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ARTICLE INFO ABSTRACT
Arffd_e history: Human T-cell leukaemia virus type I (HTLV-I) preferentially infects the CD4™ T cells. The
Received 4 May 2010 HTLV-I infection causes a strong HTLV-I specific immune response from CD8" cytotoxic T

Accepted 18 February 2011 cells (CTLs). The persistent cytotoxicity of the CTL is believed to contribute to the devel-

opment of a progressive neurologic disease, HTLV-I associated myelopathy/tropical spastic
Keywords: paraparesis (HAM/TSP). We investigate the global dynamics of a mathematical model for
In-host models the CTL response to HTLV-I infection in vivo. To account for a series of immunological events
HTLV-I infection X . . .

leading to the CTL response, we incorporate a time delay in the response term. Our math-

HAM/TSP
CTL résponse ematical analysis establishes that the global dynamics are determined by two threshold

Time delays parameters Rq and Ry, basic reproduction numbers for viral infection and for CTL response,
Lyapunov functional respectively. If Ry < 1, the infection-free equilibrium Py is globally asymptotically stable,
Hopf bifurcation and the HTLV-I viruses are cleared. If Ry < 1 < Ry, the asymptomatic-carrier equilibrium

P; is globally asymptotically stable, and the HTLV-I infection becomes chronic but with no
persistent CTL response. If Ry > 1, a unique HAM/TSP equilibrium P, exists, at which the
HTLV-Iinfection is chronic with a persistent CTL response. We show that the time delay can
destabilize the HAM/TSP equilibrium, leading to Hopf bifurcations and stable periodic os-
cillations. Implications of our results to the pathogenesis of HTLV-I infection and HAM/TSP
development are discussed.

© 2011 Elsevier Ltd. All rights reserved.

1. Introduction

Recently, the study of population dynamics of infectious diseases has attracted much attention. Several mathematical
models have been proposed to describe the in vivo infection process with humoral immune response such as human
immunodeficiency virus (HIV), hepatitus B virus (HBV), and human T-cell leukemia virus type I (HTLV-I) [ 1-5]. These in-host
models can capture some essential features of the immune system and are able to produce a variety of immune responses
many of which are observed experimentally and clinically. Findings from in-host modeling can also be used to guide the
development of efficient antiviral drug therapies.

Because of the importance of the biological meanings, dynamical properties of HTLV-I infection models have been studied
by many authors [6-10]. HTLV-I is the etiologic agent in a progressive human neurologic disease, the HTLV-I associated
myelopathy/tropical spastic paraparesis (HAM/TSP) [11,12]. HTLV-I infection is also known to cause adult T-cell leukemia
(ATL) among other human diseases [ 13,14]. Approximately 20 to 40 million people are infected by HTLV-I worldwide, mostly
in the Caribbean, southern Japan, Central and South America, the Middle East, and equatorial Africa [15]. The majority
of HTLV-I infected individuals remain lifelong asymptomatic carriers. Approximately 0.25%-3.8% of infected individuals
develop HAM/TSP, and another 2%-3% develop ATL [6]. HTLV-I preferentially infects CD4™ helper T cells [6]. HTLV-I infection
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Fig. 1. Transfer diagram of HTLV-I infection with CTL response.

in vivo is achieved through cell-to-cell contact among healthy and infected CD4" T cells [7]. The immune system reacts
to HTLV-I infection with a strong cytotoxic T-lymphocyte (CTL) response [6,8]. On one hand, CTL has a protective role by
regulating the proviral load, and on the other hand, evidence suggests that cytotoxicity of the CTL is ultimately responsible
for the demyelination of the central nervous system resulting in HAM/TSP [6,8]. Understanding the role played by the CTL
response in controlling the HTLV-I infection is essential for identifying risk factors for the development of HAM/TSP and
for designing therapeutic measures. Mathematical models have been developed to describe the interaction in vivo among
HTLV-I, the CD4™" target cells, and the CTL immune response [16-18,9,10], and used as a tool to study the role of immune
response in the viral dynamics.

To set up a HTLV-I infection model with CTL response, we partition the CD4" T-cell population into uninfected and
infected compartments, whose numbers at time t are denoted by x(t), y(t), respectively. Let z(t) denote the number of
HTLV-I-specific CD8™ CTLs at time t. The production of healthy CD4™ T cells is assumed to be at a constant rate A [19].
Since HTLV-I infection occurs by cell-to-cell contact between infected cells and uninfected cells, a bilinear incidence Sxy
is assumed [19,17]. CTL-driven elimination of infected CD4™ cells is assumed to be of the form yyz, where y is the rate of
CTL elimination. The CTL response to HTLV-I infection is modeled by a general function f (y, z), dependent of the number of
CTLs and infected CD4™ T cells. The turnover rates of uninfected and infected CD4™" T cells are d; and d,, respectively, and
the turnover rate of CTLs is d3. All parameters are assumed to be positive. A transfer diagram for the transmission of CTL
response to HTLV-I infection is shown in Fig. 1.

The preceding assumptions and the transfer diagram lead to the following basic HTLV-I infection model with CTL response

X (t) = & — dix(t) — Bx(6)y(t),
Y (&) = Bx(t)y(t) — day(t) — yy(£)z(t), (1)
Z'(t) = f(y, 2) — dsz(0).
This model with several forms of CTL response function f(y, z) have been considered and analyzed in the literature
[16,20-22].
Antigenic stimulation that generates HTLV-I specific CTLs involves a sequence of events and requires a time lag [23,24].
As a consequence, the CTLs produced at time t may depend on the number of CTLs and infected target cells at time t — 7,
for a time lag T > 0. Accordingly, the CTL response in (1) can be more realistically modeled by f (y(t — t), z(t — 7)), and
model (1) replaced by a system of delayed differential equations. Recent studies of HTLV-I infection models with delayed
CTL response were carried out in [23,24]. It is shown through numerical simulations that delayed CTL response can lead to
sustained oscillations.
In the present paper, we assume f (y, z) = uyz and incorporate a time delay into the immune response in (1) to obtain
the following model

X (t) = & —dix(t) — Bx(t)y(t),
y'(t) = Bx()y(t) — day(t) — yy(D)z(t), (2)
Z'(t) = uy(t — t)z(t — 1) — d3z(t).

Model (2) was considered in Wang et al. [24] and its dynamics explored numerically. Our goal in this paper is to carry out
rigorous mathematical analysis of dynamic behaviors of system (2). We will show that the global dynamics of model (2) are
determined by two key threshold parameters Ry and R, as given in (4) and (5), which are termed as the basic reproduction
numbers for viral infection and for CTL response, respectively (cf. [10]). More specifically, if Ry < 1, the infection-free
equilibrium Py is globally asymptotically stable, and the HTLV-I viruses are cleared. If Ry < 1 < Ry, there exists a carrier
equilibrium Py and it is globally asymptotically stable. In this case, the HTLV-I infection becomes chronic but there is no
established CTL response an risk of HAM/TSP development. If R; > 1, there exists a HAM/TSP equilibrium P,, at which the
HTLV-I infection is chronic and the CTL response is persistent, as is the risk for HAM/TSP. We show that the time delay can
destabilize P, and lead to Hopf bifurcations. Using normal form and center manifold theory, we determine the stability of
bifurcating periodic solutions.

Periodic oscillations have been shown to exist in in-host models for HTLV-I infection and CTL response. Wodarz et al. [ 16]
have shown that periodic oscillations can occur with CTL response and mitosis in infected CD4™" T cells. Wang et al. [24]
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have shown that time delays can induce Hopf bifurcations in a model that is similar to system (2). These earlier works in
the literature rely mainly on numerical simulations. Our results are the first to establish the existence of Hopf bifurcation
in a HTLV-I model with immune response and time delays using rigorous mathematical analysis. Compared to numerical
results in earlier studies such as Wang et al. [24], our mathematical analysis reveals the existence of the carrier equilibrium
P; and a separate threshold parameter Ry, which are neglected in [16,24]. The fact that P; can be globally stable for a large
range of parameter values justifies the need for rigorous analysis. Since P; can represent the state of asymptotic carriers of
HTLV-], its stability analysis and the associated threshold parameter R; have significant implications for the control of HTLV-
I associated diseases such as HAM/TSP. Our results are also related to earlier studies on the impact of delays on models of
viral infections without immune response. In Li and Shu [25], it is shown that whether intracellular delays can cause periodic
oscillations is critically connected to the target cell dynamics: if the target cell dynamics do not contain a mitosis component,
then intracellular delays in the viral infection will not cause sustained oscillations. Out results in the present paper show
that a mitosis component is not required for sustained oscillations to occur when the immune response is incorporated in
to the model. These results together have enriched our understanding of the effects of intracellular delays in viral infection
processes and its interaction with the immune response.

The paper is organized as follows. In the next section, the threshold parameters Ry and R, are derived and existence of
equilibria are discussed in relation to values of Ry and R;. In Sections 3 and 4, global stability of Py and P; are established
using global Lyapunov functionals that are motivated by the work in [26]. In Section 5, we consider stability of the HAM/TSP
equilibrium P, and the occurrence of local Hopf bifurcation using the delay 7 as a bifurcation parameter. Stability of the
bifurcating periodic solutions is also analyzed in this section. Results from numerical simulations are presented in Section 6,
to illustrate and support our analytical results. Biological implications of our results are discussed in Section 7.

2. Preliminaries

To investigate the dynamics of system (2), we need to consider a suitable phase space and a feasible region. For t > 0,
we denote by € = C([—r, 0], R) the Banach space of continuous real-valued functions on the interval [—z, 0], with norm
loll = sup_, 4o |#(0)| for ¢ € C. The nonnegative cone of € is defined as @t = €([—t, 0], R,). Initial conditions for
system (2) are chosen at t = 0 as

peRL xCT x e, ¢(0) >0. (3)

Proposition 2.1. Under initial conditions in (3), all solutions of system (2) are positive and ultimately bounded in R x € x C.

Proof. First, we prove that x(t) is positive for t > 0. Assuming the contrary and letting t; > 0 be the first time such that
x(t;) = 0, by the first equation of system (2), we have X'(t;) = A > 0,and hence x(t) < 0fort € (t; —¢, t;) and sufficiently
small € > 0. This contradicts x(t) > Ofort € [0, t1). It follows that x(t) > O fort > 0 aslong as x(t) exists. From the second
equation of (2) we have

y(t) = y(0) elolPrO—dr—yz@)1do

It follows that y(t) > 0 for t > 0. Similarly, we can show that z(t) > O fort > 0.
Next we show that positive solutions of (2) are ultimately uniformly bounded for t > 0. From the first equation of (2),
we obtain X'(t) < A — d1x(t), and thus lim sup,_, ., x(t) < il Adding the first two equations of (2) we get

x(O) +y(0) = 1 — dix(t) — doy(t) — yy(O)z(t)
= A —dx(®) +y(0),

where d = min{dy, dy}. Thus lim sup,_, . (x(t) + y(t)) < %. Adding all the equations of (2) we get

(x(t) +y(0) + %Z(t + r)) A — dyx(t) — doy(t) — d3£z(t +1)

IA

A—d (x(t) Ty + %z(t n 1:)) :

where d = min{d,, d3, d3}. Thus lim sup,_, o, (x(t) +y(t) + %z(t + r)) < % Therefore, x(t), y(t) and z(t) are ultimately
uniformly bounded inR x € x €. O

As a consequence of the proof of Proposition 2.1, we know that the dynamics of system (2) can be analyzed in the following
bounded feasible region
A
<-i.
<2

Furthermore, the region I" is positively invariant with respect to model (2) and the model is well posed.

+ + A A
=1y v)eR xC" xC :IXISd—,IIXerIIfj,
1

x+y+zz
"
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System (2) always has an infection-free equilibrium Py = (xg, 0, 0), o = % In addition to Py, the system can have two
chronic-infection equilibria P; = (x, y, 0) and P, = (x*, y*, z*) in I", where X, y, x*, y*, z* are all positive. At equilibrium Py,
the HTLV-I infection is persistent with a constant proviral load y > 0, whereas the CTL response is absent, so is the risk for
developing HAM/TSP. This corresponds to the situation of an asymptotic carrier. At equilibrium P,, both the proviral load
and CTL response persists at a constant level. This corresponds to the situation of a HAM/TSP patient. Which of the three
steady-states is the final outcome of the system will be determined by a combination of two threshold parameters

AB

Ry = ——,
°7 dyd,

and (4)

R — rBu

1= 5 - 5 -
didypu + Bdads

They are called the basic reproduction numbers for viral infection and for CTL response, respectively (cf. Gomez-Acevedo

et al. [10]). We note that Ry < Rg always holds.
It can be verified that the carrier equilibrium P; = (x, y, 0) exists if and only if Ry > 1, and that

(5)

_ A _ AB—diyd; di(Ry—1)
g=2_* 5 - . (6)
IB d1R0 ,3d2 :3
The coordinates of the HAM/TSP equilibrium P, = (x*, y*, z*) are given by
x* _ )\./,L _ dzR] * _ @
dip + Bds B U 7
« _ PAp —didap — Bdyds  didye + Bdayds R, — 1)
= = 1— .
(dip + Bd3)y (dip + Bd3)y

Therefore, P, exists in the interior of I" if and only if Ry > 1. We thus have the following result.

Proposition 2.2. If Ry < 1,Py = (% 0, 0) is the only equilibrium in I'. If Ry < 1 < Ry, the carrier equilibrium P, = (X, y, 0)

exists and is the only chronic-infection equilibrium in I'. If Ry > 1, both the carrier equilibrium Py and the HAM/TSP equilibrium
P, = (x*,y*, z*) exist.

3. Global stability of Py when Ry < 1

Intuitively, if Ry < 1, the virus will not spread since an infected cell produces on average less than one secondary infection.
In this section, we rigorously show that, when Ry < 1, the infection-free equilibrium Py is globally asymptotically stable
inrl.

Theorem 3.1. If Ry < 1, then the infection-free equilibrium Py of system (2) is globally asymptotically stable in I". If Ry > 1,
then Py is unstable.
Proof. To prove global stability of Py, we consider a Lyapunov functional L : R x € x ¢ — R given by

L(x(t), yt, z¢) = y:(0). (8)

Here y;(s) = y(t + 5), z:(s) = z(t + s) for s € [—7, 0], and thus y(t) = y;(0), z(t) = z;(0) in this notation. Calculating the
time derivative of L along solutions of system (2), we obtain

Ll = y' () = Bx(O)y(t) — day(t) — yy(©)z(t)

A
= y(O(Bx(t) — d3) = y(t) (ﬂd1 - dz) =dy()(Ro — 1).

Therefore, Ry < 1 ensures that L'|) < 0 for all x(t), y(t), z(t) > 0,and L’ = O only if y = 0 or Ry = 1. It can be verified
that the maximal compact invariant set in {L'|(;) = 0} is the singleton Py. By the LaSalle-Lyapunov theorem [27, Theorem
3.4.7], we conclude that Py is globally attractive in I" if Ry < 1. Furthermore, it can be verified that Py is locally stable using
the same proof as one for Corollary 5.3.1 in [28]. Therefore, Py is globally asymptotically stable in I” when Ry < 1.

The characteristic equation of the infection-free equilibrium Py is

A
($+d1)<5—%+d2> (§ +ds) =0. (9)

The eigenvalues of (9) are —d;, SA/dy — dy, and —ds3. If Ry > 1, then S1/dy —dy = dy(Rg — 1) > 0,and Py is unstable. O
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4. Global stability of P, whenR; <1 <Ry

Theorem 4.1. If Ry < 1 < Ry, then the carrier equilibrium Py is globally asymptotically stable in I" \ {x-axis}. If Ry > 1, then
P, is unstable.

Proof. Let
gw) =u—Inu, forue (0,+00).

Let Py = (X, y, 0) be the carrier equilibrium with x, y given in (6). Define a Lyapunov functional V : R x € x ¢ - R

0
V(x(t), i, 2) =Xg (?) +yg (yt;0)> + %Zr(O) + V/ ye(0)z:(6) do. (10)

T

Since g : Ry — R has the global minimum at u = 1 and g(1) = 1, the Lyapunov functional V is positive definite with
respect to P in the interior of I". Calculating the time derivative of V along solutions of system (2), we obtain

X d
Vo) = A — dix(t) — A% +di& + BRY(E) — doy(t) — BIX(E) + doY + yFz(t) — %zm.

Using A= dl)_< + ﬁ)_{}_’ and d2 = ﬂ}v we Obtain
! % 4 BRV x(t) X d
e ) o )

X x(t) K
— R+ ) (2 L X%) # P vy~ 200
< M(Rl —Dz(t) <0, ifRy <1, Y
Bu
since
WX a0
X x(t)

Furthermore, V' = 0 implies that x(t) = xand z(t) = 0, and thus the maximal compact invariant set in the set where V' = 0
is the singleton {P,}. Positive definiteness of V with respect to P, and a similar argument as in the proof of Theorem 3.1 prove
that, when Ry < 1 < Ry, P; is globally asymptotically stable in I" \ {x-axis}. Along the invariant x-axis, solutions converge
to the infection-free equilibrium Py.

When R; > 1 and for x(t) > 0 such that [x(0) — x| is sufficiently small, we have V') > 0 from (11). Therefore, the
carrier equilibrium P, is locally unstable by the standard Lyapunov instability theorem [29]. O

Proposition 2.1, Theorems 3.1 and 4.1 completely characterize the global dynamics of system (2) for the cases when
Ri < 1.They establish Ry and R; as two sharp threshold parameters that together determine the outcomes of the HTLV-I
infection:

(i) If Ry < 1, then the HTLV-I viruses are cleared.
(ii) If Ry < 1 < Ry, then HTLV-I infection becomes chronic with no persistent CTL response. The patient remains as an
asymptotic carrier.
(iii) IfRy > 1, then both HTLV-I infection and CTL response will persist. The patient has a high risk of developing HAM/TSP.

We note that the existence of the carrier equilibrium P; has been neglected in many earlier modeling studies of HTLV-I
infection and its CTL response. Since HTLV-I infection is lifelong [6], the virus is rarely cleared from the body. Accordingly,
the infection-free equilibrium Py is not expected to be achieved for a person infected with HTLV-I. The dynamical outcomes
that are biologically relevant are the carrier state P; and HAM/TSP state P,. Furthermore, considering the majority of HTLV-I
infected population are asymptomatic carriers, a realistic control and treatment strategy for HAM/TSP is to prevent carriers
from developing HAM/TSP by keeping the threshold parameter R; below 1, rather than reducing Ry to below 1, a more
difficult task given that Ry < Ry.

5. Dynamics when R; > 1

We have shown in Theorem 4.1 that, if R; > 1, both the infection-free equilibrium Py and the carrier equilibrium Py are
unstable, and the HAM/TSP equilibrium P, exists in the interior of I". The patient has a high risk of developing HAM/TSP.
In this section, we investigate the temporal dynamics of the interaction of HTLV-I infection and the HTLV-I specific CTL
response. Earlier numerical evidence has shown that P, can lose its stability and sustained oscillations can exist. We will
investigate the stability of P, and identify parameter regions in which the time delay can destabilize P, and lead to Hopf
bifurcation.
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5.1. Stability of P, and local Hopf bifurcation

We first translate P, to the origin through a change of variables x; (t) = x(t) — x*, y1(t) = y(t) — y*, z;(t) = z(t) — z*.

Then system (2) becomes

X () = —=(BY" + d)x1(t) — BX"y1(t) — Bx1(D)y1 (D),

Y1) = By xi(t) — yy*zi(t) + Bxi(O)y1 () — yy1(H)z:1 (b), (12)

2y () = pz'y1(t — ) + dszi(t — 7) — d3z1 () + wya (¢ — Dzt — 7).
The characteristic equation associated with the linearization of system (12) at (0, 0, 0) is

£ 4+ 8 + 1§ +ag + (0287 + bi§ +bo)e T =0, (13)
where

a =ds + By" +di, a = d3(By* + d) + X'y, ap = B°X*y*ds,

by = —ds, by = ydsz" — d3(By* + dy), bo = ydsz*(By* + dy) — B*x*y*ds.
When t = 0, Eq. (13) becomes

&%+ (a2 + b2)&% + (a1 + b1 + (ap + bo) = 0.
Noticing that

a,+by = By* +d; >0, ay + by = ydsz* + BAy* > 0,

aop + bo = ydsz*(By* +dy) > 0,

(@2 + bo) (a1 + by) — (ag + bo) = B°XY*(By* +d1) > 0,
and by the Routh-Hurwitz criterion, we know that all roots of Eq. (13) when T = 0 have negative real parts. We obtain the
following result.
Proposition 5.1. Suppose Ry > 1. Then the HAM/TSP equilibrium P, of system (2) is locally asymptotically stable when T = 0.
Remark. Using a Lyapunov function

Ui,y,z) = (x—x*Inx) +(y —y*Iny) + Z(z — 7z"Inz),

u

we can show that, if Ry > 1 and when t = 0, equilibrium P, of system (2) is globally asymptotically stable in the interior
of I'.

Time delays are known to cause destabilization of equilibria and produce oscillations through Hopf bifurcations. We will
use the delay T > 0 as a bifurcation parameter and investigate stability changes at the HAM/TSP equilibrium P,. We will
show that Hopf bifurcation occurs for an open set of parameter values. This rigorously establishes that periodic oscillations
exist in model (2). Since, when t = 0, all roots of the characteristic Eq. (13) lie to the left of the imaginary axis, a stability
change at P, can only happen when characteristic roots cross the imaginary axis to the right. We thus consider the possibility
of purely imaginary roots £ = iw (w > 0) for t > 0. Substituting £ = iw into Eq. (13) and separating the real and imaginary
parts, we obtain

—@® + ayw = (by — brw?) sinwt — bjw cos wr,

. , ] (14)

aw” — a9 = (bg — byw?) cos wt + bywsinwrt.
Squaring and adding both equations of (14) lead to

F(w) = 0° + (a5 — b3 — 2a1)0* + (@ — 2apa; — b3 + 2bgby)w* + (ai — b3) = 0. (15)
Let

G(u) = v’ + (a3 — b3 — 2a,)u* + (a* — 2apa; — b? + 2boby)u + (a3 — b3). (16)
Therefore, if iw (w > 0) is a purely imaginary root of Eq. (13), then we have the equation

Gu) =0 (17)
has a positive root u = w?. Note that

G'(u) = 3u® + 2(a% — b% — 2a;)u + a? — 2apa; — b? + 2bgb,.
Let

A = (a5 — b5 — 2a;)* — 3(a? — 2apa; — b? + 2bgby). (18)
Then

(1) If A < 0, then G'(u) > 0, and thus G(u) is monotonically increasing. Therefore, when a% — bg =G(0) >0and A <0,
Eq. (17) has no positive roots, and all characteristic roots will remain to the left of the imaginary axis for all T > 0.
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2) If a(z) — b(z, < 0, since lim,_, o, G(u) = oo, we know that (17) has at least one positive root, and characteristic roots can
cross the imaginary axis.
(3) If A > 0, then the graph of G(u) has critical points

. —(@—b}—2a))+A u**_—(ag—bg—zal)—ﬂ

u* = = . 19
3 3 (19)
Ifu* > 0and G(u*) < 0, then G(u) = 0 has positive roots.
Letu;, 1 < i < 3, be the positive roots of G(u) = 0 and w; = ,/u;. Solving Eq. (14) for t yields
b1 — a3by)w} + (aphy + azbg — aiby)w? — agh
rf=arccos{(] 22)0}'+(202+202 2l Ve 00}, 1<i<3. (20)
wj (bza)i — b0)2 + b]a)i
Define
To = Ty = min {7; | u; is a positive solution of G(u) = 0},
1<i<3 (21)

wo = Wkg.
Then 1y is the first value of t when a pair characteristic roots cross the imaginary axis at +iwg. We thus obtain the following
result.

Theorem 5.2. (1) If ag — by > 0 and A < 0, then the HAM/TSP equilibrium P, remains asymptotically stable for all t > 0.

(2) Ifeither (a) ag — by < O,

—(@% — b3 —2a)) + /4
3

then there exist tg > 0 and wy as in (21), such that the HAM/TSP equilibrium P, is asymptotically stable for t € [0, tp).
Furthermore, if G’(a)(z)) # 0, then system (2) undergoes a Hopf bifurcation at the HAM/TSP equilibrium P, when t = 1.

or (by A>0, u* = >0 and G@U*) <0,

Proof. It remains to show the transversality condition for the Hopf bifurcation holds at t = tp. Differentiating Eq. (13) with
respective to T we obtain

|:d$:|1 = (362 + 20,6 +ay) €7 2by§ + by T
dr - £

E(b2E + bi& +bo)  E(bpE2 + biE +bo) £
Using (14) we obtain

[d(ReE(r))]“ ke [(352 + 20,6 + al)eff] ¢ Re [ 2bo§ + by }
dr §(b26% + b1& +bo) |, &(b2% 4+ b1& + bo) |,
1
= a; — 3] by — byd) sin weTy — biwp cos woT
o + (by — byok)? {( 1 wgy)wol (b — bywy) sinwyte — biwg 0To]
+ 2a,05[(by — bawh) cOs woTo + bywy sin woTo] — bjw] + 2bywf(by — baw))}
30)(6) + 2(05 — b% — 201)(1)3 + (a% — 2(.10(11 — b% + 2b0b2)a)(2)

b2wy + wi (b — byw})?

T=Tp

B G ()
- b wj + (by — b))’
Therefore
d(R
sign [( f(t))} = signG'(w}).
T =70

Therefore, if G/(a)g) # 0, the transversality condition holds and a Hopf bifurcation occurs at T = tp. This completes the
proof. O

In fact, we can obtain more information on the transversality condition. If G/(a)(z)) # 0, then d(Re(fr(TO)) # 0.1f d(Rejr(TO)) <0,
then characteristic Eq. (13) has roots with positive real parts for t < 73 and close to 7o. This contradicts that fact P; is
asymptotically stable for 0 < t < tg as in Theorem 5.2(2). Thus, we obtain the following proposition.

Proposition 5.3. Suppose G’(wﬁ) # 0. Then % > 0.

In Theorem 5.2, we have identified parameter regimes in which delay t can destabilize the HAM/TSP equilibrium and
lead to a Hopf bifurcation. This shows that, when T > 74 and is close to 7y, periodic solutions exist. As a consequence,
when HAM/TSP develops, the CD4™" count, proviral load, and the HTLV-I-specific CTL frequency can oscillate around the
equilibrium level. In the next section, we will demonstrate that these periodic solutions tend to be stable.
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5.2. Stability of the bifurcating periodic solutions

In this subsection, we investigate the stability of the bifurcating periodic solutions, using a procedure in Hassard et al. [30].
Let T = 19 + w, and we use u as the bifurcation parameter with © = 0 the Hopf bifurcation value. We first scale the

time t — (t/7) in system (12) and set
—(By" +d)) —px* 0 0 0 0
B1=< By* 0 —yy*), Bzz(O 0 0>.
0 0 —d3 0 ,LLZ* d3
Define an operator L, : C([—1, 0], R?®) — Ras
L, (@) = (1o + 1)B1¢(0) + (7o + w)B2p(—1),
with

—Bp1(0)$2(0)
flu, ®) = (to + 1) | BP1(0)¢2(0) — yd2(0)p3(0) |,
uda(=p3(=1)

for ¢ = (¢1, 92, $3)T € C([—1, 0], R?). We can rewrite system (12) as an abstract FDE in C([—1, 0], R?)
v(t) =L, (ve) + (1, vy),
where v(t) = (x1(t), y1(t), z;(t))T € R>. Let

0, 6+£0,
3(9):{1 eio

and define
n(0, u) = (to + w)B18(0) — (o + w)B26(0 + 1).

Then operator L,, in (22) can be represented in an integral form as

0
L,¢ :/ dn(@,0)¢(®), for¢ € C([—1,0],R>).
-1

Define operators

do ()
de

0
/ dnGs. W(s). 6=0
~1

, 6 €[—1,0),
A()$(0) =

and

RGOPO) =170 ». oe-to,

Then system (22) is written as an abstract ordinary differential equation in the Banach space C([—1, 0], R?)
Ve = A()ve + R(u)vy.
For ¢ e C'([0, 1], (R%)*), define an operator
_dy(s)

A*I/I(S): OdS
/ dn'(t,00¢(—t), s=0
-1

s e (0,1],

and a bilinear form

0 0
W(s), $6)) = FO)$(O0) — / /E (& — 0) dn(O)p (&) de,
—1 =0

(22)

where n(0) = n(8, 0). Then A(0) and A* are adjoint operators with respect to this bilinear form. From the previous section,

we know that F-iwg g are eigenvalues of A(0) and therefore they are also eigenvalues of A*.

Nonlinear Analysis: Real World Applications (2011), doi:10.1016/j.nonrwa.2011.02.026
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Let

’

L,gng) =1, -
(1,92, q3) < B y Byxy

—1i d 2X* * 2—i d %
(g = (1, Tty PRV — o —lood Ay )
By* Bdsz* ei@oTo

D= (1+Gq; + 365 + (12" Gd; + dsfzq5) 10 €0™) .
It can be verified that the vectors q(8) = (1, g2, q3)" €70, 6 € [—1,0], and g*(s) = D(1, g3, q%) ™, s € [0, 1], are
the eigenvectors of A(0) and A* corresponding to the eigenvalue iwtg and —iwTy, respectively. Furthermore (g*(s), q(6)) =

1, (q*(s),q(®)) = 0.
Following the procedure in [30], we obtain the coefficients:

iwo+di +By" B + iwg(iwo + dy + ﬂ)’*)>T

820 = 270D [—q§ + @305 — G59205 + 143a302 e’”””“’] :
g1 = 27D [(—fh + @3q2)Reqy + (—q5q3 + M‘?ﬁ)Re(QZﬁ)] ,

802 = 27D [(—1 + @)l — GRlgs)* + 1aiEa GZinIO] ,

— — wio) 1 @( 0) 2
g1 = 20D | (=G +a302) | —— @+ W (0)q, + —2— + WP (0)
— (”( 1) S (”( )7 @
— 4543 g2 + W7 (0)qp + ——q3 + W, (0)g3

(2) (3)
— - 1
+/¢Lq§ [ 2( )7 1(1)0‘[0 + W(Z)( 1)q eflwo‘[o + 2( )7 lwol’o +W(3)( 1)q e lwofo}} ,

where for 6 € [—1, 0],

Wao(0) = ig20 (9) + g0 5(9) + E; et
l _
Wi (0) = 2 qo) + ., 4(6) +E,
1 _qz
Ey =2G~ B —qq |-
[Lq2qs3 €200
where
2iwo + By* + d; Bx* 0
G= —By* 2iwg yy* 4
0 MZ* e721w01'0 2iwy + ds — ds e*2'wofo
and
By +di  Bx* 0\ —q;Req;
E,=2| —By* 0oy q2Req; — q3Re(q2q3) | .
0 —uzt 0 uRe(q243)

Consequently, g,1 can be expressed explicitly, and we can compute the following quantities:

i |go2|? &1
c1(0) = — (gngzo —2lgnl* - + =,
2601’0

3 2
Re(c1(0)) (23)
Re(€'(%0))’
B2 = 2Re(c1(0)).
The sign of u, determines the direction of the Hopf bifurcation: if 4, > 0 (u; < 0), then the bifurcating periodic solutions
exists for T > 79 (t < 7p); and the sign of B, determines the stability of bifurcating periodic solutions: they are stable

(unstable) if B, < 0 (B, > 0). From Proposition 5.3, Re(¢'(1g)) > 0, and thus signu, = —signRec;(0). The following result
holds.

Mo = —
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R,=1.0057
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Fig. 2. When conditions of Theorem 5.2(1) hold, the HAM/TSP equilibrium P, of system (2) is local asymptotically stable for all r > 0. Here A = 160, 8 =
0.002,d; =0.16,d, = 1.85,y = 0.2, © = 0.2, and d3 = 0.6 in (a), d3 = 1in (b),d; = 1.2 in (c).

Theorem 5.4. Assume that conditions of Theorem 5.2(2) hold. Then

(1) if Re(c1(0)) < O, then there exist periodic solutions bifurcating from P, for t > 1o, and they are orbitally asymptotically
stableast — oo;

(2) if Re(c1(0)) > O, then the bifurcating periodic solutions exist for T < 1o, and they are orbitally asymptotically stable as
t — —oo.

Though the complexity in the expression of Rec(0) will not allow direct verification of its sign for arbitrary parameter
values, formula derived in (23) are useful for verifying stability of bifurcating periodic solutions for a specific set of parameter
values.

6. Numerical simulations

In this section, we carry out numerical simulations to illustrate and support our analytical results on the change of stability
of P, and the occurrence of Hopf bifurcation for several values of the time delay.

For case (1) of Theorem 5.2, under conditions ag—bg > 0and A < 0, the HAM/TSP equilibrium P, is locally asymptotically
stable irrespective of the time delay t. Our numerical simulations show that the time delay can cause damped oscillations
in all compartments, see Fig. 2. Biologically, this implies that time delays in CTL response can cause transient fluctuations in
the proviral load and the CTL frequency in the early stage of infection, while in a longer term these quantities will stabilizes
at a constant level.

Figs. 3-5 describe the phenomenon stated in case (2) of Theorem 5.2. We have chosen a set of parameters as follows:

A = 160, B =0.002, d, = 0.16, d, = 1.85, y =0.2, n=0.2, d; =0.4. (24)

Correspondingly, Ry = 1.0547 > 1and P, = (975.6098, 2, 0.5061). It can be verified that the conditions of Theorem 5.2(2)
are satisfied. We can compute that wg = 0.1881 and 7o = 0.7458. By Theorem 5.2, the HAM/TSP equilibrium P, is locally
asymptotically stable when t < tg (Fig. 3), and Hopf bifurcation occurs at t = tg; a periodic solution exists when t > tp
(Fig. 4). Furthermore, we compute c;(0) = —0.0233 + 0.0054i. Therefore Re(c1(0)) < 0. By Theorem 5.4, we know that
the Hopf bifurcation is supercritical: the bifurcating periodic solutions exist for t > ty and they are orbitally asymptotically
stable. Numerical simulations shown in Figs. 4 and 5 support our analytical results. In Fig. 5(a), we show a global Hopf
branch of periodic solutions emanating from the Hopf bifurcation point. In Fig. 5(b), we show that the Floquet multipliers
associated with the bifurcating periodic solutions all lie inside the unit circle. All of our numerical simulations are carried out
using DDE32 package in Matlab. Bifurcation diagrams in Fig. 5 are produced using DDE-BIFTOOL developed by Engelborghs
etal. [31,32].

7. Summary and discussions

We have considered a mathematical model for the cytotoxic T-cell (CTL) response to the infection of CD4™ T cells in vivo
by human T cell leukemia virus type I (HTLV-I). The model incorporates a time lag in the antigenic activation process of CTLs.
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Fig. 3. When t = 0.1 < 7y = 0.7458, the HAM/TSP equilibrium P, of system (2) is local asymptotically stable.
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Fig. 4. A stable periodic orbits when t = 1 > 7y = 0.7458.

We have carried out rigorous mathematical analysis of the global dynamics of the model and show that the time delay can
destabilize the positive equilibrium and lead to periodic solutions through Hopf bifurcation.

Compared to earlier modeling studies on the immune response of HTLV-I infection [16,22,17,18,24], our analysis reveals
the existence of a carrier equilibrium P; = (x,y, 0) withy = d;(Ry — 1)/8, at which the proviral load is positive while
the CTL response is absent. Such a carrier equilibrium has been observed in animal studies of HTLV-I. It is reported in
[33] that adult rats orally inoculated with HTLV-1-producing cells develop a persistent HTLV-1 infection with no humoral
and cellular immune responses. The threshold parameter R; plays an important role since its value will distinguish the
asymptotic carrier state and the HAM/TSP state P, = (x*, y*, z*), x*, y*, z* > 0. The fact that P; is globally asymptotically
stable when Ry < 1 < Ry demonstrates the importance of this equilibrium state in the immune response to HTLV-I and
HAM/TSP development.
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(a) Global Hopf branch from ;. (b) Floquet multipliers of bifurcating periodic solutions.

Fig. 5. Numerical exploration of global Hopf bifurcations.

When R; > 1, we show that the HAM/TSP equilibrium P, is asymptotically stable when the delay t is small, and that
increases in the delay t can destabilize P, and lead to Hopf bifurcation and stable periodic solutions. This suggests that as
HAM/TSP develops, the proviral load and CTL frequency can either stabilize at a constant level or show oscillations. Stable
periodic oscillations have been observed in other models of CTL response to HTLV-I infection in vivo. Mechanisms leading
to stable oscillations include mitosis division in the HTLV-I-infected CD4™ T-cell population [16] or general CTL response
functions [34]. Our results, together with numerical studies in [24], establish that time delays in the CTL activation process
can also lead to stable oscillations.
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