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Abstract: We consider a generalization of the Mahler measure of a multi-
variable polynomial P as the integral of log" | P| in the unit torus, as opposed
to the classical definition with the integral of log |P|. A zeta Mahler mea-
sure, involving the integral of | P|®, is also considered. Specific examples are
computed, yielding special values of zeta functions, Dirichlet L-functions,

and polylogarithms.
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1 Introduction

The (logarithmic) Mahler measure of a non-zero Laurent polynomial P €
Clzft, ...,z is defined by

rrn

1 1
m(P) = / . / log | P (7™, ..., e*™%)| db; - - db,.
0 0
In this work, we consider the following generalization:

Definition 1 The k-higher Mahler measure of P is defined by

1 1
my(P) ::/0 /0 log" |P (e*m% ..., e*™)| df;--- db,.

In particular, notice that for £ = 1 we obtain the classical Mahler mea-
sure
my(P) = m(P),

and
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These terms are the coefficients in the Taylor expansion of Akatsuka’s
zeta Mahler measure

1 1
Z(S,P):/O /0 [P (e, e®0) | by ... db,.
B > my(P)s*
Z(s,P)—§T

Akatsuka [1] computed the zeta Mahler measure Z(s,z — ¢) for a constant
c.
A natural generalization for the k-higher Mahler measure is the multiple

higher Mahler measure for more than one polynomial.

Definition 2 Let Pi,..., P, € ClzT,. .., zE] be non-zero Laurent polyno-
mials. Their multiple higher Mahler measure is defined by

m(Py, ...,
/ / 10g|P 27r191 _“’eQWiQT)

This construction yields the higher Mahler measures of one polynomial

) .. (log |Pl<e27r191’ . 7627ri9r)

as a special case:

Moreover, the above definition implies that
m(Py)---m(P) =m(P,...,P)

when the variables of P;’s in the right-hand side are algebraically indepen-
dent. This identity leads us to speculate about a product structure for the
logarithmic Mahler measure. This would be a novel property, since the
logarithmic Mahler measure is known to be additive, but no multiplicative
structure is known.

This definition has a natural counterpart in the world of zeta Mahler
measures, namely, the higher zeta Mahler measure defined by

1y Sl,Pl,...]Dl)

8
/ / ’P 271'101 . 7e27‘ri9T) S1

Its Taylor coefficients are related to the multiple higher Mahler measure:

dé, --- do,,

. |Pl<627T101’ . 7e2ﬂi97.) Si

8l

—700,...,0;P,....P) =m(FPy, ..., P).
881"'851 (7 s Uy L1 ) l) m( 1 ) l)

)d91---

do,.



In this work, we compute the simplest examples of these heights and
explore their basic properties. In section 2 we consider the case of higher
Mabhler measure for one-variable polynomials. More precisely, we consider

linear polynomials in one variable. In particular, we obtain

T
mo(x —1) = o
3C(3
mg(z —1) = —%,
1974
T
. 2 1
m(l—x,l—ezmax) = ?(042—044-6), 0<a<l.

In section 3, we consider two examples of two-variable Mahler measure
and we compute msy. Sections 4 and 5 deal with examples of zeta Mahler
measures of linear polynomials and their applications to the computation of
higher Mahler measure, recovering the results from section 2 and giving an
insight into them. Finally, we explore harder examples of zeta and higher
Mahler measures in Section 6. For example,

2
my(z +y+2) = %
9 15
my(z+y+2) = §1Og2f(2)—zf(3),
s l=s 11§
Z(s,e+ax t+y+ytde) = c§F2( 2’121’2 §>, c>4

2 Higher Mahler measure of one-variable poly-
nomials

2.1 The case of 1 — z

Our first example is given by the simplest possible polynomial, namely
P=1-—u.

Theorem 3

1k
mk(l—gj): Z %C(bl,...,bh),

bi+-+bp=k,b;>2

where ((by,...,bn) denotes a multizeta value, i.e.,
1
C(bl,...7bh): Z W
h<..<lp 'l """"h



The right-hand side of Theorem 3 can be re-written in terms of classical
zeta values by using the following result.

Proposition 4

> Clboqrys - bomy)

og€Sh

= Y (—1)hlﬁ(es —D ¢ (Z bk> ¢ (Z bk) :

e1+-+e=h s=1 kemy kem

where the sum in the right is taken over all the possible unordered parti-
tions of the set {1,..., h} into | subsets my,...,m with ey,...,e; elements

respectively.

PROOF. (of Theorem 3) First observe that # moves in the unit circle.
Therefore, we can choose the principal branch for the logarithm. We proceed

to write the function in terms of integrals of rational functions.

logh |1 — | = (Relog(1 — z))* = (%(log(l — ) +log(1l — x_l)))

1/ [ dt 1 SR L Loar /ot oar \MY
([ ) s O U ) (L)
o t—x o t—x par; t—x o t—x
Now observe that
1 dt J 14t k—j
(=) (L)

1 1
= gk —4)! d o...0 d d o...0 d )
J J
o t—a! t—ax ! Jy t—x t—ua

<
ko
<.

We have just used the iterated integral notation of hyperlogarithms.
Combining the previous equalities,

1 dx
mk(l — :C) = ? " logk ’1 — .%"7

k! 2’“: 1/ /1 dt dt /1 dt At da
= — —_— c...0 c...0 —_—.
2k :027Ti =1 Jo F—a7! t—a !y t—x t—x x
j

k—j

If we now set s = xt in the first j-fold integral and s = ﬁ in the second

(k — j)-fold integral,

1

Z / / ds /x ds 0 . dsﬁ
27 J e s—10 %51 o s—1 " s—1ux°

@)




We proceed to compute the integrals in terms of multiple polylogarithms

kk;l gli—me—j dx
N ZQm Z oo limy .o my_ x
§=0 |z|=1 0<l1<...<lj<00 0<m <...<my ;<00 ! g k=3
( )kk}' k—1 1
ok Z ll . lj,1m1 . mk,j,1u2

7=1 0<ly <...<lj_1<u<oo, 0<mq <M —j—1 <u<oo

Now we need to analyze each term of the form

> : S
ll e lj_lml Ce mk_j_1u2

0<hi<...<lj—1<u<00, 0<my <...<my_j_1 <u<oo

For an h-tuple aq,...,a, such that a; + ...+ a, = k — 2h, we set

aq ap a1+...+(lh k_2h
da ap — - - . .
15.005Qp Z ‘ (61) <€h) <€1 + . + €h) (] - h)

e1+...+ep=j—h
Then the term (1) is equal to

min{j—1,k—j—1}

Yo daw {1 a2 {1}, 2).
h=1
Note that each term (({1}4,,2,...,{1}4,,2) comes from choosing h — 1
of the I’s and h — 1 of the m’s and making them equal in pairs. Once this
process has been done, one can choose the way the other I’s and m’s are
ordered. All these choices give rise to the coefficients d,, . q,-

The total sum is given by

N

-1

mk(l —LE) = Cal,---7ahC({1}a172v"'7{1}%72)7

>
Il
—

where

(—1)*k! & (k; - Qh) G GV

Cal,“.,ah = 2k ] o h 2k - 22h
j=

On the other hand,

({1}, 2, {1}e,2) = Clan + 2,... a1 + 2).
To see this well-known fact, observe that the term in the left is

Loae dt  dt dt dt  dt
O——0...0 o—.

— 0...0 .. 0...0
o 1—1 t—1 1t t—1 t—1
a:il aZTH

(1)




Making the change t — 1 — ¢,

1
:(_1)k—h(_1)k/ dt oﬁo_.,oﬁo,,,o dt oﬁo,_,oﬁ,
o t—1 t t t—1 _t t
~—_—— ~—_———
ap+1 a;+1

which corresponds to the term in the right.
Thus, the total sum is

_1\k
me(l —z) = > %g(bl,...,bh).

b1+..‘+bh=k‘, b;>2

O
We show a proof of Proposition 4 for completeness.
PROOF. (Proposition 4) We first show that we can write

> Cboqays- - > bon)

oESy
= Y rlen..e)) ¢ (Zbk> .C (Zbk) .
e1+...+e= h kem kGTrl
where the function r(ey, . . ., €;) satisfies some recurrence relationships. Here,

as in the statement, the sum in the right is taken over all the possible un-
ordered partitions of the set {1,..., h} into [ subsets 7y, ..., m with ey, ..., ¢
elements respectively.

Notice that r is a function that is invariant under any permutation of its
arguments. We proceed by induction on h. It is clear that (1) = 1. Also

¢(a,b) +¢(b, a) = ¢(a)C(b) — C(a+b),

from where r(1,1) =1, r(2) = —1.
Assume that the case of h is settled. Now, we multiply everything by
¢(bnt1);
> oty - - o) (bsr)

ogeSy

= Y ... ZQ(Zbk> (Zm) (brt).

61+...+€l—h kem k‘Eﬂ'l

Observe that we have the following relation

3" oy, bow)Clbrrr) = S Clboqrys- -+ b))

ocES) 0ESh+1

+ZZ§ oo by s Do),

j=1 o€eSsy



where bj =bj + bpy1-

Hence,
Z C(bo1)s - - -+ bo(ns1))
UESh+1
= Y rlen..e)) ¢ (Z bk> » (Zbk> C(bpyr)
e1+...+e;=h kem kem
_Z Z 7“(61,..., (Z bk) .. bh+1+ Zbk C (Zbk> C(bh+1)-
j=1l e1+...+e= kem kemy kem

From the above equation, we deduce the following identities:

rer,....,ep, Lieprr, ... e0) = r(e1, ..., €5 €f41,...,€),

rler,...,ep+1,...,e) = —esr(er,...,ep,...,€).
Now it is very easy to conclude that
l
Fer . oyer) = (=1 ] es — 1t (2)

s=1

g

Examples 5 Theorem 8 enables us to compute my(1 — x). Here are the
first few examples for k =2,3,...,6.

me(l —x) = @

2
—6
m—s) — 2 (<4 c2.2)

+1
= (e + AR G _ @R+ 2100
_ - ==

(
4
ms(l— ) = _120(45 (2. +<32>)

__30¢(5) — 15(¢(2)¢(3) = ¢(5)) _  15¢(2)¢(3) +45¢(5)

ms(l—x) =

)
3

2 2
¢(6) L ¢63.3)  ¢(24)+¢(4,2) | ((2.2,2)
me(l —x) = 720( 1 16 + 16 + 6 )

— 180¢(6) +

45(<(3)22— SO) L g5c@)c) - c(6)

L 45(2¢(6) = 3¢(2)¢(4) +¢(2)*)
1.6
930¢(6) + 180¢(3)2 + 315¢(2)¢ (4) + 15¢(2)?
5 .




Remark 6 Ohno and Zagier [3] prove a result that generalizes Proposi-

tion 4. Following their notation from (Theorem 1, [3]), and setting y = 0,

z= %, (so that s = n) we have

Z Z 2—;((61,...,bh)$k=e}(p (;@xf (1_2_

k=2 by+...4+bp =k, b;>2

This identity also explains the relationship between the result in the state-

ment of Theorem 3 and the result that is re obtained in Section 4.2.

2.2 Higher Mahler measure for several linear polyno-

mials

As before, the simplest case to consider involves linear polynomials in one

variable.

Theorem 7 For0<a <1

. w2 1
1 — 1 — 2mia _ 2 i
m(l — x, e M) 5 (a o+ 6)

In particular, one obtains the following examples:

Examples 8
2
T
1l—x,1— = —
m(l — x, x) 3
2
7
]_ - ]_ = —_——
m(l—xz,1+x) 51
2
m(l—x,1+iz) = ——,
96
; 3E£V3
m(l—z,1—e"2) = 0&a= 6\/_'
PROOF. By definition,
1
m<1 -z, 1 — e2"iax) — 3%10g(1 . e27ri0) . %log(l . e27ri(6+a)) do

— /0 (— Z % cOS 27rk9> (— Z % cos 2m(0 + «)

=1

On the other hand,

/1 cos(2mk®) cos(2ml(0 + o)) df =

tcos(2mka) if 1=k,

0 otherwise.

>de



By putting everything together we conclude,

. I 2 k
m(l—x,l—ezmax) _ 520 ﬂ'a

(ar-arg).

Remark 9 The same calculation shows that

( 3RLiz (af) if laf, |8l <1,

—_

w|:‘

g

m(l —azx,1— px) = sRLi <a52> if lal > 1,18 <1,

laf

IRLiz (725 ) +loglallog 18] if lal, 18] > 1.

\

From this, one sees that for P € Clz%], mo(P) is a combination of
dilogarithms and products of logarithms. In fact, for P(x) = cz®[[;_,(1

a;x), we have

my(P) = m(P, P) = (log |c|)*+2(log |c|) ZlogJr |ozj|—|—z (1—ojz, 1—oyz).

7,k=1

The formula above plays an analogous role to Jensen’s formula.

Remark 10 The previous computations may be extended to multiple higher
Mahler measures involving more than two linear polynomials. For example,

, , 1 cos2m((k+1)8 — la)
1— 1— 2Tl 1— 273 -
m(l — x, e, ") 1 E I

kl>1
1 Z cos 2 ((k + m)a — mf3)
km(k + m)

km>l

1 Z cos?w (loac+mp)
m(l+m)

lm>1

g

3 Higher Mahler measure of two-variable poly-
nomials

In this section we are going to consider examples of higher Mahler measures
of polynomials in two variables. In particular, we will focus on the compu-
tation of my using the formula from Remark 9 in an analogous way as the

9



usual use of Jensen’s formula for computing the classical Mahler measure
of multivariable polynomials.
The two polynomials that we consider were among the first examples of

multivariable polynomials to be computed in terms of Mahler measure (by
Smyth [6]).

3.1 mo(x+y+1)
Theorem 11

5m?

PROOF. We have, by definition,

dr d
mo(z+y+1) = / / log® |x+y+1 .
[CZIEI [ - y

We apply the result from Remark 9 respect to the variable vy,

1 1 dz
= — —Lis (|1 4+ z|*) —
271 Jjg)=1,jot1)<1 2

1 1 1 dx
1 b () )
271 Jjg)=1,jot1>1 (2 11+ 22

Recall the functional identity for the dilogarithm,
2
6

Liy(z) = —Liy G) - %logQ(—Z) -

for z ¢ (0,1).

Thus, we obtain

1 1 dz
= — —Lip (|1 4+ z*) —
271 J =1, ot 1/<1 x
1 1 72\ dz
+ — —~ Re(Liy (|1 + z? —i——) —
271 =1 o r1)>1 ( 2 ( ) 6/ x
1 dz 72
= — Liy (|1 + 2|?) — + —
271 Jiz=1 o4 11<1 ( ) r 9
4
1 3 0 2
= 5 L12 <4 cos? (5)) do + %
Notice that
tan 0 —1\ ©
/ cos’ 6 df = a ( " ) i 55 cos?
n—1/Z 2 ><z—1)

+ 1 2n —1 0
22n=1\ n—-1/)"

10



In particular,

/23” ong g V3 (=1 | L1 (-7
x o2\n—-1) & @2+ 22 \n-1/3

3

Il
o

Now we use the identity for the sum of the inverses of Catalan numbers

21V3 1
9 ; 2 +1)(*)’

in order to get

m»\‘

2:? V3 (20— 1\ &
05”0 df = 5 ( >
n—1 ;mﬂ *)

Note that

n

@ AU iD= /031(1_5)1013.

Then the sum may be written as

g/olsla—s)’ds:/ol%ds.

Putting everything together,

47'r

1 0 2n — 1\ [' s"(1—s)" 72
Liy ( 4 — = — _— —
o 12(C08(>) d9+ Z?ﬂ(ﬂ—l)/ol—s(l—s)ds_l_Q’
" 1 _ S)n 71-2
Zm( )—1_8(1_ >ds+§. (3)
At this point, we need the following
Lemma 12 For |t| < 1, we have

(2 () ()

k=1

PROOF. (of Lemma). We start from the series

(1) n (e e

convergent for [¢| < 1.

By integration, we have

[ee)

Z( ) = —2log (14 V1 —4t) + 2log2.

11



By integration again, we conclude the result.[]

Now, if we set ¢t = s(1 — s), we obtain =%=* = s. Then equation (3)
becomes
V3 [ ds 2
— Y2 [ 9Lig(s) — log?(1 — §))———> 4 T
21 Jo (2Liz(s) = log™( 8>)1—s(1—s)+ 9
V3 ds; ds, ds V3 ds;  dsy ds 2
- 2 >t
s 0S51S32S5S1 S]_ - 1 82 1_S+S s OS51S52§5S1 51 - 132— 11—$+S 9
But
11 1
l—s+s2 3Bi\ls—w s—@)’
where w = 1+T\/§1
Thus,

o l/ d51 dSQ ( 1 _ 1 ) ds
T Jo<si<sa<s<1 S1—1 82 \s—w s—w

i / ds;  dss < 1 1 ) 2
+— — — | ds 4+ —.
T Jo<si<so<s<1 S1— 1S2—1\s—w s—w 9
1 2
i

= %(Lig,l(w,@) — LigJ(@,W) — LiLLl(l,w,cD) + LiLl,l(l,(D,(U)) + %

where we have written the result in terms of polylogarithms.

Now -
Lil,l,l(l,@,(«U) — LiLLl(l,L&J,GJ) = %7
and 7‘3
: — . _ 17T
Ll?al(wv UJ) - L12,1(w, CU) = ﬁ

(see for example [2]).

Then we obtain
T hw? B 52

162 81 9 54
The result should be compared to Smyth’s formula

3v/3
m(x + Yy + 1) = EL(X_g, 2) = L/(X_g, —1)

3.2 mo(l+z+y(l—2x))

Theorem 13
4 . .. .o Ol . .. ..
mo(1+a+y(1—x)) = ;(Lu,l(—l, —i)—Lig 1 (i, 1))+;(—L12,1(—1, i)4Lig 1 (1, —1))
1 . . . ) 7C(2 log 2
+;(—L1271(1, 1) + ng,l(l, —1>) — % + %L(X—Zb 2)

12



PROOF. In order to apply the formula from Remark 9 (for the variable
y) we need to have a rational function that is monic in y. Therefore, we
divide by the factor (1 + z):

mo(l—z+y(1+x)) = mo (Gjr—i) + y) +2m (G;—z) +y, 1+ x) +ma(1+z).
(5)

For the first term, we have

2 <G:Li> +y) - (2711)2 /|y|_1 /x|_1 log”

By applying Remark 9,
2\ dz 1 1 ’ 1+
—t— —Lisy
271 Jgj=1, 1—a|> (1 42| 2 l—x

\ do
Xz

1 1L ‘1—x
~ 2ni lo=1, |1—z|<[1+a| 2 I+

1 / o [1—z| dx
+— log —_—
271 =1, 1-a|> 142 L+
1 1—z*\ do 1 1—x| d
271 Jjg)=1, |1-a|<|14<] L+ T 271 g1, 1—a|>|14<] l+z| z
For the second term in equation (5) we obtain
1—2z dr d
m(|—— | tyl+z)= / / log +y log!1+w! =
1+ @m)2 Jjyer S

By Jensen’s formula respect to the variable vy,

1
= — 10g
21 |lz|=1

d 1 1-— d
log|1—|—x|—$ = — log ’ log |1—|—x|—x.
2 1
x L Ji)=1, 1—2|>|1 42| +x x

n 1—2z
1+

Then equation (5) becomes

(1—z+y(l+2)) L Li ‘1_5"2 dz
mo — X Yy xXr = — 19 E—
271 Jg1=1, [1—a|<[1 42| I+ x

1 d

4+ — (10g2]1—a:|—10g2\1+x\)—x

271 Jjpi=1, )1-2)> 144 z

2
—1——«2 ) (6)

For the first term,

: L12
2 |z]=1, |1—z|<|1+z] 1+ T

1 4 (1
= 2/ Li, (tan®6) df = —/ (Liz (tan 0) + Liy (— tan@)) d6.
fud T J_

™

INE]

T4

13



Now we make the change of variables y = tan .

= 2 [ )+ 1 )52

(e

m 1+iy 1-—-1y
4
= = (iLigy (i, —i) + iLis (=1, —i) — iLig1(—1,1) — iLig(i,1)).
T
For the second term in (6),

1
— (log? [1 — 2| — log? |1 + )
271 Jjg)=1, 12|21 44|

(1)K 3
= Z &2/ cos(2mkf) cos(2mlf) db

dx
T

= M :
_ Z 1— (_1)k+l (ik+l+1(1 _ (_1)k+l) N ikz—l+1(1 _ (_1)k—l))
= 2mkl k+1 k—1
B i Z (1 _ (_1>k+l)ik+l B i Z (1 _ (_l)kJrl)ikJrl
() kl? () (k+ D)2
+§ (1 o (_1)k+l)ik—l B % Z (1 _ (_1)k+l)ik:—l
T k>i>1 (k=D T s> ki
= —(Lis(i)Lia(i) — Lis (~i)Lip(~1) — Lin, (L,1) + Liz, (1, i)
21 . . . .. .
+;(C(2)(L11<1) — Liy(—i)) — Lig;i (—i,1) 4+ Liz 1 (i, —i))

i, . 7 . . . .
= —(—ilog2L(x-4,2) — 1_6€(2) — Lis; 1 (1,1) + Lisa (1, —1))
21 i

+ - (C(2)§ — Lig 1 (—i,1) + Lig,1 (i, —1)).

Putting everything together in (6), we obtain the final result

3

ma(l -z +y(1+ 1))

4i _— o 61, . - o
= ¥(L12,1(—1, —i) — Lig(1,1)) + ;<—L1271<—1, i) + Ligq (i, —1))
i 7¢(2)  log2

1
—(—=Lis+(1,1 Lis (1, —1)) — =—=~ L(v_4,2).
+7T( ip1(1,1) + Lig (1, —i)) 16 + - (X-4,2)

U
The previous result should be compared to (see [6])

m(l—z+y(l+z))= %L(X—4, 2).
4 Zeta Mahler measures

In this section, we consider zeta Mahler measures. We compute some ex-
amples and apply them to the computation of higher Mahler measures.

14



4.1 Z(s,x—1)
As usual, we start with the linear polynomial x — 1.

Theorem 14

1
Z(s,x—1) = /(251n7r9)3d6'
0

— (—D)F(1 =29 ¢(k)
_ exp<z< - ><<>S>

k=2

around s = 0.

This result is a particular case of a formula obtained by Akatsuka [1].

PROOF. First we show that

_ P+ st (s
Z(s,x—1)= (s +1)2 = ((3)? - <3/2)7

where s! =T'(s + 1).
In fact,

1/2
Z(s,x—1)= 25+1/ (sin7d)*® dé.
0
We consider the change of variables t = sin® 76:

28 1 s—1 71/2
== [t a—-0)a.
T Jo

Thus, be obtain the Beta function

_ EB 3+1’1)
T 2 2
2T ()T (3)

Hence, by using

1 r r 1
1—\ (S + ) — (i) 21—871_% — (i+ ) 2—871_%’
2 r'(3) L(5+1)
we conclude r )
Z(sw—1) = 0D @
I'(£+1)

On the other hand, the product expression

Ds+1) = ] (1+2) e
n=1

15



yields

Z(s,x—1) = ﬁ—(1+2i)

= exp i{ﬂog(l—l—%)—log(l%—%)})
00 \k—1 ©© k

S (ESEG) ))

_ — (=1 -k 1)k

= e | S e 1>s)

- i (-1 —k21k><<k>sk> |

4

An analogous idea for evaluating Z(s, P) appears in [5].

4.2 my(z—1)

We can now use the evaluation of Z(s,x — 1) to re obtain the formula for
my(x — 1). From Theorem 14

oo 1) — e (<<2> 2 B, T )

4 4 32

On the other hand, by construction,

1 1 1
Z(s,x—1) = 1—|—m1(:c—l)s—l—§m2(:1:—1)52—1—gmg(x—1)53+ﬁm4(:c—1)s4+. .

Putting both identities together, we recover the result from Theorem 3.

In particular,

mi(z—1) = 0

maa—1) = T
mg(z —1) = —%,
ma(e 1) = JCH) +CON) = 5o



5 A computation of higher zeta Mahler mea-
sure

We compute the simplest example of a higher zeta Mahler measure and

apply it to multiple higher Mahler measures.

Theorem 15 (1)

1
Z(s,t;e—lz+1) = / 12sin 76" |2 cos 76" df
0
I(s+DI'(t+1)

slt!
(5)'(3)!(55°)!
_ ﬁ (L4 50) 1+ 5) (455

(2)

Z(s,tx—1,24+1) = exp (i <_;)k§(k:) {(1—27")(s" + %) —27%(s + t)k}>

around s =t = 0.

1
m(xz—1,...,.o—Lz+1...,2+1) = /(log|281n7r9|)k(log|2ctos7r9|)ld9
0

belongs to Q[r2,((3),¢(5),((7),...] for integers k,1 > 0.
PROOF.

(1) By definition,
1
Z(s,t;x — 1o +1) = 25”/ (sin7h)* |cos w|" df
0

1/2
= 2S+t+1/ (sin0)*(cos 76)" do
0

Now we make the change of variables u = sin® 7,

25+t

1
= / u%(l—u)% du,
0

™

17



thus obtaining the beta function

= B

_ 2 2
T (st +1
We know use the identity
F<Z+1> _ _ZW%F(Z—I—l)‘
2 I(2+41)
Replacing into the expression for zeta,
o B L(s+DHI(t+1)
Zstiz—Lz+l) = T3+ 0T (E+1)T (2 +1)
_ ﬁ (L+5) (+5) L+ 57)

The above expression yields

Z(s,t;x— 1,z +1)

= t
= exp (Z {log (1 + %) + log (1+ %) —i—log(

n=1

—log <1+§> o (H%”)

) (5

= exp i (_1]3k_1 i{
{

)+

s+t
2n

t
1+i

2n

) - (

)

S

n

)

= exp Z (_1)k_1C(k) 2—k5k+2_ktk+2_k(s+t)k—Sk—tk}>

= exp (> (_]j)kg(k) {A=2F)F+ (1 —27F)tF —27%(s + t)’“}) :

This power series belongs to
Q[7*,¢(3),¢(5),¢(7), - . ]

From (2), we see
ak—i—l
—7
Oskot!
which is simply

[[s, t]].

(0,0;2 — Lz +1) € Q[n*,¢(3), {(5),¢(7), - ],

t

n

/)

1
m(z—1,..., e —La+1,... 0+1)= / (log |2 sin 76])* (log |2 cos w6|)'db.
0

/o
Vv Vv

k l

g

18



Example 16 In order to compute ezamples, we compare the terms of lowest
degrees in the two expressions of Z(s,t;x — 1,z + 1). On the one hand we

have
Z(s,t;x— 1,z +1)

~ exp (@ G(s? PP st t)2) - @ <£(33 L) - %(s + t)3) + (degree > 4))

4
On the other hand,

= exp (@ (s° +1* —st) — % (25® + 2t° — 5%t — st*) + (degree > 4)) .

Z(s,t;x—1,z+1)

1 1
= 1+ (§m(:v— 1Lr—1)s* + §m(a:+ Lo+ D2 +mz+ 1,2 — 1)st)

1 1
+ (ém(x—1,3:—1,30—1)53+6m(x+1,x+1,x+1)t3

1 1
+ im(:c— Lx—1,0+1)s*+ §m(:c —lLz+1,z+ 1)3t2>

+(degree > 4).

We obtain:

1 2 2
mle—Lo+1) = [ log|2sinmtiog 2coswo]ap =~ - T,

; 4 24
1

m(z—1,z—1Laz+1) = /(10g|2sinﬂ9|>210g|2C037T9|d9:2%:@’
0
1

m(z—1l,z+1l,z+1) = /log|23in7r9\(log]2cos7r9\)2d9=2%ZQ-
0

Note that the calculation

20— ta s =21 = (3)

yields mg(z — 1) again.
We also remark that we have another relation

Z(s,s50—lLa+1)=Z(s,x —1)=Z(s,z + 1).
U

6 Further examples

6.1 Thecase P=z+a'+y+ylidc

Theorem 17 For c > 4,

oo -\ 2
-1 -1 _ S S 1 2]
Z(s,c+2x +y+y +c) = c E (2])071(3)

=0

19



where the generalized hypergeometric series sFy is defined by

o (G 1) SR

bla b2 =0

with the Pochhammer symbol defined by (a); = a(a+1)---(a+j —1).

PROOF. We first write z + 2 '+ y+yt4+c=c (M + 1>'

C
Since ¢ > 4, Lﬁzﬁy‘l + 1 is a positive number in the unit torus. Hence,
we may dismiss the absolute value in the computation of the zeta function.
Therefore we may write

Z(s v+t ty+ytde)
2

dx dy
(z+a ' +y+y ' +o)f—
m)? Jiy=1 Jjaj=1 r oy
B / / ( T+ +y+y ) dz dy
27”) ly|=1 |a:| 1 Ty
_ Ci() / / <fv+x tyty 1) dz dy
2m1)? Jiyi=1 Jjui=1 Ty

Q

k=0

-2 (@)= ()

J

The last equality is the result of the following observation. The number

1 1 ik dz dy
(271)24|1/x|1(x+x +y+yt) P

is the constant coefficient of (z + 27! + y + y‘l)k. This idea was observed
by Rodriguez-Villegas [4] who studied this specific example as part of the
computation of the classical Mahler measure for this family of polynomials.

The expression in terms of generalized hypergeometric function is de-

rived by (; )(2])' = 2%(—£);(52); and (24)! = 2%(3),5!. Note that the

series 3Fy(z ) converges in |z| < 1, which is compatible with the condition
¢ > 4 in the statement of the Theorem. [

6.2 Properties of zeta Mahler measures

The proof of Theorem 17 may also be achieved by combining the following
elementary properties of zeta Mahler measures:

20



Lemma 18 (1) For a positive constant X, we have Z (s, A\P) = X\*Z (s, P).

(2) Let P € Claf', ..., x5 be a Laurent polynomial such that it takes
non-negative real values in the unit torus. Then we have the following
series expansion on |A| < 1/ max(P), where max(P) is the mazimum

of P on the unit torus:

Z(s,1 + \P) = i(Z)Z(k,P)A’“,

m(l+AP) = i p Z(k, P)\".

More generally,

(-1

L Z(k.. PN,
ki .. k; (kj, P)

mi(1+AP) = j1 >

0<ki <...<kj

(3) Z(s,P) = Z(_%, PP), where we put P =Y, Gox™% for P =3"_a,x".
Note that PP is real-valued on the torus.

Therefore, in principle, the knowledge of m(1+ AP) yields enough informa-
tion to determine Z(s,1 4+ AP).
PROOF. (1) and (3) are obvious. For (2), we may use the Taylor ex-

pansions in A;

Lapy = S (%)aep
k
k=0
N
log(1+AP) = Y . NF Pk
k=1
In particular, we may write
o0 k
s
Z(s, 14+ AP) = 1+ A\P)—
(B 1+AP) = 3 (1 +AP)
= s(s=1)---(s—k+1)
= Z(k, P)\* :

In other words, the coefficients with respect to the monomial basis are
the k-logarithmic Mahler measures mg(1 + AP), while the coefficients with
respect to the shifted monomial basis are (the special values of) zeta Mahler
measures Z (k, P)AF.

Combining these observations, we obtain the three equalities. [J
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6.3 Thecase P=x+y+c

Now we apply these ideas to P = x + y + ¢ with ¢ > 2.

Theorem 19 Let ¢ > 2.

(1)

o = <3 () (%)
(2)

e =t 135 (%)
(3)

k—1

3 2k 1 3 2k 1
ms(z+y+c) = log® c+= 10gcz ( >k202k__ Z ( )k%% Z —.

In particular, we obtain the special values

(4)

mal +y+2)= 2,
(5

S log 20(2) = 2¢(3).

PROOF. (1) In this case, the polynomial is not reciprocal, so we first
need to consider (z +vy +¢)(z™' +y~! + ¢). Then,

Z(s,x+y+c)
= s/2 r+y+o)et +y o)
S/dedy

= x ¢)(zt 14 —_—
Qm /yH/'I1 Tyto)a +y +0) P
T+y o/2 N o/2 da: dy

= ol L () ()

27“ yi=1 Jiel=a Ty

k

=X (D) (Dar [ (7 () £

=0 k=0 \ ly|=1J|z|=1 ¢ r Yy

-2 (1) 50)
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The last identity was obtained, as in the case of x + 2 ' 4+ y +y ! + ¢, by
computing the constant coefficient of the product of powers of polynomials
inside the integral sign.

Formulas (2) and (3) are consequence of (1) and Lemma 18.

If we set ¢ = 1/4 in the equation of Lemma 12, we obtain ((2)—2(log 2).
Combining this with (2), we get the result of (4).

For the last formula (5), it is enough to prove the following identity:

00 k—1
2k\ 1 1 4 5
— ) S = —Clog®2 —2¢(2) log 2 + =¢(3).
Z<k>k24k§j 5 log ((2)log2+ 5¢(3)

We have

i <2:)zt7k = 2L, (“Tﬂ_—“) . (1og (Héﬂ»

Now we turn the left-hand side into a double series

AN i G VAN A 2 |
_ J — _ -
S (X=X (M) (5)

k=2 Jj=0

- (o () (o ()
2 2

x(x—1)

(o) ()

In particular, evaluating at t = }1, we obtain

[e%S) ok 1 k—2 '
> ()R
p

o (8 () ()

! (¢(2) —210g?2) .

r—1

Integrating between x = 1 and x = 0, we reach the double series that we

wish to evaluate




We just need to perform the integration. For that, we consider the change

of variables y = 1=¥1=% V21_x
2 4 11
I = 2Lis (y) — (log (1 —y))? — =) d
/0 (2Lia (y) — (log ( y)))(Qy_1 1 y) y

1

:d
—4(C(2)—210g22)/0 Qyiyl.

We write the expression in terms of iterated integrals, so that we can relate

the result to multiple polylogarithms.

2Li, (y) — (log (1 — y))*

_ 2/ dtl dt2 2/ dtl dtQ
0 -1t o<ti<th<y 1l —1ta — 1

<ti<ta<y U1

We have
dt; dt 4 1 1
o a4 11y,
0<t1<ta<y<i th—1 1y 2y—1 y—1 y
dt dt 4 1 1
_2/ 1 2 < B B _) dy
0§t1§t2§y§% tl - 1 t2 - 1 2y - 1 Yy — 1 Yy
1
dt; dt dt dt 2 4d
+ 2/ ! —2+2/ LT / v
o<ti<to<i t1— 1 2 osti<t<t i —1ta—1]Jo 2y—1

After some rearranging,

dt; dt 1 1
— 2/ 1 dby ( _) a
0<ti<to<y<i t1 — 1 ta -1y
dt dts
+2 / 1 ( )
0<ti<to<y<i t1 — 1ty —1 y

+8/ dy tl dt2 / dtl dtg
0<y tlthS% 2y 1 tl —1 t2 0<y, t1<t2<1 2y 1 tl —1 t2 — 1

We make the change of variables s; = 2¢;, 2 = 2y. Then

d d 1 1
I = 2/ o1 C% ( + —) dz
0<51<59<2<1 S1 — 2 59 z—2 z

d d 1 1
+2/ o %2 ( + —) dz
0<si<sp<z<1 51 —282—2\z2—2 =z
dz ds; dss

d d d
+4/ S +4/ .
0<2,51<s2<1 % — 1 S1 — 2 52 0<2,51<s2<1 z—1 S1 — 2 S2 — 2

s;, w=1— 2. Then

Now we make another change of variables u; =1 —
dUQ du1

1 1
I = —2/ ( + ) dw
0<w<up<uy <1 \W 1w —1 uy — lug +1
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1 1 d d
o )
0<w<up<up<t \W 1 w—1 ug + lug +1

_4/ duy, duy dw_4/ duy, duy dw'
0 0

<up<waun<1 Y2 —lur+1 w <up<wup<t U2 T lur+1 w

We may now express all the terms as hyperlogarithms, and then as multiple
polylogarithms evaluated in +1.

= —20411(—1,1,-1,1) — 20,1 4(1,1,—1,1) = 21, 1 4(—1,—1,—-1,1) — 21, 14 (1, -1, -1, 1)
—465(1,-1,1) — 4,1 (1, —1,1) — 4, 5(—1,—1,1) —415,(—1,—-1,1)
= 2Lijq9(—1,—-1,—1)+2Li; 41 4(1, -1, —1) + 2Liy 1 1(1,1, —1) + 2Li; 5 1(—1,1, —1)
—4Liyo(—1,—1) — 4Liy1(—1, —1) — 4Li; o(1,—1) — 4Liy (1, —1).
The terms involving multiple polylogarithms of length greater than 1 may
be expressed as terms involving ordinary polylogarithms (of length 1). First,

we reduce the multiple polylogarithms from length 3 to length 2 and 1 using

the following identities:

. L. : . .
L1171’1<—1,—1,—1) = —(L11<—1)L1171(—1,—1) —L1271(1,—1) —Lll’g(—l,l)),

3
: L. : : :
L117171(1, —1, —1) = E(6L11(_1)L11’1<1’ —1) - 2L11(—1)L11,1(—1, —]_)
—Lis;(1,—1) — Lij o(—1,1) — 6Lig4(—1, —1) — 6Li; (1, 1)),
Li;(—1))3
Liyga(1,1,-1) — EHEDE
6
1
Livia(=1,1,-1) = &(@Li(=1)Liny (=1, 1) + Ligs(1,=1) + Lir (=1, 1)).

Incorporating these identities in the expression for I, we get

2 2 2
I — —Lil(—l)Lil,l(—l, —1) - gLiZl(l? —1) - gLiLg(—l, 1)

3
1
+Liy (= 1)Liyy (1, ~1) = SLig(~1)Lisa (=1, 1)
1 1
—gLiza (1, —1) = cLina(=1,1) = Lig (=1, ~1) = Lir(1,1)
1
+5(Lir(=1))°

+§Lil(—1)LiL1(—1, ~1)+ %Lim(l, ~1) + %Liu(—l, 1)
—ALiy5(—1,—1) — 4Liy 1 (—1, —1) — 4Liy o(1, —1) — 4Lis (1, —1)
= Liy(—1)Liyi(—1,-1) — gLim(L ~1) — %Lim(—l, 1)
+Liy(—1)Lig1 (1, —1) — 5Ligy (—1, —1) — Liy (1, 1)
1

+§(Lil(—1))3 — 4Li;9(—1,—1) — 4Li; o(1, —1).
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Now we consider identities of multiple polylogarithms of length 2 in terms

of classical polylogarithms.

Lina(-1,-1) = ((Li(-1) - Lix(1))

Lipy(1,—1) = —}1(2Liz(1)Lil(—1)+Lis(1)),
Lips(=1,1) — %(3Li2(1)Li1(—1)+2L13(1)),
Lis (1, 1) = w

Li271(—1,—1) = %(8Li2(1)Li1(—1)—|—5L13(1)),

L1172(1,1> = Lig(l),
Lisa(—1,—1) — é(—12Li2(1)Li1(—1)—13L13(1)),

Lis(1)
-

LiLQ(l, —1> —

Applying the previous identities to the expression for I,

I - %(Lil(—l))?’ - %LiQ(l)Lil(—l) 4 ZL12(1)L11(—1) 4 §L13(1)
—%LiQ(l)Lil(—l) - %Lig(l) 4 w
5Lig(1)Li (1) — %Lig(l) ~Lig(1)
+§(Lil(—1))3 +6Li(1)Liy(—1) + %Lig(l) ~ SLis()
= g(Lil(—l))?’ + 2Liy(1)Liy (—1) + gLig(n.

We may now write the expression in terms of values of zeta functions.
I= —glog 2 —2((2)log2 + 5((3).

This shows the required identity for the formula (5). O

The previous Theorem may be completed with the trivial statement
m(z +y+2) =log2.

In fact, the motivation for setting ¢ = 2 is that this is the precise point
where the family of polynomials x + y + ¢ reaches the unit torus singularly.
In classical Mahler measure, those polynomials are among the simplest to
compute the Mahler measure, and the same is true in higher Mahler mea-

sures.
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6.4 A family related with Dyson integrals

Consider the following family of polynomials

Py(zy,...,zy) =[] <1_Z_];>

1<h#j<N
- 11 ( T ﬁ)
h<j Ty Th
= oNIV-1) H sin? (6, — g,), (xp = eQ”ie’L).
h<j

Then we have the following result

1 1

Z(k,Py) = // Py (e*™0 . ™Yk g, ... dfy
0 0
(Nk)

(KDY

due to Dyson.
Incorporating this identity into the formula for the zeta Mahler measure

we obtain

1 1
Z(s,1+APy) = /---/(1+/\PN)Sd91---d6’N
0 0

== (Z) Z(k, Py)\*

k=0
N
i K/ (R
s L2 N1
= NFN—l( Nl,].v..,l N W)

As always, we may use the expression of zeta to compute higher Mahler
measures. By Lemma 18 (2),

m(l+APy) = i(_lk)klZ(k:,PN)/\k
k=1
o DR,
- ; PR
D 1 K
D L\ (VB
e (14 257) T



In particular, for N = 2,

m(1+APy) = i(‘lk):“ (2:)A’f,
my(1+ APy) = i (_kl)k <1+~~+ﬁ) (%f)ﬁ.

Which correspond to the higher Mahler measures of 1+ A(x+x ™' +y+y~1).

Acknowledgements: We would like to thank Fernando Rodriguez-Villegas
for helpful discussions.
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