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Abstract Intraguild predation (IGP), the interaction between species that eat each
other and compete for shared resources, is ubiquitous in nature. We document its
occurrence across a wide range of taxonomic groups and ecosystems with particu-
lar reference to non-indigenous species and agricultural pests. The consequences
of IGP are complex and difficult to interpret. The purpose of this paper is to pro-
vide a modelling framework for the analysis of IGP in a spatial context. We start by
considering a spatially homogeneous system and find the conditions for predator
and prey to exclude each other, to coexist and for alternative stable states. Man-
agement alternatives for the control of invasive or pest species through IGP are
presented for the spatially homogeneous system. We extend the model to include
movement of predator and prey. In this spatial context, it is possible to switch be-
tween alternative stable steady states through local perturbations that give rise to
travelling waves of extinction or control. The direction of the travelling wave de-
pends on the details of the nonlinear intraguild interactions, but can be calculated
explicitly. This spatial phenomenon suggests means by which invasions succeed or
fail, and yields new methods for spatial biological control. Freshwater case studies
are used to illustrate the outcomes.
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1. Introduction and biological background

Interspecific interactions include competition and predation. The combination of
these two is intraguild predation (IGP), defined as the killing or eating of species
that use similar, often limiting, resources and are thus potential competitors (Polis
et al., 1989). The importance and occurrence of IGP has been documented across
taxonomic groups and is prevalent in nature (reviewed by Polis et al., 1989). Theo-
retical treatments of IGP suggest alternative stable states occur, such as two alter-
native stable equilibria (Polis et al., 1989; Holt and Polis, 1997; Mylius et al., 2001;
Diehl, 2003), while experimental studies have confirmed theoretical predictions
(Holyoak and Sachdev, 1998; Morin, 1999; Diehl and Feißel, 2000; Schroder et al.,
2005). IGP is likely to occur in populations structured by size or stage (Ebenman
and Persson, 1988) and where organisms undergo ontogenetic niche shifts, that is
to say the patterns in resource use that develop as an organism increases in size
from juvenile to adult (Werner and Gilliam, 1984).

Natural enemies are often employed as biological control predators for pest
species, however IGP is common in biological control species interactions (for
a review in arthropod and nematode communities, see Rosenheim et al., 1995).
There are many examples in agricultural environments (see Table 1).

The alternative food source allows the biological control predators to persist
even at times of low prey abundance, but the competition for resources weakens
the predatory effect on the pest species. From the perspective of the prey species,
IGP adds an additional detrimental effect, not only does the prey suffer mortality
due to predation, but it also has less resource available due to competition. What
are the consequences of IGP for biological control?

IGP can be observed in many interactions between exotic and native species (see
Table 1). Examples can be seen across a wide range of ecosystems, such as brown
tree snake and mangrove monitor, and rusty crayfish and smallmouth bass. A more
detailed treatment of the interaction between rusty crayfish and smallmouth bass
can be found elsewhere (Drury et al., manuscript in preparation). In both these
examples, mutual IGP (Polis et al., 1989) is observed.

Given the prevalence of IGP in the interactions between pest species (native and
non-indigenous species) and their competitors and natural enemies, how can the
theory be employed to help inform the management and biological control of pest
species? In order to address this question, we build a general model for IGP with
an intraguild predator and an intraguild prey who compete for shared resources.
We develop a mathematical model for the population density of the predator and
prey as they change over time. Initially, we consider a spatially independent for-
mulation of the problem and determine all possible outcomes of the dynamical
system. We find the parameter regimes under which biological control of the ex-
otic is possible (under manipulation of predator or prey or both) and deduce where
perturbations are unlikely to change the steady state of the system.

Previous theoretical treatment of IGP in the literature has included different
predation functional responses (linear and nonlinear) at different productivity
levels. For example, a Type I functional response (Holling, 1959) has been used
to model the predation interaction (Polis et al., 1989) and the possible dynamical
outcomes described: exclusion of intraguild prey by the intraguild predator;
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coexistence; or a priority effect (single species equilibria dependent on initial
conditions). When the resource is also explicitly modelled and included in the
Type I predator–prey system (Holt and Polis, 1997; Diehl and Feißel, 2000; Diehl,
2003), the outcome is dependent on the productivity of the system (for example,
the resource carrying capacity). At low productivity, the intraguild prey excludes
the intraguild predator, while at high productivity, the predator excludes the prey.
At intermediate productivities, both species are able to coexist (Holt and Polis,
1997; Diehl and Feißel, 2000; Diehl, 2003). Nonlinear predation responses have
also been used, for example, a Type II functional response (Mylius et al., 2001)
and an adaptation of the Schoener model (Schoener, 1974, 1976; Polis et al., 1989;
Holt and Polis, 1997). The results for these models are qualitatively similar. Under
low and high productivities the outcomes are as for the Type I functional response,
while at intermediate productivity the system is bistable, such that both predator
and prey coexist or the predator excludes prey (dependent on initial conditions).
In order for the possibility of coexistence to occur, the prey is assumed to be a
superior exploitative competitor of the shared resource (Polis et al., 1989; Polis
and Holt, 1992; Holt and Polis, 1997), but see Diehl (2003).

We choose not to model the resource explicitly, to gain analytical tractability
and improved intuition regarding the interactions between the intraguild predator
and prey. See Mylius et al. (2001) for an example model with an explicit resource.

The inclusion of space into ecological models has often shown to produce very
different outcomes to non-spatial models (Kareiva, 1990; Lewis and van den
Driessche, 1993). We therefore later consider a spatially explicit model allowing
individuals to diffuse throughout their domain. We consider a particular regime
where the spatially homogeneous model is bistable (alternative stable states with
one or the other species dominating). The bistability suggests the possibility of
travelling waves, and we are able to find critical conditions where a small-scale
perturbation gives rise to control of invasive species, where the wave advances, or
if the condition is not met a wave of the native species extinction spreads through-
out the landscape.

In this paper, we first state the assumptions that underly our models (Section 2).
We employ two complementary modelling approaches, a spatially independent
one (Section 3) and a spatially explicit one (Section 4). For each modelling ap-
proach, we give biological interpretations of the mathematical results as well as
analytical insights and numerical simulations. Finally, we discuss the biological im-
plications of the model results and give limitations of our models, suggesting future
avenues for research (Section 5).

2. Modelling assumptions

The assumptions are divided into three groups: those underlying the modelling
philosophy and approach used here (M); those concerning the uniformity of the
population and the environment (U); and those governing species interactions (I).

We adopt a process-based model to obtain insight into the mechanisms that
govern species coexistence. This leads to a nonlinear system of equations and
hence a nonlinear model (M1). We choose a deterministic approach, rather than a
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Fig. 1 Model food web for intraguild predation. P represents the intraguild predator, C repre-
sents the intraguild prey or consumer, R represents the shared resource. Arrows indicate direction
of energy flow. Solid lines comprise the basic intraguild-predation model. The dashed line indi-
cates predation by the consumer on the predator and is only present in cases of mutual intraguild
predation (§ in Table 1). See Table 1, for example food webs.

stochastic approach (M2) and the dependent variables of our system are densities
of individuals of each species, not total numbers of individuals within the arena of
interaction (M3).

We assume there is no age or size-structure in both the predator and the prey
populations. That is, the individuals of one species are identical (i.e. same age and
size) and we ignore any differences between individuals of the same species (U1).
Although size-structure may be an important factor in IGP population dynamics
(Werner and Gilliam, 1984) and has been considered elsewhere (de Roos and
Persson, 2003), we do not include it and instead focus on the competition and
predation dynamics. The environment is assumed to be constant in space and time
and thus there is no extrinsic spatial heterogeneity, thus the intrinsic vital rates
(birth and death) and the carrying capacity (maximum density) of the environ-
ment remain constant (U2). The predator and prey populations are assumed to be
sufficiently high, to allow the populations to exist as a continuum and reproduce
continuously over time, leading to an ordinary differential equation structure
(U3). We assume, initially (Section 3), there is population mixing and thus use a
spatially independent system (U4). This assumption is relaxed later (Section 4)
where individuals diffuse spatially throughout the domain.

The last set of assumptions describe the model interactions between the preda-
tor and prey. Intraspecific competition occurs between individual conspecifics
(I1). Cannibalism can occur in either population (I2). Interspecific competition
occurs between individuals of different species (I3). Mutual predation (between
the intraguild predator and the intraguild prey) can occur (I4). The growth of
each population in the absense of the other is logistic (I5). The intraguild prey
is assumed to be the superior competitor for the shared resource (as assumed
elsewhere, Polis et al., 1989; Polis and Holt, 1992; Holt and Polis, 1997; Diehl
and Feißel, 2000) (I6). This is observed in the examples of European green crab
and shore crabs (Jensen et al., 2002), cutthroat trout and lake trout (Behnke,
1992), rusty crayfish and smallmouth bass (Hamr, 2001) and piscivorous and
non-piscivorous fish where the specialist feeding morphology affects the resource
consumption (Werner and Gilliam, 1984).



Biological Control Through Intraguild Predation 1039

3. Non-spatial intraguild predation model

We use a system of ordinary differential equations to describe the population dy-
namics of the interacting species: intraguild prey (which we define here as the con-
sumer) and intraguild predator (which we will refer to as the predator). A general
model to describe these interactions (assumptions I1–I6 above) follows mathemat-
ically and in words:

dC
dt

︸︷︷︸

= rc

(

1 − C
κc

)

C
︸ ︷︷ ︸

−rcαPC
P
κc

C
︸ ︷︷ ︸

−Pppc(C)
︸ ︷︷ ︸

+βpcCpcp(P)
︸ ︷︷ ︸

rate of change growth, intraspecific interspecific predation ingestion

of consumer competition competition by predator of predator

and cannibalism

(1)

dP
dt

︸︷︷︸

= rp

(

1 − P
κp

)

P
︸ ︷︷ ︸

−rpαCP
C
κp

P
︸ ︷︷ ︸

−Cpcp(P)
︸ ︷︷ ︸

+βcp Pppc(C)
︸ ︷︷ ︸

rate of change growth, intraspecific interspecific predation ingestion

of predator competition competition by consumer of consumer

and cannibalism

(2)

where C(t) denotes the consumer population density, P(t) denotes the predator
population density, rc is the consumer intrinsic growth rate, rp is the predator in-
trinsic growth rate, κc is the consumer carrying capacity, κp is the predator carry-
ing capacity, αPC is the competition coefficient measuring the effect of predator
on consumer, αCP is the competition coefficient measuring the effect of consumer
on predator, ppc(C) is the predation function of predator on consumer, pcp(P) is
the predation function of consumer on predator, βpc is the conversion efficiency
from predator to consumer biomass, and βcp is the conversion efficiency from con-
sumer to predator biomass. The parameters for all the models in this study are
summarised in Table 2.

The general structure of our model allows for flexibility and there is some choice
over how to incorporate cannibalism and predation on both species. We discuss
some alternatives here. Cannibalism (if it occurs) is included in the intraspecific
competition terms. The functional form of the predation functions ppc(P) and
pcp(C) as we discussed in Section 1 needs to be appropriately chosen.

We assume that the intraguild predator is the main predator in the interaction
and that any predation by the consumer on the predator is limited (e.g. predation
on eggs and recruitment interference by rusty crayfish on smallmouth bass, Dorn
and Wojdak, 2004; cutthroat trout consumption of juvenile lake trout, Behnke,
1992; Ruzycki et al., 2003). Thus, we allow consumer predation on predator to
be negligible at this point (i.e. ppc(P) ≡ 0). This assumption can be relaxed in fu-
ture. Mutual predation could also be incorporated, instead of explicitly including
another function, by changing the competition coefficients (αPC and αCP) or the
predator intrinsic growth rate (rp). If we assumed Lotka–Volterra type predation
by consumer on predator, then the modification would be to decrease αPC and
increase αCP. Alternatively, recruitment interference (observed in many systems,
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Fritts and Rodda, 1998; Secord, 2003; Grosholz et al., 2000) could be modelled by
decreasing rp. The qualitative dynamics of the model will remain the same while
the signs of the parameters αPC and αCP remain the same, because the structural
form of the equations will not be changed.

For the predator predation on consumer, we use a Type II functional response
(Holling, 1959) which is more realistic than Type I (e.g. Polis et al., 1989) as it
incorporates predator satiation through the assumption that predators have a prey
handling time. As we will show, the results with Type II differ from those with Type
I, and the results are qualitatively different from previous work with the resource
modelled explicitly (Mylius et al., 2001). Thus, the predation function for predator
on consumer is given by

ppc(C) = apcC
1 + apchcC

, (3)

where apc is the encounter rate (or capture efficiency), hc is the handling time and
apchc is the reciprocal of the half-saturation constant.

Thus, the system of equations is

dC
dt

= rc

(

1 − C
κc

− αPC
P
κc

)

C − apc
PC

1 + apchcC
, (4)

dP
dt

= rp

(

1 − P
κp

− αCP
C
κp

)

P + βcpapc
PC

1 + apchcC
, (5)

noting that if we set hc = 0 we return to a Type I predation functional response,
which has been investigated in detail by Polis et al. (1989).

Harvesting or other predation on both consumer and predator (e.g. rainbow
trout angling) is not included in this model, but modelling these approaches have
been well documented elsewhere (e.g. Clark, 1985, 1990). Instead, we analyse the
simplest form of the model, Eqs. (4) and (5).

To simplify the problem and find significant parameter combinations, we start
by non-dimensionalising, taking

c = C
κc

, p = P
κp

, τ = rct, αpc = αPC
κp

κc
, a = apc

κp

rc
,

h = apchcκc, r = rp

rc
, αcp = αCP

κc

κp
, β = βcpapc

κc

rc
. (6)

The non-dimensional forms of Eqs. (4) and (5) become

dc
dτ

= f (c, p), (7)

dp
dτ

= g(c, p), (8)
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where

f (c, p) =
(

1 − c −
(

αpc + a
1 + hc

)

p
)

c, (9)

g(c, p) = r
(

1 − p −
(

αcp − β/r
1 + hc

)

c
)

p, (10)

with the initial conditions

c(0) = c0 and p(0) = p0. (11)

3.1. Analysis

In order to investigate the long-term behaviour of the system (7)–(8), we look
for the (spatially homogeneous) steady states where neither, one or both species
coexist. These are found by setting both (7) and (8) equal to zero. The nullclines
of the system are given when f = 0 and g = 0 in (9) and (10). The c nullclines are:

c = 0, (12)

p = 1 − c
αpc + a

1+hc

, (13)

and the p nullclines are:

p = 0, (14)

p = 1 − c
(

αcp − β/r
1 + hc

)

. (15)

From the intersections of the nullclines, we find the following trivial steady states:
(c, p) = (0, 0), (1, 0), (0, 1). Linear stability analysis is carried out in the usual
way (e.g. Jordan and Smith, 1988), and shows (c, p) = (0, 0) is always an unsta-
ble node (eigenvalues λ = 1, r), (c, p) = (1, 0) is a stable node if αcp − β/r

1+h > 1
or otherwise a saddle point (eigenvalues λ = −1, r(1 − αcp + β/r

1+h )), and (c, p) =
(0, 1) is a stable node if αpc + a > 1 or otherwise a saddle point (eigenvalues
λ = −r, 1 − αpc − a).

The interior non-trivial steady states are found by setting (13) equal to (15),
from which we obtain a cubic equation in c:

l(c) = 0,

l(c) ≡ l3c3 + l2c2 + l1c + l0, (16)

where the polynomial coefficients are given in (A.1)–(A.4). We find there are at
most two positive roots to (16), and these translate to either two, one or no interior
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c

Fig. 2 Phase plane behaviour of system (7)–(10). Stable steady states are shown by solid black
dots. Unstable steady states are shown by open circles. c nullclines are shown by dashed lines and
p nullclines are shown by solid lines. Sample trajectories are shown by thin grey lines, with arrows
indicating direction of flow. For panels C and F, there is a separatrix in the system which is denoted
by a dotted line in each case. Different parameter values are used in each panel A–F (Table 3).
Panel A shows example dynamics when predation is absent and the only interaction between
consumer and predator is competition, with panels B–F presenting results for both competition
and predation. The system of equations is solved using Matlab ode 45 (MathWorks Inc., 2004).

steady states depending on the intersections of the nullclines and the axes. The dy-
namics of the system can be grouped into five general structures (coexistence; all
predator; all consumer; bistable: all consumer/all predator; and bistable: all con-
sumer/coexistence). Example parameter sets with steady states, nullclines and tra-
jectories are shown in Fig. 2.

Since in the absense of IGP, the consumer is the superior exploitative competi-
tor we take αpc < 1 and αcp > 1 which describes this competitive hierarchy. Thus,
in Fig. 2A, at equilibrium the consumer excludes the predator in the absense of
predation (apc = 0). When predation is included in the system (apc > 0) there are
five different scenarios depending on the parameter regime (see Table 3). In panel
B, both species are able to coexist at equilibrium because the predation confers a
benefit to the predator population (β > 0) but is not too detrimental to the con-
sumer population (a small). In panel C, there are two alternative stable states,
either predator exclusion of the consumer or consumer exclusion of the preda-
tor. In this scenario, the initial conditions determine which steady state the system
will tend towards. The separatrix (dotted line) indicates the edges of the basin of
attraction for each steady state. Biologically, this means predation considerably
hinders the consumer population growth but does not confer much benefit on the
predator population growth. In panel D, the predation allows the predator to in-
crease in density, but the negative impact on the consumer is very high (a high).
Thus, consumer is excluded by predator. If the predation has little effect on either
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species, then the consumer still excludes the predator (panel E). When the preda-
tion confers a benefit to the predator and the detrimental effect on the consumer
is not too high, alternative stable states arise with either coexistence or the con-
sumer excluding the predator (panel F). These alternative stable states are quali-
tatively different to patterns observed previously for IGP models (Polis et al., 1989;
Holt and Polis, 1997; Mylius et al., 2001). We see bistability between coexistence
and consumer excluding predator rather than bistability between coexistence and
predator excluding consumer. The boundaries between these different scenarios
can be determined analytically (as a function of the parameters). We discuss this
further in Section 3.2.

The nonlinearity of the nullclines, due to the Type II functional response (i.e.
when h > 0), allows for the possibility of multiple interior fixed points. Changes
in the system behaviour can be determined by the intersections of the nullclines
with the axes. However, the saddle-node that occurs when the dynamics change
from the type shown in Fig. 2E and F can be determined as a function of param-
eters by using the method of resultants (Bôcher and Duval, 1938; Allgower and
Georg, 1990). The bifurcation occurs when the nullclines (13) and (15) intersect
and their gradients are equal. This leads to two polynomials in c, (16) and,

k(c) ≡ k2c2 + k1c + k0, (17)

where coefficients of the polynomial are given in (A.5)–(A.7). A method for find-
ing simultaneous zeros of two polynomials (16) and (17) is finding the resultant of
k and l (that is to find the determinant of the Sylvester Matrix, M(l, k)), and setting
this to zero (Allgower and Georg, 1990),

det(M) = res(l, k). (18)

We highlight the use of this method here since it has received little attention in
population dynamics (but see Hadeler and Lewis, 2002). The matrix M is given in
(A.8). As an example, we can pick h as a bifurcation parameter and determine the
value at which the bifurcation occurs, keeping all other parameters fixed (Fig. 3).
Zeros of (18) are found numerically using Matlab fzero (MathWorks Inc., 2004).

3.2. Invasibility criteria

Since the problem we are studying is one of invasion, coexistence and exclusion, we
can analytically determine the invasibility criteria for each species, that is whether
a species can increase from low density in the presense of other species (sensu
Chesson, 2000). Biologically, this gives us the conditions of the interaction param-
eters that allow each species to persist. We should note this is different to other
measures of invasibility such as habitat characteristics (see, for example, Jules
et al., 2002). Analytically, the invasibility criteria can be determined by finding the
criteria for the population to increase at low density while the other species is at
the carrying capacity, i.e. (for the dimensionless system) dc

dτ
|p=1 > 0 and dp

dτ
|c=1 > 0
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Fig. 3 Phase plane behaviour of system (7)–(10). Stable steady states are shown by solid black
markers. Unstable steady states are shown by open circles. c nullclines are shown by dashed lines
and p nullclines are shown by solid lines. Example trajectories are shown by thin grey lines. In
each panel, all parameters are fixed apart from h. (αpc, a, r, αcp, β) = (0.50, 0.25, 1.00, 6.00, 7.00).
h = 0.45, 0.6077, 0.75 in panels A, B, and C, respectively. As h increases from zero, the dynamics
change from a bistable case to consumer excluding predator. The bifurcation occurs when h =
h∗ = 0.6077.

in (7)–(10). The conditions for persistence of the consumer are

αpc + a < 1, (19)

and for the predator,

αcp − β/r
1 + h

< 1, (20)

which are exactly the reverse of the conditions for the stability of the single species
steady states (c, p) = (0, 1) and (c, p) = (1, 0), respectively, found above. These
invasibility criteria can be interpreted as being comprised of two components, one
related to the competitive interaction (αpc and αcp terms) and another to the pre-
dation interaction (a and − β/r

1+h terms). The predation contribution in the predator
criterion is negative due to the benefit the predator gains from predation, while
other components in both equations are positive indicating a loss due to predation
(by the predator) or competition (by the other species).

Based on these criteria, coexistence is possible if both (19) and (20) hold
(Fig. 2B); the predator excludes the consumer if only (20) holds (Fig. 2D); the sys-
tem is bistable if neither (19) nor (20) holds (Fig. 2C), then the dominant species
depends on initial conditions (founder control, Keddy and Shipley, 1989). There
are two alternatives when only (19) holds (Fig. 2E and F). If

β

r
< αcp (21)

also holds, then the gradient of the p nullcline (15) at c = 0 is negative and there
can be no interior fixed points. Again, there is a contribution from competition and
predation in the inequality. Ecologically, the inequality states that the impact of
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consumer competition on the predator is greater than the benefit the predator re-
ceives from predation on the consumer. In this circumstance, the only steady state
is the consumer excluding the predator (Fig. 2E). If only (19) holds, but neither
(21) nor (20) holds then the method of resultants (18) can be used to determine
if the dynamics are of the type in Fig. 2E or F. In F, the system is bistable with
the coexistence steady state and consumer exclusion of the predator both being
stable.

3.3. Biological interpretation of the spatially homogeneous model

The system of two ordinary differential Eqs. (4) and (5) can lead to a variety of
different dynamics which depend on the particular parameter regime of the system
of interest (Fig. 2). Due to data limitations, it may be difficult to determine many of
these parameter values, but by rescaling the system (6), we reduced the number of
parameters from 9 (Eqs. (4) and (5)) to 6 (Eqs. (7)–(10)), which simplifies the
analysis.

Pest management options can be divided into two mathematical classes: alter-
ing the parameter values of the system (for example, reducing the intrinsic growth
rate of one species); or perturbing the system, by adding or removing individuals,
to move the system to a new initial condition from where it may follow a differ-
ent trajectory. The former approach may be difficult in practice, since to shift the
system from one type of dynamics to another may require considerable effort to
manipulate a parameter value, and perhaps only be possible temporarily. For ex-
ample, decreasing αcp could change the dynamics from Type E to Type B in Fig. 2,
that is from the consumer-only state being stable to the coexistence state being sta-
ble, thus allowing both predator and consumer to persist. However, the temporary
nature of the parameter change may allow the coexistence state to lose stability
and the dynamics to return to the original undesirable state.

The latter approach, to apply a perturbation to the population densities, may
allow the system to follow a trajectory to a different steady state. This would only
occur in a bistable case (Fig. 2C and F), where a perturbation would be required to
move the system to the other side of the separatrix and into the basin of attraction
of a different fixed point. For example, if the system were in parameter regime
C, approaching consumer dominance, say (c, p) = (0.5, 0.2), then increasing the
non-dimensional density of predator to p = 0.6 would move the system across the
separatrix and towards the predator monoculture state. Ecologically, the pertur-
bation is a fixed, one-time change to the ecosystem, which may produce long-term
desirable dynamics. This would not be possible in Types B, D and E (Fig. 2).

We need to consider desirable outcomes of a control effort depending on iden-
tity of the interacting consumer and predator. In the examples of pest control in
Section 1, all predators are beneficial species, while the prey are pest species. This
is also the case in the invasive species interactions of smallmouth bass (preda-
tor) and rusty crayfish (prey), Beroe ovata (predator) and Mnemiopsis leidyi
(prey), predaceaous mites (predator) and herbivorous mites (prey) on lantana and
birds (predator) and brown anole. In these scenarios, the objective of a control
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operation would be to reduce consumer density while increasing predator density.
Possible perturbations for an aquatic invader include trapping (Hein, 2004; Hein
et al., 2006) and trawling (D. Lodge et al., personal communication), trapping for
a terrestrial invader (Engeman et al., 2003) and also for intertidal invaders (Miller
and Addison, 1995; Grosholz et al., 2000).

Alternative examples where the predator is an invasive species and the con-
sumer is native have been given in Section 1 and Table 1, such as lake trout and
cutthroat trout, rainbow trout and native fish, brown tree snake and mangrove
monitor, and European green crab and shore crabs. In these scenarios, the objec-
tive of a management initiative would be to reduce the predator density. Possi-
ble perturbations for sporting fish invaders include changing fishing regulations,
and including catch-and-release, length limits and daily harvest limits (Noble and
Jones, 1999; Noble, 2002).

The analytical and numerical results in this section have relied on the assump-
tion that the consumer and predator are ubiquitous throughout the landscape.
The length scale of movements for each species might in practice be very different.
For example, predaceous mites move much faster and turn more quickly than
herbivorous mites and only stop to feed (Hoffmann and Frodsham, 1993). Lake
trout are much more aggressive and territorial than cutthroat trout (Behnke,
1992; Crossman, 1995) and are only found in one bay in Yellowstone Lake, while
cutthroat trout are found throughout (Ruzycki et al., 2003). Crayfish are observed
to move large distances daily (Momot and Gowing, 1972; Kershner and Lodge,
1995), while bass are territorial (Carlander, 1977; Suski and Philipp, 2004).

In the next section, we will consider two case studies of aquatic invaders: lake
trout invasion in Yellowstone Lake and rusty crayfish in Sparkling Lake (Hein
et al., 2006; Roth et al., 2006). We relax the assumption that there is a uniform
density of individuals, in other words, we consider the biologically realistic sce-
nario of mobile predators and consumers and develop a spatially explicit model.

4. Spatial intraguild predation model

We use a reaction–diffusion type model to describe the spatio-temporal dynamics
of the populations of predator and consumer. Each species has both population
dynamics and diffusion throughout the domain. We use one spatial dimension to
model the narrow littoral zone around a large lake. The littoral zone is the re-
gion where cutthroat trout and lake trout (Behnke, 1992) and crayfish and bass
(Momot, 1992) are likely to interact. The spatial extension of Eqs. (4) and (5) is
the following system of partial differential equations:

∂C
∂t

︸︷︷︸

= rc

(

1 − C
κc

− αPC
P
κc

)

C
︸ ︷︷ ︸

−apc
PC

1 + apchcC
︸ ︷︷ ︸

+Dc
∂2C
∂x2

︸ ︷︷ ︸

rate of change growth, competition predation diffusion

of consumer and cannibalism of consumer

(22)
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∂ P
∂t

︸︷︷︸

= rp

(

1 − P
κp

− αCP
C
κp

)

P
︸ ︷︷ ︸

+βcpapc
PC

1 + apchcC
︸ ︷︷ ︸

+Dp
∂2C
∂x2

︸ ︷︷ ︸

rate of change growth, competition ingestion diffusion

of predator and cannibalism of consumer of predator

(23)

where Dc is the diffusion coefficient of the consumer and Dp is the diffusion coef-
ficient of the predator. We non-dimensionalise using (6) and

ξ =
√

rc

Dc
x, ε = Dp

Dc
, (24)

leading us to the non-dimensional system,

∂c
∂τ

=
(

1 − c −
(

αpc + a
1 + hc

)

b
)

c + ∂2c
∂ξ 2

, (25)

∂p
∂τ

= r
(

1 − b −
(

αcp − β/r
1 + hc

)

c
)

b + ε
∂2 p
∂ξ 2

. (26)

The analysis of the system of ordinary differential equations in Section 3 gives us
the spatially uniform behaviour of the system including spatially uniform steady-
state solutions. In the parameter regime where we observe dynamics of the type
shown in Fig. 2F, there are two spatially homogeneous stable steady states, one
with the consumer excluding the predator, and one where both species coexist
with the predator at a high density and the consumer at a low density. As we dis-
cussed in the non-spatial model (Section 3.3) in a bistable system, perturbing the
population densities may move the system across a separatrix and into the basin
of attraction of an alternative stable steady state. Once space is included explic-
itly, an alternative management method for control is to perturb the system in a
local, bounded region (practically this is a small, contained area) and cause the dy-
namics to switch from one steady state to another by the population reproducing
and spreading out across the domain. Since we have a bistable system, we look
for travelling wave solutions joining the two spatially homogeneous steady states,
consumer only and coexistence.

4.1. Analysis

Travelling wave solutions to Eqs. (25) and (26) can be expressed in terms of the
travelling wave coordinate, z = ξ − vτ , where c(ξ, τ ) = c(z) and p(ξ, τ ) = p(z).
We consider solutions that join the consumer-only steady state [(c, p) = (1, 0) as
z → −∞] with the coexistence steady state [(c, p) = (c1, p1) as z → ∞]. When
the wave velocity is positive (v > 0), the wave moves to the right and there is an
outbreak of consumer excluding the predator. While when the wave velocity is
negative (v < 0), the wave moves to the left and coexistence is observed.

Rewriting the system (25) and (26) in travelling wave coordinates (by sub-
stituting z = ξ − vτ ) and applying boundary conditions (shown in Fig. 4A), the
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travelling wave solutions satisfy

czz + vcz + f (c, p) = 0, (27)

εpzz + vpz + g(c, p) = 0, (28)

lim
z→−∞(c(z), p(z)) = (1, 0), lim

z→∞(c(z), p(z)) = (c1, p1). (29)

The scalar case (p = constant) is well understood (Fife and McLeod, 1975, 1977).
In this case, we conjecture there exists a solution to (27)–(29) with corresponding
wave velocity v. This is supplemented by a numerical investigation. The direction
of the travelling wave, or the sign of v, can be determined as a function of the
parameter values of the system (in a similar fashion to determining the bifurcation
using the method of resultants above, Section 3.1). We use the approach of Lewis
and van den Driessche (1993) to determine the point at which the wave changes
direction (when v changes sign) as a function of the system parameters. Bass are
territorial (Suski and Philipp, 2004) as are lake trout (Carlander, 1977) and move
much shorter distances than do their intraguild prey crayfish (Momot and Gowing,
1972; Kershner and Lodge, 1995) and cutthroat trout (Behnke, 1992), respectively.
Hence, the ratio of the diffusion coefficients, ε is small. We set v = 0 and in the
limit ε → 0, Eqs. (27) and (28) become

czz + f (c, p) = 0, (30)

g(c, p) = 0. (31)

From (31), p can be expressed as an algebraic function of c which we substitute
into (30). This leads to an ordinary differential equation in c only:

czz + f (c, p(c)) = 0. (32)

Using standard travelling wave techniques (e.g Kot, 2001; Murray, 2003), multi-
plying (32) by cz, integrating over the range −∞ < z < ∞, and applying boundary
conditions (29), we obtain

∫ c1

1
f (c, p(c)) dc = 0. (33)

From (31) we find that

p =
{

0, for c > c3,

1 −
(

αcp − (β/r)
1+hc

)

≡ g1(c), for c ≤ c3,
(34)
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which is analogous to the p nullclines (14)–(15) obtained in the spatially indepen-
dent model above. Substituting the expressions for p into (33), we obtain

∫ c3

1
f (c, 0) dc +

∫ c1

c3

f (c, g1(c)) dc = 0, (35)

where the integral endpoints are defined graphically in Fig. 4A. Evaluating (35),
we obtain

∫ c3

1
c(1 − c) dc +

∫ c1

c3

c
[

1 − c −
(

αpc + a
1 + hc

)(

1 −
(

αcp − β/r
1 + hc

)

c
)]

dc = 0,

(36)

for which we can find an explicit expression in terms of the integral endpoints, c1

and c3,

0 =
[

−c3

3
+ c2

2

]c3

1
+

[

(αpcαcp − 1)
c3

3
+

(

aαcp

h
− αpcβ

rh
+ 1 − αpc

)

c2

2

]c1

c3

+
[(

αpcβ

r
− aαcp − aβ

r
− ah

)

c
h2

+ aβ
rh3(1 + hc)

]c1

c3

+
[(

a
h2

− αpcβ

rh3
+ aαcp

h3
+ 2aβ

rh3

)

log(1 + hc)
]c1

c3

, (37)

where c1 is the smallest positive root of (16) and c3 is found by setting (15) to 0:

0 = hαcpc2 + c
(

αcp − h − β

r

)

− 1, (38)

and taking the positive root as c3. Equation (37) must be satisfied by the parame-
ters αpc, a, h, r , αcp and β.

4.2. Numerical solutions

If all but one of the system parameters are fixed, say h, then we can find a crit-
ical value of h = h0 which leads to a stationary wave (v = 0), in the absense of
predator diffusion. We compute numerical solutions of (37) with (38) and (16), us-
ing Matlab fzero to iteratively define an estimate for h to find h0. There is also a
critical value for h = hc determined from (20) for which the consumer monocul-
ture state disappears and the coexistence state is the only stable steady state. For
the parameter set (αpc, a, r, αcp, β) = (0.50, 0.25, 1.00, 6.00, 7.00), then h0 = 0.4845
and hc = 0.4.

Numerical solutions of the full PDE system (25)–(26) result in a stationary wave
profile for h0 = 0.4845 as predicted by the travelling wave and stationary wave
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Fig. 4 In both panels c nullclines are shown by dashed lines and p nullclines are shown by solid
lines. (A) The spatially homogeneous steady states and integral endpoints (ci , pi ) are defined for
Eqs. (29) and (34)–(37). The intersections of the nullclines are labelled. Parameter values used for
the sketch are as follows: (αpc, a, h, r, αcp, β) = (0.50, 0.25, 0.45, 1.00, 6.00, 7.00). (B) Numerical
solutions of the system of PDEs (25)–(26) using Matlab pdepe. Stationary wave profile (v = 0)
after 1000 time intervals plotted in the phase plane (circles). Travelling wave solutions join (c1, p1)
to (1, 0), see panel A for definitions. Initial conditions are as for Fig. 5. Parameter values used are
(αpc, a, h, r, αcp, β) = (0.50, 0.25, 0.4845, 1.00, 6.00, 7.00) and ε = 1 × 10−8. We can see that the
travelling wave profile closely follows the p nullclines.

analysis. Numerical results are presented in Fig. 5. In each case, the distribution of
each species is shown across the domain for every 100 time intervals. In Fig. 5A
and B, the numerical solutions for the stationary wave are shown. In this case,
the wave profile remains the same and in the same ξ location for each time point,
since solutions at subsequent time points are exactly overlain. In Fig. 5C and D,
where h > h0, a rightward moving wave is observed. The wave profile is fixed and
moving at constant speed. As the wave moves, areas of low consumer density are
replaced by areas of high consumer density, while areas of high predator density
are replaced by areas of low predator density. In panels E and F, h < h0, a leftward
moving wave is observed. In this case, as the wave moves, the predator is able to
control the consumer population and the predator excluded area is replaced by a
coexistence zone.

If these results were applied to Yellowstone Lake, a rightward moving wave
would be helpful in displacing lake trout by cutthroat trout. One possible method
for implementation would be trapping for lake trout (Ruzycki et al., 2003). For
Sparkling Lake, a leftward moving wave would be beneficial, allowing bass to con-
trol the crayfish. A potential implementation method could be trawling for cray-
fish in a local area (D. Lodge et al., personal communication). In each of these
scenarios careful parameterisation would need to be carried out to determine
the relative magnitude of the wave speed in relation to the lifespan of individu-
als from both populations. The wave of control would need to spread throughout
the arena within a small number of generations to be of use from a management
perspective.

We noted above, under the conditions that we obtain a stationary wave (v = 0)
and the predator moves much smaller distances than does the consumer, we could
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Fig. 5 Numerical solutions of the system of PDEs (25)–(26) using Matlab pdepe. Left-hand pan-
els show the consumer population density, while right-hand panels show the predator population
density over space. Travelling wave solutions join (c1, p1) to (1, 0), see Fig. 4A. Initial conditions
are indicated by the dashed lines, with solutions at time intervals of size 100. Parameter values
used in all panels are (αpc, a, r, αcp, β) = (0.50, 0.25, 1.00, 6.00, 7.00) and ε = 1 × 10−8. (A and B)
Stationary wave, h = h0 = 0.4845. (C and D) Right moving wave, v > 0, there is a wave of extinc-
tion of predator, h = h0 + 0.05. (E and F) Left moving wave, v < 0, there is a wave of control of
consumer by predator, h = h0 − 0.05.

find an algebraic expression for p(c) (34) that matched the expressions for the p
nullclines (14)–(15). We see that plotting the travelling wave front in the phase
plane closely matches the nullclines (Fig. 4B).

We have already considered h as a bifurcation parameter in the non-spatial and
the spatial frameworks. It is an important parameter. If h = 0 we return to a Type I
predation functional response. As h increases from zero, the predation functional
response changes from Type I to Type II and the possibility of bistability and
interior steady states arises. Many of the parameters are likely to be fixed in a
given system, but we may have some control over the intrinsic population growth
rates (such as by stocking fish or trapping crayfish), and since r = rp

rc
is the ratio

of growth rates, we choose this as a second bifurcation parameter (note that when
r = 1 both population intrinsic growth rates are the same). Thus, we investigated
the parameter space (h, r) keeping all other parameters fixed (Fig. 6). This figure
shows the limits of the regions of existence of each stable steady state. The curve
SN indicates the saddle–node bifurcation, found by solving Eq. (18). Above this
line the consumer excludes the predator, while below this line, there are alternative
stable states (coexistence or consumer only). The line SW indicates the parameter
combination for the stationary wave, calculated from (37). Above this line, in the
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Fig. 6 Bifurcation diagram showing critical parameters values for the stationary wave (line SW),
the line TB identifies the transcritical bifurcation where the consumer-only state loses stability
and the system moves from dynamics of Type F (bistable: coexistence or consumer only) to Type
B (coexistence) and the saddle–node bifurcation, depicted by the line SN, where the system dy-
namics move from Type F (bistable: coexistence or consumer only) to Type E (consumer only).
The parameter space is divided into regions where different dynamics occur. Regions denoted
by cp indicate dynamics of Type B (coexistence stable spatially homogeneous steady state), c
indicates Type E (consumer only) and c or cp indicates Type F (bistable: coexistence or all con-
sumer). In the spatial framework (c or cp) → cp indicates a travelling wave of coexistence, while
(c or cp) → c indicates a travelling wave of consumer excluding predator. The line BN represents
the neutrality of the condition (21), above which the interior steady states are no longer possible.
Fixed parameter values used are (αpc, a, αcp, β) = (0.50, 0.25, 6.00, 7.00).

spatial framework, a local perturbation will lead to consumer dominance, while
below this line, a local perturbation will lead to coexistence. The line TB indicates
the neutrality of Eq. (20). Above this the spatially homogeneous model gives rise
to bistability (coexistence or consumer only), while below the line, coexistence is
the only stable state. Finally, the neutrality of Eq. (21) is shown by the line BN
above which bistability is not possible. From the results, we can see that consider-
ing the spatial framework has increased the area of parameter space where coex-
istence is likely (areas indicated by cp and (c or cp) → cp) over the area we would
have determined from the non-spatial case alone (areas indicated by cp).

4.3. Biological interpretation of the spatially explicit model

There are different control strategies for removing aquatic invaders from problem-
atic lakes. Methods often used are high effort trawling in a small area (D. Lodge,
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personal communication) or trapping over a large expanse (Ruzycki et al., 2003;
Hein et al., 2006) resulting in the removal of a similar number of individuals in both
cases. High impact trapping has also been used for lake trout (Ruzycki et al., 2003).
We can include both types of removal in our spatial model framework. Mathemat-
ically, trawling removes a high density in a local area. Trapping, on the other hand,
involves placing baited traps throughout the lake and collecting the catch at a later
date. A local perturbation can be interpreted as trawling, while a lake-wide per-
turbation can be interpreted as trapping.

We present numerical simulations for different scenarios in a model lake with
very low predator population density and high consumer density (a caricature of
the situation in Sparkling Lake with crayfish and bass). Since the consumer is the
pest here, the goal is to reverse the situation. Assuming we have a limited fixed
quotum for invasive species removal, we can compare the trapping and trawling
methods by keeping the volume of consumer removed equal in both cases. Re-
sults are shown in Fig. 7. In panels A and B, the consumer density is reduced over
a small spatial range, while the density of the predator is assumed to be low but
uniform throughout the lake. In the parameter regime (c or cp) → cp, this pertur-
bation is sufficient to cause a wave of coexistence to move throughout the lake
where the predator is able to control the consumer. In panels C and D, the con-
sumer numbers are reduced by the same total amount, but uniformly throughout
the lake. This perturbation is insufficient to initiate a wave and the system rapidly
returns to the state prior to perturbation (the result every 100 time units is plotted,
but they are all superimposed since they correspond to the spatially homogeneous
consumer monoculture state).

We should also note that if the parameter set was in the region (c or cp) → c in
Fig. 6, then perturbing the system would cause a wave of the consumer excluding
the predator which would be more useful when the predator is the pest, as for
Yellowstone Lake lake trout and cutthroat trout dynamics (as we saw in Fig. 5).

From the results presented in Fig. 7, we can see that it is better to focus popula-
tion reduction efforts on small local area (by trawling or possibly a high effort trap-
ping locally) rather than spreading the effort over a large area. The effort spread
out across the lake does not cause enough disturbance and is insufficient to initi-
ate a travelling wave of coexistence, so the pest consumer excludes the predator
(Fig. 7B). Where the removal of the consumer was carried out at a high intensity,
but locally, the perturbation was sufficient to initiate a travelling wave of coex-
istence allowing the predator to control the consumer. The minimum size of the
local removal zone is related to the quantity

√
Dc/rc in Eqs. (22)–(24) and has been

considered for a two-dimensional problem (Lewis and Kareiva, 1993).

4.4. Range expansion of exotic species

When considering biological control of a nuisance species, the arena of interaction
may be contained, within a lake, or an orchard, for example. Then, under this
restriction, a spatially independent model may be appropriate. However, when
considering the range expansion of exotic species a spatially explicit framework is
required because the distribution of the species are not homogeneous throughout
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Fig. 7 Comparison of local versus lake-wide removal of a pest consumer. Left-hand panels show
the consumer population density, while right-hand panels show the predator population density
over space. Travelling wave solutions join (c1, p1) to (1, 0), see Fig. 4A. Initial conditions are
indicated by dashed lines, with solutions at time intervals of size 100. Parameter values used in
all panels are (αpc, a, h, r, αcp, β) = (0.50, 0.25, 0.43, 1.00, 6.00, 7.00) and ε = 1 × 10−8. (A and B)
Consumer removed by trawling in local area around x ∈ [−10, 10]. (C and D) Consumer removed
by trapping uniformly around the lake. Predator are initially at a low uniform density (p0(x) =
0.1) throughout the lake for both simulations. A wave of control is initiated by a local removal,
while a similar effort lake-wide removal is insufficient to initiate control. Numerical solutions of
(25)–(26) obtained using Matlab pdepe.

the landscape. The invader density is likely to be high behind a wave of expansion
while the native competitor density will be higher in uninvaded areas. The spatial
IGP model developed in this section can also be applied to help understand a
species range expansion and the interaction with local species.

Examples of IGP for species undergoing range expansion are round gobies, rac-
coons, salamanders, amphipods, European green crabs (Grosholz and Ruiz, 1995)
and daphnids (Table 1). Further examples of species undergoing range expansion
can be found in Table 1.

As we have shown in previous sections, the consequences of IGP are often al-
ternative stable states, which have implications in the management and control of
invading species.

5. Discussion

In this paper, we have developed a dynamic model to describe the interactions
between an intraguild predator and consumer. The predator and consumer com-
pete for resources under exploitative competition, but the predator also consumes
or kills the consumer. Coupling these interactions together, we derived a nonlin-
ear ordinary differential equation model for IGP. We presented many examples
in agricultural pest management, in the interactions between invasive and native
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species across a wide taxonomic range and species undergoing range expansion
(Section 1, Table 1).

The ODE system describes a spatially homogeneous population. We used lin-
ear stability and phase plane analysis to determine stable states and under what
conditions they occur. When the feeding efficiency (numerical response) of the
predator on the consumer is high, but the effect on the consumer (functional re-
sponse) is weak, coexistence is observed. If the predator is very efficient and pre-
dation greatly hinders the consumer population growth, then the predator is able
to exclude the consumer. In the situation where the consumer population incurs
a small predation effect, but the predator feeding efficiency is low, the consumer
is able to exclude the predator. This is equivalent to the results without predation
(i.e. competition only). Alternative stable states arise in two sets of circumstances.
When the predator is a very inefficient feeder but the effect on the consumer is
very detrimental, then single species predator or consumer monopolies arise (de-
pending on the initial conditions). When the predator gains from predation on the
consumer, but does not reduce the population growth of the consumer too much,
bistability is also observed with coexistence or consumer excluding predator. This
is qualitatively different to the bistability observed in previous models (Polis et al.,
1989; Holt and Polis, 1997; Mylius et al., 2001).

We were able to find analytical expressions which determine the boundaries in
parameter space of all these different system behaviours using the method of resul-
tants (Bôcher and Duval, 1938; Allgower and Georg, 1990) which we highlighted
as a little-used but useful method in population dynamics modelling.

Often, for example, in agricultural pest control, the objective is to for the preda-
tor to control the consumer, but in other examples (for invasive species) the preda-
tor may be the exotic (see examples in Table 1), in which case we would look to
conditions for the consumer to exclude the predator. The stable states analysis
provides us with a framework for determining the best course of action depend-
ing on the parameter regime of the particular system. Management options were
divided into two categories, either an ongoing removal which would lead to the
reduction of either or both species intrinsic growth rate (rc and rp) or a single
event perturbation to the lake (e.g. trawling) which would remove a large density
of consumer (or predator) at one time which has the potential to move the system
into the basin of attraction of an alternative stable state (e.g. from the consumer
excluding predator state to the coexistence state). The cost associated with differ-
ent manipulations varies. In our model framework, the resource was not modelled
explicitly. The impact of a one-time perturbation might be different under alterna-
tive modelling assumptions and model structure. Further work would need to be
carried out to determine if there are any delayed density-dependent effects.

We then relaxed assumption U4 of population mixing and extended the frame-
work to include spatial dynamics and focussed on within-lake dynamics of aquatic
invaders. We considered the situation where alternative stable states arise (coexis-
tence and consumer excluding predator). Travelling wave analysis determined the
conditions for a forward moving wave (the coexistence state replacing the predator
exclusion state) or wave reversal. We found that for certain parameter regimes, a
lake-wide perturbation is not necessary, but a local removal of the consumer can be
sufficient to cause a wave of coexistence throughout the lake or a wave of predator
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exclusion by consumer. The spatial analysis suggests more effective control mea-
sures than does the non-spatial case. Local removal may require less effort than an
ongoing lake-wide removal (Hein et al., 2006). From our numerical experiments,
the consumer population density remains low after trawling a small area (Fig. 7)
and the wave of coexistence observed is due to the predator responding to the
release from competition locally and then increasing in density to control the con-
sumer. However, if the predator response is on a slow timescale, then practically, it
might be necessary to maintain an area without the consumer (an exclusion zone)
while the wave of coexistence is initiated. To find the analytical conditions for a for-
ward or backward moving wave, we assumed the consumer moved much greater
distances than the does the predator. Relaxing this assumption would make the
analysis more complicated, but should not affect the outcome. The possibility of
pattern formation (through long-range inhibition and short-range activation, e.g.
Murray, 2003) has not been investigated. This a direction of further study.

The modelling approach utilised in this paper was based on a number of assump-
tions (Section 2). The assumption that all individuals of each species are identical
(U1) is a simplification. Different size classes of each species exhibit different char-
acteristics. Many species, especially fish, undergo ontogenetic niche shifts (Werner
and Gilliam, 1984), allowing the juveniles to compete with the prey of adults. A
two-size compartment structure has been considered for another model system,
but the juvenile class reduces the predation effect on the consumer, and thus ex-
tends the parameter regime where coexistence is observed (Mylius et al., 2001).
The largest consumers may escape predation because predator consumption of
the consumer is gape limited (Persson et al., 1996), and many predators consume
food in a particular size range depending on their body size (Polis et al., 1989, and
references therein). A size-structured model including a class of consumer invul-
nerable to predation has been investigated (Mylius et al., 2001). The extra class
reduces the overall risk of predation on the consumer population and extends the
region of parameter space where coexistence is observed. Harvesting may pref-
erentially remove individuals of a certain size (e.g. Suski and Philipp, 2004). A
size-structured model would be appropriate to investigate this effect. Investigating
a competitive bottleneck (where juvenile predators are prevented from maturing
by competition) that may be facing juvenile predators would also require a similar
model.

The environment was assumed to be constant throughout (U2). However, this
is a simplification as there are likely to be patches of different habitat types, for
example, agricultural rows, forest and urban patches, and aquatic habitats. Each
habitat type confers a different food and shelter level (and thus a different pre-
dation risk). The relative contribution of each habitat type to the overall environ-
ment is likely to play a factor in the possible control of a nuisance species. These
spatial heterogeneities could be incorporated into the model framework in a vari-
ety of ways including modifying the spatially explicit system of partial differential
equations (Section 4) to require the intrinsic growth, predation rates and diffusion
coefficients to be a function of habitat, or building a compartment model (each
compartment representing a different habitat type) with differential growth and
predation rates in each compartment.
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Many systems, especially temperate ones, exhibit seasonal population dynamics
and the assumption that populations reproduce continuously over time (U3) may
not be valid. This is likely to have a smaller effect on the model outcome than
population size-structure or the heterogeneous environment.

For invasive species, the effect of harvesting the biological control agent (either
predator or consumer) has not been investigated. To include natural mortality, an-
gling or harvesting mortality in the populations, we could modify Eqs. (4) and (5)
by adding a mortality function. Two simple ways of including this are a propor-
tional reduction of the population, or a constant reduction per unit time. Alter-
native harvesting strategies for aquatic systems are well documented (e.g. Clark,
1985, 1990).

We have only considered the interaction between one predator species and one
consumer species. When IGP occurs across multiple trophic levels the outcomes
can be unexpected. Many natural enemies of agricultural pests interact through
IGP, such as Georcoris spp. and Orius spp. consuming spider mites on cotton
(Rosenheim, 2005). Further examples are found in the literature (Rosenheim
et al., 1999, 1993, 2004; Colfer et al., 2003). In many examples, the higher predator
is a generalist and will consume both the intermediate predator and the consumer.
The result for biological control may be the reduction of the intermediate preda-
tor (see also Fagan, 1997), while the pest species population increases. Further
consideration of multiple species and trophic levels in the model framework are
required to investigate this problem.

Our model differs in three important ways from previous approaches. Firstly,
the resource is not modelled explicitly (for examples of models where the resource
is explicitly considered, see Holt and Polis, 1997; Diehl and Feißel, 2000; Mylius
et al., 2001; Diehl, 2003). This enhances the analytical tractability of the system.
We are also able to interpret the invasibility criteria and the conditions for
control ecologically. The more parsimonious model without a resource equation
is sufficient to generate results qualitatively similar to those observed in some
systems. However, in reality, there may be many more complex interactions
between more species at different levels of the food web (including multiple
resources, consumers, and predators). The reduction in model complexity from
a multiple-dimensional system to a two-dimensional system is a simplification.
While predictions can only be made at the complexity level of the model studied
(see Bassingthwaighte et al., 2006, for a discussion), there are numerous studies
finding that increasing model complexity often does not improve the fit to time
series data and that there is very little loss of predictive ability (Stillman et al.,
2000; Smets et al., 2002; Arhonditsis and Brett, 2004). We have included the
minimum level of detail to describe our system and a more realistic model is being
analysed elsewhere (Drury et al., manuscript in preparation).

Secondly, the results are qualitatively different from previous models that used a
Type II predation functional response or a related nonlinear function (Polis et al.,
1989; Holt and Polis, 1997; Mylius et al., 2001). Previous models allowed for coex-
istence of predator and consumer under a particular parameter regime, where the
productivity (or resource carrying capacity) varied. The coexistence region over-
lapped with a region of bistability with alternative stable states of coexistence or
predator excluding consumer. We also observed parameter regions of coexistence
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and of bistability, but the alternative stable states are coexistence or consumer ex-
cluding predator. Further work would be needed to compare dynamic outcomes
of our model with time series population data in case study ecosystems.

Thirdly, the spatial framework has not been applied to IGP, and it has given us
additional insights. We have shown that given a fixed control quotum, pest species
removal over a local area is more effective than homogeneous removal through-
out the interaction arena (within the area of parameter space where bistability
is observed). Partial differential equation models have been employed in biologi-
cal control and predator systems previously (Lewis and van den Driessche, 1993;
Ashih and Wilson, 2001; Owen and Lewis, 2001; Hilker et al., 2005). The spatial
approach allows us to extend the region in parameter space over which control is
possible, but also to consider applications to range expansion.
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Appendix

Coefficients of polynomials l(c) and k(c) and the Sylvester matrix M.

The coefficients of the polynomial l(c) in Eq. (16) are given by

l3 = rh2 (1 − αcpαpc) , (A.1)

l2 = h [βαpc + r (hαpc − αcpa − 2αcpαpc − h + 2)] , (A.2)

l1 = r (1 + ha + 2αpch + βαpc + βa − αcpa − αcpαpc − 2h) , (A.3)

l0 = r (αpc + a − 1) . (A.4)
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The coefficients of the polynomial k(c) in Eq. (17) are

k2 = 3rh2 (1 − αcpαpc) = 3l3, (A.5)

k1 = 2h [βαpc + r (hαpc − αcpa − 2αcpαpc − h + 2)] = 2l2, (A.6)

k0 = r (αpc + a − 1) = l1. (A.7)

The Sylvester matrix of the polynomials l and k (Allgower and Georg, 1990) is

M(l, k) =

⎛

⎜

⎜

⎜

⎜

⎝

l3 l2 l1 l0 0
0 l3 l2 l1 l0

k2 k1 k0 0 0
0 k2 k1 k0 0
0 0 k2 k1 k0

⎞

⎟

⎟

⎟

⎟

⎠

. (A.8)
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