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We propose a mathematical model mechanism for the initiation and spatial position-
ing of tooth primordia in the alligator, Alligator mississippiensis. Our goal is to
formulate and analyse a model that explains the spatial patterning of teeth
primordia. In line with experimental evidence, jaw growth plays a crucial role in our
model. This paper is concerned with the initiation of the first tooth in the lower jaw
of the alligator, the dental determinant, one of the important elements in under-
standing dentition patterning. The model we propose is a caricature of the qualita-
tive model proposed by Westergaard & Ferguson {1987), and describes the initiation
of the dental determinant as a process controlled by jaw growth, the age structure of
the epithelial cells in the developing jaw, and the age-dependent production of
cellular adhesion molecules in the dental epithelium. The model incorporates both
mechanochemical and reaction—diffusion mechanisms, and makes the important
prediction that gradual changes in the mechanical properties of the epithelial cells
are not sufficient to explain the spatial position of the dental determinant, The study
of pattern formation in this growing domain demonstrates that simpler and more
intuitive approaches to pattern formation can be misleading in the study of pattern
formation in more complex situations such as the one studied here.

Introduction

One of the most important goals in the application of mathematics to biology is the
understanding of how pattern and structure (both temporal and spatial) arise in
biological systems. The mathematical investigation of developmental systems is an
important aspect of this work; in most developmental situations, the process by
which a complex, organized structure develops from a homogeneous group of cells is
not well understood. The process of development is, a priori, one of self-organization,
and although the immediate objective of research must be to discover the com-
ponents of such self-organizing systems, the guestion of whether such components
are sufficient in themselves to generate the required spatial structure is a question
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that can optimally {and sometimes only) be answered by a mathematical investi-
gation of the system. From this viewpoint, the mathematical study of developing
systems is a study of sufficiency, and it is in this spirit that we approach the present
work.

There are two principal approaches to the problem of how spatial structure arises
in the developing embryo. The first, proposed by Turing (1952), involves the study of
reacting and diffusing chemicals, or morphogens. It is now well known that such
reaction—diffusion systems are capable of producing complex spatial patterns from
an initially homogeneous state and this theory has been applied to a wide variety of
biological systems (see Murray, 1989, for a detailed discussion and survey of patiern
formation in reaction—diffusion systems). Often, although not necessarily, these
theories have relied on the formation of a prepattern by some system of reacting and
diffusion chemicals. Cells then determine their position by interpreting the local
concentration of the chemical or chemicals (Wolpert, 1968, 1971, 1981), and differen-
tiate accordingly.

More recently, a different class of model mechanisms for pattern formation in the
developing embryo has been proposed, namely the mechanochemical models (Odell
et al., 1981; Oster ez al., 1983, 1985; Murray et al,, 1983; Murray & Oster, 19844, b).
These models are based on the mechanical properties of cells and the extracellular
matrix and are capable of producing a rich array of spatial patterns (see Murray
et al., 1988 for a review, and Murray, 1989, for detailed discussion and references),
However, although the components of the mechanochemical models are based firmly
on measureable biological quantities, it is not realistic to suggest that these models
can account for all aspects of morphogenesis. It is clear that mechanical, chemical,
and diffusion effects are important in the pattern formation process and therefore a
more complete understanding of the development of spatial pattern can only be
gained by the construction of models that incorporate aspects of both the reaction—
diffusion and the mechanochemical theory when dictated by known biological facts.

Here, we propose a model for the formation of the tecth primordia in Alligator
mississippiensis that is based as much as possible on the known biological processes
that underly tooth formation. Our model is in large part a mechanistic realization of
a caricature of the descriptive model for tooth formation proposed by Westergaard
& Ferguson (1987). Although our model is necessarily a caricature of the real
biological system, which is still largely unknown and therefore much has to be
assumed, it aims for greater biological plausibility at the expense of mathematical
tractability. In consiructing this model we wish to investigate whether certain
mechanisms are sufficient to explain the observed pattern. This is not to claim the
necessity of such mechanisms, but an understanding of what processes could possibly
produce the pattern will lead to an enhanced understanding of the actual process.

Biological Basis of the Model
PREVIQUS MODELS OF TOOTH FORMATION

A number of descriptive models of tooth formation have been proposed; in general
they fall into two categories—prepattern models (in which the pattern is imposed
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from an external scurce) and what we shall call dynamic models, in which the pattern
arises as part of the dynamics of the developing system.

In 1960, Edmund proposed the Zahnreihe theory of tooth formation (Edmund,
1960, 1962). He postulated that teeth in reptiles are replaced by initiation waves that
proceed from the front to the back of the jaw. As each initiation wave passes a tooth
position, it initiates a tooth, The row of tecth thus formed (all at different stages of
development) is called a Zahnreihe. By controlling the timing between each new
initiation wave one can obtain waves of replacement teeth that proceed either from
the back to the front of the jaw or vice versa. As Osborn (1971) pointed out, this
purely phenomenological model requires the previous determination of the tooth
positions. Thus, there must be some prepattern mechanism that lays down a pattern
of tooth initiation sites upon which the initiation wave may act. Interestingiy,
Edmund (1960} tentatively proposed the presence of a chemical transmitter,
produced at the front of the jaw, that moves down the jaw in some sort of wave.
Osborn (1970}, however, showed that this is not actually necessary. Regular tooth
replacement waves can be explained by a kinematic wave mechanism, in which the
replacement waves are governed by the times between the initiation of each new
tooth in a tooth family,

Although the Zahnreihe theory was accepted by most investigators at the time [see
Osborn (1984) for references], Osborn (1971) demonstrated, first, that no known
pattern of tooth initiation in embryos actually fits into the Zahnreihe theory, and
second, that the data of Woerdeman (1919) (upon which Edmund’s theory was
based) was actually rearranged by Edmund to fit his theories. Osborn (1971, 1978,
1979) proposed a different model, the clone or clade model. In this model, any part of
the dental lamina is capable of producing teeth, and tooth formation is initiated by
growing clumps (or clades) of mesenchymal cells. The initiation of new teeth is
directly related to the growth of the clade and each new tooth is surrounded by an
inhibition zone that prevents nearby tooth formation; the final number of teeth is
determined by the rate of growth of the clade as well as the size of the inhibition
ZODe.

Recent work by Westergaard & Ferguson {1986, 1987, 1990) has demonstrated
that, although many of the details of Osborn’s model are incorrect, the fundamental
approach of dynamic modelling of tooth formation is of great value. They have
studied in detail the upper (Westergaard & Ferguson, 1990) and lower {(Westergaard
& Ferguson, 1986, 1987} dentition of A. mississippiensis from tooth initiation right
through to the first erupted and functional dentition. Notwithstanding the early
results of Rose (1894) and Woerdeman {1919) on Crocodylus porosus, this experi-
mental work is the standard by which any model for tooth formation in alligators
must now be judged. Their main conclusion (from the point of view of modelling
tooth formation) is that tooth formation is directly related to growth. This result is in
agreement with the work of Lumsden (1979) on mice, who showed that a complete
molar dentition could be obtained from progenitor dental tissue grown in an
artificial environment. Further, as in the Osborn model, there is a zone of inhibition
around each developing tooth. Another important result of the work of Westergaard
& Ferguson is that the initial sites of tooth initiation are not well defined before they
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are separated by connective tissue. Thus the concept of a tooth family is not
meaningful in the initial stages of dentition development. This is an immediate
indication that the sites of tooth initiation are not taid down by a prepatterning
mechanism, and that a dynamic model will be necessary to explain tooth initiation
patterning.

Here, we propose a quantitative model mechanism for tooth formation.
Experimental evidence requires that in this model mechanism, the pattern arises
dynamically as a result of jaw growth and not as the resuit of a prepattern of tooth
initiation sites. Thus the resultant model will have many conceptual similarities with
the work of Osborn (1971, 1978, 1979). Our main task will be to relate molecular and
cellular mechanisms at the level of the individual tooth to the macroscopic pattern.
We thus hope to show that the postulated mechanisms are sufficient to explain the
pattern of tooth initiation sites in A. mississippiensis.

DENTITION PATTERN

One of our aims is to reproduce the observed pattern of tooth formation in
A. mississippiensis as detailed by Westergaard & Ferguson (1986). In particular, we
propose to model the initiation sequence and positions of the first seven teeth in the
right half lower jaw. An understanding of these is sufficient to understand the
subsequent dentition sequence.

The first tooth (the dental determinant) in the right half lower jaw of
A. mississippiensis forms in the anterior part of the jaw at the position of the third
tooth family as shown in Fig. 1. It is not the most anterior tooth to form, Following
teeth are initiated in a sequence towards the back of jaw but as the jaw grows in a
regular manner, this initiation sequence changes to a regular alternation, with the
new tooth closer to its older neighbour. Thus, the first seven teeth form in the pattern

Right hand boundary of jaw

Posterior

S ONNORONENONORENONO,

\ /

Tooth initiation positions

Fig. 1. The positions and initiation sequence of the first seven teeth in the right half lower jaw of
A. mississippiensis (Westergaard & Ferguson, 1986).
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shown in Fig. 1. There is very little variation from this pattern. Both the temporal
and spatial sequences are extremely stable.

We limit ourselves to the first seven teeth for a number of reasons, the first being
that to reproduce this pattern with a realistic model is aircady a major challenge.
Further, the formation of subsequent tecth is complicated by the presence of
resorbing older teeth, cell differentiation, and differential growth of the jaw. It is
unrealistic to attempt to model the entire process at this stage.

MECHANISMS INVOLVED IN TOOTH FORMATION

The formation of each individual tooth is characterized by an extensive series of
reciprocal epithelial-mesenchymal interactions (Kollar & Baird, 1969, 1970q, b;
Koilar, 1981; Thesleff & Hurmerinta, 1981; Mina & Kollar, 1987; Lumsden, 1988;
Thesleff et al., 1988, 1989). These may conveniently be considered as proceeding in
three overlapping stages (Kollar & Lumsden, 1979); initiation, morphogenesis and
differentiation,

Tooth initiation: the evidence from recombination experiments

In the initiation phase, cell condensations appear in the epithelinm and underlying
mesenchyme (Thesleff & Hurmerinta, 1981; Westergaard & Ferguson, 1986),
Although it was thought (Kollar & Baird, 1970a, b; Kollar, 1981) that tooth
development was initiated by the mesenchyme, more recent results (Mina & Kollar,
1987, Lumsden, 1988) have shown that, in mice, it is the epithelium that initiates
tooth development. Recombination experiments in mice (Mina & Kollar, 1987,
Lumsden, 1988) have shown that early mandibular epithelium is capable of inducing
tooth formation in non-odontogenic trunk neural crest cells as well as in (presump-
tively odontogenic) cranial neural crest cells. Conversely, early mandibular mesen-
chyme is not capable of inducing tooth formation in non-odontogenic epithelium. It
thus appears that the mesenchyme becomes capable of forming teeth only after
interaction with early mandibular epithelium. Although these results have not yet
been demonstrated in reptiles, it is reasonable to assume that tooth development in
reptiles is also initiated by the epithelium. Similar transplant experiments have been
carried owt with other skin organs, notably feathers and scales (for example,
Dhouailly, 1975). The results demonstrate the crucial determinant role of the
epithelium.

The results of Westergaard & Ferguson (1986} agree well with this sequence of
events. Tooth formation is initiated by the dental determinant (tooth 1 in Fig. 1),
some time before the rest of the teeth begin to form. A localized condensation of
epithelial cells, the placode, forms over a uniformly dense dermis; this is consistent
with the above results that suggest that tooth formation is initiated by the epidermis,
The placode then induces a condensation of cells in the underlying mesenchyme, the
papilla. In our model we shall be concerned only with the formation of the placode
and papilla—the further development of each individual tooth, involving compli-
cated spatial interactions, a further series of extensive epithelial-mesenchymal inter-
actions, and cytodifferentiation, is not addressed.
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Molecular and cellular mechanisms

The mechanisms underlying the three phases of tooth formation are not yet weli
understood. What is clear, however, is that the processes involved are extremely
complex. In the presentation of their descriptive model, Westergaard & Ferguson
(1987) pive a brief overview of some of the molecular mechanisms that have a
possible influence on tooth development. These include positional information, cell
adhesion molecules, cytoskeletal changes, soluble factors, extracellular matrix, differ-
ential adhesion, and cell lineage. At this stage it is not possible to include all these
possible processes. In our caricature model we shall incorporate only some of those
mechanisms that contribute to the formation of the primordia, with the aim of
determining which effects are sufficient for pattern formation.

Westergaard & Ferguson (1986) suggest that the initial thickening of the epi-
thelium is perhaps a result of the expression of cell adhesion molecules or CAMs
(Chuong & Edelman, 1985; Obrink, 1986; Takeichi, 1988). This suggestion is
consistent with the results of Thesleff et al. (1988, 1989), They show that the changes
in the expression of a cell surface proteoglycan are very similar to the developmental
changes in the epithelium and the mesenchyme, namely, that the early odontogeni-
cally capable mandibular epithelium expresses the cell surface proteoglycan, but as
the odontogenic potential passes to the mesenchyme, so does the expression of the
cell surface proteoglycan. They conclude that, since these changes in expression are
analogous to those of CAMs, it is possible that the cell surface proteoglycan acts as a
CAM during part of the developmental process (Thesleff et al., 1988). There is also
recent evidence that increased cell division plays an important part in placode
development (Kronmillar er al., 1991) but it is not known exactly how such site-
specific increased growth is initiated.

The expression pattern of a homeobox gene, Hox-8, in mice suggests that it plays a
role in dental initiation (MacKenzie et al., 1992). Hox-8 is expressed in the oral
epithelium in the region of the dental placode. As it appears after the initial
thickening of the epithelium, it is not the factor that initiates placode formation, but
it is possible that it regulates the initial interaction between the epithelium and the
mesenchyme that lead to the formation of the dental papilla.

Another homeobox gene, Hox 7-1, is expressed in the mesenchymal tissue of the
developing jaw, in close association with sites of tooth initiation (MacKenzie et al,
19914, b). It appears that the thickening of the epithelium induces the expression of
Hox 7:1 in the mesenchyme (possibly via Hox-8) and that Hox 7-1 is in turn at least
partly responsible for the formation of the papilla. Hox 7-1 is not expressed in the
dental epithelium. The expression of Hox 7-1 is broadly similar to that of tenascin (a
matrix glycoprotein) and syndecan (a cell surface proteoglycan) (Thesleff et al,, 1989),
and growth factors are also localized around the dental papilla (Partanen & Thesleff,
1989; see MacKenzie et al., 1991b for discussion and references). Although none of
these demonstrate exactly the same spatial or temporal pattern of Hox 71
expression, it is possible that Hox 7-1 regulates the formation of the papilla by
regulating the expression of various extracellular molecules, growth factors and/or
chemotactic factors.
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SUMMARY OF THE BASIC BIOLOGY

The first tooth is tnitiated in the epithelium at a particular place in the anterior
part of the jaw; the position of this dental determinant is the same in similar
specimens. Epithelial cells are not very motile and the placode in the epithelium is
the result of a thickening of the epithelial layer. The placode induces the formation of
a papilla in the mesenchyme. Mesenchymal cells are motile and the papilla is a
localized region of higher celi density. Although the mechanisms underlying papilla
formation are complex, the aggregation is possibly partly a result of a chemotactic
mechanism. The mesenchyme then becomes able to initiate tooth formation itself.
The epithelium eventually loses the ability to initiate tooth development but the
mesenchyme does not {during the developmental time scale we consider),

Subsequent teeth develop in the same way as the dental determinant (with the
initial formation of a placode and the induction of & papilla in the mesenchyme with
the associated ¢xpressions of Hox-8 and Hox 7-1). Since interstitial teeth always form
closer to their older neighbour (cf. tooth positions 5 and 6 in Fig. 1), this suggests the
presence of an inhibition zone around cach developing tooth, a zone that decreases
as the tooth grows older.

Further tooth formation is closely correlated to jaw growth (Westergaard &
Ferguson, 1986, 1987, 1990). It seems that, at least in the early stages of tooth
formation before the tooth family positions have been well defined (Westergaard &
Ferguson, 1987, 1990), the tooth initiation positions depend on the relative amounts
of jaw growth, with growth regulating the presence or absence of a tooth position. In
other words, a new tooth will form if and only if there is enough room for it.

Model for the Initiation of the Dental Determinant

Because of the complexity of the processes involved in tooth initiation and the
consequent model complexities we shall foliow a piecewise approach to the modei
mechanism construction.

The initial part of the construction will focus on the initiation and spatial
positioning of the dental determinant—the remainder of this paper will be concerned
exclusively with this part of the process. The tissue interactions and the spatial
positioning of the subsequent six teeth will be dealt with in subsequent publications.

THE MODEL ON A FIXED DOMAIN

Our ultimate goal is to relate the growth of the jaw to the initiation of the dental
determinant. However, to study the model equations on a growing domain it is
useful to first discuss the model for a fixed domain.

Preliminary assumptions

(i) The initiation of the dental determinant is governed solely by epithelial
processes. Although it is known that odontogenic potential appears first in the
epithelium, this of course does not necessarily mean that the development of
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such potential is independent of tissue interaction processcs. However, in the
absence of evidence to the contrary, this is the simplest hypothesis to make.

(ii) The epithelium produces CAMs which tend to make epithelial cells stick
together more closely. We shall model this as active traction exerted by
epithelial cells on their neighbours (this is well documented in fibroblast cells:
Harris, 1982; Harris et al, 1980, 1981). The exact mechanism by which this
traction is exerted is not germane for our model at this early stage. We model
the result, not the cause. Although each ceil produces more than one type of
CAM it is sufficient to group them together and assume that only one type of
CAM is produced and that the traction exerted by each cell is a function of the
amount of CAM produced.

(iii) When epithelial cells are strained (with positive strain, i.e. stretching), they are
stimulated to divide and when they do so, their production of CAM decreases.
{Folkman & Moscona (1978} discuss the effect of cell shape on mitosis.] Thus,
when a group of epithelial cells bunch together to form a placode, they strain
the epithelial cells around them, and so they will be surrounded by a group of
cells that are producing no CAM. This will act like an inhibitory zone around
the placode.

(iv) As in the mechanochemical model of Murray & Oster (1984b; see also Murray,
1989), the epithelial sheet is assumed to behave like a visco-elastic fluid.
Further, epithelial cells are connected to the basal lamina by elastic-like
tethers.

Model mechanism eguations

First, note that, because of jaw symmetry, it is only necessary to consider one side
of the jaw. Second, the half-jaw, from the point of view of dentition, is essentially a
onc-dimensional structure. Thus we model the half-jaw presumptive dentition
domain as a one-dimensional visco-elastic sheet of epithelial cells. Although the
restriction to one dimension results in vastly simplified numerical calculations, we
believe it captures qualitatively the features which would be exhibited by a curved
jaw-like domain, We denote position along the jaw {measured from the base of the
jaw) by x and time by ¢. Let

n(x, t) = density of epithelial cells
u(x, t) = displacement of epithelial cells
c(x, t) = concentration of the CAM in the epithelium,

The mathematical model consists of equations governing the temporal and spatial
variation of these variables which are assumed to be continuous (we consider a
spatial scale such that the discrete nature of the cells may be ignored). We can relate
all of the variables to specific biclogical entities.

The equations for the force balance and cell conservation in the epithelial and
mesenchymal cell layers are based on those used by Murray & Oster (1984a, b; for a
review see Murray, 1989). For clarity, we state each equation first in words and then
give the mathematical formulation.
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Cell conservation eguation:
rate of change of epithelial cell density = convective flux

on é [ odu
Y 7t § {
ot dx (n at) 0
Force balance equation:
viscous forces + elastic forces+cell traction forces = external forces

7 2%u du n

|y EZ= 4 = 2

ox [,u o TPt 1+ 4in? T(C)] un @

where u is the viscosity, E is the Young’s modulus, and ¢ and A are constants. A
number of things should be noted: '

(i) we have incorporated contact inhibition into the cell traction term. Because of
the factor of 1+ An? in the denominator of the cell traction term, cell traction
will decrease rapidly as the density of epithelial cells gets large.

(ii) the cell traction 7 depends on the concentration of the CAM. We shall assume
that traction is a linearly increasing function of the CAM concentration. The
exact form of 7(c) used is given in the Appendix.

{iii) The term oun on the right-hand side represents the connection of the epithelial
cells to the basal lamina by elastic tethers. It serves as a restoring force,
preventing excessive cell displacements.

CAM equation:
rate of change of CAM concentration = diffusion —degradation + strain-dependent
production

oc &%

o “ox
where F(u,) has the approximate shape shown in Fig. 2. The exact form used is given
in the Appendix. Note that we are assuming that the production of CAM is
independent of the cell density. The diffusion term in (3) should not be interpreted as
direct intercellular diffusion of CAM; it is unlikely that CAM molecules move from
cell to cell in the epithelial layer. However, production of CAM in one cell may
increase the production of CAM in neighbouring cells, resulting in an effective
intercellular movement. The diffusion term is merely a particularly simple way to
model this movement.

These equations are discussed at greater length in the Appendix.

—ke+ F(u,) (3)

Behaviour of the model

A spatially homogeneous steady-state solution (i.e. one that is constant in space) of
the model equations is given by n=n, u=0, ¢ =cy = F(0)/k = Fo/k (cf. the
Appendix). This corresponds to the unstressed state, Here, n, is the density of the
epithelium in the unstressed state and is not determined from the model equations;
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FiG. 2. The qualitative shape of the function F(u,). The exact form is given in the Appendix. According
to this function, the rate of CAM production decreases when the cell is strained with positive strain, and
increases when the strain is negative. For convenience, F is assumed to be piccewise linear.

n, must be measured experimentally; it is one of the model parameters. From the
linear stability analysis (s¢¢ Appendix) it can be seen that, for certain values of the
parameters, the unstressed steady state is unstable. Thus, small random perturba-
tions from the steady state may grow, resulting in a stable spatial pattern in the
epithelial cell density. Some typical results are shown in Fig. 3. This mechanism for
the production of the placode is similar to that proposed by Belintsev et al. (1987).

From the result in Fig. 3 we see that the model on a fixed domain can
predict the formation of a local region of high epithelial cell density in the middle of
the domain. This would be interpreted as the formation of a placode in the middle of
the domain. This placode arises spontaneousiy as the result of instabilities in the
model equations, and it forms in the middle of the domain. The spatial pattern is not
a result of spatial heterogeneities in the model equations. However, on a fixed
domain, the model predicts the apperance of the first tooth in the wrong place. The
dental determinant does not appear in the middie of the jaw, but anterior to it. By
solving the model on a growing domain, we shall show how a placode may form in a
more anterior part of the jaw.

THE MODEL ON A GROWING DOMAIN

To simulate the effect of jaw growth on the dynamics of the pattern formation we
must apply the mechanism on a growing domain. This requires some further
assumptions.
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Fi1G. 3. Numerical solution of the model equations on a fixed domain of length 1, with dimensionless
parameters 1, = 07,1, =01, A =01, 5, =01, k = 150, ¢ = 001 and 6 = &13. (b} Shows the cell density
() and the concentration of the CAM (c), while (a) shows the strain. As shown in the Appendix the
parameters are chosen so that the mode cos(2xx) is linearly unstable. The initial conditions for 7 and ¢
were n = ¢ = 1 ~01 cos(2zx). The initial conditions for u and u, were u = 0, u, = 0. The linear instability
results in the stable spatial pattern shown here. This stable pattern clearly reflects the underlying linear
instability. The stable pattern develops by ¢ = 10, corresponding to a real time of about 3 hr. (—), n (cell
density); {(— - —) ¢ (concentration of CAM).

Further biological assumptions

(v) We assume that there is an age structute in the epithelial cells along the jaw,
with younger cells at the back of the jaw, and older cells towards the tip, ic.
cells at the back of the jaw have, on average, divided more recently than cells at
the tip. We shall model this age structure as a linear relationship between
position along the jaw and cell age. This linear relationship is clearly a gross
simplification. However, it appears that there is more jaw growth towards the
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F1G. 4. Schematic diagram of the double-threshold potentiation—initiation hypothesis. The age of the
cells along the jaw is assumed to be a linear function of position, as shown by the cell age profiles (the
length along the jaw is measured from the jaw posterior; 0 corresponds to the base of the jaw, and 1
correspends to the tip of the jaw). Because we control jaw growth by scaling the variables, always solving
the model equations on the domain [0, 1] (cf. the Appendix), the slope of the cell age profiles increases
with time. Cells older than ¢, are potentiated; they are capable of producing CAM at a higher rate, but
do not yet do so. When the cells at the tip of the jaw reach age #,,, they start producing CAM at a high
rate, and stimulate all the potentiated cells to do likewise. This results in a region towards the anterior of
the jaw (marked D here) in which all the cells are producing CAM at a higher rate. It is in this region that
the dental determinant will form, i

Jjaw posterior, and thus the assumption of a monotonic gradient in average cell
age along the jaw is not unreasonable.

(vi) The rate at which a cell produces CAM is a function of its age. We shall
assume that

(a) When each cell reaches a certain age, t,,,, it becomes potentiated, that is, it
has the potential to produce CAM but does not necessarily do so.

(b) When each cell reaches the age t;,;, > ¢, it begins CAM production.

(¢} When CAM production begins in a particular cell, all the neighbours of
that cell that are potentiated also begin CAM production.

Combining these assumptions gives the following scenaric for CAM production,
that we call the potentiation—initiation double threshold scenario: initiaily there will be
little CAM production along the length of the jaw. At a later time, t;,;, > t > 1,0,
there will be a region at the front of the jaw where the cells are potentiated but have
not yet been activated. At time ¢ = t,;;, CAM production will be initiated at the front
of the jaw and spread rapidly through the potentiated cells, resulting in a region of
high CAM production towards the front of the jaw. A schematic diagram of this
double-threshold scenario is given in Fig, 4.

Although it might appear that this assumption about the CAM production of the
epithelial celis is unduly complicated, it turns out that it is the simplest hypothesis
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that will result in the appearance of the dental determinant in the correct place. As
there is no experimental evidence demonstrating such a complicated CAM produc-
tion schedule, this assumption may thus be interpreted as a specific model prediction.
As we saw before, linear instabilities in the model on a fixed domain give rise to a
local increase in cell density in the middie of the domain. Our goal is to show how
the growing domain can skew the agpregation towards the jaw anterior. Once we
have determined parameter values that give the correct instability for the model on a
fixed domain, we hope to be able to use those same parameters on a growing domain
and obtain the correct pattern as a result of the inherent asymmetry of the jaw.

Difficulties caused by the growing domain

It must be emphasized that the growing domain introduces severc modelling
difficulties. The steady state is no longer uniform, since it is now a function of x and
it is difficult, if not impossible, to calculate analytically. This in turn implies the linear
stability of the steady state may not be calculated analytically, Hence, an investi-
gation of the model behaviour is almost entirely dependent on numerical calcula-
tions. One of the more interesting results of this work is the demonstration that an
intuitive understanding of pattern formation processes on fixed domains 15 not
always useful for an understanding of how the model will behave in more compli-

cated situations. Maini et al. (1992) demonstrate this clearly for a celi-chemotaxis
model.

MODEL PARAMETERS

A serious problem with any morphogenetic model at this stage is that values for
the parameters are not known, many not even approximately. Thus, when
performing numerical simulations, we are forced to use parameter values that can
not be directly justified by reference to experimental data. In these circumstances,
although we find parameter values that work (that is, demonstrate appropriate linear
instability) it is usually unclear whether or not these values are biologically reason-
able. On the other hand, as can be seen from the Appendix, the behaviour of the
model is dependent only on dimensionless groups of parameters. Thus, we may
compensate for changes in one parameter by changes in another. As we shall see,
specification of the values for the dimensionless parameter groupings does not
uniquely determine the parameter values.

We can reasonably estimate five of the parameters in the model as follows.

L. Westergaard & Ferguson (1986) have shown that the dental determinant forms
when the jaw is approximately (5 mm long, We thus choose L = 01 mm, and
look for the appearance of the first placode when the domain is 5L long. The
appearance of the placode at the correct jaw length is not a model prediction—
it is built into our numerical simulations.

no; This is based on the assumption that each epithelial cell has the same mass as a
cube of water, with side 2 pm, In our one-dimensional strip of cells there are
therefore 500 cells per millimetre, giving the above value for the density.
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co: Although there is no quantitative data on the concentrations of CAM present
in the developing jaw, it is reasonable to assume that these concentrations are
relatively low. We assume that, in the unstressed state before activation, the
resting level of CAM is 1 nM.

a; Again, there are no data on the effective intercellular diffusion coefficients of
CAM in the epithelial layer, but it is reasonable to assume that this diffusion is
low. We choose the diffusion coefficient to be spatially homogeneous with a
value of 108 cm? sec™ ! = 0-0036 mm? hr 1.

1o, The traction forces exerted by fibroblast cells have been measured at approxi-
mately 10-° N per mm of cell edge (Harris et al., 1980). The traction forces
exerted by epithelial cells are considerably less (Harris et al,, 1981) so we shall
assume that each epithelial cell is capable of exerting a force of 107 N per mm
of cell edge. Assuming that the cells have 2 pm sides, the total force exerted by
each cell on its neighbour is 2 x 107!® N = 2:6 x 10° g mm hr~ 2, Dividing by n,
then gives the above value for 1.

In summary we have L= 01 mm, n, =4x 10" gmm™!, ¢y = Fy/k = [ nM, a =
00036 mm? hr~*, and 1, = 6:5x 10" mm? hr-2.

Next, we present values for the dimensionless parameter groups that work. We
shall then attempt to interpret these values in terms of biologically measurable
processes. Unfortunately, at present such an attempt can oniy be partially successful;
a more rigorous determination of parameter values for this system is a major
problem that will have to be addressed in the future. Fortunately, even without this
rigour, important qualitative results may be obtained.

Referring to the Appendix, we see that the desired linear instability occurs when
Toho/E = 07, 1yng Fo/(kE) = 01, Ang = O-1, E/(kp) = O-1, F,/Fy = 150, af(kL?) = 001,
oho[*/E = 6:13 where all the parameters here are dimensional. This linear instability
is robust; the parameter groupings may be varied by, in some cases, as much as 100%,
in either direction without losing the desired linear instability. With these values we
can solve for the other parameters. The most important is the ratio E/u as this sets
the time scale of the problem. It turns out that E/u = 3-6 hr~*. Thus, a dimensionless
time of 3-6 corresponds to a dimensional time of { hr. The time scale of pattern
formation in the model and in experiment can then be compared.

Another important ratio is 7,/t; = 7nM which determines how sensitive the
traction is to the concentration of CAM.

The value for E turns out to be 37x10°gmmhr 2 and so pu=

1 x 10® g mm hr—*. In principle, the values for E and yx can be tested for consistency
with experimentally determined values for the mechanical parameters. Such a
consistency test will have to wait until more experimental data on these parameters
becomes available. The same is true for the parameters ¢ and k, while A has no direct
biological interpretation—it relates to celi—cell inhibition in the cell traction.

NUMERICAL RESULTS

As described in the Appendix we set up a line of epithelial cells in one spatial
dimension and solve the model by a stepwise approach, in which the length of the
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F1G. 5. Numerical solutions of the model equations on a growing domain. {a) Shows the epithelial cell
density, n, (b} shows the strain, u,, and (c) shows the CAM concentration, ¢. Details of the numerical
simulation are given in the text and the Appendix. The telative times corresponding to these curves at
t = 0min, ¢ = 34 min, t = 80 min, and ¢ = 280 hr (the steady state), where t = 0 min corresponds to the
activation of the epithelial cells at the anterior of the jaw. Thus, at t = 0, a region of cells at the jaw
anterior (cf. Fig. 4) have been activated and are producing CAM, while those toward the back of the jaw
are not. Note the presence of a placode in the anterior of the jaw which is surrounded by a region of low
cell density. The CAM is concentrated in the region of the developing placode,
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domain grows in a number of discrete steps. Recall that the age structure of the cells
along the jaw is assumed to follow a linear relationship, as shown by the straight
lines in Fig. 4, with cell age increasing towards the anterior of the jaw. Recall also
that the model equations are always solved on the domain [0, ], with domain
growth being controlled by the scaling of the dimensionless parameters ofoc IZ) and
a(oc L2). If the slope of the cell age profile is given by s, it then follows that s will be
a function of time. Furthermore, the rate of change of this siope, ds/ds, will be
inversely (but not linearly) related to the rate of jaw growth.

Given these constraints, we choose the potentiation time, ¢, and the initiation
time, ¢,,;,, such that when the jaw is (-5 mm long, the cells at the tip of the jaw are
activated, and CAM production spreads rapidly along the front fifth of the jaw.
Results from this simulation are shown in Fig. 5. From this figure it can be seen that
CAM production begins in the front of the jaw at time t = t,;, and a local increase in
epithelial cell density forms spontaneously in the anterior part of the jaw, We
interpret this increase as the placode of the dental determinant. It can also be seen
that, although CAM levels are initially high throughout the entire jaw anterior, they
quickly concentrate in the region of the developing placode, reinforcing placode
formation. This concentration of CAM is the result of strain modulation of CAM
production. A stable state is reached in which non-linear effects balance the linear
instabilities that are the immediate cause of the spatial heterogeneity, The placode is
surrounded by a region of low cell density, which acts as an inhibition zone.

THE DOUBLE THRESHOLD MECHANISM

As we pointed out before, the potentiation—initiation double threshold mechanism
is a complex hypothesis about the age dependency of CAM production. In fact, by
making this hypothesis we are essentially converting the problem on a growing
domain to a problem on a fixed domain, albeit with more complicated boundary
conditions.

However, one crucial result of the numerical simulations is that simpler
hypotheses, in which the concentration of CAM in the anterior of the jaw increases
gradually, simply do not work. For the sake of argument let us consider one such
simpler hypothesis, namely that the rate of CAM production is directly proportional
to the age of the cell. CAM production would then be a linear function of distance
along the jaw. An intuitive argument, based on the linear stability analysis of the
model on a fixed domain, might run as follows:

(i} the homogeneous steady state of the model on a fixed domain, with ¢ = ¢, is
stable when the length of the domain is iess than a certain threshold length, L,
say:

(ii) at early times, CAM production will be low in the posterior of the jaw. The
concentration of CAM will be close to ¢, only in a small part (length less than
L)) of the anterior of the jaw:

(iii) thus, at early times, the steady state should be linearly stable:
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(iv) at some later time, the part of the domain where ¢ & ¢, will become greater
than L, and lincar instabilities will appear in that part of the domain. This will
lead to the formation of a local increase in cell density in a region towards the
anterior of the jaw.

Although this argument seems intuitively reasonable, numerical computations to
date do not agree. In fact, a significant localized increase in cell density appears at
the tip of the jaw, well before any linear instabilities develop, resulting in the
appearance of a placode in the wrong place at the wrong time. Extensive numerical
simulations confirm that any model in which the mechanochemical propetties of the
cells along the jaw vary gradually as the jaw grows will result in similar behaviour. A
placode will appear in the correct place only if the mechanochemical properties of all
the cells in the anterior of the jaw are changed suddenly. Thus, unless CAM
production in the jaw anterior increases on a time scale much faster than that of jaw
growth, an incorrect pattern will form,

Although this is a rather negative result, it focuses our attention again on the fact
that simpler models on fixed domains can not necessarily be extrapolated to explain
pattern formation on growing domains. This important aspect wiil have to be
considered carefully when complicated developmental processes are studied with
models on fixed domains.

MODEL PREDICTIONS

The most important prediction from our model arises from the above discussion.
If the placode formation is the result of mechanical forces gencrated by the epithelial
cell layer, and if these mechanical forces are mediated by a cellular adhesion
molecule, then the model predicts that the CAM will suddenly appear in the region
of the dental determinant immediately prior to the development of the placode. This
is, in principle, a testable hypothesis, and is an obvious way in which the present
model may be refuted (or encouraged).

The model also predicts that both the placode and the distribution of CAM
concentration will initially be considerably more spread out than in the final placode.
Testing of this prediction will require the measurement of cell densities and CAM
concentrations on a very small time scale, that of hours (or perhaps even minutes),
and may thus be exiremely difficuit. However, for a full understanding of this
developmental process such experiments will eventuaily have to be carried out.

According to the model, initiation of the dental determinant will be considerably
disrupted by removal of certain portions of the dental epithelium. If a portion of
epithelium is removed from the tip of the jaw just prior to the formation of the dental
determinant, the model predicts that the formation of the placode will be delayed by
a time dependent on the amount of tissue removed and its position will be changed.
If a large amount is removed, the model predicts that the dental determinant will still
form, but at a later time and displaced towards the jaw posterior. The removal of a
small strip of epithelium prior to the formation of the dental determinant will also
have a considerable effect, even if that strip does not include the part of the jaw
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where the placode will eventually form. If the strip is removed anterior to the place
where the placode will form, placode formation will again be delayed and shifted to
the posterior of the jaw. If the strip is removed posterior to the place where the
placode will form, the effect of placode formation may be negligible.

Further tests of the modei wilt involve a detailed investigation of the age structure
of the cells along the developing jaw, the relationship between cell age and CAM
production, and the importance of tissue interaction processes in the formation of
the papilla and dental determinant.

Conclusions

We have constructed a model mechanism of the epithelial cell layer behaviour in
the developing alligator jaw that predicts the formation of the dental determinant in
the anterior of the jaw. The placode forms as a result of the assumptions made about
the age structure of the epithelial cell layer, and the age dependency of CAM
production. The asymmetrical spatial positioning of the placode is a result of jaw
growth and the asymmetrical age structure of the cells.

The principal result of this paper is that the initiation of the dental determinant
may be a result of jaw growth and the mechanical forces between the epithelial cells
only if a certain restriction is met. This is that CAM levels must rise quickly in the
neighbourhood of the dental determinant immediately prior to the development of
the placode; a gradual increase in CAM levels over portions of the jaw anterior
would be inconsistent with this model.

This restriction is not intuitively obvious from an analysis of the model on a fixed
domain—it underlines the importance of domain growth as a morphogenetic
variable. Very little previous work on pattern formation has included a study of the
effects of domain growth on pattern development in reaction—diffusion systems.
Notable exceptions are Lacalli (1981), Harrison et al. (1981), Harrison & Kolaf
(1988), and Arcuri & Murray (1986). As mentioned above, more recently some work
has been done on a chemotaxis system with domain growth in which different
pattern-forming scenarios (compared with a fixed domain) arise.

FUTURE WORK

This paper is a detailed discussion only of those aspects of the model that are
relevant to the initiation of the dental determinant. Although much work remains to
be done in the modelling of the specific tissue interaction processes, the formation of
the papilla underlying the placode, and the development of the subsequent teeth, we
give here a brief outline of how the model will be extended to deal with these
processes to give an idea of how the model fits into a larger framework that explores
the dependency of tooth initiation on jaw growth.

(i) The most important assumption is that the increased epithelial cell density in
the region of the placode acts as a switch, inducing cell condensation in the
mesenchyme. The exact mechanism of this induction is not known, but may be
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mediated (among other things) by Hox-8 and Hox 7-1. We make the simple
assumption that the raised epithelial cell density stimulates the production of a
chemical (substance X) in the mesenchyme that induces cell condensation by a
chemotactic process.

(i1) Substance X is assumed to stimulate the production of CAM in the epithelium,
reinforcing the placode formation, and giving the mesenchyme odontogenic
potential.

(iii) As the jaw grows, CAM production will be high everywhere, and thus tooth
initiation will depend on the development of instabilities in the model
equations. In turn these instabilities will develop only when the distance
between two teeth is large enough, leading to a growth-dependent tooth
initiation mechanism,

Thus, the full model will include a set of mechanochemical and diffusion equations
for the mesenchyme as well as the ones described here for the epithelium. Solution of
the model equations will have to be on a growing domain of increasing complexity.
As models necessarily become more biologically realistic, their complexity clearly
increases. Tissue interaction models for other skin organ primordia that have been
proposed and studied (Nagorcka et al., 1987; Cruywagen & Murray, 1992; Murray,
1992) make this clear.
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supported by the Committee on Research of the Academic Senate of the University of
California, Los Angeles. J. Sneyd and J. D. Murray were supported by NSF grant
DMS-9106848. M. A, Lewis was supported in part by the National Sciences and Engineering
Research Council of Canada, W. L. Seward was supported in part by the Natural Sciences
and Engincering Research Council of Canada and the Information Technology Research
Centre of Ontario.

APPENDIX

Here we develop some mathematical aspects of the model that are not essential for
an understanding of the model results and predictions.

Our ultimate goal is to develop a model for the dental epithelium that produces a
local increase in cell density (a “bump”) at a point towards the front of the jaw. This
bump may then be interpreted as the placode of the dental determinant. We start by
showing how the model on a fixed domain can produce a spontaneous local increase
in cell density in the middle of the domain, that is, a symmetrical bump. We then
discuss how the model may be extended to a growing domain in such a way that the
bump spontaneously appears in a region towards the front of the jaw.

Model Equations for a Fixed Domain

As described in the main text, the model equations for a fixed domain are

on G, du
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8 ou du n
|y ==+ =24 " = A,
éx |:# dxdt + dx + 14 in? T(C)] aun (A2)
dc &%
E = d'é‘x—i -kC+F(ux), (A3)

where n is the epithelial cell density, u is the displacement of epithelial cells from the
resting state, ¢ is the concentration of the cellular adhesion molecule, u and E are,
respectively, the viscosity and Young’s modulus of the epithelial cell layer, and 4, o, «
and x are constants. Equations (A.1) and (A.2) are the standard equations of motion
for a visco-elastic fluid and are discussed in detail eisewhere (Murray, 1989; Murray
et al., 1983). Equation (A.3) is a reaction-diffusion equation for the concentration of
the CAM and is coupled to the other two equations by the strain-dependent
production term, F(u,). The qualitative shapes of F(u,} and t(c} are given in Figs 2
and 3 in the main text: the functional forms used in the model are

¢} = 19— 17,65+ 7,C

ZFO! U, 5_FO/FI
Flu,) = {FO_Flux’ = Fo/F, <u, < Fo/F,
0, Fo/Fy<u,
with constants, tq, 7;, F, and F;, and where ¢, = Fy/k.

A homogeneous steady state of the model is given by n = ng, u =0 and ¢ = Fy/k
for some constant ng This corresponds to an unstressed state. Note that n, is not
determined uniquely by the system of equations. Rather, the actual value for n,
obtained for any given physical system is dependent on the physical properties of

that system; we can thus consider n, as fixing the unperturbed state of the system
under consideration.

Non-dimensional model

For computational and analytical work it is useful to non-dimensionalize the
system of equations. Let L be some reference length (which in this case is related to
the length of the jaw) and set u* = u/L, x* = x/L, n* = n/ny, t* = tE/u, A* = inl,
1§ = tono/E, 11 = 1,0 Fo/(kE), 0* = ony ’/E, c* = ck/Fy, y, = Ef(kn), a* = a/(kL?),
k = F,/F,. Substituting these into (A.1-A.3) and dropping the asterisks for algebraic
simplicity gives

m+(nu), =0 (Ad)

ntlc
Uy Uy + [T(b:z:lx = gun : (A.5)
Vel = HCy—C + F(ux) (A6)

where

2, u . <—l1/k
Fu)=<1l—xu, —l/k<u,<l/x
0, I/k=<u,



A MODEL FOR TOOTH FORMATION 653
and
) =191, +1,C

Partial derivatives are denoted by subscripts.

Linear stability analysis

We determine the iinear stability of the homogeneous steady state by looking for
solutions of the form exp(£r + ilx) and solving for the eigenvalue, &, as a function of
the wavenumber, I, such that non-trivial solutions exist. (For more details of this
procedure see Murray, 1989.) Those values of I for which £ > 0, give unstable wave
modes, while those values of ! for which ¢ < 0, give stable wave modes. Standard
linear analysis shows that, for any given wavenumber, £ is given by the roots of

ADEE+BE+Ch =0 (A7)
where
A(D = Yclz
a2
B() = al* + [1 fy.— %} P4y.0
and

To(A—1)? Tol(A ~ 1)+ k1)
=|1=222 27 | 1 S A\ Sl T ¥ PO
Cih [ L ]a +l: +oT YL +o
Determining the linear stability of any mode thus reduces the problem to finding the
roots of the above quadratic, the dispersion relation.

Development of a symmetrical aggregation

Consider the model on a fixed dimensionless length of 1, corresponding to a
dimensional length of L. If we choose the parameters such that the wavenumber
| = 2n is unstable, while all other wavenumbers ! = nn, n # 2, are stable, then the
linear instability generates the spatial pattern shown in Fig. 3 in the text. The
dimensionless parameters used are 1 =07, t, =01, 1=01, y, =01, k=150,
o =001 and ¢ = 6:13. A graph of the dispersion relation for these parameters is
given in Fig. Al. The parameter values were found using the logical parameter search
method developed by Bentil & Murray (1991).

Initial and boundary conditions

As initial conditions we assume that the epithelial cell densities and CAM
concentrations exhibit small amplitude variations about their steady-state values.
We also assume that the cells are initially unstressed, that is, that u = 0.

At the boundaries of the domain we assume no-flux conditions for n and ¢, that is,
we assume that neither the epithelial cells nor the CAM are able to move out of the
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Upper root of eqn (A.7)

0 1 2 3 4
ki

F1G. Al. Dispersion relation for the model with the parameters given in the Appendix. This curve is the
greater root of (A.7), £, say, as a function of I/n. Note how £,(2) > 0, ic. the mode corresponding to
cos(2nx) is unstable, resulting in the stable spatial pattern shown in Fig. 3.

domain. We assume further that wis fixed at zero at the boundaries that is, that the
boundaries are unsiressed.

Numerical methods

All of our computations were performed using the SPRINT package of Fortran
subroutines (Berzins & Furzeland, 1985, 1986) and checked with the routine
DO3PGF from the NAG library. The SPRINT routines use a lumped infinite
clement method to discretize the model equations in space and are often more robust
for non-linear problems than the centred finite differences used in DO3PGF. In cither
case, it is necessary to add the equation u, = w to the previous set (A.4—A.6) to write
the system in a standard form. Equation (A.5) becomes

n1(c)
Wyyt s, + m = oun,

and no longer includes a derivative with respect to time. Consequently, when the
modified equations are discretized in space, a system of differential-algebraic
equations results. Although differential-algebraic equations can be difficult to solve
numerically this particular system is relatively uncomplicated and both SPRINT and
the NAG library include integration routines that can solve it. The computations
were performed in doubie precision on a DecStation 3100.

THE MODEL ON A GROWING DOMAIN

We now include the effects of jaw growth on the pattern formation process. By
solving the equations on a growing domain we aim to demonstrate how the model
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can result in an asymmetrical bump, one that appears skewed towards the front of
the jaw, in a position analogous to the position of the dental determinant.

One relatively simple way to perform the computations on a growing domain is to
let L, the characteristic length, be a function of time. Since the only dimensionless
parameter groupings that depend on L are « and o, this is equivalent to making o
and ¢ functions of time. Fortunately, this does not change the linear stability
analysis. A simple calculation shows that the dispersion relation remains invariant
under the transformation

a - o/
o -2
n -
l—»—ﬂn:nnL.
L

Thus, if we divide « by I2, multiply o by I2, and solve the equations on the domain
[0, 1] as before, the same linear instability obtains in any interval of length 1/L. This
corresponds to solving the equations (with their original values for « and ) on
10, L3, with the same linear instability holding in any interval of length 1. Note that
the dimensionless interval [0, L] corresponds to the dimensional length [0, LL].

Stepwise solution of the model

We do not explicitly make ¢ and « functions of time. Instead we assume that the
mechanical and chemical processes of the model act on a much smalier time scale
than jaw growth. Thus, we solve the model equations by the following stepwise
process:

(i) starting on the smallest domain size, L = 1, allow the model to reach a steady
state, holding « and o fixed;

(ii) step time forward by a relatively large increment, by increasing the domain size
(i.e. scaling o and ¢ appropriately);

(i1i} allow the model to reach a new steady state, holding o and ¢ fixed at their new
values. For initial conditions, use the steady state from the previous step;
(ivykeep on increasing domain length in this way, until the desired length is

reached.

Initial and boundary conditions

The initial conditions for the smallest domain length, L =1, were random
perturbations of n, u, and ¢ about their mean values. As explained above, subsequent
domains had as their initial conditions the steady-state solutions of the domains
immediately preceding them.

The boundary conditions for all domain sizes were the same as those used {or the
model equations on a fixed domain, with the exception of the boundary condition for
the CAM which was held fixed at zero at the rear of the jaw. This was intended to
model phenomenoiogically the relative absence of CAMs at the rear of the jaw.
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