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Mahler measure and Lehmer’s question

Pierce (1918): P € Z[x] monic,

P(z) = T[(x - o)

A, = H(a? —1)

Plx)=z2—-2=>A40A,=2"-1



Lehmer (1933):

JAN
Look at ntl
JAN

n

|Oén+1 -1 | |af iflal>1
1 1 ifjlel <1

n—oo |a" — 1|

For

P(z) = a]](z — )
M(P) = |a| [T max{1, |a,l}

m(P) = log M(P) = log |a| + Y log™ |a;|



Kronecker’'s Lemma:

P e Z[x], P# 0,

m(P) =0 < P(z) = 2" [[ ®p, ()

Lehmer (1933)
m(w10+x9—az7—az6—x5—x4—x3—|—m—|—1)

— log(1.176280818...) = 0.162357612...

JAz79 = 1,794,327, 140,357

There exists C >0, forall P(x) € Z[x]

m(P) =0 or m(P)>C?7?

Is the polynomial above the best possible?



Mahler measure of several variable
polynomials

P e Clzit, ..., zF1], the (logarithmic) Mahler
measure is .

m(P) = / / Iog|P(e27”91 ...,eQWien)|d91...d9n

dml dxp

,/ log |P(x1,...,2n)|— ... —
n CE']_ In

(2ﬂ1)”

Jensen’s formula:
1 |
/0 log |e?™? — a|d = log™T |a| = log max{1, |a|}

recovers one-variable case.



Some properties

e m(P-Q)=m(P)+ m(Q)
e m(P) > 0 if P has integral coefficients.

e « algebraic number, and P, minimal
polynomial over Q,

m(Po) = [Q(a) : Q] A(a)
where h is the logarithmic Weil height.

e Boyd & Lawton : P € Clzq,...,xn]

im ... lim m(P(z,z"2, ... zF))
ko— 00 kn— 00

= m(P(x1,...,Zn))



Jensen’s formula — simple expression in
one-variable case.

Several-variable case?



Examples in several variables

Smyth (1981)

3V3
m(l+az+y) = 4—\7/T_L(X—3,2)=L'(X—3,—1)

mi+oty+2) = 5 5003)

©@,

L(x_3,s8) = Z x—3(n)

S
n=1 n

1 mod3
—1mod3
Omod3

x-3(n) =4 —1

S
1111

(D=3 -

n=1



Bloch — Wigner Dilogarithim

Dilogarithm:
©.@) x’n,
Lio(z) := > _ — reC, |z|<1
n=1"
, T dt
Lis(z) 1= —/O og(1-t)—  =eC\(1,00)

Bloch — Wigner Dilogarithm:

D(x) :=Im(Lix(z)) + arg(1l — x) log |z]

real analytic in P1(C)\ {0, 1,00}, continuous in
P1(C)



Properties:

1. D(Z) = —D(z) (= DJg = 0)

2. D(z) = -D (%) = —D(1 —z)

3. —2 [Ylog |2sint|dt = D(e2?)

4. Five-term relation

D(@)+D-ay)+D()+D (=

i




Hyperbolic volumes

H> 22 C x Rxq U {oo}

Volume Element:

drdydz
~3

Ideal Tetrahedron:

vertices in  OH3 = CU {oo}




Cassaigne and Maillot’s example

mm(a + bx + cy) =
D (|¢€") + alog |a| + Blog [b] + v1og |c A
| mlog max{|al, [b], |c|} not A
B SN
al cl A
Y a ’ \




Results

1. Cassaigne and Maillot(2000):

axr + b

y pr—

C

2. Vandervelde(2003):
__bxr+d
4= ax + ¢

3. L(2004):
-1 24 41
Y

T i@m—1) @14 .. . +1)

Ry(z,y) =t(z™ -1y — (" - 1)



P cyclic plane polygon is admissible of type
(m,n) if

e P has m sides of length ¢ (with ¢t € Ry()
and n of length 1.

e Sides of length ¢t wind around the center
in the same direction and sides of length
1 wind around the center in the same
direction, which may be opposite from
the direction of the sides of length ¢.




Theorem 1
mm(R¢(x,y)) = wlog |t|

N

2
+=3 e Vol(m*(Pp)+e > (—1)¥log |t] arg oy,

€, €. = 1, P, are all the admissible polygons
of type (m,n).



An example

. 3 — 1
(22 -1)

Yy

Ri(z,y) = t(z® — 1)y — (2 — 1)

m(R:) — log [t]

[ 55— (e1Vol(m*(P1)) + exVol(m*(P2)))

s

+7172 109 || 0<t<3

| 55— e1Vol(m*(Py)) + Zlog [t]

NIl
VA
~



m(t(z® — 1)y — (¢ — 1))

1 dxdy
= O —1-—-t —1
(o2 Joa 109 1% = 1 1% = Dyl
1 2 dQZ‘
= — log |t —1)|—
QWi/gl gtz )|w
1 31 dxdy
fo) — Yyl ——
+(27Ti)2 /11“2 J t(z2 —1) Y Yy
31 |dx
= logt —/ log™T
9t + 2mi JT?! J t(x2
by Jensen’'s formula
3_1 |dx

—l/lo
2 o J

t(z2




3 —1
=1
t(z2 - 1)
3 — 1 r~3 -1

4+ (2-t)234+ (B3 -2t)2°+ (2-tNx+1=0

—1 —1
Roots a1, a7, ap, a,



t2 -2 —t\J/t2+ 4 ;

Rea; = 2 or 0<t
t2—24+t/t2+ 4 3
Rears = +4 + for 0<t< >

Let o, = argo;, Ima; > 1
< S 21
m™> 0 —
LT3

27T
— >0o>0
3 2

/jlog |mn - 1‘d_ _ D(a™) — D(B")

| n



For 0 <t< %
2 3
m(t(zc— 1Dy — (x> —1)) —logt

3 — 1
t(z2 —1)

1

dx
= —/ log
271 Jy1Uyo

T

_ D(a73) = D(a3) + D(a3) — D(a5)
o 3(27)

- D(a7?) = D(a3) 4+ D(a3) — D(az?)
2(2m)

- 2(01 —02)

log t
2T J

_ 3D(a7) —2D(a3)  3D(a3) —2D(a3)

o7 o7

01 — 02

log t
7T



3
Forjgt

m(t(z? — Dy — (23— 1)) — logt

3D(a%) —2D(a3) o1 |
= — —logt
o 7



For a1,

27

7T>O']_>? — n:2ﬂ'—20’1, 7':30-1_27-‘-

3n 4+ 27 =27

- T T T A
-

7 N
4 \
4 \
4 \
/ \
4 \



n = 27 —207

O<t<% 2%>02>% 3n— 217 =27
T 21 — 302

1 2 s T n 202 Vr —

E<t<% §>O'2>§ 377+ T =47
T 21 — 302
n 2075

Z<t<3 | §>02>0 3n—27=0
T = 309

a b C




Analogies with the case of A-polynomials

M orientable, complete, one-cusped,
hyperbolic manifold.

k
j=1

e Gluing equations. (r;;, "°§'7; integers
depending on M).

k T5 4 fr’..
I] 77" (1—2) 3 = £1 for j=1,...,k
i=1
e Completeness equations. (l;, I, m;, m/!
integers depending on M).

k
11 z?lf(l — zz)l; = 41
1=1

k
11 szz(l — zz)m; = +1
1=1



Imz;, > 0~ geometric solution

k
j=1
Boyd
mm(A) =Y V;

A is the A-polynomial.

Vo = Vol(M) and the other V; are
pseudovolumes.

We have fort =1

wm(Ry (e, 9)) = — 3 Vol (n*(Py)



Replace completeness relations by

k
11 Zfﬁi(l — z)li = 22
i=1

k
[T =" - =)™ =y
1=1

" deformation parameters” x and y

A-polynomial is obtained by eliminating
z1,...,2 from this and gluing equations.



/ /
( FERETEI PA A
m]_ o o o mk /I’;’L/]- o« o o "’;’L?{
U=|[T,1 " "1k T11 " Tik

\ Tkl T Thk 7“;4,1 T;c,k/
Theorem 2 (Neumann—Zagier)

t_ Jo O
UJopU _2< : o)

O I
sz:<_lp g)

where



wm(Ry (e, 1)) = —— 3 eVol(r* (F)

w=¢e" and z = el7

)
a B
Wy 24

T B e TR ¢ B
(]_ — zl)_Qm ce (1 — Zn)_Qm

W1 ... WnR1...2n

qugl

wyw%l
1

2125

-1 —

21%,,

for na — mB = 1, satisfies Neumann—Zagier.



One of the branches (the one with

w=g2" z =g 2™M), is

5 2N _ 2mn

R(z,y) = (@™ —2™™)""y — (a" — 27 ")™"

Consider

mn - m(R1) = m(R)

Hence

mm(R(z,y)) = Z e, Vol(m*(PL))
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More examples in two variables

Boyd & Rodriguez-Villegas (1997)

/
m<x+l+y‘|‘l—k> Z L (B, 0) keN
x Y B;.

1 1
m<w+;+y+§—4> = 2L'(x—4,—1)

m<w+1+y+l—4\/§> L'(A4,0)
T Y

A:y2=af;3—44x—|—112



More examples in several variables

L (2003)

o+ (150) - (3)7)

= combination of {(odd) /L(x_4,€even)

n 1l —xq 1l —xn
8 m<1+x+<l+x1>'”<l—l—xn> (1—|—y)z>

= combination of {(odd) / L(x_4,€even),
polylogarithms

= combination of ((odd)



Examples

on (14 (150) (G552) (152) 7
14+ x4 14 2o 14 x3

= 241 (x_4,4) + m2L(x_4,2)

7T4m(1—|—<1_$1>...<1_x4>z>
1—|—x1 1—|-$4

— 62((5) + %w%(s)

4 1l — 21 1l — x> o
0 m<1—|—:v—|— (1_'_331) (1_'_332) (1+y)z>—93<(5)



Polylogarithms

The kth polylogarithm is

OOx’n,

Lig(z) := ) — reC, |z|<1

k
n=1 n

It has an analytic continuation to C\ [1, c0).

Zagier:
k 2iB,; -
Pk(a:) = Rek Z . (|Og |CU|)‘7|_I]€_J(33)
j=0 I
B; is jth Bernoulli number, Lig(z) = —3,

Re,. = Re or Im if k is odd or even.

One-valued, real analytic in P1(C)\ {0, 1, oo},
continuous in P1(C).



P, satisfies lots of functional equations

1 _ _ _
P(o) =DM IR@ R@ = (D)
Bloch—Wigner dilogarithm (k = 2)

D(x) :=Im(Lix(x)) + arg(1l — z) log |z]

Five-term relation

D(z)+D(1—zy)+D(y)+D (11 —Y >+D ( L-o ) =0
— Y 1l —xy




Examples from the world of resultants

D’Andrea & L (2003).

° m(Res{O’mm})

= m(Resi(z 4+ yt"™ +t", z + wt™ +t")) =

2

p(—m%(s@n) —nP3(—=¢"")+mP3 (¢")+nP3(¢™))
0<p<1 rootof z"+4+2"""-1=0

1<¢ rootof z"—-2z""™-1=0

z
w
t

9¢(3)
272

S 88
n S

e m(Res{(0,0),(1,0),(0,1)}) = ™ (

=m((1—2)(1—y)—(1—-2)(1—-w)) =



Philosophy of Beilinson’s conjectures

Global information from local information
through L-functions

e Arithmetic-geometric object X (for
instance, X = Op, F number field)

e L-function (Lx = ()

e Finitely-generated abelian group K
(K = 03)

e Regulator map

r . K — smooth differential forms
(r=log|-|)
Conjecture: special value of Lx ~qs« f,yr(g)

(E.g. Dirichlet class number formula, F' real
quadratic, ¢-(0) ~qgx log [¢| e € O%)



An algebraic integration for Mahler
measure

Deninger (1997) : General framework.

Rodriguez-Villegas (1997) : P(x,y) € Clz, y]

Plz,y) =y+z—1 C ={P(z,y) = 0}

1 dxdy

by Jensen’s equality:

1 d
/ logT |1 —a:|—x
T1 x

 2ni

1 dx 1
== / log |y|— = — [ n(z,y)
T Jry X T

where

y=Cn{lz| =1,y > 1}



and

n(z,y) =log|z|/dargy — log |y|darg x

d d
dn(z,y) =Im (—ZC A —y>
X Y

o n(z,y) = —n(y, )

o n(z172,y) = n(x1,y) +n(x2,y)

n(z,1 —x) =dD(x)

Use Stokes Theorem:

m(P) = - D(&)



= e27ri9,
y(v(0) =1—-e°"% 9 c[1/6;5/6]

Oy = [€6] — [€6]

—_3
-k

aany
N,

x| =1 y=1-x
Y

2rm(z +y 4+ 1) = D(&) — D(&6)

— 2D(¢) = %ﬁux_g,m



In general,
P(x,y) € Clz,y]

m(P) =m(P") = 5= [ n(a.v)

In A2(C(O)") ®Q,

ANy =Y 1; z; A(1—zj)
J

{z,y; =0 in K>(C(C)) ® Q.

Then

/n(xay) = Z"“j/ n(zj,1—25) = Y 1;D(2))]oy-
y o



Big picture

- — (K3(Q) D)K3(97) — K2(C,87) — Ko(C) — -+

Oy = C NT?

e n(x,y) is exact, then {x,y} € K3(9y). We
have 9y = () and we use Stokes’ Theorem.

~ dilogarithms ~» zeta function of a
number field.

e Oy =0, then {x,y} € K>(C). We have
n(x,y) is not exact.

~ L-series of a curve.

We may get combinations of both situations.



T he three-variable case

1 —=x
1—y

drxdydz

T Y z

Z_

1
m(P) = m(1-y)+ 5 3 100

—(27)2 /[r2 9 1—y

dxd
/Iog|z| il

(277)2

1
o (27‘(‘)2 /I_ 77(377 Y, Z)

F=5n{lz| =ly[=1,]2| = 1}



1
n(x,y,z) = log |z ( dlog|y|dlog|z| — dargydarg z)
+ log |y ( dlog|z|dlog|z| —dargzdarg a:)

1
+log |2| ( dlog |z[dlog|y| —dargzdarg y)

d d d
dn(x,y,z)=R6< AN Z)

T Y z
Theorem 3

77(:57 1-— xay) — dw(x7y)

where

w(z,y) = —D(z)dargy

1
+§ log |y|(log |1 —z|d log |z| — log |z|d log |1 — x|)



77(5'37% Z) — —77(5177 1 — xvy) _ 77(’97 1— yaw)

1

m((1 =)+ (1 =9)2) = 5 [ wley) +e,2)

T heorem 4

w(x, ) = dP3(x)
Want to apply Stokes’ Theorem again.

Maillot: if P € R|x,y, z],

O =~v={P(z,y,2) = P(z7 1,y 1, 271) =
O} N {l|z| = |y| = 1}

w defined in



(1—2)(1—z"1) .

A—pd—y 1)

C={o=y}U{sy=1}

Tt

m(P) = 2 58(P3(1) ~ P3(~1)) = 2 5((3)



In general

m(P) = m(P*) —

1
(272 /rn(fl:,y,Z)

In A3(C($)*) ®Q,
m/\y/\z:Z’ri x; AN (1 —x;) Ny;
{z,y,2} =0 in K§/(C(S)) ® Q.

Then

/rn(ac,y,z) = Z”“z/ n(z;, 1 — x4, 9;)
[ o



Need

{z}o@y =) ri{z}o®a;
in (B2(C(C)) ® C(C)*)g, where

B, (F) := Z[P%]/five term relation

Then
Lw(:c,y) = ZriLw(xi,xi) = Z”’“z‘ P3(33z')|87

The condition is {x;}> ®y; is 0 "in"
3
K7€),



Big picture II

- — K4(0IN) — K3(S,0IN) — K3(S) — - --

or = SNT3

- — (K5(Q) D)K5(97) — Ka(C,0v) — Ka(C) — -+

87=CHT2

In each step, we have the same two options
as before.



Hyperbolic manifolds) <€—>> Mahler measure <«— Regulator

Beilinson’s conjectures



