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Chapter 1. Existence and Uniqueness Theorems

1.1. Initial value problems

Let D be an open set in R"*! and f € C(D — R"). Consider an ODE in R"
7 = f(t,). (1)
A solution to (1) in an interval Z C R is a differentiable function ¢ : Z — R™ such that

¢'(t) = f(t, (1))

Example 1. The equation 2’ = 1 has solutions defined in R of form
z(t) = t+c,
where ¢ is an arbitrary constant. In general, an ODE has infinitely many solutions.
We would like to solve equation (1) subject to conditions
x(to) = o (2)
for (to,z0) € D. Equations (1) and (2) are called an Initial Value Problem, an IVP for short.
In this chapter, we investigate the following two questions:

1. Existence of solutions to the IVP (1)-(2).

2. Uniqueness of solutions to the IVP (1)-(2).



We first examine some examples.

Example 2. The IVP 2/ =z, z(tp) = z¢ has solution

z(t) = @o et

which exists for all t € R and is unique.

Example 3. The ODE z/ = 22 has a solution

1

) = —
z(t) t+c¢’

where ¢ can be uniquely determined by the initial condition z(tg) = zg, for xo # 0. This solution
only exists near tg and is unique as long as it exists. When ¢y = 0 the IVP has a unique solution
z(t) = 0.
Example 4. Consider the IVP 2/ = |z|"/2, z(ty) = zo. For z¢ > 0, we have
/

T

1
7= 1, 222 =t4¢, z(t)==(t+c)?
x

4

where ¢ = 23;[1)/2 — to. This solution exists in R. When zy = 0, we have z(t) = 0 for all t.
Solutions to the IVP are not unique over R. However a solution is locally unique if xy # 0.
1.2. An equivalent problem

The IVP (1)-(2) is equivalent to the following integral equation

o(t) = o+ [ fls.a(s) ds. 3)

Namely, the IVP and the integral equation has the same set of solutions.
The following useful result is a version of Gronwall’s lemma.

Lemma 1.1 Let g(t) be a continuous real-valued function and g(t) > 0 for t € [to,b]. If, for

K >0,C >0,
t

gt) SC+ K [ g(s)ds

to

for t € [to,b], then
g(t) < Celmt) (4)

for t € [to, b].

Proof. Let G(t) = C—G—Kft'; g(s)ds. Then G(t) > g(t) and G(t) >0 for all ¢ € [tp, b]. Moreover,

G'(t) = Kg(t) < KG(t).



Thus
G'(t) - KG() <0

and
G'(t)e K —Gt)Ke Kt <0,
namely
[G()e ™1 <0,
and thus G(1)e™5* < G(t)e™K® = Ce™Kt0, it follows g(t) < G(1) < CeX (1), 0

1.3. Uniqueness under Lipschitz conditions

A function f € C(D — R") is said to satisfy Lipschitz condition with respect to x if there exists
(Lipschitz) constant K > 0, such that

|f(t,l'1)—f(t,$2)| < K’$1—$2| (5)
for all (¢,z1), (t,z2) € D. Here, |-| denote any norm in R".
Example 5. f(z) =sinz is Lipschitz continuous on (—oo, +00).

Example 6. f(z) = 2? is not globally Lipschitz continuous over R. It is, however, Lipschitz
continuous over any compact subset of R. In this case, we say it is locally Lipschitz continuous
over R.

Example 7. f(x) = x% is globally Lipschitz continuous on [«, co) for any « > 0, but only
locally Lipschitz continuous on (0, 00).

Theorem 1.2 (Uniqueness) Suppose
(1) feC(D—R").
(2) f satisfies Lipschitz condition in D with respect to .

Then the IVP has at most one solution in D.

More specifically, if there are two solutions ¢1(t) and ¢2(t) to the IVP, both defined for
t € [a,b], such that (t,¢;(t)) € D for ¢t € [a,b] and i = 1,2, then ¢;(t) = ¢a(t) for all t € [a,b].

Proof. (Proof # 1) Suppose ¢1(t) and @2(t) are both solutions to the IVP. Then

@z(ﬂ =x0 + tf(57§0i(8))d87 1= 172'

to

and thus

lo1(t) = a(®)] = |} [f(s,02(s)) — f(s,02(5))] ds|
S, 02(5) — F(ssa())lds (22 to) ©)
fto K |¢1(s) — ¢a(s)|ds (Lipschitz condition)

IA A
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Set I(t) = |¢1(t) — p2(t)| = 0. Then, if ¢ > to,
t
I(t) < | Kl(s)ds,

to

which implies I(t) < 0 for ¢ >ty by the Gronwall’s lemma. Since [(ty) > 0, we have [(t) =0 for
all t > 9. A similar argument can show [(t) =0 for all ¢ < ty. O

Proof. (Proof # 2) Set & = mawcy, y|p1(t) — p2(t)|. From (6), we have

t
o1(t) — e2(0)] < | Kdds = Kot —to).
to

Using (6) again, we get

p1(8) = pa(t)] < ttm(s ~to)ds = SK(t — t0)?/2.

Repeat the process, we get, for any integer n,
lp1(t) — a(t)] < OK™(t —tg)"/n! — 0 as n — oo.

This implies ¢1(t) = ¢a(t) for t € [tg,b]. (Proof for t € [a,tg] is similar.) O

1.4. Picard’s Method of Successive Approximation and local existence under
Lipschitz conditions

We prove the following result.
Theorem 1.3 (Picard Local Existence Theorem) Suppose

(1) feC(D—R").

(2) f satisfies Lipschitz condition in D with respect to .
Then there exists a > 0 such that the IVP has a solution for t € [ty — «, to + a].
Proof. Let (tg,z9) € D. Then there exists aj,az > 0 such that the rectangle R = {(¢,z)
|t —to] < a1, |x —xo| <az} C D (D is open). Let

M =max{|f(t,z)| : (t,x)€ R}.

We will show that o = min{a;, $3} satisfies the conclusion in the theorem. The following method
is called Picard Method of Successive Approximation.
Consider the equivalent integral equation

x(t) = o + t f(s,z(s)) ds. (7)



Step 1: Set up the successive approximation

zo(t) = o (8)
anrl(t) = xO"’\]Z) f(S,.’L‘n(S))dS, n=0,1,2,-

Step 2: Verify (use induction) that the sequence {x,(t)} are well-defined for |t —¢y| < «, and
that (¢, z,(t)) € R.

t
[21(t) = xol < [ |f(s,20)|ds < M|t —to] < ay,
to
t
|zn () — x| < | |f(s,xn—1(s))|ds < M|t —to| <az, n=2,3,---,
to

if ‘t—t0| S ag/M.

Step 3: Show that {z,(t)} is a Cauchy sequence for |t —ty| < a.

Tnsr(®) = za®] < | [ 1f(s.20(5) = Fls,z01(s))ds]
(Lipschitz) < K‘ft |zn(s) — zp—1(s )|d8’ n=12 ..

and .
lz1(t) —zo(t)] = | [ f(s,20)ds| < M|t —to|, [t —to] <c.
to
Thus
lzo(t) — x1(t)] < MKt —to]?/2!, |t —to] < o,
and

lz3(t) — zo(t)] < ME2|t —to3/3!, |t —to| <
and, for n=1,2, ...

MK”’t—to’nJrl - M(Koz)”“
n+1)! K (n+D

[Zn41(t) — 20 (t)| <

Thus, for 0 < m < n, we have
|z (t) — — —to] < . (9)

Step 4: The solution to the IVP is obtained as the uniform limit of {x,(¢)}.
Cauchy’s criterion and (9) imply that

tlingo Tn(t) = x(t)

uniformly for ¢ € [to,to + o], and z(t) is continuous. In the equation (8), let ¢t — oo, we verify
that x(t) is a solution to the integral equation (7). Thus xz(t) is differentiable and satisfies the
IVP. g



1.5. The existence and uniqueness under Lipschitz conditions (summary)

Summarize the results in Sections 1.3 and 1.4, we have the following theorem.
Theorem 1.4 Suppose

(1) feC(D—R").

(2) f satisfies Lipschitz condition in D with respect to .
Then there exists a > 0 such that the IVP has a unique solution for t € [ty — «, to + .

The following is an abstract version of the proof of Picard’s existence and uniqueness theorem.
Let (B,|-|) be a Banach space. Let V ={p € B : |¢| <b}.

Lemma 1.5 Suppose that T : V — B is a transformation that satisfies:
(a) |T(p)| <b for p €V, ie., T(V)CW.
(b) 30 < Ky <1, such that |T(¢) — T (V)| < K1 |p — |, for ¢, € V.

Then, there exists a unique ¢ € V such that T(p) = ¢, namely, T has a unique fixed point in
V.

Proof. Exercise. (Hint: use Picard successive approximation.)
The Picard’s theorem can now be proved using this fixed point result. Let B = Cltg—a1, to+a1].
Define T' using the integral equation (3) as follows:

T()(t) = xo + t f(s,9(s)) ds.

Choose a1 small enough so that a1 K < 1, where K is the Lipschitz constant of f in D, then
we can show that T satisfies

(a) |T(p)| < ag if || < ay,

(b) [T(p) =T ()| < a1 K | — 4, for [, [¢] < as.
Then by the previous lemma, T has a unique fixed point ¢ € B and = = ¢(t) is a solution to the
integral equation (3), and hence a solution to the IVP.

1.6. Peano existence theorem

In Theorem 1.4, if the assumption (2) on the Lipschitz condition is removed, the conclusion still
holds, except for the uniqueness.

Theorem 1.6 Suppose that f € C(D — R™). Then the IVP has a solution which exists on a
mazimal interval (w—, wy).



Note: w_ and wy depend on tg,zg in general.

To establish this result, we need some preliminary propositions.

Let F be a family of real-valued (or R™ valued) functions on a closed interval Z C R.
(a) F is uniformly bounded if there exists M > 0 such that

IfH)| <M, VfeF, Vtel.

(b) F is equi-continuous if for any e > 0, there exists § > 0 such that t;,to € Z, |[t; — ta| <
0, f € F imply
|f(t1) — f(t2)] <e.

Proposition 1.7 (Arzela-Ascoli Theorem) Suppose that the family F is uniformly bounded
and equi-continuous. Then for any sequence {fr} C F, there exists a subsequence that is uniformly
convergent on ZI.

A more abstract way to state the Arzela-Ascoli Theorem is: a subset F of the Banach space
Cla,b] is precompact iff F satisfies properties (a) and (b).

Proof. Let {ry,re,---} =ZNQ (rationals in 7). Consider the sequence in R :

{fe(r)} = {f1(r1), fa(r1), f3(re),---}. (10)

It is bounded and therefore has a convergent subsequence:

{f11(r1), fr2(r1), fiz(re), -}

The sequence
{f11(r2), fia(r2), fis(r2),--- }.

is bounded and thus has a convergent subsequence

{f21(r2), faa(r2, fas(re), -}

The subsequence { for,(r)} is now convergent for r = r1, . Proceeding by induction, we construct
{fmr}, m=1,2,3,--- where

o {fmk} is a subsequence of {f,_1)x}, m=2,3,4,---, and
o {fmk(m)} = {fm1(r), fma(r), fma(r), -} is convergent (as k — oo ) for r=ry,re, -+ 7.

Therefore, the sequence {frx(r)} is convergent for every rational r € Z. We will show that { fix ()}
is convergent for every t € 7.
Let € > 0. Choose 6 > 0 such that t1,to € Z, |t; —t2| < 0, f € F imply

|f(t1) — f(t2)| < €/3. (11)



Choose ri,79,++- ,rn such that {(r; =9, r;+d) : i=1,--- ,N} covers Z (Z compact). There
exists H such that for m,n > H,

| from (i) — fan(ri)| <€/3, i=1,2,--- N. (12)

If t € Z, choose r; such that |r; —t| < 6. Then m,n > H implies

|fmm(t) _fnn(t)|
<e€/3+¢/3+¢€¢/3=¢€ by (11), (12).

Therefore, {fxr}, a subsequence of {fx} is uniformly convergent on Z (Cauchy criterion). O

Proposition 1.8 (Peano Local Existence Theorem) Suppose that f € C(D — R"™). Then
the IVP has a solution which exists in a neighborhood of tg.

Proof. (Proof # 1, Tonelli). We show the existence of a solution on a right half-neighborhood of
to. (left half-neighborhood is similar)
For € > 0, let
ze(t) = x0, to—e<t<t,
t—e (13)
wet)=wo+ [ flsm(s)ds, to<t
to—e
Let a1,a2, M,a be as in the Picard Local Existence Theorem (Theorem1.3). Then z(t) is well
defined by (13) for tg <t <tp+ «, since
t—e
|e(t) — zo| = | f(s,ze(s)) ds| < Mt —to| < M ar < as.
to—e
This also shows that {z. : 0 < € is uniformly bounded on [tg,to+ «]. The set of functions is also
equi-continuous, since
t1—e

|ze(t1) — 2e(t2)| = | f(s,2e(8)) ds| < Mty —ta| <, if |t —t2| <n/M.

to—e

By Arzela-Ascoli Theorem, there exists sequence e, — 07, such that {z.,} is uniformly convergent
on [tg,to + a]. Therefore (13) implies that the limit function x(¢) satisfies

x(t) = zo + t f(s,z(s))ds

and z(t) is a solution of the IVP on [to,to + «]. O

Proof. (Proof #2, Peano). Construct an e-approximate solution (Euler polygon) as follows:
Let t; =ty +1€, 1 =0,1,2,--- .

If t; <t< ti+1, let

xe(t) =x; + (t — ti)f(ti, a:i),

where z; = z(t;), i =1,2,---



Thus z.(t) = zo + ft'; F(s)ds,
where F(s) = f(ti,zi), t; <8 <tit1.
Note

|21 — 0| = [f(to, x0)|(t1 — o) < M(t1 — to),
|[it1 — @o| = |ze(tivr) — @o| < |we(tivr) — xe(ts)| + -+ + [we(t1) — @0l
<M (tig1 —to) < ag, to<t;<ty+a.

Thus (use induction) (t;,x;) € R for i =1,2,--- .
Show
(i) |we(t) —wo| < M(t —to), to<t<to+a;

(i) There is a sequence € — 07 such that {z, (¢)} is uniformly convergent on [to,to+ a] to a
function z(t);
(iii) F

€k

(iv) 2'(t) = f(t,z(t)), =(to) = zo.

(t) converges uniformly on [tg,to + o to f(t,z(t));

The rest of the section concerns the maximal interval of existence.

Proposition 1.9 Suppose
() feC(D—R;
(ii) K C D compact;
(i) (t,z(t)) € K, to <t <w < oo for some solution x(t) of the IVP.

Then x1 = lim;_, - x(t) exists and (w,z1) € K. Furthermore, [ty,w) is not a right-maximal
interval of existence for x(t).

Proof. To show z; = lim,_, - x(t) exists, we show that z(t) is uniformly continuous on [tg,w).
From the integral equation we have

to
z(t1) — x(t2)] = | ) [t x(t))dt] < Mty — to]

for all t1,te € [to,w), where M = max{|f(t,x)| : (t,z) € K}. The Peano Existence Theorem
(Theorem1.8) implies that z(¢) can be continued to the right of w. O

Exercise. Suppose that z1(t) is a solution of the IVP
.I'/(t) = f(ta I’), x(tO) = Zo,

in [tp,a) and that lim; ., x1(t) = x; exists and that (a,z;) € D. Let z2(t) be a solution to the
IVP
= f(t,z), =z(a)=11



in [a,b). Define z(t) = z1(t) for t € [to,a) and z(t) = x2(t) for t € [a,b) Show that z(t) is a
solution of the IVP
o' = f(t,z), =(to) =0

in [to,b).
Proposition 1.10 Suppose

(i) feC(D—R");

(ii) x(t) is a solution of the IVP;

(i1i) to < tp < w, limg oot = w, limg_oo x(tx) = x1;

(iv) (w,z1) € D.

Then x1 = lim;_,— x(t) and [to,w) is not a right-mazimal interval of existence for x(t).

Proof. Let € > 0 be sufficiently small that J. C D, where J. = {(t,z) : [t—w| <e¢, |[v—z1| <€}
Let M, = max{|f(t,x)| : (t,x) € J}. Then AN > 0 <w—ty < €/2M, and |z(ty) — 21| < €/2.
We claim that

|z(t) — z(tn)| < Me(w —tn) <€/2, iy <t<w. (14)

Then, ty <t < w implies
|z(t) — z1| < |z(t) — z(tn)| + |z(tn) —x1| < €/2+€/2 =e.

and thus lim;_, - 2(t) = z1. Moreover, (w,x1) € D implies that [tp,w) is not the right-maximal
interval of existence.
To show claim (14): suppose it is false. Then there exists a least T > ¢ such that

|2(T) — z(tn)] = Me(w — tn) < €/2. (15)

Therefore,
[2(t) — 21| < |2(t) —2(tn)] + |z(tn) — 21| <€/2+€/2=¢,
for ty <t <T. Thus (t,z(t)) € Je, tnv <t <T. Therefore

T T
z(T) — z(tn)| = !/t f(s,x(s))ds| < /t | f(s,2(s))|ds (16)
< Mg(T—tN) < Me(w—t]\[) (17)

which contradicts (15), proving the claim. (Question: why can’t we use (refBBB) to prove (14)
directly?) O

Corollary 1.11 Assume that D = (a,b) x R", ty € (a,b), and (w_,w4) is a mazimal interval
of existence for a solution of ' = f(t,z). Then

w_=a or lim |z(t)] = oo,
t—w

wiy=0b or lim |x(t)] = oo.
t—wy

10



Proof. Suppose that w; < b. Then the uniform continuity of x(¢) in [ty,w; ), now a finite interval,
implies that hmt—wjr |z(t)| exists (though may not be finite). Suppose that limt_w; lz(t)] <
0o. Then the uniform continuity of z(¢) again implies that there exists z; € R™ such that
lilrnt_)%_r z(t) = x1, and (w4, x1) € D = (a,b) x R™. Therefore x(t) can be extended to the
closed interval [tg,wy], contradicting the assumption that [tp,w;) is the right maximal interval
of existence. The proof for the case of w_ can be proved similarly. O

In Summary: If f € C(D — R"), then the IVP has a solution and every solution x(¢) of the
IVP exists on a maximal interval (w_,w;) which depends on the solution. Moreover,

lim d((t,z(t)), dD) = 0, (18)

t—w+
where d(z, A) = infacq |z — al.

To see the relation (18), suppose that lim;_..,, d((¢,z(t)), 0D) # 0. Then there exist §y > 0 and
tn, — w4 such that lim, .o d((¢,2(t,)), 0D) > do. First of all, this relation implies that z(t,) is
bounded, since otherwise, D must be unbounded and {co} C 9D, and there exists a subsequence
tr such that limg .o |x(tx)| = oco. This implies that limy_.oo d((¢,z(tx)), 0D) = 0 < . Now
|x(ty)|, being bounded, must have a convergent subsequence, x(t,) such that ¢, — w; and
x(tm) — x1, and thus d((wy, x1), 0D) > dp. This implies that (wy,z1) € D, and the solution
can then be further continued. This contradiction shows that (18) must hold on a maximal interval.

To further demonstrate relation (18), we examine the following example.

Example. Consider 2/(t) = % cost. Here f(t,z) = }%cost is continuous in D = (0,00) x

R. A solution to the DE z(t) = ¢ — sin} has a left maximal interval (0,%p]. We see that

limy o, d(x(t),0D) =0, but lim;_o, x(t) does not exist.

However, for a solution x () on its maximal interval of existence (w_,wy), the limit lim;_,,,, =(t)
may not exist, as the following example shows.

Example. Consider

1 1
/
t) = = cos-.
x'(t) 13 08
1 1

The function f(t,r) = ;z cos ; is continuous in D = (0,00) x R. A solution z(t) = c— sin1 has

a left maximal interval (0,¢p). We see that lim, o+ d((t,z(t)),0D) — 0, but lim; o+ x(¢) does
not exist.

1.7. Continuous dependence on initial conditions and parameters

Consider the IVP
1', = f(ta:EHU“) ~T(t0) = To, (19)

where t € R,z € R", u € R™. We make the following assumptions:
(i) fe€CO(G—R"), G openin R*™mFL

(ii) Solutions to the IVP is unique for each (tg,zo,p) € G.

11



Denote the solution to the IVP as = = x(t; to, xo, pt).
We will show that x(t;tg, xo, ) is continuous in its domain.

Theorem 1.12 Assume that x(t;to,xg, po) exists for t € [a,b]. Then, ¥V e > 0, 3§ > 0 such
that
to —tol <6, |xg— ol <8, [ug— pol <90

imply
(1) z(t;ts, xh, ps) exists for t € [a,bl.

(2) sup,<i<p |2(t; 15, 25, ug) — (L5 to, 2o, po)| < e

W.o.l.g., we may drop the dependence on p. The IVP

{ o = f(tx,p)

(tO) = 2 T = Jf(tﬁoﬁoaﬂ)

is equivalent to the IVP

= f(ta,y)

y = 0 {90 = x(t;to, wo, 1)
x(ty) = xo y =y (=p).
y(to) = 1,

Proof of Theorem 1.12. Equivalently, we prove the following. Let
(tg,zr) — (to,x0), as k — oo.
Then for k£ > K,
(1) =(t;tg, ) exists for ¢ € [a,b].
(2) limg oo SUPy<i<p |2(E5 tr, 21) — 2(t; t0, 20)| = 0, or equivalently, x(t;,tx, vx) — x(t,t0,0) as
k — oo uniformly for ¢ € [a,b].
Step 1. Choose Dy C Dy C Dy C Dy C D such that (t,z(t)) € Dy for t € [a,b]. Set

M > sup |[f(t,x)l.
(t,x)eDy

Choose « such that
Ro(to, o) = {(t,z) : |t —to] <, |x —x0| < Ma} C Dy.

Then x(t;tg, zo) is defined for [tg — v, to + «], and IK > 0, such that k& > K implies (tx,zy) €
R, (to,zp) and
Ra(tk,iﬂk) C Dla

12



and thus zy(t) = z(t; tg, x) is defined for t € [tg — «, to + a]. From the integral equation

z(t) =xk+ | f(s,2k(s))ds

ty

we conclude that {zp(t)} is uniformly bounded and equi-continuous in [ty — «, tg + «]. Arzela-
Ascoli Theorem implies that any subsequence of {x(f)} has a subsequence uniformly convergent
to the same limit z(t,tg, z¢) (uniqueness of solutions). This implies that

x(t; ty, o) — x(t; to,x0) as k — oo

uniformly in [ty — a, to + a].

Step 2. Suppose [a,b] Z [ty — @, to + a]. Let t} =to+ , x} = 2(t}). Choose a1 such that
Ra1 (t(l),a:(l)) C D.

Repeating the preceding argument, we conclude: 3 K; > 0 such that k& > K; implies x(¢;tg, zx)
is defined for ¢ € [to, to + o + a1], and

x(t; ty, v) — x(t; to,x0) as k — oo

uniformly in [tg, to+a+aq]. Proceed like this, after finite number of steps, we obtain [a1,b1] D [a, b]
and K > 0 such that k> K implies

(1) x(t;tg, xy) exists for ¢ € [a1, b1].

(2) limg 00 SUPg, <t<b, |'I(t7 27 :L‘k) - CL’(t, to, "EO)| = 0.

Remark. The result also include the continuous dependence on the vector field f(¢,z). Suppose
x(t) solves the IVP

¥ = fi(t,x), x(tp) =,

and, as k — oo, (ty, =) — (to,z0), fr(t,¥) — f(t,z) on any compact subset of D C R"t!L,
Then, for k > K >0, x(t;tg, g, fr) exists in [a,b] and

lim sup |x(t;tg, zk, fi) — x(t;to, xo, f)] = 0.
k—>ooa§t§b
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