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ABSTRACT. Strong solutions of p-dimensional stochastic differential equa-
tions dX; = b(Xy, t)dt + o(X¢,t)dW;, Xs = x that can be represented
locally in ezplicit simulation form X; = ¢™° (fst V%uqu,t) are consid-
ered. Here; W is a multidimensional Brownian motion; u — V; ,, ¢™° are
continuous functions; and b, o, **° are locally continuously differentiable.
The following three-way equivalence is established: 1) There exists such
a representation from all starting points (z, s), 2) V., ¢™° satisfies a set
differential equations, and 3) b, o satisfy commutation relations. (For gen-
erality, the function V;, is allowed to depend upon ¢*° via Vi = U, 1¢™°
for some operators Us ¢.) Moreover, construction theorems, based on a dif-
feomorphism between the solutions X and the strong solutions to a simpler
It6 integral equation, with a possible deterministic component, are given.
Finally, motivating examples are provided and its importance in simulation
methods, including sequential Monte Carlo, financial risk assessment and
path-dependent option pricing, is explained.

1. INTRODUCTION

One often confines selection of stochastic differential equation (SDE) models
to those facilitating calculation and simulation. For example, the popularity of
the inaccurate Black-Scholes model is only justifiable through the evaluation
ease of the resulting derivative product formulae. Indeed, Kunita (1984, p.
272) writes in his notes on SDEs that “It is an important problem in appli-
cations that we can compute the output from the input explicitly”. We shall
call such solutions explicit solutions.

Doss (1977) and Sussmann (1978) were apparently the first to solve sto-
chastic differential equations through use of differential equations. In the
multidimensional setting, Doss imposed the Abelian condition on the Lie al-
gebra generated by the vector fields of coefficients and showed, in this case,
that strong solutions, X[, of Fisk-Stratonovich equations are representable as
X7 = p(®(x, W), W), for some continuous p, ¢ solving differential equations.
Under the restriction of C* coeflicients, Yamato (1979) extended the work of
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Doss by dispensing with the Abelian assumption in favour of less restrictive ¢
step nilpotency, whilst also introducing a simpler form for his explicit solutions
X¥ =wu(z,t,(Wl)ier). Here, u solves a differential equation, and (W});cp are
iterated Stratonovich integrals with integrands and integrators selected from
(t, Wl .., Wtd). Another substantial work on explicit solutions to stochastic
differential equations is due to Kunita (1984)[Section 111.3]. He considers rep-
resenting solutions to time-homogeneous Fisk-Stratonovich equations via flows
generated by the coefficients of the equation under a commutative condition,
and, more generally, under solvability of the underlying Lie algebra. Kunita’s
work therefore generalizes Yamato (1979).

There is related, more recent work on simulating stochastic differential equa-
tions through stochastic Taylor’s theorem, exponential Lie series and sinh-log
series. These methods employ iterated stochastic integrals and/or ordinary
differential equation (ODE) approximation over small time. One can learn
more about these methods from e.g. Ben Arous (1989), Castell (1993), Hu
(1992), Kloeden and Platen (1992), Castell and Gaines (1996) and Malham
and Wiese (2009). These methods are general in the sense that they usually
do not require commutator conditions between the coefficient vector fields.
Still, significant coefficient smoothness is often required and it is usually found
that the computational costs associated with numerically solving the ODEs or
iteratively integrating are greater than direct use of Euler or Milstein methods
on the SDE of interest. As our interest stems from computationally intensive
applications, we turn our attention to less-general, computationally-efficient
methods.

Our representations do not employ stochastic integrals (even non-iterated
ones) nor ODEs in the manner mentioned above and consequently can facilitate
efficient simulation compared to Euler and Milstein methods. A typical use is
the following (Explicit Simulation Algorithm):

(1) Simulate a Gauss-Markov process, which will be denoted Y; herein.

(2) Use ¢ to map to a desired process X;, where ¢ is some average of the
¢™* used herein.

(3) Possibly project down to a weak solution of a lower dimensional SDE.

(4) Possibly use importance sampling to create a weak solution to yet
another SDE with different drift.

At each successive step the number and complexities of the SDEs that can be
handled increases.

Example 1. We summarize a current use of the Ezplicit Simulation Algorithm
with results from this paper in simulation based option pricing, financial risk
assessment and sequential Monte Carlo.

Heston (1993) introduced a stochastic volatility model with closed form European-
call-option prices for stock, bond and foreign currency spot prices. Let B, [ to
be (scalar) independent standard Brownian motions. Then, the Heston model
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with parameters p € R, p € [—1,1] and v,0,k > 0. Sy, the price part, is

1

a stochastic exponential but the exponent involves fot Vi2dBs with B and V
being dependent so stochastic integral approximations would appear needed.
The wolatility component is just the Cox-Ingersoll-Ross (CIR) model. The
diffusion vector fields do not commute i.e. [01,09] = (Voi)og — (Vog)oy #
0 so we can not obtain explicit strong solutions of the desired form but the
Ezplicit Simulation Algorithm still works. Kouritzin (2018) used Theorem 2
below in steps (1), (2) above to show that the extended Heston price model,
consisting of Sy above along with a collection of Ornstein-Uhlenbeck processes,
has an explicit strong solution of the form considered here under Condition
(C) of Kouritzin (2018). From there, an explicit weak solution for the Heston
price was obtained by projection as in step (3) above. Finally, Condition (C)
was despensed with using Girsanov’s theorem as in step (4). Suppose € > 0.
Kouritzin (2018) shows that the Heston (price and volatility) model (1.1) has
explicit weak solution:

t 1 1 t
Stzsoexp(\/l—pQ/ R P {@——}/Vsdwf(% —Vo))
0 K K 2 0 K
Vi= Z(Y?)Za ne=1inf{t: V; <e} and
i1
V— U,

t,2
L; =exp { p {ln(‘/}) —In(Vp) + / '%2—"/;” + st} }
0 s

up until . with respect to new probability measure

P(A) = E[laLra,] YA€ Fr,

where v,, = ”4i2 and {Y;}}_, are Ornstein-Uhlenbeck processes. It is important

1
to note: V and B are independent so fot Vi?dBs is conditionally Gaussian and
there is no need to approximate stochastic integrals. (This Condition (C)

in Kouritzin (2018) would make L, = 1 and P = P.) American and Asian
options were then priced efficiently using these explicit formulas and Monte
Carlo simulations. Kouritzin and MacKay (2018a) also use the Ezplicit Sim-
ulation Algorithm based upon work herein to produce explicit weak solutions
to a generalized Bates model (with jumps), where the adjective generalized is
used because there is an extra drift term in the price equation (that arises for
certain insurance product prices). Further, they assess insurer’s risk in Guar-
anteed Minimum Withdrawl Benefit insurance using Monte Carlo simulations
with these explicit solutions. In current work, Kouritzin and MacKay (2018b)
use (branching particle) sequential Monte Carlo to improve performance of
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path-dependent option pricing. Kouritzin (2000) and the results (Theorem 2
and Example 5) herein are used to show that the Heston model yields a second
weak solution with the formula for S; unchanged but

2 o~
dV, = (% + nx\/ﬁ — QVt) dt + n\/ﬁdﬁt

2 = 2
_ K= V. t 3k _ v
L, = exp{y 4 1n<7:)> —|—/ 8‘7 2ds + ot
0 s

with respect to the new probability measure IB(A) = E[1aLrny| VA€ Fr up
until the time n. = inf {t : V; < e} that the volatility dips too low. (We pre-
sented the time-homogeneous-coefficient case for V' here for simplicity. The
more general case is given in Ezample 5 below.) If one simulates multiple
independent copies {(S%, V', L)}, with either Heston representation in this
example, then one finds that the weighted empirical measures of the path pro-
cesses converge a.s. to the process distribution of the Heston model

2

5 X
— XDt — 775}

N

1 7 eston

N > Lydsi, v (810,11, vp01) = PR (51071, vpo,17),
=1

where (sp 11, vp,r]) solve (1.1) with respect to PPe'" and path-dependent op-
tion pricing can be done (with the celebrated LS algorithm). However, if the
option is over any significant time period, then the weights Lk will diverge
without some type of (unbiased) resampling, branching or interaction to level
them. Kouritzin and MacKay (2018b) use branching particle sequential Monte
Carlo with these explicit solutions to keep the weights relatively equal and all
particles effective.

The first two steps of the Explicit Simulation Algorithm involve a classi-
fications of which Itd processes X;°, starting at (x,s), are representable as

a time-dependent function of a simple stochastic integral ¢™* < f: Vs udW,, t),

which was initially motivated by filtering applications (see Kouritzin (1998)).
Our determination of ¢™°, V , also facilitates an effective means of calculation
and simulation in other applications. To simulate, one merely needs to com-
pute the Gauss-Markov process fs ¢ VsudW,, at discrete times and substitute
these samples into ¢™*, which is often known in closed form and otherwise is
the solution of differential equations that can be solved numerically a priori.
fst Vs udW,, = f: Vsu(Xy)dW, can depend upon X but not in a way that will
destroy its Gaussian distribution nor make simulation difficult.

We require commutator conditions for (step (2) and) our explicit strong solu-
tions herein, which is a significant restriction. However, (i) the drift vector field
need not strictly commute with the diffusion vector fields, (ii) non-commuting
diffusion vector fields can sometimes be handled (in a weak sense) by consid-
ering a higher dimensional SDE (see the Explicit Simulation Algorithm), (iii)
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importance sampling methods can be used to handle more non-commuting
drift vector fields. Actually, it is already known that one can have explicit
solutions under commutator conditions and our work is quite related to the
earlier works of Yamato (1979) and Kunita (1984). However, compared to
these early works, our work features time-dependent coefficients and a differ-
ent representation that is very useful in simulation. We compare our results
to Yamato (1979) and Kunita (1984) in Section 4.

Our explicit simulation is without (Euler or Milstein) bias and is often or-
ders of magnitude faster than Euler or Milstein methods when applicable and
high accuracy is desired (see Kouritzin (2018)). Our representations also make
properties of certain stochastic differential equations readily discernible. Fi-
nally, as demonstrated in Karatzas and Shreve (1987, Proposition 5.2.24),
explicit solutions can be useful in establishing convergence for solutions of
stochastic differential equations.

In order to describe our method, we recall the state-space diffeomorphism
mapping method has been used to construct solutions to interesting stochastic
differential equations from solutions to simpler ones. The idea of this method is
to change the infinitesimal generator L of a simple It6 process to the generator
L corresponding to a more complicated It6 process via Lf(x) = {L(foA™1)}o
A(z). This corresponds to using It6’s formula on X; = A71(&;), where £ is a
diffusion process with infinitesimal generator L. For related examples, we refer
the reader to the problems in Friedman (2006)[page 126] or Ethier and Kurtz
(1986)[page 303].

Motivated by applications in filtering, Kouritzin and Li (2000) and Kouritzin
(2000) used differential equation methods to study: “When can global, time-
dependent diffeomorphisms be used to construct solutions to It6 equations?”,
“What scalar 1to equations can be solved via diffeomorphisms?”, and “How
can one construct these diffeomorphisms?”. They considered scalar solutions
in an open interval D to the time-homogeneous stochastic differential equation

which are of the form ¢* < fg Vuqu,t>, and showed that all nonsingular so-

lutions of this form were actually (time-dependent) diffeomorphisms A; (&)
with £ satisfying

dgt = (X — Hft)dt -+ th, §0 == Ao(l’)

A nonsingular solution in this scalar case was interpreted as finiteness of
[y o7 (z)dx for some fixed point A and all y € D. (Their methods involve
non-stochastic differential equations that can continue to hold in the singular
situations when global diffeomorphisms fail.)
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For our current work, we suppose henceforth that D C RP is a bounded
convex domain, T" > 0, and define

Do — D if 0, b do not depend on ¢
71 Dx0,T) if either do
so (z,s8) € Dy means x € D when Dy = D. We also let o(X;)dW; imply

[t6 integration and o(X;) e dW; Stratonovich. Then, we resolve the question:
“When can we explicitly solve vector-valued Ito equations

dX; = b( Xy, t)dt + o( Xy, t)dWy, X =z, (1.3)
with the dimensions of X;, W; being p, d respectively, through representations
of the form X;* = ¢** ( fst Vs,uqu,t) 77, This question is more precisely
broken into two separate important questions: “For which o and b does such
a strong-local-solution representation exists?” and “What conditions are re-
quired on ¢ and V for such representations with fst Vs udW,, = fst Vou(Xy)dW,

still being Gauss-Markov?” Equivalently, we consider “When can the solutions
to the Fisk-Stratonovich equation

dX7 = X[, t)dt + (X[, t) e dW;, (1.4)
with
1
h=b-— 5 ;{Vwcrj}aj on Dr (1.5)

and o; denoting the j™ column of the matrix o, be locally represented in this
manner?” It follows from, for example, Kunita (1984)[p. 239] that the unique
local solutions to (1.3) and (1.4) are equal if (1.5) holds and o is twice con-
tinuously differentiable or satisfies the Fisk-Stratonovich acceptable condition
in D, the latter being discussed in Protter (2004)[Chapter 5. We work with
[t0 equations to avoid these stronger assumptions on o but still relate b and
h through (1.5). Also, to obtain simple, concrete necessary and sufficient con-
ditions for such a representation, we consider all solutions starting from each
(x,s) € Dp. Under natural regularity conditions, we answer these question by
showing the equivalence of the following three conditions: 1) The SDEs (1.3)
have our local-solution-representations for all starting points (x,s) € Dr. 2)
The representation pair ¢™*, V;, satisfy a system of differential equations. 3)
The SDE coefficients ¢ and h satisfy simple commutator conditions. In the
process of establishing this three-way equivalence, we also answer the ques-
tion “When is (1.3) locally diffeomorphic to an SDE with a simple diffusion
coefficient?” i.e. “When will it have a representation as in (1.6,1.7) to follow?”.

Given precise conditions of when an Ito equation has such a representa-
tion, the next natural questions we answer are: “What form do the solutions
have?” and “How do you construct such solutions?” In order to include as
many interesting examples as possible we will only require local representa-

tion X, = ¢** (fst ViudW,, t> and allow o to have rank less than min(p, d).
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By allowing the rank of o(x) to be less than p one can handle time-dependent
coefficients, treating time as an extra state. The second advantage from al-
lowing lesser rank than min(p, d) is the extra richness afforded by appending
a deterministic equation into the diffeomorphism solution. A third, important
benefit of this general rank condition is the possibility of producing explicit
weak solutions to SDEs where no explicit strong solution exists (see Kouritzin
(2018)). In our construction results, we show that ¢ is constructed via a time-
dependent diffeomorphism A;, which in turn is defined in terms of o. The dif-
feomorphism separates a representable SDEs into deterministic and stochastic
differential equations: A;(X;) = (X;, X;), where X; € RP™" is deterministic
and satisfies the differential equation

d ~ ~ ~
%Xt — h(Xt,t), (16)

while X, is a Gauss-Markov process satisfying

dX, = (0(X,.t) + B(X,, ) X,)dt + (Ir

ﬁ()“(},t)) dw,. (1.7)

% is determined (within an equivalence class) by o while §, h and 3 can be
anything (subject to dimensional and differentiability regularity conditions).
These parameters allow us to handle a whole class of nonlinear drift coefficients
b for a given o in the SDE (1.3) for X; = A, (X, X;).

In the next section, we introduce notation and state the main existence
results. In Section 3, we build off of these existence results to give our con-
struction results, illustrated with simple applications. We compare our work
to prior work of Yamato and Kunita in Section 4. The proofs of all main
results are postponed to Section 5.

2. NOTATION AND EXISTENCE RESULTS

Let (W})i>0 be a standard d-dimensional Brownian motion with respect to
filtration {F;}i>0 satisfying the usual hypotheses on a complete probability
space (Q, F, P). We will use ¢™* to denote a representation function and z
to denote a starting point as in the introduction. On the other hand, ¢ will
denote a variable with the same dimension p as ¢™* and =z.

For functions of time or paths of a stochastic process, we use Z; and Z(t)
interchangeably. For a matrix V, V; will denote its j™ column vector and V;
the i element of this j** column. 0; (07) means a row (column) of j 0’s.

B, (6) denotes an open Euclidean ball centered at z with radius 6 > 0. Sup-
pose m,7 € N, O C R™ is open and I C [0,7) is an interval. Then, C(I)
is the continuous functions on I and C"(O) denotes the continuous functions
whose partial derivatives up to order r exist and are continuous on O. More-
over, C™1(O x I) denotes the continuous functions g(, t) whose mixed partial
derivatives in ¢ € O up to order r and in ¢t € I up to order 1 all exist and are
continuous functions on O x I. C*(O x I) = C*°(O x I) N C*1 (O x I). (We
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only require one-sided derivatives in time to exist at interval endpoints.) For
a vector function g of both ¢ € R? and ¢, Vg is the Jacobian matrix of g,
that is (Vgpg)ij = 0y, 9:, while Vg will include the time derivative as the last

column. (A similar notation will be used for vector functions of y € R? and
t.) f o g will denote the composition of functions f o g(z) = f(g(z)).

The purpose of our representations is to simulate a class of processes in an
efficient manner, which leads to a dilemma. We would like to allow V;, to
depend upon X** for generality but not in a way that would destroy the ease
of simulation. Our approach to this dilemma is to allow V; = Us6™*(y.,-)
to be defined by operators U,; on the functions qﬁx’s(yu,u”u els.] but then

impose the condition that the result Us:¢™*(y.,-) can not depend upon y. As
we will expose below, this basically allows V;; to depend upon some hidden
deterministic part of X but not the purely stochastic part, saving the Gaussian
nature of

Yy = / Usa ™ (Y2, -)dWV () = / Usu™(0,)dW (w) — (2.1)

so it can be computed off-line, which is the point of this work.
¢™* must be differentiable enough to apply It6’s formula and allow room for
random process Y;* to move. For fixed s,t and path y € C([s,t];RY), U, is a
mapping C([s, t]; RP) — C([s, t]; R¥>*?). (U, will be forced to be constant in y.
Hence, when we apply U,; to ¢**(-,-) below we are effectively applying it to
»**(0,-).) Further constraints on ¢t — U, ;¢™°, in particular the imposition of a
group structure, will be set in Conditions Cy, C3 below while the role of Uy, in
preserving the Guassian character of Y;” will become clearer in Example 4. The
precise regularity conditions for potential representations X;”* = ¢™* (Y*, t),
Yy = [ U, 9™ (0,-)dW (u) follow:
Cy: For each (x,s) € Drp, there is a ty = t;° > s and a convex neigh-
bourhood N%* C R of 0 such that ¢** € C*HN®* X [s,ty); RP) and
t — Us 0™ (y.,-) € C([s,to); R*?).
Co: ¢™*, U, start correctly

¢"%(0,s) =2, Uss0™°(0,s) =14, Y(x,s) € Dr. (2.2)

Cs: Us ¢™* is non-singular on N** X [s,) (with matrix inverse denoted
by U, ¢™*) and satisfies

Us,tgzsx’s(yv U) - Us,t¢m7s<07 u) (23>
as well as
—1 ,x,s d X, d &™° (yu,u),u
Us,t §b ' (yt7 t)EUs,tgb ' (yu, u)|u:t - EUu,tQS e (yu, u)|u:t' (24>

The purpose of the first part of Cs, (2.3), is to preserve the Gaussian nature of
X (while still allowing Vi to depend on X in some way) as discussed above.
The role of the second part of Cs, (2.4), is to force a type of (semi-)group
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structure on U,;¢™°. Combined, C3 will allow our representation function
t — ¢™*(-,t) to contain a deterministic, dynamic portion of X.
(2.2,2.4) imply

—1 ;x,s d x,S xg ts
U, o™ (ytat)EUs,@ *(yus )|, = Ui %" (ue.1) d

and therefore that Us;¢™® is a (two parameter) group. We use (2.3) to econ-
omize the notation Us1¢™*(y., ) to Us¢™*.
Now, define the F;-stopping time

Uyy¢? o] o (2.5)

u=t

x

7% = min (t5°, inf{t > s: Y7 ¢ N or (¢"°(Y",t),t) & Dr})
and let
R¥* = U {(y,t): P((Y,t) € Byp(6),t <7°°) >0, V6 >0}.  (2.6)

t>0
There is structure that can be imposed upon ¢**, Uy, that will turn out to be
equivalent to the existence of our explicit strong local solutions.

Definition 1. An (x, s, o, h)-representation is a pair ¢™°, U, satisfying (Cy,Ca,Cs)
such that the following system of differential equations:

Vo™ (y,t) = (6™ (y,1), U 6", (2.7)

0™y, 1) = h(9™*(y,1),1) (2.8)
hold for all (y,t) € R™® and 0,V,¢**(0,s), 0:0;¢0"*(0,s), 0, V,0™*(0,s) and
0:,000™°(0, s) exist as continuous functions of (x,s) € Dr. Here and below,
0y 9™*(0, s) means 0;¢p™*(0, 1) ’t

Notice that U, only appears as (the matrix inverse of) Vi, = Uy ¢™° so we
will only be concerned with solving for Us;¢™* for the ¢™° of interest.
Now, our explicit solutions are:

X% = g™ (Y7, t) on [s, 77%). (2.9)

Our first main result establishes two necessary and sufficient conditions for all
X®% defined in (2.9), to be strong local solutions to

dXt = b(Xt, t)dt + O'(Xt, t)th, Xs =T (210)

on [s,7*). The function h is always related to b through (1.5) and U, :¢™*
comes into the necessary and sufficient commutator conditions through gener-
ator

d
Az, s) = £U87t¢$78\tzs. (2.11)
It follows from (2.3) that A does not depend upon y.

Theorem 1. The following are equivalent:

a) o € CY(Dp;RP*Y), h € CY(Dr;RP), there is a unique strong solution
to (2.10) on [s,7%%) for each (x,s) € Dr, and this solution has ex-
plicit form ¢™°(Y,®,t) with Y;® defined in (2.1) and ¢™*,Us, satisfying
Cy,Ca, Cs.
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b) There is a (z, s, 0, h)-representation ¢™*, Uy, for each (x,s) € Dr.
c) o € CY(Dp;RP*Y) h € CY(Dy; RP) and the commutator conditions:

(Voor)o; = (Ve0j)ok, forall j, ke {l,..,d}, (2.12)

(Voh)o; = (Vy0i)h + 0w — oA, foralll <j<d. (2.13)
hold on Dr for some A € C(Dp;R¥9).

Remark 1. The case where (2.12) holds but (2.13) may not hold will be han-
dled in Theorem 2 to follow.

Remark 2. When (a) or (c) are known, then there could be multiple ¢p™*,
Usyt pairs satisfying (2.7,2.8). However, the extra solutions to these differen-
tial equations will generally not satisfy (2.3) so they will not correspond to a
(x, s, 0, h)-representation nor necessarily be useful in simulation. For example,
in (5.26) of the proof of (c¢) implies (b) below we use A(¢**(u,0),u), which
does not depend upon y, instead of A(¢**(u,y), u), which would generally cause
Us. to violate (2.3).

Remark 3. Theorem 1 simplifies in the time-invariant h,o coefficient case.
Clearly, one only needs to check the commutator conditions on D wversus Dr.
However, the second commutator condition actually changes in form to:

(Vyoh)o; — (Vyoi)h =0B;, foralll < j <d, (2.14)
where B(p) = —A(p,0). Indeed, the left hand side of (2.14) does not depend

on time so the right side can not either.

Remark 4. Theorem 1 also simplifies when d = 1, which corresponds to
appending a deterministic equation and allowing time dependence to the case
considered in Kouritzin (2000). In this d = 1 case, (2.12) is automatically
true and (2.13) becomes

(Vyoh)o = (Vyo)h + 0,0 — 0 A. (2.15)

2.1. Simple Examples Solving the Commutator conditions. Often, we
are interested in determing the SDEs (within a class) that have the representa-
tion. In this case, the commutator conditions often can be solved quickly. The
easiest way to ensure (2.12) holds is to have each column a constant multiple
of another o; = c;o; for all j say. However, there are other possibilities. In
general, we suppose Theorem 1 (a) hence (b) and solve for o, h in (c).

Example 2. Let p =d =2 and D C R be a domain. Suppose a,e, f,g,m,n
are C*(D)-functions and our Fisk-Stratonovich equation has time-invariant
coefficients:

_ ( Flen)alp2) _(alp) 0
oo = (RENNE) e = (00 ) @19
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Moreover, suppose a(p1) and e(p2) are never 0. Then, o is always non-singular
and it follows by (2.7) as well as the mean value theorem that for any u € [s,t]

¢ (y,u) — ¢ (g, u) = o (™ (y", w)U, 6™ - (y — 9)

with y* € N5 fory,y € N**° and any possible representation ¢™*,Us ;. Hence,
" (y,u) = ¢™°(g,u) <> y = y. Therefore, it follows from (2.3) that Us, =
Vs can not depend upon ¢**(y, u) for anyu € [s,t] and B in (2.14) is constant
by (2.11). Now,

_ | '(p1)glp2)  fle1)g' (p2)
| | Jeien) .

and

V.05 = (8 y (?02)) , Voo, = (a/%”l) y ((302)) (2.18)

so the first commutator condition (2.12) is fine since

0
V«pUIUQ == (6/ (('02) 6(@2)) == V@O'QO'L (219)
Moreover,
e(2) f(01)d (2) )
V., hoy — V ,00h = 2.20
o2 = Vi (mm)(e(mn'(m = dlgan(pa) (2:20)
and
'q + P
Vohor = Vo= (o]0 F TN ) (221)
On the other hand, denoting B = (ZH 212) , we have
21 022
_ aby; abya
0B = (6b11 + €b21 6b12 + ebgg) ' (2'22>

Hence, by (2.14) there is an explicit solution if and only if
( af'g+efg —dfg efg’ ) _ < abyy abis > (2.23)

am/n + emn’ — e'mn m(en’ — e'n) ebyy + eby;  ebis + ebos

for constants bi1,bia,ba1,boo. If f = cra, n = cae, eg’ = c3 and m'a = ¢4 for
some constants cq, Ca, C3,Cy4, then it is easy to show that this condition is met
with bog = —cyc3, byy = cocy — c1c3 and by = bio = cic3 so the representation
holds for

oy ey O
h(er,02) = | Jmien) |+ 0 (P1,92) = e R (2.24)
Bg’(w) g'(p2) g (p2)

where o = cicq, 8 = cac3,77 = 4,0 = c3 are any constants and g, m are C*-

: : 1 1 1
functions with s, € C (D).
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Example 3. In a similar manner, it follows that

Oé_gfwz) —I— 0
h(p1, ) = Tgv,((gfll)) , o (pr,00) = | ™ 801) s ) (2.25)

B g'(#2) g'(p2)

for any constants «, 8,7,9, also has a representation.

2.2. A Simple (z,s, 0, h)-representation Example. There was significant
work done in the previous examples and we still did not have a (x,s, o, h)-
representation. The next example is the key to solving for complete represen-
tations and will be used in the following section. It will be worth observing in
this next example that Vi; = Us ¢ = Uy, X (with the notation defined within
the example) so the operators U, ; act on the deterministic part of X.

Example 4. Suppose o(p,t) = {)r K((g’ 2 € Rr*4 satisfies (2.12). We

will find the possible h,b satisfying (2.13) and the corresponding representa-
tions Uy, 9™° by Theorem 1.

Notation: As always, ¢ is a variable and ¢ is the representation func-
tion. Further, let T = (x1,...,2.), T = (L1, -,%q), @ = (P1, .0, 0r), =
(Ors1s-spa), D={2: (@, ¢) € D for some g}, Dr = D x [0,T),

z,s _ (/_bx’s(yat) _ E - Ay Agg

where Ay; € R™". Finally, we let

B(@?t) = _A11(¢7t) _E(vat)Aﬂ(Qp»t)v (2'27>

which will appear often below.
Step 1: Interpret (2.7) and the Cs condition (2.3) on Ugy, A.
Suppose u € [s,t]. By (2.7) as well as the mean value theorem

(Tl =T 00y _ (5 KOG ey

with y* € Nis for y, 5 € N*° and any possible representation ¢*°. Hence,
¢w’s(y,u) =+ (bx’s(gj,u) implies y # §. Therefore, it follows from (2.3) that
Us +1¢™* can not depend upon & " (y,u) for anyu € [s,t], which implies Us 1™ =
Us16™° only depends on ¢™°,t. This also means by (2.11) that
d ~
A(p,t) = —=U, 10"
(()07 ) dt ,t(b ‘

Step 2: Interpret commutator conditions on &, h.
Let e; denote the i™ column of I, so o; = e; fori < r. We have by (2.12), that

(2.29)

u=t’

( V(‘ng_r ) € = 07 Vi € {1727 "'7T}7j er+ 1’ ""d7 (230>
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which establishes that (P, t) can only depend upon @,t. This is the only
restriction on & from (2.12). By (2.13), we find

h h B OF — A —FA
Vo5 )e v ()= (0 TN TE) e

s0 ng =0, implying 7L(go) € C’l(ﬁT,R”_T) only depends upon @, t, and
Vsh = 8, (2.32)
(Veh) Fjmr — (VRj—)h = Oy — (A1 — FAz)j—. (2.33)
Now, it follows from (2.32,2.33) that
B =[(Ver)h, ..., (VoFar)h] + 0% — Ay — KAg. (2.34)

Hence, it follows from (2.7,2.8,2.2) that (Zaf’s satisfies

V0 (y,t) = 0, (2.35)
9d™(y, 1) = h(9™*(y,1),1), (2.36)
¢"°(0,5) = 7, (2.37)

which 1mplies that 5“ does not depend upon Ex’s nor y. Moreover, by (2.29)
and (2.27), we conclude that A(p,t) = A($,t) and B(p,t) = B(p,t) only
depend on ©,t.

Step 3: Determine possible h,b.

By (2.82), we find

h(@,¢.t) = B(g, )+ 0(2.1) (2.38)

(g28)

for some C'-function §. Hence, the possible h(p, $,t)

/H < CI(ET, RP_T),

- (= - — ~ - ~ : 2.39
h € {0((,0,15) +B(p.t)p: B e CH(Dpr,R™);0 € C’l(DT,R”)} (2:39)
From (1.5) and fact ®(p,t) only depends on @,t, we find that
1
b = h + 5 Z{VSOO'J'}O']' = h (240)
j=1

Free Parameters: Ay, As, &, 3, 0 and h can be anything (subject to di-
mensionality and dependency on only o,t). Ays is then determined by (2.34)
and A1y by (2.27). B and 6 also determine the possible h above and ¢™* below.
Different choices of %, B, 6 and h will result in different solutions. However,
there is no loss in generality in taking As1, Asg to be zero.
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Step 4: Interpret differential system for ¢™*°.

—x,s

Since ¢p™° = ( g«m ) satisfies (2.8,2.2), (Em’s must be of the form

0™ = h($™,1), s.t. ¢™%(s) =T (2.41)

We let X, denote the solution of this differential equation. Next, since ¢™°
satisfies (2.7), 6" must be of the form

6" (y,t) = olt) + [1 7K 0)] UGy, (2.42)

for some ¢ € CY([0,T);R"). Differentiating in t, noting by (2.29) (with ¢ =
Xt) that

= d . X
A(Xt,t) = %Uu,tﬁb ’ ‘u:H (2'43>
and using (2.42,2.43,2.4,2.41,2.34,2.27), one has (with U.}' = U,/ ¢**) that
06" (y,1) (2.44)

S

— () — [1 z()?t,t)} AX, ULy
+ [0 OR(Xy, 1) + Vi (X, ) h(X,, 1), ...,V@Ed_r(;(t,t)%(;(t,t)] Uly
=7(1) + B(X;, O[T R(Xy, )Ty
=2 (t) + B(X;, 1)(¢ " (y,1) — &(t)).

On the other hand, by (2.8) and (2.58)

0" (y. 1) = 0(X,, 1) + B(Xi, )0 (0. 1). (2.45)
Comparing (2.44) and (2.45), one has that
7(t) = 0(X,, 1) + B(X,, 1)e(t) subject to &(s) = T. (2.46)

Step 5: Determine U in terms of &, 5 and 6.
We just need A to satisfy (2.27,2.34) so there is no loss of generality in taking

( A A12) Gt = ( B (Vi) s ooy (VFaor)B] + O — BE) (1),

Ay Ag 0 0
(2.47)
By (2.43), (2.4) and (2.47), we know
U X = (U X)A(X,, 1) (2.48)
., X(_OB {(VzRDh ... <v¢§d_r>m +8ﬂ—3ﬁ}> (%o.1)

subject to Us,s)? = U, st = I;. Now, suppose that T, is the two parameter
Semigroup:
d

%T“’t =Ty B()N(t,t), Vt > u subject to Ty, = I,. (2.49)
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Then, the solution of (2.48) is

U, tjz _ Ts,t Ts,tE(Xtv t) - E(XS’ S) , (250)
’ 0 Id—r
and so ~ ~
_ —1 -l =

Moreover, it follows by (2.46) that € can also be expressed in terms of T;tl.
Step 6: Solution Algorithm.

a: Check K only depends upon @, t. This must be true by Step 2. _
b: Choose any functions B € C(Dp,R™"):0 € C*(Dr,R") and h €

CY (D, RP™7) for drift of the form b(p, 3,1) = h(p, .t) = ( 9<“0’%<+~6t(f’“¢ )
2
These are the only possible drifts by Step 3.
c: Solve
X! = h(X,,t) subject to X, =%
d: Solve
d .
ETs’t = —Ts:B(Xe,t), Vt>s subject toTss=1I,. (2.52)
Then, set
Us tjz — Ts,t Ts,tE(Xta t) - E(X& 3) ’ (253)
' 0 [dfr
U-I% - T, T;}R(X,,s)—R(Xq,t) | (2.54)
> 0 [dfr
t
ot) = T T+T) / Ty 8K, )t (2.55)

e: Divide ¢™* = < Z%xs ) and set ¢™*(t) = X,

6t = )+ L "(K0)] UKy

The preceding example was intuitively pleasing: We showed you could in-
deed represent linear SDEs using a single Gaussian stochastic integral. Fur-
ther, we showed that we could append an ordinary differential equation (dX; =
h(X;)dt) and use its solution within the coefficients of the stochastic differen-
tial equation. Finally, we showed how to construct the solution. While none of
this is surprising, it does explain our necessary and sufficient conditions. In the
next section, we will show how to combine this example with diffeomorphisms
to handle the general case with nonlinear coefficients.
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3. CONSTRUCTION RESULTS AND EXAMPLES

When one explicit solution exists, there will be a whole class of such solu-
tions corresponding to distinct b’s. We now identify the b’s, ¢’s and U’s for
these solutions corresponding to a given o. This is done by using local diffeo-
morphisms to convert the general case to the case of Example 4. The idea is
based upon the following simple lemma.

Lemma 1. Suppose D C RP is a domain, T > 0, Dy = D x [0,T), A=
/;t > : Dy — AN(Dy) C RP™ s o C2-diffeomorphism and o, b, h, {6"*}w.5)eDrs
{Us 19™ }xS)GDT S<I<T A satisfy Conditions Cy,Cs,Cs as well as equations

(1.5,2.11). Let Dy = N(Dr),
6 = {(VeA)o}oA™', h={(VoA)h}o A,
p

d
~ 1 ~
b = {(vg@At>b + 5 Z (6%6%/\15)0@]-0;67]} e} A 17

07 (y,1) = Ao I (y,1),
ﬁs,tﬁl?x’s = U57t¢K71($,5)’
A = AoA™L
Then, &,b, h, {gg“} (¢,9)Dr
tions (1 5,2.11) on Dy. Moreover,

i) o=, U Ast is a(x,s,0 h) -representation for each (x,s) € Dr if and only
if "%, Usy is a (m,s,a h)-representation for each (z,s) € Dr.

ii) (2.12) holds if and only
(Vo01)3; = (V,8;)5%, on Dy for all j,k € {1,...,d}. (3.1)

iii) (2.13) holds if and only
(Voh)o; = (V)b + 8,5, — GA;, on Dy for all 1 < j <d. (3.2)

U A satisfy Conditions C1,Cy,C3 as well as equa-

Remark 5. In the time-homogeneous case, we can deal with B instead of

A and set B = Bo Agt. The notation A= /;t just means that A is a

diffeomorphism with the constraint that the last component is the identity map.

Proof. This lemma follows by direct calculation. Perhaps, the fastest way to
verify the commutator conditions is to think of (1.4) as a time-homogeneous
equation
d Xt _ h(Xt,t) dt+ U(Xt,t> o th’ XS _ T

t 1 0 S S
on [s,7%), by appending the trivial equation ¢ = ¢ and thinking of ¢ as an
additional state variable. Then, verifying (2.13) is equivalent to (3.2) is the
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same as verfying

(L] =) -1
L= CLE D[]

which avoids 0,0, and A, if we express (hT 1)" and (7 ,0)" in terms of A O

QQ

h
1
h
1

0 O

some diffeomorphism and we can use Example 4 to solve for the possible h

The idea behind this lemma is that o gets changed into o = < L R ) with

and the representations &53:,57 Ues. Unfortunately, it is sometimes impossible
to have a single diffeomorphism for all of Dy and, even when it is possible, we
may not know that until after local diffeomorphisms are constructed and one
of them is extendable to all of Dr.

Definition 2. Suppose (v,s) € Dp. Then, an (x,s)-local diffeomorphism
(0%, A™%) is a bijection A™* : O™ — A™5(O™%) such that A € C2(O™*; RP+1),
where O™° C Dr is a (relatively open) neighbourhood of x,s. We define

~ o~ - —1
VA H(A(p,t)) to be [VA(go,t)] for (p,t) € O,
We imposed sufficient differentiability on our local diffeomorphisms for our

uses to follow. Our (z, s)-local diffeomorphisms will take the form A= ( /;t )

with A; being constructed from ¢ under the conditions:
[D]: Let D C RP be a bounded convex domain, 7" > 0 and Dy = D x [0, T).
[H,]: The rank of ¢ is r on Dy with the first r rows having full row rank.
[0]: o€ CmH(Dp; RP*9).
[B]: (Vy0;)or — (Veor)o; =0 on Dy, for 1 < j,k <dand (x,s) € Dy.
To ensure the row rank part of H,, we can just permute the rows of (1.3),
amounting to relabeling the {X/}}_,
Proposition 1. Suppose [D, H,, 0, B] hold. Then for any (z,s) € Dr, there

exists an (x,s)-local diffeomorphism (O™, A™®) and a constant permutation
matriz m such that

0 ={(VyAy)or}o A= ( ‘8 g ) c RP*? on K(O’”’S),
where & € CHA(O%); R™ =) does not depend on @1, ..., ¢,
Proof. Provided in Section 5. O

Remark 6. The permutation matriz © permutes the columns of o. We label
the permuted diffusion coefficient o™ = omw and note that

dX, = b(X,)dt + o(X,)dW, = b(X,)dt + o™ (X,)dWT,
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where W™ = 7='W is a permutation of the Brownian motions W. Also, the
Stratonovich drift h remains the same by (1.5).

Remark 7. It follows fmm the proof in Section 5 that the diffeomorphism can
have the form A= /A\To oA2 oA1 for any dzﬁeomorphzsms A AZ 10 oj\\Qo
Kl(DT) — RPTY satisfying {VA VAgVAla”} o A o A e A L=¢;,
where (ey €y ... €pepr1) = Iy is the identity matriz. However as will be seen
below in Remark 9, this does not uniquely define the diffeomorphism.

Proposition 1 immediately provides us our second main theorem.

Theorem 2. Suppose [D, H,, 0, B] hold, h € C*(Dr;R?), (x,5) € Dy and W
is an R%-valued standard Brownian motion. Then, there exists a stopping time
T > s, a permutation matriz ™ and an (x, s)-local diffeomorphism (O™°, A™%),
as 1 Proposition 1 and Remark 7, such that

I, R

i) @ ={(Vy,A)o"}o AL = < 0 0 ) e RP*4 on A(O™),
with® € CY(A(O%*); R™(4=")) not depending on o1, . .., p, and ii) the Stratonovich
SDE dX, = h(X;)dt + o(X,) e dW,, X, = x has a solution X, = A;" ( i% )

t

on [0, 7] if and only if the simpler SDE

d{%] h(f(j)du(g O)th”, [%}:As(z) (3.3)

has a solution on [0, 7], where h = (VoAih + O\y) o AL

We stated the simpler SDE in terms of It integration. However, it follows
by (1.5) and the nature of & that (3.3) would have exactly the same form in
terms of Stratonovich integration.

In this theorem we do not have a commutator condition for & so we can not
guarantee the simple form of h as in Example 4. This means that X is not in
general deterministic nor is X necessarily Gaussian. We also impose slightly
stronger conditions on ¢ compared to Theorem 1 but gain information about
the representation as local diffeomorphisms.

For our final main result, we add back the commutator condition for A, and
characterize all the solutions X;"* = ¢™*(Y}%,t) to (2.10) via Example 4. We
do this through our basic set of parameters for (z, s):

Definition 3. Suppose [D, H,, 0] hold, Dy be as defined above and O =
O%* C Dy below. Let P = P* be the set of all (A&, 5,0, h, ) such that
P0) 7 is a constant permutation matriz.

P1) (0%, A*%) is a (x, s)-local diffeomorphism, where A(p,t) = {Atgﬁp)}

For convenience, we let Ay = {%t} with A, € R”;
t
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P2) % € CI(JAX(O); R depends only on @1, ..., p,, and t;
P (Vehoy o (R = (5 ) on RO

Pj) B e Cl(A( O); R™") depends only on o1, ..., pp, and t;
P5) 0 € CY(A(O);R") depends only on @1, ..., ¢p,t;
P6) h € C*(A(O);RP™") depends only on ©ri1,. .., ¢p,t.
To cach (A, %, 5,0, h,7) € P, we associate the following functions:
(X = X** € RP" uniquely solves %Xt = (X, 1), X, = Ay(2);
G(t) = (Ir E(Xt,t)) e R,
%TM =T B()?u, U)L Yu > s iubject to Tss = I,
{U, u)’z _ Ts,u Ts,uH(Xw U) - 'L{':(st 3) : (34)
0 Id—r
- -1 —l=( Y =Y
U;&X — Ts,u Ts,u H(X& S) ’%(Xlu U) :
7 0 [dfr
@ (t) = T Ko(2) + Tof [ T uB( X0, w)du

The following theorem follows from Theorem 2, Theorem 1 (so the explicit
solution implies [B] above) and Example 4. In particular, we must have

-1 _ E(@a 957 t) _ g(@/v t) + B(@? t)@

which gives our possible drifts i in the following theorem.

Theorem 3. Suppose [D, H,, 9] hold, (z,s) € Dy and X** = ¢** ( I8 UsudeJ,t),
with ¢, U satisfying Cy, Ca, Cg, solves (2. 10) up to some stopping time T%° >

s. Then, there exists ((O™*, A“) ,B,0,h,7) € P=*, and related functions
X,G,U,¢ defined by (3.4), such that

h= VoA { { %gi 2 } Py P(th” Kt] } on 0", (3.6)

5.0 = o mzan ont) = A7 ([FOFEDCEWN gy
i,

on N* = {(m | [Es(t) + c;g)zfspz

also satisfies PO-P3, then there exist B,é,fuz such that (/v\ B é B,%) e P,
DXk pd e = VAmpan 9 QK i ping = PRrBoR):

y} € At(OI’S)}. Finally,
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Remark 8. For the sake of brevity in the examples below, we will just give local
diffeomorphisms satisfying P3) above. However, as is shown in our companion
paper Kouritzin (2018), it is often possible to solve for them using the technique
used in the proof of Proposition 1 herein.

Remark 9. To illustrate the need of the final statement of Theorem 3, we
take for evample, o(x) = © € RP. Then, any L € CY(RP) depending on
To/T1,...,x,/x1 satisfies (VL)oo = 0. Therefore, A and hence the parameter
set is not unique but we can create the same b, ¢ from any consistent E,/A\.

3.1. One Dimensional Case. Suppose d =p=r =1, D C Rand z € D.
Then, E,ﬁ do not exist and B,? only depend on ¢. Moreover, Us; = Ts; =
e JoBwdu 7 (1) = T A ( T [I T,.,0(u)du and the diffeomorphism can
be taken as A(p) = [ ;5 %t dgo One then finds by (1.5,3.4,3.6,3.7) that the

corresponding diffusion drift b and explicit solutions are

bot) = ol 1) {B(1) SO+ ole 00let) (38

X, = AL HAS(;C) n / t T, 0(u)du + / deWu} /Ts,t] . (3.9)

Example 5 (Time-varying Cox-Ingersoll-Ross model). Suppose 0, 3 and con-
tinuously differentiable s(t) > 0 are chosen and o(p,t) = s(t)\/p. Then,

2
M) = 22 A7 (z) = (ﬁ) and the possible Ité drifts are

s(t) 2

b, t) = B(t)s(t)v/o +2 (B(t) + %) o+ Szit).

The explicit solutions are then

%eﬁ By, /o (3.10)

SO [ [ s Eo
+ T /efuﬁ(”)dvﬁ(u)du+/ efuﬂ(v)dvqu

In the case s(t) = 0,0 and 3 are taken constant, we get

1 ‘5 ’
Xy =2 {26 (t= S)\/_+ ( Blt—s) _ 1)+0/ eﬁ(t_“)qu}

z,s
X7 =

2

solves
ax;" = (0244 2BXP" + 00V/XTT) dt + o/ XTTdWs, X, =
as long as X;”* > 0. This solves the usual CIR model
dX, = a (8 — X,) dt + o/ X, dW,. (3.11)
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when 0 = 0, a = 2B, B = 0%/(88). Now, set Y; = /X;, where X solves
(3.11) with 0® = 4aB, and T = inf{t > 0; X; = 0}. It is well known that
P(r < 00) = 1. Then,

1 9 o) o
_ —%Y;dt n %th, (3.12)

by Ité’s formula. However, since (3.12) defines a Gaussian process and Y
must be non-negative, one cannot have Y; defined by (3.12) unless t < 7. This
explains why we first look for explicit local solutions.

3.2. Square Non-Singular Case. Suppose that d = p = r, 0 = o(p,1)
is a d x d non-singular continuously-differentiable matrix satisfying (2.12),

D C R? and x € D. Again, we apply Theorem 3 and find &, h do not exist

while 3, 8 only depend on t. Also, there is a local diffeomorphism A= ( /;t )

such that V,A(¢) = [o(p,t)]7!, and all explicit solutions are of the form
¢™(t,y) = A (Es(t) + U;tly), where

t t
Ust = —/ UswB(u)du + I and ¢,(t) = U} {As(x) +/ Us,ug(u)du}

for some 6 € C([0,7);RY) and 8 € C*([0,T),R¥*?). The resulting drift is
d

bo.1) = o (0.0) {B(0) + BOM(R) —~ AM)} + 3 D (Voo (0. )0, 1)
j=1

Example 6. Geometric Brownian motions: Take 0;;(¢) = ¢;vi; with v non-
singular and D = (0,00)?. Then, o satisfies the commutation condition (2.12)
since [(V,0;)0k]i = ©iijvik, and the diffeomorphism can be chosen as A(p) =
log 4 e(2n

: A’s image is RY, so A=Y(z) = : is defined
log g4 e(12)a

everywhere and ¢;*(y,t) = exp [y{cs(t) + U y}].. The possible drifts satisfy

i

A(p) = 771

bi(p,t) = i {ai(t) — > Bij(t)log %’} :

j=1
for1 <i<d, where B(t) =vB(t)y™", and a;(t) = L{yy i + [10(t));.

Example 7. Diffeomorphism example: In the previous examples, we started
with o. Suppose instead we had a diffeomorphism

2 + arcsin(log o2 — 1)
Alpr,p2) = Mi(1, 2) = {2 T4 arcsin(% —1)
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onl < p1pa < e, po < 1. Then, the possible full rank o’s satisfy o =
(Ve A)Hi

2/2log o102 — (log pr1p2)> —521/i02(i01 — 2)
o1, p2) = (3.13)
%\/2 log w12 — (log p1402)? —% 21 — ¥2)
so (VA)o = I, and o satisfies (2.12) by Lemma 1 ii). The possible Stratonovich
(time-dependent) drifts h(p1, po,t) are
(01, 02) 01(t) + By (t)(5 +arcsin(log g1z — 1)) —B1,(1)(5 Jral"CSHl(gpi —1)
1y 02(t) + Boy (1) (5 +arcsin(log w12 —1)) —Boy(t) (5 —|—arcsm(¢i

(3.14)
while Us ¢, s satisfy the equations at the start of Subsection 3.2.

3.3. Non-Square Case. The Ertended Heston model of our companion pa-
per Kouritzin (2018) is an important non-square example. We provide a second
interesting non-square example herein.

Example 8 (Heisenberg group). Let T € R? and T € R be the components
of the starting point, A = A(t) be a R¥™>? continuously differentiable matrix

function and o(p,t) = o(&, 2, 1) = [(A(islf)T} , where £ € RY, z € R. Then, o

has rank r = d. The solution to dX; = o(Xy,t)dW, is known as the Brownian
motion on the Heisenberg group. Moreover,

0
(Veoj)ow — (Vyon)o;5 = |:Ajk _ Akj:| .

Therefore, (2.12) holds true if and only if A is symmetric. In this case, one
can solve for an explicit solution for an arbitrary starting point (Z,z,s). The

diffeomorphism K(f,z,t) = [At(f’ 2)} is solved Ay (€, z) = E]] with g(&, z,t) =
— %{TA(t)f following the proof of Proposition 1 in Section 5 (see Kouritzin

0
% does not exist so G(t) = Iy and [VA]™' = [ fa 0 } . Now, we can

(2018) for details on a more involved example). Hence, m = 14, 0 = { La },

¢TA(t) 1
take any functions € R?, B € RvdXd, h € R satisfying the differentiability
conditions in Definition 3 and let X, U X, €5(t) satisfy:

d~ ~ = T

EXt = h(Xt, t) s.t. Xs =T — 5 A(S)ZL’
d = ~
—UyuX = —(UyuX) B(Xuyu) s.t. U X = I

du

B(X
Y
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From Theorem 3 and (1.5), drift b must be of the (quadratic) form
b(E, 2, )= [~ - 0Kt - B 0 }
WX t) + ETA)O(X, t) — ETA()B(Xy, )€ + 2T LA()E + LTr{A(t)}
for some 0, B, h. Finally, the corresponding ¢ is given by

_ Cs(t) + (U;tl)?)y
Py, t) = X+ 3(@(t) + (U X)y) TA®) @ (t) + (Ul)?)y)} '

S, S,

4. COMPARISON WITH THE WORKS OF YAMATO AND KUNITA

Now, we compare our existence results to those appearing in Yamato (1979)
and Kunita (1984). In Section II1.3 of Kunita’s treatise, he considers repre-
sentations of time-homogeneous Fisk-Stratonovich equations

dX; = h(X[)dt + o(X]) e dW, (4.1)
in terms of the flows generated by the vector fields

0

Xolu) = Y- hulw) - and (o) = D oul) )

3%7

k=1,...d, (4.2)

under conditions imposed on the Lie algebra Lo(Xo, X1, ..., X4) generated by
Xk, 0 < k < d. In the special case where these vector fields commute, i.e.
the Lie bracket [X, X,] = 0 for each j,k =0, ..., d, and the coefficients h;, oy
are respectively in C2, C? (the locally four times continuously differentiable
functions whose fourth derivative is a-Holder continuous), his work gives rise
to the composition formula

(X)), = Eap(tXo)o Exp (W/'X1)o-- o Exp (WiX,) o xi(z), (4.3)
= ¢i(Wt> t)
locally. Here, x; is the function taking z to its i component and Exp (uX})

is the one parameter group of transformations generated by vector field Xy,
i.e. the unique solution to

d

@(f © §0u> = %kf(@u)a ¥o =T, Vf e C™. (44>
In fact, to use (4.3), one must solve (4.4) for k =0, ...,dand f = x;,i =1, ...,d.
Kunita also goes beyond commutability, even surpassing Yamato (1979) in
generality by considering the situation where Lo(Xo, ..., X4) is only solvable,
but the expression replacing (4.3) necessarily becomes more unwieldy.

Our characterization of ¢™® provided by Theorem 3 provides an alternative
to (4.3) that is more amenable to direct calculation. Corollary 1 (to follow)
supplies a converse to (4.3) in the sense that if X;”* were to have such a
functional representation ¢™*(W;,t) in terms of Brownian motions only, then
the vector fields must commute. This was previously established in Theorem
4.1 of Yamato (1979) under C'* conditions on both ¢ and the coefficients.

The other advantages of our representations over Kunita’s results are:
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e We allow time dependent vector fields.

e We decrease the regularity assumptions by imposing weaker differen-
tiability on h and on o when r is small. The looser regularity on the
coefficients requires eschewing Fisk-Stratonovich equations in favour of
Ito processes.

e We remove the nilpotency assumptions (for our representations).

To validate the final claim, we take p =2, d =1,

%0 = {a(l‘g) — B(xg)xl}(?zl + 9(5(72)a$2,
and X; = 0,,. Then [Xy,X;] = B0,,. Moreover, if X, = [Xo, Xx_1], & > 2,

then X, = ag(x2)0,,, where apy1 = 5(8962%) + Bay, k > 1 and a; = 1. In
general, the a;’s will not vanish and thereby the Lie algebra contains an infinite
number of linearly independent vector fields. This algebra is solvable but is

not nilpotent.

Using Theorem 1, we can also give the converse to Kunita’s result, Example
[11.3.5 in Kunita (1984), that is valid under the mild regularity on b, o, h given
at the beginning of the section.

Corollary 1. Suppose that there exists a domain D such that the coefficients
o and h are time-homogeneous and Fisk-Stratonovich acceptable on Dy =
D x (0,T). Further, assume that the solution to the Fisk-Stratonovich equation
(4.1) has a unique local solution

(X7), = Bap (1) 0 Bep (W) o0 Bap (W%,) o (0

on 0 <t <71, for some positive stopping time T, and each x € l~7, where Xy,

k=0,1,...,d are the vector fields defined in (4.2). Then,
(X, X;] =0 on D for each j,k=0,...,d.

Proof. We find that X7 = ¢(Y;,t) with Us; = I so A = 0 from (2.11) and
0A = 0. It now follows from Theorem 1 and (2.12,2.13) that [X}, &;] =0. O

5. PROOFS OF THE MAIN RESULTS

Note: For notational simplicity, we will drop superscripts s and x in the
proofs as they are just fixed starting points.

5.1. Uniqueness in Theorem 1 a). The closure Dy of Dy is convex and
compact. Further, b, can be extended to Lipschitz continuous functions on
Dy by our C'-conditions in a) of Theorem 1. Now, we use the proof of Kunita
(1984)[Theorem I1.5.2] for uniqueness of (strong) local solutions to the SDE
until they leave Dy
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5.2. Proof of Theorem 1 a) is equivalent to b).
Proof. Using (2.1) and It6’s formula for X; = ¢(Y;,t), one finds that for any
1 <i<p,

0y 01 (Y, ) (Us 0y AW (5.1)

M~
B

d(Xy)i =

1

d d
S S 0,0, 64V ) (Ui (Usrd) )| dit.

=1 k=1

3
i
I

at¢l Y;tv +

N | =

Now, starting with b) implies a), we have a (z, s, 0, h)-representation ¢**, U,
(that satisfies Cy, Cy, C3). Using (2.7,2.8) on (5. 1) we find

A(Xe)i = 0i(d(YVi, 1), t)dW, + hi($(Ys, 1), t)dt (5.2)
1 d d
+ 2]21; k¢l Y;fa ( st¢< st¢) )]kdt

Moreover,
Oy {oij(0,1)} = Z{Qon%'}(ﬁb, t)0y,, ¢
n=1

and if (2.7) is true, one obtains

d
aym{aij (¢’ t)} = Z aymayl¢i (Us,t¢)l]"

=1

Abbreviating notation U,;(¢,t) = (Us1®)mk, multiplying the last two equali-
ties by Upnk(¢,t), summing over m and using (2.7) again, one finds that

p

d d
S {00,056, 00w, 1) = 3 570,.0,6, Uy (0. 0Uni(018),  (5.3)

n=1 m=1 [=1

and, taking £ = j and summing over j, one has that

d d
Z{ij} 6.0)05(6.) =Y > (UG )U (6, 6))im0y, 00 (5.4)
I=1 m=1
Therefore, if (2.7,2.8,2.2) are satisfied, then clearly X, is a local strong solution
to (2.10) by (1.5). Moreover, letting ¢ N\, s, we find by (2.7,2.8,2.2) that
o(z,s) = Vy¢™%(0,s) and h(z,s) = 0,¢"%(0, s)

so o,h € C*' by the last part of Definition 1.
To show a) implies b), we suppose X; is a strong solution to (2.10) on
(s, 7). Then, since continuous finite-variation martingales are constant, the
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(continuous) It6 process ¢(Y;,t) from (5.1) matches (2.10) if and only if

ai5(¢ Z‘o‘ym@ Uss®)my V1 <i<p, 1<j<d, (5.5)

and

1 d d
bi(0,1) = 0u6i +5 Y > 0,056 (Usad(Unyd) N VI<i<p  (56)

j=1 k=1

for all ¢ € (s,7%°). Rewriting (5.5) in matrix form, one finds

o(¢(Ye, 1),t) = {Vyo(Ye, 1) }Us 19, (5.7)

and (2.7) is true. Now, we can use (5.4) (which was just shown to be a
consequence of (2.7)) to find (5.6) is equivalent to

06 = b, 1) — 5 Z{v@ok} 6,t) ok(0,1) = h(9, 1), (5.8)

using (1.5). Now, (2.8) follows by continuity and (2.6). Letting ¢ N\, s in (5.7)
and (5.8), one finds

o(z,s) = Vyu0"%(0,s) and h(x,s) = 0;¢0"°(0, s)
so the last part of Definition 1 follows from the C*! property of h,o. 0

5.3. Switching Paths Lemma. We will use the following lemma within the
proof of Theorem 1 b) and c¢) equivalence. It is related to the question of
when a vector field is the gradient of a scalar field, integration over different
paths and exactness of one forms. The spirit of this Lemma is well known.
It is stated and proved in the exact manner needed below. There are two
reasons why this lemma is necessarily more complicated than one might first
expect: 1) It is the {o;} not the {8V;} (which also involve the function U,)
that commute via (5.9) below. ii) The right hand side of the other commutator
conditon (5.10) is not zero.

Lemma 2. Suppose that N C (—1,00) x R, A C RPF! are bounded do-
main with closures N, A; (0,2) € N with x € R?; h € CYN,;Rr*),
o C CY(N;RPHIxd) - A ¢ C’l(ﬁ R*) satisfy

(Va,)or — (Vop)o; =0, Vi, k € {1,...,d} (5.9)

(VR)G), — (VG )h = —G Ay, Yk € {1,...,d}: (5.10)

and ngﬁ s a solution to

N d v
o(y) = (0,z) + Z/o B(A(Yos ey Yim1, Uy 0g—3)) (Vi )idu, Yy € N, (5.11)
i—0
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1 04

where B = [h 3] and V; = l 0 [t

linear equation

] with Uy being the d X d solution to the

U =1+ / t U, A(é(u, 04))du.
0

Then, gg also solves
X 4 'A X
¢ Z/ B QS ( v Yr(i—1)5 Uy O ))(V;J%(u))w(z)dua
i=0

where
A yo 0€{m(0),....,m(1 —1)}
Yr(u) = ¢ u  0=m(2)
0 otherwise

for any y € N and permutation m of {0,1,...,d} so the integration order does

not matter. Here, 7' is an operator re-ordering the arguments to undo the

permutation, i.e. to move Yy from the 3 to the (7 ) position.

Remark 10. In the statement and proof of this lemma we have made time
as the first rather than last variable at the request of readers as it seems to
be more natural for them in this type of result. It also causes the notation to
simplify slightly.

Proof. Tt follows from its definition that

0 a 1 | (5.13)

t
V=1 / A, 00))Vdu with A = { ]
i 0 A

The permutations of {0,1,2,...,d} is a symmetric group and any permuta-

tion is the composition of at most @ elementary permutations. Hence, we
take a permutation m and consider a further elementary permutation (r,r+1)
for some r € {0, ...,d — 1}. The result follows by induction once we show that

Yr(r) ~ ~
/ B(Qb(ﬁ_l(ywl(o) oy Yn(r—1), U, Oa— r))(v (u) )ﬂ' T)du (514)
0

Yr(r+1) o ~
+ / B((b(ﬂ-il (?le (0)s s Yr(r—1)5 Yr(r), U, 0d*7’*1>>(‘/y;‘*l(u))w(r—l—l)du
0

Yrn(r+1) o

= /0 B(QS(/]T ( Yr(0)s +++» Yn(r—1)» 07 u, Od—r—l))(V;/:ﬁl(u))ﬂ*(wrl)du

Yrn(r+1) o o
+ / 5(¢(7T ( Yr1 v Yr(r—=1) Uy Yr(r4-1)5 Od—'r—l))(‘/y;(u))ﬂ(r)du'
0

(5.14) can be divided into three cases: a) 7(0) > r + 1 (when r < d — 1), b)
7(0) < r and ¢) 7(0) € r,r + 1. To ease the notation, we note that showing
these three cases is equivalent to assuming that ¢ satisfies:
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S

Here, w, z represent two of {yi, ..., y4} with the others fixed. ¢ is used for yj.

Case a: This case is subsumed by case b (with U; ' = I) proved below.
Case b: It follows from hypothesis b that %&E(w, v) = 8($(w,v))(Ut_1)k and

a%a(w,z) = &((w,0)(U; ), + Oza%a@(w,v))(zftl)kdv (5.15)
= G0+ [ 3 VEBw, ) 5w o) (U ade

Moreover, it follows from the commutator condition (5.9) that

F(pw, ) (UY); — A<$<w o>><U*1>]- (5.16)

Therefore, it follows by (5.15,5.16) and Gronwall’s inequality that

o ~ .

500w, 2) = (6w, 2)(U);. (5.17)



EXPLICIT SOLUTIONS OF SDES 29

Finally, by the commutator condition (5.9) again and (5.17)
/O w G((u, 2)) — 5((u, 0] (U ), du (5.18)
:QAaAZZ:V?K&ﬂw»gg&UWﬂUfwwmdu
= / ) / ZZva@(u,v>>a<$<u,v>><U; (U V)il
/0 / Vm )53, 0)) (U )55 (U dud

// ZVU; o(u,v) 8gzﬁ(u v) (U Y dudv
- / G (Bw,v)) — 330, 0| (U; udw

and Case b follows by rearrangement.

~

Case c: It follows from hypothesis ¢ and (5.13) that a%(%(t, v) =5 (o(t,v) (U ),
and

otz = @)+ [ 5 {3 0w} (5.19)

= h(4(t,0)) / ZVJZ 8 (t V) (U7 ijdv
<—Z/meme¢wtwa
i /0 l

Moreover, it follows from the commutator condition (5.10) that

o~

BB 2) - B3(0) = [ VRt 0) 50 vy (5.20)

0

— /OZ Z Vh(o(t, v))5((t, ) (U7 Y)ydv
— /Z Z Va1 ((t, v))h((t, v)) (U )dv
- / Z o(t,v) t (t,0))(U; V).

Therefore, it follows by (5.19,5.20) and Gronwall’s inequality that

-~

&Qﬁ(t’ Z) = h(¢(tv Z)) (5.21)
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Finally, by the commutator condition (5.10) again, (5.13) and (5.21)
| At 2) = B, ) 52,
- /Ot OZ Vﬁ@(“yv))%;ﬁ\(uw)dvdu
- / /ZZV%@(U?v))ﬁk(cg(u,v))(Ugl)kjdvdu
0 JO 3
- /Z/ ngk(a(% U))ﬁ(a(UW))(Uu_l)kjdudv
0 J0

- /2/ Zg(a(u’v))AMa(uu O))(Uu_l)kjduclv
0 Jo
— /Z/ Zng(a(u’v))(%a(uw)([]gl)kjdudv

/ / U_l)jdudv

- [ v))(U*» 5,(6(0.0))do

0
and Case c follows by rearrangement. O

5.4. Proof of Theorem 1 b) is equivalent to c).

Proof. Step 1: Show that (c) implies (b).

Let N'®* be a open ball centered at 0 € R? (whose radius can depend upon
starting point (x, s)), to > s and N' = N** x (s,ty). Next, we define successive
approximations to ¢**, U, ¢ by the path integral and linear equation

o that
(¢n+1, Un-‘rl) — L(gbn, Un)

Then, it is well known and easy to verify that the iterated operator L™ is
a contraction on C(N;RP) x C([s, tp); R™?) with supremum norm for some

t
5N et) = o+ [ B (00, ) ) (5.23)
d
+ Z/ U yla' 5 Yi-1, Uy Ogy, )7 )(U:t) ldu

=0
Urt = I+/ U A(¢™(0g, u), ), (5.24)
starting with ¢°(y,t) = x. (Note that U?’s inverse By, exist and satisfies
Br, =1 — [T A(¢"'(0,u),u)B},du.) Let L be the integral operator corre-

) s

sponding to (5.23,5.24
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m € N. Hence, (¢",U") converges as n — oo to some unique fixed point
(™%, Us) satisfying

(¢m757 Us) = L(¢m757 Us)a
i.e. for each (y,t) € N
" (y,t) = x—i—/ h(¢™*(0g, w), u)du (5.25)

s

d
+Z/“ (Y1, e i1y, 00y £),8) (U
=0

I+/ Usw A(¢™*(0g, 1), u)du. (5.26)
Hence,
%US—; = —A(¢"*(04, 1), )U, . (5.27)

Cy, C3 are true by our construction. Moreover, C; and the continuity of
05V y¢0™°(04, 5), 050" (04, ), On, Vy**(04, s) and 0,,0.6™* (04, s) will follow
from (5.25) and the conditions on i and o once we have established ¢™* sat-
isfies (2.7,2.8).

It remains to show that ¢™* satisfies (2.7,2.8). The fundamental theorem of
calculus immediately tells us that %qu’s(y, t) = (™ (y, 1)) (Uss); ' We use

a different path to have access to the other partial derivatives. Clearly, (5.25)
is equivalent to

(W) ()L (e

:vs . . -1
4 Z/ < (b yl?' 73/@178:0d17t)7t)(U3,t)1 )du

and we can define new coefficients corresponding to this enlarged equation:
~ h(p,t ~ o(p,t
e - (") s (60, (5.29)

where ¢ = ( f ) . One finds the commutator conditions (2.12,2.13) are equiv-

alent to
(V5,)5, — (V5;)5, =0, Vi, k € {1,....d} (5.30)
(V50)5; — (V6;)h = —GA;, Vj e {1,....d}, (5.31)

which means we can use Lemma 2 (with time shifted functions /fZ(-,s + ),
o(-ys+-), A(-,s++), Us s+ and ¢™*(-, s+ -)) to move the path segment of the
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desired partial derivative to the end and find

0

a—yﬁ“’s(y,t)=0(¢“’S(y,t),t)(Ust)z : atdf”(y, t) = h(¢™(y,t),t). (5.32)

Step 2: Show that (2.7) implies (2.12).
By C; and (2.7), one has that

0y, {0 (6. )(Usy @)} = 0,,0,,6(y. 1) = 0y,0,,6(y. 1) = 0y, {0 (6, )(U,/0);}-

(5.33)
However, it follows by (2.3) of C3 and then (2.7) that

Oy o (9, )V o)} (5.34)
= > {0,006, UL )

- ZV¢0m ¢> 7 )( 7,t1 )j(U;tl )mk
- szdﬂm )00 (0, ) (Ust @)ng (U &) mi

and similarly
Oy fo(6,t)(Usy d);} (5.35)
szqﬁan O (0, 0) (U @)t (Usy @)

Letting ¢ N\, s in (5.34) and (5.35), one finds by (5.33) that for all 1 < j, k < d,
YD Veoul@, 8)on(w, 8) (U 0)ns(Us i 6 (5.36)
= 1md,, (o6, DU 1O))
= 1m o, {o(6.1)(U5/9);}
- Z Z Ve0n (T, 8)om(z, S)(U;81¢)nj(Us_751¢>mk
However, U; /¢ = I so we have that

(Vaog)(z, s)op(x, s) = (Vu0,) (2, 5)o4(2, 5).
Hence, (2.12) holds.
Step 3: Show that (2.7,2.8) imply (2.13).
By C; and (2.7,2.8), one has that
d
Ao (@, UL O} = 0,,.1(6,1). (5.37)
One gets by (2.7) that

Oy h(9,1) = Voh(9, )0, 8(y, t) = Veh(d, 1)a (6, 8)(U/ d)n (5.38)
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and by the chain rule, (5.37), (2.8) as well as the standard formula %Bt_l =

d
—B; <EB’5) B; ! that

Oy h(d,t) = %{U(¢’t)(U;tl¢)k} (5.39)
=) V(6 (6, ) (Usl O)i + 010 (6,) (U O

d
- U(¢>t)U;tl¢Z E(Us,tqﬁ)m([];tl )mk

Combining (5.38,5.39), multiplying by (Us:®)k, and summing, we get
Voh(p,t)on(p,t) = Veon(,t)h(p,t) + Oron(d, 1) (5.40)
— xX,S d x,S
- 0(¢7 t)U 7tl ’ %(Us,t¢ ’ )n

so, letting ¢ \, s and using (2.11,2.2), one arrives at (2.13).
0]

5.5. Proof of Proposition 1. Our methods are motivated in part by Brickell
and Clark (1970)[Propositions 8.3.2 and 11.5.2]. By reducing 7" > 0 if neces-
sary, we can find a permutation 7 such that the first » columns of 6™ = on
are linearly independent on Dy.

Proof. Fix (z,s) € Dy and t € [s,T). A; will have form:

Ay = A7, where AV =AloAil o 0AZ0 AL (5.41)
i—1

Al(p) = D piei+ H (ir s 0p, 1). (5.42)
=1

Here, Al is a C""?~"-diffeomorphism on a neighborhood O of it = AV (2)
so Ay : Of — RP for some neighborhood Of of z.
To construct A} recursively, we suppose 7; = ¢; for j < i and

a; = {VA o7 o (A7) (5.43)

does not depend upon ¢, ..., ¢;_1, which are vacuously true when ¢ = 1. More-
over, without loss of generality, we assume the i** component of «; satisﬁes
a;; # 0 (or else we change 7 by permuting columns i, ..., d of 0™). Set ¢;(p) =
01 (i — xi;l;gpl, ...,gpi_l,xigl,goiH, ., Pp), where 6 satisfies 6,(0; ) = ¢ and
LG, (u; ) = ai(0:(us ), t) for u € I¥, an open interval'containing 0, and ¢ in
a neighborhood containing z;~'. Then, d,,9" = a;(¥*). For j # i, we have
8(,0]2/}%(90) = 8<pj9t(§0i - xigly P1y - Pi-1, xi;l, Pit1y ey SOP) and

040y, 04 (u; 0) = Op, i (O(u; @), 1) s.t. 0,,0:(0; ) = e;
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so Voi(xi!) has determinant o ;(z}*,¢) # 0. Thus by the Inverse Function

Theorem, 9] has inverse A} € Crt2=i(07 RP) and VA! = [Vei]~1(AD) on
neighborhood 0% = ¢ (U ') of #i~! with

o . i . i( i1 1A
vt = Lo 1w = VUl < o e (G)

and || - || being Frobenius norm. Hence, VA!((A!)~') Vi = I and

Moreover, A! has the form (5.42) if ¢/ has similar form. v has this form by
its definition as well as the facts «; is locally Lipschitz and does not depend
upon @1, ..., ;1. (5.42) and induction then imply that

e =0) = {VAIoT} o (AP Wk <.
Next,
(Vo;)or — (Vor)o; = (Voj)op — (Vop)oj =0 V 1<k, j<d (546)
by Lemma 1. Now, since g, = e, € RP for 1 < k <1, (5.46) implies
(Voj)er = (Voj)ey — (Vegp)o; =0 V1<Ek<i<j

on a neighborhood O of z. Therefore, ; and (by a similar argument) o1
can not depend upon ¢, ..., ®; so we can take ¢ = r by induction and

5 ={(VA)o™ o A;! = ( f) " ) e RP1X on A, (O%),

where ® € R and & € RP > (o not depend on the variables
©1,---,@q Since ¢ has also rank r, it follows that x = 0.

It remains to show there is a relatively open O** C Dr containing (z, s)
such that (¢,t) — Ay(p) is twice continuously differentiable on O**. The
desired differentiability of 1, o; and A’ follow from their definitions and [0)].
For VCRP and v >0, welet VY ={v+~:v € V,y € RP with |y| < ~}.

We let O™ = 0% [! = (s —t',s + t') N [0,T), where t', O are found
recursively, O;"* C Dr is relatively open, contains {z} x I’ and A® : O7° —
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RP. Let t° =T, Uy* = B,(1), O5® = B,(1) x I? and for i = 1,2, ..., r define
K' = suwp (A7 () = A7 @)/ le —2]) v 1

(p,t)e0;

L' = sup ([IVei(A; " (0) = Ve(AT  (@)I/IE =) v 1

()07

M= sup ([Wi(A N (0) = dila I e —al) v L

(p)€0T,

NU= s (M@HATN () 1) - M @) VT
() €077 Iyt <y
o o 1
vt = {o € Uz VU ) - VUG < o

recursively. (7' is a vector of size 7" so the supremum in N is over vectors below

this size.) U;”* must contain a ball B,((K'+ 1)) for some ¢ = €' > 0. Let
yi= =, 6 =min {;4— ;4—} O™ = B,(§") x I' and 0 < # < ti~! be such
that sup ||(Vy;(zi ) 7| < 2|(VYi(z )™ and L't < —— .
up (Vi) I < 2[[(Vebg(ar ) STz
We need only show that ¢ (A5 (B,(d"))) C QU for all ¢ € I
First, (i (A (B, (e))) € ¢ (ALY Y(BL((KP +1)e))) for t € I follows by
considering ¢ € B,(¢) and

AL AT (@) + o) — a7

AT () — 27

<
+ [ALWHAT T (9)) + 1Y) = AW (AT ()]
< K'e+ N'y' < (K" + 1)e.

Now, 9! (A " (BL(6%)) € (A (B,(€)))) for t € I since ¢ € B,(d°)
implies o o o '

AT ) - i) < M <

and ¢ € (Yj(A; " (Bx(€)))"

Finally, (A "N (UP*)) € (U ) for t € I, since ¢ € U™ implies

VUi (0) — Vi) < IV () - V(A ()]
VAT ) - Vi)
I I T
. 1

< 2=l )T

1
S AV D))
- 1

2[[(Vepi(x 1)
for t € I, so p € U . O
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