensional systems that are C! robust are discussed in [21, 23, 24, 38].

A point zg € D is wandering for (2.2) if there exists a neighborhood
U of o and T > 0 such that U Nz(¢,U) is empty for all ¢ > T. Thus, for
example, all equilibria and limit points are nonwandering. The following
is a version of the local C' Closing Lemma of Pugh (see [34, 35]) as stated
in [18].
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LEMMA 2.1. Let f € C*(D — R™). Suppose that zo is a nonwandering
point of (2.2) and that f(zg) # 0. Then, for each neighborhood U of xo and
€ > 0, there erists a C' local e-perturbation g of f at o such that

(1) supp(f —g) CU, and

(2) the perturbed system x' = g(z) has a nonconstant periodic solution

whose trajectory passes through .

The following global-stability principle is established in Li and Mul-

downey [23] for autonomous systems in any finite dimension.

THEOREM 2.6. Suppose that assumptions (Hy) and (Hs) hold. As-
sume that (2.2) satisfies a Bendizson criterion that is robust under C* lo-
cal perturbations of f at all nonequilibrium nonwandering points for (2.2).
Then T is globally stable in D provided it is stable. (cf. [23, Theorem 2.3.])

The main idea of the proof in [23] for Theorem 2.6 is as follows. Sup-
pose that system (2.2) satisfies a Bendixson criterion. Then it does not
have any nonconstant periodic solutions. Moreover, the robustness of the
Bendixson criterion implies that all nearby differential equations have no
nonconstant periodic solutions. Thus by Lemma 2.1, all nonwandering
points of (2.2) in D must be equilibria. In particular, each omega limit
point in D must be an equilibrium. Therefore w(zo) = {z} for all zg € D
since 7 is the only equilibrium in D.

The following Bendixson criterion is given in [23] and shown to have
the robustness required by Theorem 2.6. Let z — P(z) be an (}) x (3)
matrix-valued function that is C* for z € D. Assume that P~!(z) exists
and is continuous for z € K, the compact absorbing set. A quantity g, is
defined as

. 1 [
(2.4) @ = limswp sup 3 [ p(Bla(s,0) ds
oo ZTo
where
[2]
2.5 B = pP;P! +Pﬁ P
/ oz

the matrix Py is obtained by replacing each entry p of P by its derivative
in the direction of f, p;;,, and u(B) is the Lozinskii measure of B with
respect to a vector norm |- | in RN, N = (3), defined by (see [9], p.41)

. [ I+hB] -1
HB) = hlgtr)l+ h '

It is easy to see that g, is well defined. It is shown in [23] that, if D is simply

connected, the condition g, < 0 rules out the presence of any orbit that

gives rise to a simple closed rectifiable curve that is invariant for (2.2), such

as periodic orbits, homoclinic orbits, and heteroclinic cycles. Moreover, it

is robust under C* local perturbations of f near any nonequilibrium point
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that is nonwandering. In particular, the following global-stability result is
proved in Li and Muldowney [23].

THEOREM 2.7. Assume that D is simply connected and that the as-
sumptions (Hi), (Hz) hold. Then the unique equilibrium T of (2.2) is glob-
ally stable in D if g, < 0. (cf. [23, Theorem 3.5.])

3. Global dynamics of an SEIR model with constant recruit-
ment. Let § = 0 in (1.1). Then the first three equations in (1.1) contain
no R terms. This allows the reduction of (1.1) to

S = A-dS - \IS
(3.1 E' = MIS—-(e+dE
I' = ¢eE—-(y+a+dl,

and N, R can be obtained from N'=A—dN—-aland R=N-S—E—1.
The feasible region of (3.1) is A = {(S,E,I) e R% : S+ E+1 <
A/d}, which is positively invariant for (3.1). Let Ry be defined as in (1.4).
Straightforward calculations show that the disease-free equilibrium Py =
(A/d,0,0) exists for all values of parameters. It is the only equilibrium in A

if Ry < 1. If Ry > 1, a unique endemic equilibrium P* = (S*, E*,[*) € 5
exists with
A d €

S*=—_—, E*=—(Ry—-1), I'=——. _FE"*.
dRy y Fo—1) (y+d+a)

THEOREM 3.1. The disease-free equilibrium Py = (A/d,0,0) of (3.1)
is globally asymptotically stable in A if Ry < 1; it is unstable if Ry > 1, and
the solutions of (3.1) starting sufficiently close to Py in A move away from
Py except that those starting on the invariant S-axis approach Py along this

azxis.
Proof. Set L = ¢E + (e + d)I. Then, if Ry <1,

XeAl ([ d 1
LI =1 — = — — _ — <
[AeS — (e +d)(y + d + a)] 7 (AS R0> <0,
and L' = 0 if and only if I = 0. The largest compact invariant set in

{(S,E,I) € A : L' = 0} is the singleton {Py}. The global stability of
Py then follows from LaSalle’s Invariance Principle ([19, Chapter 2, The-
orem 6.4]). If Ry > 1, then L' > 0 for S sufficiently close to A/d except
when E = I = 0. Solutions starting sufficiently close to P, leave a neigh-
borhood of Py except those on the invariant S-axis, on which (3.1) reduces
to S’ = A —ds and thus S(¢t) — A/d, as t — oo. This establishes the
theorem. a

Theorem 3.1 completely determines the global dynamics of (3.1) in A
for the case Ry < 1. Its epidemiological implication is that the infected
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population (the sum of the latent and the infectious population) vanish in
time so the disease dies out. When Ry > 1, the local behavior of (3.1) near
Py as described in Theorem 3.1 allows us to use a similar argument as in
the proof of Proposition 3.3 in [22] and show that system (3.1) is uniformly
persistent, namely, there exists constant 0 < ¢ < 1 such that any solution

(S(t), E(t), I(t)) with (5(0), E(0), I(0)) € A satisfies
(3.2) min{litrgg)lf S(t), litlgg)lf E(t), litrgg)lf It)} > e

The boundedness of A and condition (3.2) imply that (3.1) has a compact
absorbing set K C A (see [7, 41]).

THEOREM 3.2. If Ry > 1, then the unique endemic equilibrium P* is

globally asymptotically stable in A.
Proof. By examining the Jacobian matrix of (3.1), it can be verified

that (3.1) is competitive in the convex region A, with respect to the partial
ordering defined by the orthant {(S, E,I) e R® : S <0,E > 0,1 <0} (see
[37]). By Theorem 2.1, (3.1) satisfies the Poincaré-Bendixson Property, and
thus conditions (1) and (2) of Theorem 2.5 hold. The second compound
system of (3.1) along a periodic solution (S(t), E(t), I(t)) is

X' = —(2d+M+e)X +ASY + A5 Z
(3.3) Y = eX - (2d+M+y+0a)Y
7' = MY - (2d+e+vy+a)Z

To show that (3.3) is asymptotically stable, consider a Lyapunov function
E
B VOGS B = s {1X], T (V] +12) |

The orbit O of the periodic solution (S(t), E(t),I(t)) is at a positive dis-
tance from the boundary A by the uniform persistence. Thus there exists
a constant ¢; > 0 such that

(3.5) V(X,Y,Z; S,E,I) > c1 sup{|X|, |Y|, |Z|}

for all (X,Y, Z) € R? and (S, E,I) € O. The right derivative of V along a
solution (X (t),Y (), Z(t)) to (3.3) and (S(t), E(t),I(t)) can be estimated
as follows.

DX (#)] < —@2d+ A +¢) [X (@) + AS (Y (#)] + |Z2(2)])

o0 = —a+ AT+ 91X + 222 vy + 20,
and

ap DO S XOI - @A+ @O

D Dz < MIVE) - d+err+a)lZ0l
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Therefore
E
Dy (Y@ +12(®)])

~ (5 -F) S0+ 1200 + £os (vl +120)

AN

< TIXO+ (5 -7 -2-1-a) T (v@l+120).

Relations (3.6) and (3.7) lead to

(3.8) D4V (t) < max{g:(t), g2(¢)}V (?),
where
(3.9) ai(t) = —2d =\ — e+ %

E T elb

Rewriting (3.1), we find that

MS _ B va, BT iay
E _E 7% STTTeTe

(3.11) =7

From (3.9)—(3.11), max{g1(¢), g2(t)} < g((tt)) — d, and thus

w

[ max{on®), e0}ar < togB@)| - d =
0 0

since E(t) is periodic of minimal period w. This relation and (3.8) imply
that V(¢t) — 0 as t — oo, and in turn that (X (¢),Y (¢), Z(t)) > 0ast — oo
by (3.5). As a result, the second compound system (3.3) is asymptotically
stable if the minimal period w > 0. The same estimates also hold when
w — 0. This verifies the condition (3) of Theorem 2.5. Let J(P*) be the
Jacobian matrix of (3.1) at P*. Then

—AI* —d 0 —\S*
det(J(P*)) = AI* —e—d AS*
0 € —-y—a—-d

= —(A\*+d)(e+d)(y+a+d) + AeS*d.

Using the equilibrial equations for P* = (S*, E*,I*) we can derive that
AeS* = (e+d)(y+a+d). Therefore, det(J(P*)) = —AI* (e+d)(y+a+d) < 0.
This verifies the condition (4) of Theorem 2.5. Hence P* is globally stable

in A by Theorem 2.5. a
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4. An SEIR model with vertical transmission and vaccination.
In this section, we consider an SEIR model that has an exponential birth.
We assume that the disease spreads through both horizontal and vertical
transmission. The transfer diagram for the model is

rsT pr+qul rsl
R

S NS E 3 I 74

of el

b—pbE —qbl

We assume that the disease is not fatal (o = 0) and that the birth and death
rates are equal and denoted by b. Hence the total population is constant;
N = S+E+I+R =1, and thus the natural birth recruitment A = bN = b.
For the vertical transmission, we assume that a fraction p and a fraction
q of the offspring from the exposed and the infectious classes, respectively,
are born into the exposed class E. Consequently, the birth flux into the
exposed class is given by pbE + ¢gbl and the birth flux into the susceptible
class is given by b — pbE — ¢bI. Naturally, 0 <p <1 and 0 < g < 1. For
the vaccination, we assume that all susceptible individuals are vaccinated
at a constant per capita rate r and that the vaccination has no effect on
infected individuals. When r» = 0, no vaccination is considered, and the
model reduces to that considered in [28]. The transfer diagram leads to
the following system of differential equations

S" =b— \S — pbE — gbI — bS — rS
E' = \S + pbE + gbl — (e +b)E

I' =€E — (y+b)I

R = ~I — bR + rS.

(4.1)

As in Section 3, we study the reduced 3d system

S =b— XS — pbE — gbl — bS — rS
(4.2) E' = MS + pbE + gbl — (e +b)E

I' =€¢E — (y+b)I

in its feasible region ¥ = {(S,E,I) e R3 : S+ E+1 < 1}. The
dynamics of (4.2) is determined by the following vaccination modified basic
reproduction number

e b

(43) Bo = Gr b+ —twbry) —bgeb+r
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If Ry < 1, the disease-free equilibrium Py = (b/(b+7),0,0) is the only equi-
librium. If Ry > 1, there is a unique endemic equilibrium P* = (S*, E*, I*)
with S* = 1/Ry. The following result can be proved as Proposition 3.1 by
using a global Lyapunov function L = e¢F + (e + b — pb)I.

THEOREM 4.1. (a) If Ry < 1, then Py is the only equilibrium in X
and it is globally stable in X. (b) If Ry > 1, then Py is unstable and there
exists a unique endemic equilibrium P*. Furthermore, the system (4.2) is
uniformly persistent in X if Ry > 1.

From Theorem 4.1, we know that system (4.2) satisfies the assumptions
(H1) and (H2). Using Theorem 2.7, we can prove that P* is globally stable

in ¥ if Ry > 1.
THEOREM 4.2. Assume that Ry > 1. Then the unique endemic equi-
librium P* is globally stable in X.

Proof. The Jacobian matrix J = % associated with a general solution

(S(1), E(t), I(1)) to (4.2) is

M —-b—r —pb —AS —qb
J = Al pb—b—€ AS+gb
0 € —b—7v
and its second additive compound matrix J?! is, by (2.1),
M —€—2b—7r+pb AS +gb AS +gb
(4.4) € M —y—2b—r —pb
0 A —e—v—2b+pb
Set the function P(z) = P(S,E,I) in (2.5) as
ay 0 0
E
PS,E,) = |0 (I—a)5 0
0 EE
27 I

where 1 < a; < 1 + Ac?/(A+b), c is a uniform persistence constant and

0, if € > pob,

1— 5, if e < pbh
pb

Then PyP~* = diag (0, E'/E — I'/I, E'/E — I'/I), and the matrix B =

P; P~ + PJ2IP~! in (2.5) can be written in block form B = Bu Bz
By B

with Byy = — Al — € —2b—r + pb,

(45) Az =

I I
B12 = a1 (AS-l—qb)E, ()\S‘f‘Qb)E 3 B21 = a
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and Bs» being the following

B T
— =T A=y =27 +apb —(1— az)pb
as [e — (1 — az)pb] E T J
i A+ T T -7 ¢ 2b+ (1 —az)pb
which simplifies to
[E' T
— —— A —v—2b—r+azpb —(1 - az)pb
E 1 o ,
I S e N—2+(1-—
] A T ¢ b+ (1 —az)pb
since as[e — (1 — az)pb] = 0 by (4.5). Let (u,v,w) denote the vectors in
R? = R(), we select a norm in R? as |(w,v,w)| = max{|ul|, |v| + |w|} and

let p denote the Lozinskil measure with respect to this norm. Following
the method in [30], we have the estimate p(B) < sup {g1, g2}, where

g1 = p1(B11) + |Biz|, and gy = |Bai| + pi(Ba2),

|B12], |Boa1| are matrix norms with respect to the [; vector norm, and p
denotes the Lozinskii measure with respect to the /; norm, see [9, p.41].
More specifically, p1(B11) = =M —e—2b—r+pb, |Bi2| = a1(AS+¢b)I/E,
|B21| = €E/(a1I). To calculate p;(B22), add the absolute value of the off-
diagonal elements to the diagonal one in each column of Bss, and then take
the maximum of two sums, see [9, p.50]. We thus obtain

E' T
Bap) = — — = —4—2b
p(Ba) = 4 = 7 =7
+ max{aspb—7r, (1—a2)pb— e+ (1— a2)pb}
E T
< N 2%4pb
SE-T7 7 + po,

since 0 < az < 1 and (1 — a2)pb — € < 0 from (4.5). Therefore

1
(4.6) g1 = —)\I—e—2b—r+pb+a1()\S+qb)E,
E T 1 eE
4.7 < ————v—2b b+ ——.
(4.7) A Sk h s Ly
Rewriting (4.2), we have

E' I r ek
(48) E+b+e—pb_(AS+qb)E, 7+b+’}/—7.
The uniform persistence constant ¢ can be adjusted so that there exists
T > 0 independent of (S(0), E(0),I(0)) € K, the compact absorbing set,
such that

(4.9) I(t) > ¢ and E(t) >c for t>T.
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Substituting (4.8) into (4.6) and (4.7) and using (4.9), we obtain, for ¢t > T,

E' I
g1 < —/\I—b+f+(a1—1)(/\5+qb)E
(4.10)
<E i@t < E
= E ! c — E
and
E' 1 E
gzgf—b-l-pb-i-(a——l)%
(4.11) e (11 ) o "
— Qi Jec a; — €Cc
< = —btphp— M L
. trot a1 - F a1 ’

since 0 < p < 1. Therefore u(B) < E'/E—bfort > T by (4.10) and (4.11),
where b = min{b, (a1 —1)ec/a1} > 0. Along each solution (S(¢), E(t), I(t)
to (4.2) such that (S(0), E(0),I(0)) € K and for ¢t > T, we have

1t 1 [T 1 Et) _t-T

- B)ds < - B)ds+ -1 —b—

P [ umras < 4 [ sy ds+ 4 og s - 5
which implies g, < —b/2 < 0 from (2.4), proving Theorem 4.2. a

If r = 0, then Ry reduces to the threshold parameter Ry(p,q) in [28]
for an SEIR model with no vaccination. In fact, Ry = #‘TRO (p,q). This
relation clearly shows that vaccination lowers t)l\le basic reproduction num-

€
ber. When r = p = ¢ = 0, then Ry = C+D(7 D)
reproduction number (see [2, 12]) or the contact number (see [15, 29]) for
the SEIR or SEIRS models with only horizontal transmission. In the lim-
iting case when € — 00, Ry gives the basic reproduction number in [4] for
a SIR model.

Theorem 4.2 contains a global stability result in [28] for an SEIR model
with vertical transmission but with no vaccination (r = 0). It also contains
a global result in [25], in which no vertical transmission and vaccination
are assumed (r = p = ¢ = 0). Since our model contains SIR models as
special cases (¢ — 00), Theorem 4.1 also generalizes some earlier results on
SIR models with vertical transmission and a constant population, see [4]
and the references therein.

, which is the basic

5. Discussion. In this paper, two recent mathematical approaches
are used to establish the global stability of the unique endemic equilibrium
in two epidemic models of SEIR type. One model has constant recruitment
and exponential natural and disease-caused death. The total population
size varies in time. The incidence is of bilinear form. In the second model,
a balanced exponential birth and natural death is assumed and the disease
causes no fatality so that the total population is constant. Both horizontal
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and vertical transmission modes are considered. The horizontal transmis-
sion has a bilinear incidence. For the vertical transmission, we assume that
a fraction p and a fraction g of the offspring from the exposed and the
infectious classes, respectively, are born into the exposed class E. We have
also considered the effects of vaccination in the second model.

In both models, the basic reproduction number R, is identified and
is established as a sharp threshold parameter. If Ry < 1, the disease-
free equilibrium P, is globally stable in the feasible region and the disease
always dies out. If Ry > 1, a unique endemic equilibrium P* exists and is
globally stable in the interior of the feasible region, and once the disease
appears, it eventually persists at the unique endemic equilibrium level. The
global stability of Py when Ry, < 1 is proved using a Lyapunov function
that has been widely used in the literature of epidemic models (see [29]).
The mathematical difficulty lies in the proof of the global stability of P*
when Ry > 1, since both models reduce to nonlinear ordinary differential
equations in R3.

The global stability of P* in the first model is proved using the ap-
proach of Li and Muldowney in [25], which takes the advantage of the mono-
tonicity property that is present in the model and a Poincaré-Bendixson
Property for 3-dimensional monotone systems due to Hirsch [17] and Smith
[36]. Periodic solutions are ruled out using a stability criterion of Mul-
downey [33] for periodic orbits in higher dimensions. In the second model,
the monotonicity is no longer present. The global stability of P* is proved
using a geometrical approach of Li and Muldowney in [23]. We expect that
these approaches can be applied to solve global-stability problems in many
other models.
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