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We present previously undescribed spatial group patterns that
emerge in a one-dimensional hyperbolic model for animal group
formation and movement. The patterns result from the assumption
that the interactions governing movement depend not only on
distance between conspecifics, but also on how individuals receive
information about their neighbors and the amount of information
received. Some of these patterns are classical, such as stationary
pulses, traveling waves, ripples, or traveling trains. However, most
of the patterns have not been reported previously. We call these
patterns zigzag pulses, semizigzag pulses, breathers, traveling
breathers, and feathers.

nonlocal hyperbolic system | signal reception | spatial pattern | zigzag

Pattern formation is one of the most studied aspects of animal
communities. Here we present 10 complex spatial patterns
that emerge in a one-dimensional mathematical model used to
describe the formation and movement of animal groups.

Some of the most remarkable examples of patterns observed
in animal groups are related to the behavior displayed by these
groups (1). Stationary aggregations formed by resting animals,
migrating herds of ungulates, zigzagging flocks of birds, and
milling schools of fish are only a few of the patterns. To
understand the underlying mechanisms, scientists use mathe-
matical models to simulate these observed biological patterns.
The most spectacular examples of group patterns shown by
numerical simulations are obtained with individual-based
models: swarms, tori, and polarized groups (2, 3). A second
mathematical modeling approach is based on continuum models,
which are usually described by partial differential equations. In
many areas, the continuum models have been successful at
deducing conditions that give rise to biological patterns [e.g.,
morphogenesis (4)], even in one spatial dimension (5). However,
this has not been the case for animal grouping models. The
one-dimensional continuum models that investigate animal ag-
gregations fail to account for the multitude of complex patterns
that one can observe in nature. Generally, the patterns exhibited
by these models are simple: local parabolic models do not
support traveling waves (6), and nonlocal parabolic models can
give rise to stationary pulses (7) or to traveling waves, provided
that diffusion is density-dependent (8). Hyperbolic models give
rise to ripples (9) and aggregations (9, 10). Considering that
one-dimensional models have not explained the complexity of
the patterns observed in biological systems, scientists have
directed their attention toward two-dimensional models. The
results are more complex [e.g., ripples (11), stationary aggrega-
tions (7), vortex-like groups (12), patches of aligned individuals
(13, 14)], but they still cannot account for the multitude of
observed patterns.

One possible reason for this failure is that the assumptions
considered by these models do not fully describe the social
interactions between individuals governing group formation.
More precisely, these models consider that the social interac-
tions depend only on the distances between individuals. How-
ever, this assumption might not be sufficient. In support of this
statement, we examine a nonlocal mathematical model that
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focuses on distance-dependent and direction-dependent social
interactions, facilitated by animal communication.

The process of formation and movement of animal groups is
the result of the interplay between two elements. The first
element is represented by the movement-facilitated social inter-
actions, namely movement toward conspecifics or away from
them and movement to align with them. Previous models [both
individual-based models (2, 3, 15) and continuum models (7, 8)]
assume that these interactions are mainly distance-dependent. A
few individual-based models (e.g., refs. 2 and 3) take into
account that individuals may not receive information from
behind because of a so-called “blind spot”. Generally, attraction
is considered to act on long ranges, alignment on intermediate
ranges, whereas repulsion acts on short ranges. In this paper, we
assume that superimposed on these movement-facilitated social
interactions, there is a second element: how individuals receive
information about conspecifics and the amount of information
received. This second element is typically not included in models.
However, this approach is reasonable, because there is evidence
suggesting that not all animals receive and respond in a similar
manner to the signals coming from their neighbors. For example,
some species of birds use directional sound signals (which
require the emitter to face the receiver) to coordinate the flock
movements and omnidirectional signals (with emitters moving in
any direction) to attract mates or repel intruders (16). For
Mormon crickets, the movement seems to be influenced by the
signals received from conspecifics approaching from behind and
from those positioned ahead and moving away (17). The move-
ment direction of some fish is more frequently influenced by the
movement direction of the neighbors positioned ahead of them
than by those at their side (18). We focus here only on the reception
of signals, because this plays a central role in the formation and
movement of animal groups, by allowing the receiver to make
movement decisions (19). Moreover, the reception of signals is
affected by environmental conditions and the receiver’s physi-
ological limitations, and therefore different species make use of
different signals and reception mechanisms (20, 21).

We take these two elements and incorporate them into a
mathematical model that describes the formation and movement
of animal groups. We focus on five hypothetical submodels for
signal reception and use them to define the social interactions.
These submodels are examples that illustrate how environmental
and physiological constraints can be represented with our mod-
eling paradigm.

The numerical simulations show the emergence of 10 types of
spatial patterns. Some of these patterns are classic: stationary
pulses, ripples, traveling trains, or traveling waves. However,
most of the patterns have not been described previously. We call
these solutions zigzag pulses, semizigzag pulses, breathers, trav-
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Fig. 1. Five submodels for signal reception. A reference right-moving individual is positioned at x. Its right-moving (u*) and left-moving (u~) neighbors are
positioned at x + sand x — s. M1, for attraction and repulsion, the information is received from all neighbors, whereas for alignment the information is received
only from those moving toward the reference individual; M2, information is received from all neighbors (for attraction, repulsion, and alignment); M3,
information received only from ahead (with respect to the moving direction of the reference individual); M4, information received from ahead and behind, but
only from those neighbors moving toward the reference individual; M5, information received only from ahead, and only from those neighbors moving toward

the reference individual.

eling breathers, and feathers. We investigate our five submodels
of signal reception in three cases [of which the first two are very
common in existing models (7-9)]: (a) only attraction and
repulsion, (b) only alignment, and (c) attraction, repulsion, and
alignment. At the end, we focus on case (c) to investigate the
conditions for full alignment within a population of individuals
that is spread evenly over the domain. For this, we answer the
question: how does the strength of the alignment force required
in each of the five submodels depend on the amount of infor-
mation an individual receives from its neighbors?

Model Description

In ref. 22, the authors introduced the following model of
hyperbolic partial differential equations that describes the evo-
lution of densities of right-moving (u*) and left-moving (u™)
individuals:

out, )+ oy, )= —ATut(x, 1)+ A u (x, 1),
Au (e, 1) — o (yu (6, 1) =ATut (e, f) = A u(x, 1),
u=(x, 0) = uy=(x). [1]

It is assumed that individuals move at a constant speed <. The
two remaining symbols, A* (A7), denote the turning rates for the
individuals that were initially moving to the right (left) and then
turn to the left (right). These rates describe the response of an
individual, through attraction, repulsion, and alignment, to the
signals received from its neighbors:
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A5 =N+ Mfyy = ve +ya)- [2]

We consider f to be a positive, increasing, and bounded function
that depends on three nonlocal social interactions: attraction
(), repulsion (y,’), and alignment (y,;). Because the attraction
and repulsion have opposite effects, note that they enter the
equation with different signs. We will flesh out these terms
shortly, when we discuss Table 1. The other two constants, A; and
A2, approximate the random turning rate and the bias turning
rate, respectively.

As mentioned previously, the social interactions depend on
signal reception. We investigate five hypothetical submodels
describing how an individual can receive signals from its neigh-
bors. Fig. 1 shows a reference right-moving individual that is
positioned at x, whereas its neighbors are potentially positioned
atx + s (ahead) and at x — s (behind). The submodels are as
follows: M1, the attractive and repulsive interactions depend on
the stimuli received from all neighbors, whereas the alignment
depends only on the stimuli received from those neighbors
moving toward the reference individual (this case was studied in
ref. 22); M2, all three social interactions depend on the stimuli
received from all neighbors; M3, the social interactions depend
only on the information received from ahead (with respect to the
moving direction); M4, the social interactions depend on the
stimuli received from ahead and behind, only from those neigh-
bors moving toward the reference individual; and M5, the social
interactions depend on stimuli received only from ahead and
only from neighbors moving toward the reference individual. To
understand Fig. 1, let us focus, for example, on M1 and, in
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