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Abstract

The dynamics of a Nicholson’s blowflies equation with a finite delay are investigated. We prove
that a sequence of Hopf bifurcations occur at the positive equilibrium as the delay increases. Explicit
algorithm for determining the direction of the Hopf bifurcations and the stability of the bifurcating
periodic solutions are derived, using the theory of normal form and center manifold. Global existence
of periodic solutions are established using a global Hopf bifurcation result of Wu (Trans. Amer.
Math. Soc. 350 (1998) 4799), and a Bendixson criterion for higher dimensional ordinary differential
equations due to Li and Muldowney (J. Differential Equations 106 (1994) 27).
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1. Introduction
The equation
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was used by Gurney et §6] to describe the population dynamics of Nicholson'’s blowflies.
Here N(z) is the size of the population at time p is the maximum per capita daily
egg production rate, /b is the size at which the population reproduces at the maxi-
mum rate,y is the per capita daily adult death rate, ané the generation time. Eq.
(1) has been extensively studied in the literature. A majority of results on Eq. (1) deal
with global attractivity of the positive equilibrium and oscillatory behaviors of solutions
(see[13,14,7,15,23,16,19,8 R]These studies were also carried out on Eq. (1) with time-
periodic coefficients (sef28,22)), and on discrete Nicholson’s blowflies equation (see
[11,12,24,17,30] More recent attention was on diffusive Nicholson’s equations and their
wave form solutions (see, e.§29,25,26,5,4,27] An earlier result of Kulenovic and Ladas
[13] proved, under the assumptipn> ye?, that solutions of (1) oscillate about the positive
equilibriumN* = (1/a) log(p/y) if and only if

e

et [log{; — 1} . )

A question of mathematical and biological interest is whether stable and sustained oscilla-
tions are possible for Eg. (1). In the present paper, we provide a detailed analysis of this
question. Using the delayas a parameter, and applying the local and global Hopf bifurca-
tion theory (see e.g. Ha[8] and Wu[30]), we investigate the existence of stable periodic
oscillations for Eq. (1). More specifically, we prove under the assumptisrye? that, as
the delayr increases, the positive equilibriufi* loses its stability and a sequence of Hopf
bifurcations occur av*. Furthermore, using the normal form and center manifold theory,
we derive an explicit algorithm and sufficient conditions for the stability of the bifurcating
periodic solutions. Existence of periodic solutions fdiar away from the Hopf bifurca-
tion values is also established, using a global Hopf bifurcation result of 3G A key
step in establishing the global extension of the local Hopf braneh=atg is to show that
(1) has no nonconstant periodic solutions of period 4. This is accomplished by applying a
higher dimensional Bendixson criterion for ordinary differential equations due to Li and
Muldowney[18].

The paper is organized as follows: in Section 2, we investigate the occurrence of Hopf
bifurcations. In Section 3, direction and stability of the Hopf bifurcation are established.
Global Hopf bifurcation is established in Section 4.

2. Local Hopf bifurcations
The positive equilibriuniV* = (1/a) log(p/y) of (1) exists if and only it: > 0 andp > y.
These relations are assumed throughout the paper.
SetN(t) = N* + (1/a)x(¢). Thenx(¢) satisfies
x'(t) = —yx(t) —ayN* [1 — e*"(lff)] + yx(t — 1)e*U=D, 3)
The linearization of Eq. (3) at =0 is

Y (1) =—yy(t) — ylaN* — 1y(t — 1), (4)
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whose characteristic equation is
J=7—7laN* — 1]e *. (5)

Fort =0, the only root of (5) ist = —aN* <0, sincep > y. Formw # 0, iw is a root of (5)
if and only if

imw=—y—7y[aN* — 1] (coswt — i SinwT).
Separating the real and imaginary parts, we obtain

y(@N* — 1) coswt = —,

y(@N* — 1) sinwt = w, (6)
which lead to

P(aN* = % =% + o,
namely,

o =+9/aN*@N* - 2). )

This is possible if and only i&N* > 2, or equivalently, ifp > ye?.
For p > y€?, let

1 . N*(aN* —2
T = sin~t W + 2k |, (8)
PWaN*(aN* — 2) aN* -1

k=0,1,2,....Set

wo=yvaN*(aN* — 2). 9)

Let Ay = ok (1) + ik (7) denote aroot of (5) near= 1y, such thaty (1) =0, wy(1x) = wo.
We have the following result.

Lemma 2.1. o (t4) > 0.

Proof. Differentiating both sides of (5) with respecttpwe obtain

% =—ylaN* —1]e™~ [—z —1 %] .
Therefore
d2 _ p@N*—1ie "
dt  1—yp@aN*—1re e’
and hence
di B P(@N* — Do Sinwoty + iy(aN* — 1)wo COSmTk

dr — T [1—y(@N* — 1)1 coswoti] + ip(aN* — 1)1 sinwoty
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This implies that

y g
(k) = " (aN* — D)wog Sinwoty = KO >0,

where A = [1 — p(@N* — D)t coswotc]? + y2(aN* — 1)?tZsir? wotk, completing the
proof. [

Proposition 2.2. (i) Wheny < p <y€?, all roots of the characteristic equatiofb) have
negative real parts(ii) Whenp > ye?, Eq.(5) has a pair of simple imaginary rootsiwg at
t=1, k=0,1,2,....Furthermoreif t € [0, 70), then all roots of Eq(5) have negative
real parts if T = 1o, then all roots of(5) except+iwg have negative real partsand if
T € (tx, k1) fork=0,1,2, ..., Eq (5)has2(k + 1) roots with positive real parts

Proof. From the analysis leading to relation (7) we know tha i y€?, Eq. (5) has no
purely imaginary rootd with @ # 0. Sincel =0 is not a solution to (5), we know that, for
anyt, (5) has no solutions on the imaginary axis. Applying a result of Ruan and2d/ei
Corollary 2.4] we arrive at the conclusion (i).

If p > 7€, lett; be asin (8). From (6) and (7), we know that Eq. (5) has purely imaginary
roots=iwg if and only if T = 7, andwy is given in (9). The statements on the number of
eigenvalues with positive real parts follow from Lemma 2.1

Spectral properties in Proposition 2.2 immediately lead to stability properties of the zero
solution of Eq. (3), and equivalently, of the positive equilibriddri= N* of Eq. (1).

Theorem 2.3. For Eq. (1), the following hold
(i) If y < p<y€?, thenN = N* is asymptotically stable

(i) If p>y€?, thenN = N* is asymptotically stable far € [0, 7o) and unstable for > 1.
(i) For p > y€?, Eq.(1)undergoes a Hopf bifurcation at* whent=1;, fork=0, 1, 2, ... .

3. Stability and direction of the Hopf bifurcation

In the previous section, we obtained conditions for Hopf bifurcations to occur when
T=1, k=0,1,2,....Inthis section, we investigate the direction of the Hopf bifurcation
whent = 19, and the stability of the bifurcating periodic solutions, using techniques from
normal form and center manifold theory (see e.g. Hassard [ai(§).

Let y(¢) = x(tz). Then (3) becomes

Y@ = —yily() +aN* L —e ") -y — pe Y] (10)
Correspondingly, the characteristic equation (5) becomes

z=—1y—y[aN* — 1]le”*. (11)
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with z = 7/ for  # 0. From the conclusion (i) of Proposition 2.2 we know thay, if y€?
andt =1g, all roots of (11) exceptitowg have negative real parts. Furthermore, by Lemma
2.1,

z(t) = ta(t) + itw(t)

satisfies

d(ta(1))
dr

= 19/ (tg) > 0.
=10

Sett =19+ u, 1 € R. Thenu = 0 is a Hopf bifurcation value for Eq. (10). Rewrite
Eqg. (10) as

Y1) = — (10 + wyly®) + (aN* = Dyt — 1)]
+ (t0+ 1)y [Lz_z) Y -1 - w v - 1)}
+ 0. (12)
Fory € € = C([—1, 0], R), let
Ly = —(t0+ wyy(0) + (@N* — (-1,

and
N* -2 N*—3
F () = (104 pyy [“(—2) YA(-1) — % w%-n]

+oWt-1). (13)

By the Riesz Representation Theorem, there exists a fungtibn:) of bounded variation
for 0 € [—1, O], such that

0

Lty = / 0. Y(O). for yi < % (14)
In fact, we can choose

10, p) = —(t0 + Wyo(0) + (to + wy@N* — 1)o(6 + 1). (15)
Fory € €, define

dys(6)/do, 0 e[-1,0),
A = 16
v {ffl dn(t, wy (), 0=0, (16)
and
_]o, 0e[-1,0),
R = {m no0sh (17)

Then we can rewrite (12) as

v, = AWy + R(Wyr, (18)
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wherey; (0) = y(r + 0) for 0 € [—1, 0]. For ¢ € C1[0, 1], define

do(s)/ds, s € (0,1],
12 dnt, 0p(—1), 0=0.

Fory, ¢ € C[—1, 0], define a bilinear form

A p(s) = {

) 0 0
W =0y~ [ [ de-omopodw (19

wheren(6) = (0, 0). Then A* and A(0) are adjoint operators. By the discussion at the
beginning of this section, we know thatimgtg are eigenvalues od (0). Thus, they are
also eigenvalues of*.

Itcan be verified tha;(@):eiwofoe is an eigenvector of (0) with respect to the eigenvalue
imgto, andg™ (s) = DE®0™" js an eigenvector o * with respect to the eigenvalué wg1o.
Furthermore,

(¢*,9)=1, (¢%.q)=0,

where

1

= (20)
1+ 10y — lwoTo

Using the same notations as in Hassard il8l; we first compute the center manifalt
atu = 0. Lety; be the solution of Eq. (12) when= 0. Define

2 ={(q" y), W, 0)=y(0) —2Rez()q(0)}.
On the center manifold’g we have
W(t, z) = W(z(), (1), 0),

where

22 72 23
W(z, z, 0) = Wao(0) 5t W11(0)zZ + Wo2(0) 5+ W3o(0) 5T

zandz are local coordinates for the center manifalglin the direction ofy* andg*. Note
thatW s real if y, is real. We consider only real solutions. For a solutpre Co of (12),
sinceu = 0, we have

Z/(t) =iwotoz + ¢*(0) f (W + 2 Re{z()q (0)})
=iwotoz + ¢ (0) f(W(z, z,0) + 2Rez(1)g(0)})
== iwetoz + ¢%(0) fo(z, 2).

We rewrite this equation as

Z'(1) =iwotoz + g(z, 2) (21)
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with
_ _ _ 22 _ 72 7%z
8(z,2) =4"(0) fo(z, 2) = g20 > + 81127 + go2 > + 821 - +ee (22)
By (18) and (21), we have
W/=u;—z’q—2’fj
_ {AW—ZRG{Q*(O)J‘OCI(Q)}, 0el[-1,0
AW — 2Reg*(0) fog(0) + fo}, 0=0
=AW+ H(z,Z,0),
where
z2 72
H(z,z,0) = Hzo(G)E + H112Z + Ho2(0) 5 T (23)

Expanding the above series and comparing the corresponding coefficients, we obtain
(A — 2iwoTo) W20(0) = H20(0),
AW11(0) = — H11(0),
(A — 2iwgt0) Wo2(0) = — Ho2(0),
(24)

Note thaty, = W(z, 0) + zg(0) + zg(0) andg (0) = €07 We get

2 52
_j _ Z - Z
y(t — 1) = z&7'0%0 4 7€ 0% - Wao(=D) = + Wia(=Dzz + Woa(=1) =+

Therefore,
fo=10y [“N* — (-1 - “N*G_ %13 - 1>} + 00 ¢ - 1)
= —T‘”(“T -2 [o7200t0,2 . 10072 1. 227 - 2e 20Oy (~1)2%
+e?lwoto Wzo(—l)zzi] - —roy(al\é* =93 ZeTlwot0,27 4 ...

This relation and (22) imply

N*—2 )
g8(z,2)= q*(O)fo = q‘*(o) {Mz) e—2|woro
+ Meziwofofz + [W

2 ' 2

+e2 070 Woo(—1)) — w e—‘“’OTOH S

22+ 109(aN* — 2)zZ

(2& 200 Wy(~1)
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Comparing coefficients with (22) and usia(0) = D, we have

g20= [)‘L'oj)(a]\ﬂ< — 2)672iw010,
g11= D1gy(aN* — 2),
go2= [)T()“/(CZN>k — Z)GZMMO,

g21= D[107(aN* — 2)(€” ™ W11(~1) + €0 Wao(~1))
—10y(aN™* — 3)e~'“0%0], (25)

Since, forf € [—1, 0),

H(z,7,0) = — g*(0) foq(0) — g*(0) fog (0)
= —g(z,2)q(0) — g(z,2)3(0),

comparing coefficients with (23) we get,

Hao(0) = —g20q(0) — 8024 (0),
H11(0) = —g119(0) — 8119 (0).

Substituting these relations into (24) we can derive the following equation
W3o(0) = 2iwotoW2o(0) + g20e 070 + gopei0700,

Solving for Wo(0) we obtain

Wag(0) = — 520 dwotol _ 802 —imotol 4 pr, @2iwotol (26)
1070 3iwg1o
Similarly,
Wll(e) = Igi einTOG _ ﬁ e—iwo‘[o@ + EZ, (27)

woTo imwoTo
whereE1 and E» are constants and will be determined in the following. From

H(z,z,0) = —2Reg"(0) foq (0)} + fo.
we have

Hzo = —g20 — g0z + Toy(aN* — 2)e™ 2120t
and

Hip = —g11— g11+ 10y (aN* — 2).

From (24) and the definition @& we obtain
0 ; .
/ dn(0) 1820 glwotol 1802 gworol | p, g2iwotol
-1 woTo 3woTo
ig20 1202
woTo  3woTo

= 2iwoTo [ + El} + g20 + 802 — Toy(aN* — 2)e~2iworol
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and
0 g11 811
/ di’](@) [_ eIwOTOG + o= e—leTOO + E2j| — gll + gll _ TOV(QN* _ 2)
_1 mO7To Q70
Thus,
E ‘L'O’))(LZN* _ Z)e—Ziw0T09
1= -
2iwgro — [°; ool di(6)
and
Epe Toy(aN* — 2)‘

S0, dn(0)
From the definition ofj(0), we have

’))(LZN* _ Z)e—ZiU)o‘L’oB
Y7 2iwp + [ + (aN* — 1)e-iwowl]

and

aN* —2

Er=
2 aN*

SubstitutingE, and E> into (26) and (27), respectively, we obtain

Wao(—1) = Igﬂ glwoto 802 oo _ P(@aN* —2) .
0070 3wo1o 2iwg + y[1+ (aN* — 1)e—2iwoto]
and
i . ig ) N*—2
Wll(—l) — ﬁ efleTO + ﬁ ela)o‘l,'o + Cl—*
Q70 woTo aN

Hence we get

2ig11 o 2Zimoto 2ig11 N 2(aN* —2) 1000

g1=D {fo?(aN* -2 [—

0070 wOTo aN*
n ig20 n ig02 2iooto P(aN* — 2)g®oto |
woto  3wgTo 2iwg + y[1+ (aN* — 1)e—2iwoto]
—top(aN* — 3)e*i‘”0f0] . (28)

Substituting expressions f@po, g11, go2 and (28) into the following relation

g1

i 1
C1(0) = — (gzogll —2lg11l® - 3 |g02|2> + >

2w07To
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we have

i DD1oy(aN* — 2) Y t0(aN* — 2)?

C1(0) =
10 6wo 2(aN* —1) | 34%2wgy3(aN* — 1)°

x {[4wo)(7? — 0§) (1 + 107)%) — wd)

+ 2w0t0(1 + 107) (7* + 0§ — 60371
+il(A+100)? — 0By * + 0§ — 60F)3)
— 8wdyto(1+ o) ()” — w1}

210(aN* — 2)? i
— 200 =2 @+ o) + ool + oo + T07) — wotoy)

AaN*y
To(aN* —3) .
@+ 7o) + ogrol +ilwo(L+ 707) — woroy)
| TolaN* — 2)2 (@310 — P(1+ 107)] + i[wo(1 + t0y) + wotoy]
A A,Z_wz i N* ’
vt y(;zv*—ol) +i2m0 57—
and its real part
7 to(aN* — 2)° 2 2 2 2.2
0= 2N~ D) | 3wgyian — 12 0 T DA N7 o5t)
2t0(aN*—2)?
+10(14+710)) (y4+cug—6w%yg)]—TN*V (y+roy2+wgro)
t0(aN* — 3) > to(aN* — 2)2
+ Ay (y + t07° + wgTo) + Y
2 N*— 2 %
5 (0?10 — 7 — 107%) M + (w0 + 2w0oToy) 200 ~48— (29)
(yzaN’j:w%)zz T 2 azi\,*z 2 ’
(Y(@N*=1)) (aN*—1)
where
A=A+ ‘coy)2 + w%r%
Set
—ReC1(0)
=2ReC1(0), =, 30
B 1(0), 700 (T0) (30)
where

/ 1 * H
o (10) = 7 (aN™ — D)o Sinwoto.

Then a general result for the direction and stability of Hopf bifurcation, see e.g. Hassard
et al.[10, Chapter 1, Section dimplies that the direction of the Hopf bifurcation is deter-
mined by the sign of,, and the stability of the bifurcating periodic solutions is determined
by the sign ofi,. Sincex'(1p) > 0, we thus have the following result.
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50 100 150 200 250
t

Fig. 1. A Mathematica simulation of a periodic solution to system (1) with10.2 anda = 1.5, y=2, p =16.
The delayr is between the two Hopf bifurcation valueg= 8.20 andry = 15.93.

Theorem 3.1. LetReC1(0) be given in(29).Then

(a) the Hopf bifurcation occurs ascrossesyg to the right ifReC1(0) < 0, and to the left
if ReC1(0) > 0; and
(b) the bifurcating periodic solution is stableReC1(0) < 0 and unstable iReC1(0) > 0.

Theorem 3.1 provides an explicit algorithm for detecting the direction and stability of
the Hopf bifurcation at = tg. For instance, if the parameter values are chosem s
15,7 = 2, andp = 16, then the relation > y€? holds. Furthermore, by (29) we have
ReC1(0) = —0.494456< 0 (and thug’, < 0 andy, > 0 by (30)). Therefore, by Theorem
3.1, the hifurcation takes place wherrossesy to the right ¢ > 7¢), and the bifurcating
periodic solution is asymptotically stable. We have carried out numerical simulations on
system (1) using Mathematica with these parameter values, and for different choices of
initial conditions and for different delays. The simulations support our theoretical result.
Moreover, the simulations consistently show the global existence of asymptotically periodic
solutions: existence of periodic solutions for valueg dé&r away fromzg, and solutions
from various initial conditions converge to the periodic solutionFig. 1, we show one
of the simulations using = 1.5, y =2, andp = 16. In this case it can be calculated that,
fork=0,1,2,..., 1 = 0.48 820, 1593 23.66,31.39,39.12,.... The delayr = 10.2 is
between the two Hopf bifurcation values= 8.20 andr> = 15.93. A periodic solution of
amplitude 1 is shown ifrig. L These numerical simulations also motivated our theoretical
investigation of the global existence of periodic solutions in the next section.

4. Global Hopf bifurcation

In this section we study the global continuation of the local Hopf branch bifurcating
from the point(0, 1), k=0, 1, 2, ..., for Eq. (10). For convenience of the reader, we copy
Eq. (10) in the following.

Y(0) = —yily(@) +aN* L —e ) -y — pe V). (31)
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We use the following notations:
% =C([—-10],R),
Y =ClH(y,t,T): yis aT-periodic solution of(3D)} C X x Ry x R4,
N={(GFt.T): §+aN*1-$) — e’ =0).
LetC(O, 1x, 21/ (1 wo)) denote the connected component@®fry, 27t/ (T we)) in X, where
7 andwg are defined in (8) and (9), respectively.

Lemma 4.1. All periodic solutions tq31) are uniformly bounded

Proof. Let y(t) be a nonconstant periodic solution to (31), and) = M, y(t2) =m be
its maximum and minimum, respectively. Then() = y'(z2) = 0, and by (31),

M =y(t — D)e>1 D —gN*[1 - e 7D, (32)
m=y(tr — 1)e Y2 _ gN*[1 — e ¥~ (33)

We claim thaty(r1 — 1) <0 andy(r2 — 1) > 0. In fact, if y(r1 — 1) = 0, then (32) implies
M =0, and thusn < 0 andy(z, — 1) <0. Using (33) we know (t, — 1) <0, and thus

m> y(ty — ez,

which contradicts the fact thatis the minimum. Ify(z; — 1) > O, then, by (32), we arrive
at

M<M —aN*(1—e Y=y <,

a contradiction. Therefore,(r1 — 1) < 0. A similar argument can show thafs, — 1) > 0.
Therefore, we have: < 0 andM > 0. Again, by (32) and (33), we have

m>aN*[e™ —1]> — aN*. (34)
Also by (32) we have

M= —aN*+ (y(tp — 1) + aN*)e >~
= —aN* + &V (y(11 — 1) + aN*)e” W=D HaND
< —aN* +e Ve l=—gN* + &N 1, (35)
Here we have used the fact thdat; — 1) + aN* > m 4+ aN* > 0 and thatte™ < e 1for
x > 0. Relations (34) and (35) imply uniform boundedness of the periodic solutidis.

Lemma 4.2. Assume thatye? < p < +/2y€?. Then (31) has no periodic solutions of
period4.

Proof. Let y(r) be a periodic solution to (31) of period 4. Sgi(r) = y(t — j+ 1), j=
1,2,3,4. Thenu(t) = (u1(z), u2(t), uz(r), us(t)) is a periodic solution to the following
system of ordinary differential equations:

uy(6) = =ptlus(t) + aN*(L — €720) — up(r)e 2]
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uh(1) = —ytlua(r) + aN*(1 — €730 — yug(r)e™3")]

uy(1) = —ytluz(t) + aN* (L — &™) —ugy(n)e]

(1) = —ytlua(t) + aN*(1 — e710) —yy (e, (36)
whose orbit belongs to the region

G={uecR*m<u| <M, k=123 4 (37)

wheresm and M are a pair of uniform bounds for periodic solutions of (31) obtained in
Lemma 4.1. To rule out four-periodic solutions of (31), it suffices to prove the nonexistence
of nonconstant periodic solutions of (36) in the reg@rlo do the latter, we use a general
Bendixson’s criterion in higher dimensions developed in Li and Muldowi8y. More
specifically, we will apply Corollary 3.5 ifiL8]. The Jacobian matriX = J (u) of (36), for
uecRYis

1 fw) O 0
_ . 0 1 f(us) O
==l 0 00 T fa
S ua) 0 0 1
where
f()=(aN*+v—1e". (38)
The second additive compound matii¥! (1) of J (u) is, see [3] and[20]),
2 f(u3) 0 0 0 0
0 2 flug) f(uz) O 0
2,y — _» 0 0 2 0 fw) O
Frw==r 0 0 2 fuy) O
—f(u1) 0 0 0 2 f(ug)
0 —f(u1) 0 0 0 2

Choose a vector norm iR® as
| (1. X2, X3, x4, X5, X6)| = Max(v/2|xal, |x2|, v2lx3l, V2lxal, |xs, v2|xel}.

Then, with respect to this norm, the Lozinskieasureu(J2/(x)) of the matrixJ (x) is,
see[1],
(I (w))
= max(v/'2yt(—v2+ | fua)]), V2pr(—v2+ | fua)l/2+ | fw2)l/2),
V2 (—V2+ [ f ), V2yr(—V2+ | f(ua))),
V2T(—V2+ | f@Dl/2+ | fW3)l/2), V2p1(—v2+ | f ). (39)

By Corollary 3.5 in[18], system (36) has no periodic orbits@if u(J? (1)) < 0 for all
u € G. From (39), we see that(J % (u)) < 0 if and only if

Ifupl<v2, j=1,234, (40)
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for u € G. To establish (40), we first use the assumpti6M'e= p/y < v/2€? to improve
the lower boundn given in Lemma 4.1. In (33), we now have

y(t2 — 1)—|—aN*<M~|—aN*<e“N*_1<\/§e

Using the fact that the functiome™ is monotonically decreasing for > 1 and that
y(t — 1) +aN* > 1, we have

m= —aN*+ e (y(t — 1) + aN*)g"Wz=DFaN)
—aN* + eV J2ee V22 _ gN* 4 2/ 2e e Ve
= —aN* + 228 V%

Thereforey € G satisfies
lu;| > —aN* + 27268V,
Ford = 24/264-v2¢ = 1, we can verify
|f(—aN* +0)| =&V 015 — 1| =N 22705 — 1) <N 2,

\%

Using the graph off (v) we know thatf (v) has a global maximum®” —2 = e=2p/y.
Therefore, fom € G,

|f o) < max(eN 2, | f(—aN* + o)) <eN 2=Le2 02
s
and (40) is satisfied, completing the proof.]
Lemma 4.3. Assume thate? < p. Then(31) has no periodic solutions of periddor 2.

Proof. First note that any nonconstant 1-periodic solutior) of (31) is also a nonconstant
periodic solution of the ordinary differential equation

u' (1) = —ypt(L — e “O)(u(t) + aN¥). (41)

A simple phase-line analysis shows that Eq. (41) has no nonconstant periodic solutions.
As in the proof of Lemma 4.2, ifi(¢) is a periodic solution of (31) of period 2, then
u1(t)=u(t) anduz(t) =u(t — 1) are periodic solution of the system of ordinary differential
equations
wy(t) = —yptlus(t) + aN*(L — €7?0) — up(r)e 2]
(1) = —ytluz(t) + aN*(L— e10) —ug (1) ], (42)

Let (P(u1, u2), Q(u1,u2)) denote the vector field of (42), then
or 20
Ou1  Oup

=-2y1<0

for all (u1, u2). Thus the classical Bendixson’s negative criterion implies that (42) has no
nonconstant periodic solutions[]
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Theorem 4.4. Suppose thate? < p < +/2y€? holds Thenfor eacht > 7, k=0,1,2, ...,
Eq.(31) has at leask + 1 periodic solutionswherezy, is defined in(8).

Proof. First note that
F(y',7,1) := —ptly(t) + aN*(1 — D) — y(r — 1)e D]

satisfies the hypotheséd1), (A2) and(Asz) in Wu [30, p. 4813] with

. 2n
(Yo, a0, po) = O, 1, ,

Tk o

V0,121 /1m0 (2) =2+ Ty + tylaN* — 1] %,

It can also be verified tha0, t, 2/t we) are isolated centers (see \[80, p. 4813].
By Lemma 2.1 and Proposition 2.2, there exist0, 6 >0, and smooth curve: (t; —
0, T +0) — C suchthatd(z(1)) =0, |z(t) —itrwg| <eforall T € [t — I, 7 + 0], and

. dRez
z(tx) =it wo, %(T) > 0.
T T=T)

DenoteT; = 2r/(txwo), and let
Q. ={0,7):0<u<e, |T—Ti|<e}.

Clearly, if[t—tx| < dand(u, p) € 09, suchthaud o . ) (u+2ni/T)=0, themr=1;, u=0,
andT = Tg. This verifies assumptiof4) in Wu [30] for m = 1. Moreover, if we put

2n . 2n
I‘Ii (O, Tk, —) (u, T) = A(O,‘Ek:té,T) (M + |?) .

Tk @0

then we have the cross number (see[30Q)

2 2
Y1 (O, Ths —n> = degy (H <0, Tk, —n) ) Qs)
T MmO Tk o
2
— degy <H+ <O, Tk, n ) ,QC> =—1
TrQ

By Theorem 3.3 of W{B0], we conclude thatthe connected compomr&, t;, 27/ (t;wo))
through(O0, t¢, 27/ (txwo)) in 2 is nonempty. Meanwhile, we have

E p1(y,7,T) <0,
2n
‘L'ko)o)

(3,7, T)eC(0,7,

and hence® (0, 1y, 21t/ (T wp)) is unbounded.
Lemma4.1impliesthatthe projection@f0, 4, 27/ (1 wp)) onto they-space is bounded.
It can be verified using a phase-line analysis that, wherD, Eq. (31) has no nonconstant
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periodic solutions. Therefore, the projection ©f0, 7, 2/ (txwp)) onto thet-space is
bounded below. From the definition of in (8) and that ofvg in (9), we obtain

Tro = sint (%) 4 2kn (43)
for k> 0. Also, from (6) we know that simgt; > 0 and cosvgt; <0, fork >0. Hence

g <wotg<m, and 2Zt<woty <2k +Dm, k>1.
Therefore

2
2<TC

4 d !
‘L'oa)()< > an k+1<a)o‘fk

Applying Lemmas 4.2 and 4.3 we know thatZl' <4 if (y, 7, T) € C(0, o, 27/ (t0w0)),
andthat Y(k+1) <T <1if (y,7,T) € C(O, 1, 21/ (11 wp)) for k> 1. This shows that
in order forC (0, t¢, 27t/ (tr o)) to be unbounded, its projection onto thepace must be
unbounded. Consequently, the projectiof@0, x, 27/ (txwo)) onto ther-space includes
[tx, 00). This shows that, for each> 14, EqQ. (31) hag + 1 nonconstant periodic solutions,
completing the proof of the theorem[]

<1, k=1 (44)

Remarks. 1. From the proof of Theorem 4.4, we know that the first global Hopf branch
contains periodic solutions of period between 2 and 4. These are the slowly-oscillating
periodic solutions. The, branches, fok > 1, since the periods are less than 1, contain
fast-oscillating periodic solutions.

2. Fork>1,

1 2n
— < <
k+1 1w

automatically holds. The bounds on the periofdr (v, 7, T) € C(0, 7, 2n/(trwe)) hold
without resulting to Lemma 4.2. Thus, the global extension oftfhkeranch fork > 1 can
be proved without the restriction < v/2y€?.
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