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ABSTRACT. In this paper, the strong existence and uniqueness for a degenerate
finite system of quantile-dependent McKean-Vlasov stochastic differential equations
are obtained under a weak Hormander condition. The approach relies on the a
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1. INTRODUCTION

Stochastic differential equations (SDEs) with coefficients depending on the proba-
bility distribution of the unknown, often referred to as mean-field or McKean-Vlasov
SDEs, have become a hot research area in recent years. Their dynamics are of the
form:

dXt = F(t, E(Xt), Xt)dt + O'(t, L(Xt>, Xt>th7 (1]_)

where (W;);>0 is a d-dimensional Brownian motion and £(X;) € P(R?) is the
probability law of the unknown X;. Here P(IR?) denotes the space of Borel probability
measures on R?. This type of dynamics naturally appears as the limit of a large
system of interacting players. Each individual player in the system interacts through
the empirical measure of the population. As the size of the population grows to
infinity, due to the weak dependence nature and by the law of large number, the
empirical measure will converge to the law of each individual, the limiting dynamic
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of each player depends only on its own law and not the measures of the others any
more. This is the so-called propagation of chaos phenomenon, originally studied by
McKean [20].

The well-posedness of equation (1.1) has been intensively investigated by many
authors. Mishura and Veretennikov [22] proved the strong uniqueness under the
usual Lipschitz condition and the assumption that o is independent of £(X;) and
uniformly non-degenerate. Furthermore, assuming that F' is Holder continuous, o
is Lipschitz continuous in the second and third arguments, Chaudru de Raynal [7]
showed that (1.1) admits a unique strong solution. Recently, Frikha, Konakov and
Menozzi [14] extended Chaudru de Raynal’s result to the non-linear Mckean-Vlasov
SDEs driven by a-stable Lévy processes under mild Holder regularity assumptions.
Réchner and Zhang [26] showed the strong well-posedness of the above SDE when F’
and o satisfy some integrability conditions in the third argument and are Lipschitz
continuous in the second argument.

Notice that all the aforementioned results require the Lipschitz or Holder continuity
of coefficients. There are also some effort to lift these continuity assumptions. Let us
mention only two works. In the work of Jourdain [17], the author studied the SDEs
with F' depending on the marginal of the solution at time ¢. The weak uniqueness
was obtained without the continuity assumption of F' on the third argument (but
still having Lipschitz continuity in the second argument). In [19], Lacker proved
the (weak and strong) uniqueness for the solutions to (1.1) when drift coefficient
F' is singular and diffusion coefficient ¢ is independent of the second argument.
More precisely, the drift coefficient F' in [19] is merely bounded and measurable, but
still Lipschitz continuous in the second argument in the sense of the total variation
distance. Let us point out that in all the above mentioned literature, both the drift
and diffusion coefficients are assumed to be Lipschitz continuous with respect to the
probability measure £(X;). However, in reality it is too restrictive to assume the
continuity of a function on the space of measures with respect to the Wasserstein
metric. Thus, it is an interesting, natural, and challenging question to remove the
restriction of continuity of the coefficients with respect to the probability measure
L(Xy).

For example, in finance and other applications (e.g. [10]), the following quantile-
dependent equation is introduced and studied:

dX, = F(t,Qu(X,), X,)dt + o (t, Qu(X,), X,)dW,, (1.2)

where ' : R, x R x R — R? and 0 : R, x R? x R? — R? ® R? are continuous
functions, a = (ay,...,aq) € (0,1)4, and Q.(X;) is the a-quantile (vector) of the
probability measure £(X;) of X, namely,

(QulX0); = @ulCx), =inf {yy e %, [

z€RY z;<y;

L(X,)(dz) > aj}, j=1,....d.
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It is well-known that for any two real valued random variables X and Y with
cumulative distributions F'x and Fy, the p-Wasserstein distance is given by

L) = ([ 15 @) - 5 @pa) "

From the above expression it is obvious that the coefficients in (1.2) are not continuous
with respect to the Wasserstein distance for any finite p > 1. Hence, we need a
completely different approach to study the existence and uniqueness problems for
quantile-dependent equations.

The works [10] and [18] are among the first to study this type of equations. Crisan
et al. [10] motivated such a model (1.2) from a financial viewpoint and proved
the existence of a solution, but left open both the weak and strong uniqueness
problems. Kolokoltsov [18] then established the strong uniqueness of (1.2) under
some differentiable and Lipschitz conditions on ¢ and F'. In particular, Kolokoltsov
assumed the uniform ellipticity condition on a := o¢*, namely, there exists a constant
A > 0, such that

ATEP? < JE alt y,0)El S AP, Yt y,2) eRy xRIxRLEE R (1.3)

The main contribution of this paper is to remove the above uniform ellipticity
condition (1.3) and we shall prove the pathwise uniqueness for the quantile-dependent
SDE under the weak Hérmander condition (see e.g. [16, Page 355]). To control the
quantile when proving the uniqueness, we require that the solution X; (as a random
vector) has a density (with respect to Lebesgue measure) and this density is strictly
positive with a certain decay property. This problem of the existence of density
is an important topic in probability theory and partial differential equations. The
weak Hormander condition imposed in the McKean-Vlasov equation ensures the
existence of the density of its solution. Let us recall one such result on the following
nd-dimensional Langevin-type stochastic differential equation:

( dth = Fl (taQa<Xt);Xt17 e >th) dt +o (t, Qa(Xt>7Xt17 e 7th) tha

dXt2 = F2 (t>Qa(Xt)vXt17 e 7th) dt?
dXt3 = F3 (t7Qa(Xt)7X1€27 e 7XZ1) dt? (14)

dXZl = F, (t, Qa(Xt>7th_17 th) dt,

\

where d and n are positive integers; (W});>¢ is a standard d-dimensional Brownian mo-
tion; X*,1 < < n, are all d-dimensional processes, and (X;);>0 = (X}, ..., X)i>0;
Fi iRy x R™ x R™ 5 R%: Fy - Ry x R™ x R=i42d 5 Re for § = 2,.--  n; and
o: R xR"xR™ - RI@R? are continuous functions. Denote by I; and 04 the d x d
identity and zero matrices respectively. Introducing D = (14,04, -+ ,04)T € Rxd
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and letting F' = (Fy,---, F,)T, we can rewrite (1.4) in the following abbreviated
form

dXt = F<t7 Qa(Xt)v Xt)dt + DO_(t7 Qa(Xt)a Xt)th (15>

The system of equation (1.4) (or (1.5)) is highly degenerate if n > 2 and the ellipticity
condition (1.3) is obviously not satisfied. Still, in the special case that F' and ¢ in
(1.5) are independent of the quantile, namely, when (1.5) is reduced to

dX, = F(t, X;)dt + D& (t, X,)dW, , (1.6)

the existence of the density, its derivatives and its two-sided Gaussian bounds have
been obtained in [9,11,21,23], which are critical to this work.

The degenerate stochastic differential equations of the form (1.6) have attracted
more and more attention in the past years (see e.g. [24,29,30]). When a Newton equa-
tion Z(t) = F'(t,z(t),&(t)) is under influence of some uncertainty, the corresponding
stochastic differential equation could be &(t) = F(t, z(t), #(t)) + G(t, z(t), &(t)) W (t).
This equation is of the form (1.6) if we let z5(t) = z(t) and x;(t) = @(t), namely,
dry(t) = F(t,xo(t), z1(t))dt + G(t,x(t), z1(t))dW () and dzo(t) = x1(t)dt. This
type of equations naturally appears in various scientific contexts. For example, in
physics, equation (1.6) corresponds to the dynamics of a finite-dimensional non-
linear Hamiltonian system (a chain of anharmonic oscillators) coupled with two heat
reservoirs at different temperatures, which was used by Eckmann et al. [12] (see also
[15,27,28]) to study the statistical mechanics of such system. Rey-Bellet and Thomas
[25] considered the low-temperature asymptotic behavior of the invariant measure
in the framework of (1.6). In mathematical finance, there are some applications of
the Langevin-type equation in pricing Asian options (see e.g. [2]). In fact, many
SDEs including some used in financial markets fail to satisfy the uniform ellipticity
condition so alternative conditions like ours, which require substantially different
proofs, are important. We hope that our extension to the quantile-dependent SDEs
would bring more applications to various fields.

To obtain the existence and uniqueness of the solution of the PDE (2.7) which
is associated to equation (1.5), we use the fixed point theorem (see the proof of
Proposition 4.4). But, to apply the fixed point theorem, we need to bound a certain
distance between @, (h1) and Q,(h2) by a certain distance of hy and hy (see (4.1)).
This was already done in [18]. We also need to bound the distance between u") and
u® by the distance between w®) and w® | where each u'? (i = 1,2) is the density
of Xt(i) in (1.5) when Qa(Xt(i)) is replaced by w® (see Proposition 4.2). This is
relatively complicated and requires the fact that the density u of the solution X; of
(1.5) is characterized by the corresponding Fokker-Planck equation. Thus, the above
problem of controlling the distance between u") and u(? by the distance between w(®
and w® is reduced to investigating the regularity with respect to the non-linearities.
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However, because of the degeneracy, it is hard to use the PDE approach as in [18].
Instead, we shall use a time-dependent Feynman-Kac formula.

The paper is organized as follows. In Section 2, we present the main hypotheses
and main results of this paper. We also fix some notations in this section. Some
useful a priori estimates on the density of the solution to the SDE (1.2) including
the tail estimates and lower bounds are given in Section 3. We will also recall the
time-dependent Feynman-Kac formula in this section. These two-sided bounds of
the density and the Feynman-Kac formula play central roles in our approach. We
give in Section 4 the proof of our main results.

2. MAIN RESULTS

For any r € R™, we write z = (z1, -+ ,x,) = (z1,-- ,2f;--- ;2L - 29) where
fori =1,--,n,j=1,---,d, =, € R, 2/ € R. Let |r;| denote the Euclidean
1

norm of z;, that is, |z;| = (Z?Zl |xZ|2>5 Let F; : Ry x R x R((n=it2)An)d _

R? be continuous mappings. For notational simplicity, we may consider Fj as a
continuous mapping from R, x R" x R" to R? and write F' = (Fy;---; F,) =
(Flla )Fldy ;Fﬁ, ,Fg) as well.

For any d x d matrix a = (a;){,_,, denote by |a| = (szzl ]aijP)% its Hilbert-
Schmidt norm. In what follows, we use || - ||, for the L? norm on the probability space
(Q, F,P). For any measurable function f on a Euclidean space, |f|;» denotes the LP
norm of |f| with respect to the Lebesgue measure. C(R?) and C,(R?) denote the
sets of continuous functions and bounded continuous functions on R?, respectively.

The notation V stands for the gradient with respect to all space variables. Let
feCOR xR™xR™ RY) k=1,--- ,n. V,,f(t y,z) denotes the gradient operator
with respect to the ith space variable z; € R, which is a d x d Jacobian matrix.

Fix a time horizon [0, 7]. We will need the following hypotheses for coefficients F
and ¢ and the initial condition Xj.

(H1) F is uniformly bounded at the origin of the third argument. That is, there
exists a positive constant s such that

sup  |F(t,y,0)| < k < 0.
te[0,T],ycRnd
(H2) The function a := oc* is uniformly elliptic, namely, (1.3) is satisfied.
(H3) F and o are uniformly Lipschitz continuous in space variables with constant
k>0, ie., for all y,y,z,z € R™,

telo,
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(H4) The function x — F(t,y,z) is twice differentiable and function z;
a(t,y,zq,...,x,) is three times differentiable. Moreover, the following in-
equalities hold true

2

d
0
sup § P ja ka'jk(t7yax)
i, k=1

(t,y,2)€[0,T]xRndxRnd | 1 O

<K

9

d

o? o
sup Wakj(tayux) - Wakj(taga | <k(lz—2[+y—1)),
and
n d

o . J _;
= Fi(ty,7) - TF?(t,y,i’)‘ <k(lz—z[+ly—1),

for all z, 7, y,y € R™.
(H5) For any integer ¢ = 2,...,n, the derivative V,,_, Fi(t,y, ) is n-Holder con-
tinuous in the first spatial variable x;_; with constant k, and there exists
a closed convex subset ¢,_; contained in the set of invertible d x d matri-
ces, such that for all ¢+ € [0,7] and (z;_1,--- ,7,) € R®™2 the matrix
Ve, Fi(t,y,xi_1, -+ ,x,) belongs to &;_1.
(I) X, is a random variable independent of W. The probability law of X, has a
continuously differentiable density f > 0 satisfying the following integrability

condition
U :/ sup |f(z)|2(7“4"_prs + T"_l)dr
0 |z|>r
+/ [sup \Vf(z)ﬂ (A*PEEE A A < oo, (2.1)
0 [z|>A

for some constant ¢ > 0.

Remark 2.1. The most important hypotheses in this work are the hypotheses (H2)
and (H5): the matrices (V,,_, F})2<i<n have full rank, which imply a version of the
(weak) Hormander condition. It ensures the existence of the probability density
of the solution to (1.5) (see [11, Theorem 1.1]). Let us point out that in (H2) we
assume that a = oo* is uniformly elliptic. However, the diffusion coefficient Doo* D*
of the whole system (1.5) is highly degenerate.

Remark 2.2. Hypotheses (H3), (H4) are to guarantee the Lipschitz continuity of
the function ¢ defined in (2.6) below. In addition, they imply that ¢ is bounded,
which is needed in the application of the Feynman-Kac formula (see Theorem 3.10).

Remark 2.3. At the first look, hypothesis (I) seems a little complicated. However,
Gaussian densities and many other functions satisfy this condition. Furthermore,
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it is worth mentioning that to prove Proposition 4.2 (i.e. the local existence and
uniqueness), hypothesis (I) can be weakened to the following form:

/ f(y)2 (’y|nd+a 4 1) dy + /Oo [Sup |Vf(z)‘4} ()\4nd—1+5 + )\nd_1> d\ < 00,
Rnd 0

lz[>A

The condition (2.1) is used to guarantee the global existence and uniqueness of
solutions to (1.5).

In the next theorem, we provide the existence and uniqueness result for equation
(1.5), which is the main result of this paper.

Theorem 2.4. Assume that hypotheses (H1)-(H5) and hypothesis (1) hold true.
Then, there exists a unique strong solution to SDE (1.5) on [0,T].

The idea to prove the above theorem is to construct a contraction mapping
associated to equation (1.5). To this end, we need to introduce an auxiliary equation.
Given a continuous (deterministic control) function w on [0, 7] with values in R™,
we consider the following stochastic differential equation

dX¥ = F(t,w;, X¥)dt + Do(t,wy, X)dW,, (2.2)

with initial condition X, satisfying hypothesis (I). Under hypotheses (H1)-(H5),
equation (2.2) has a unique strong solution, whose density uy’(z) satisfies the following
Fokker-Planck equation:

2u“(;zt) —12 > - (a;(t,w Zi 0 I(t,w z)uf ()
ot ' '« 0x} 0] EA = (996? S

=1

(9
=— Z a;;(t,wy, x ul (z) + (b(t,wy, x), Vuy (z)) + ct, wy, x)uy (),
] 8 19a]

(2.3)
with initial condition u§ = f, where
a = (aij)gjzl = O'O'*, (24)
b= (by,...,b,) with b; = (b},...,b%),i=1,...,n and

d
bZ(tv Y, ilf) = _sz (ta Y, (L’) + ]-{izl} Z Wakj@y Y, LL’), (25)
k=1 1

and
n d

o 1 & o
C(t,y,az) = —ZZWF’ZJUJ,@/,Z') + 5 Z ka’]k(t Yy, x )a (26)

i—1 j—1 9% Gk=1
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for any (t,y,z) € [0,T] x R™ x R™. It follows from [1, Theorem 1] that (2.3) is
well-posed. Thus, the density of uy’(z) is the unique solution to the equation (2.3).

Similarly, if (1.5) has a solution X; with quantile Q,(X;) being continuous in time,
then the law of X, has a density u that is the solution to the following equation

d

g71(0) =5 D 06t Qo) 2) 505 ) + (0, Qa2 V)
+ c(t, Qaluy), x)u(z). (2.7)

It will be shown in Section 4 that the proof of Theorem 2.4 is reduced to proving
that PDE (2.7) admits a unique solution. However, it is not easy to deal with such
PDE whose coefficients depend on quantiles. We shall find an appropriate Banach
space B and construct a mapping M on B. The well-posedness of (2.7) is shown by
proving that M is a contraction map on B in Proposition 4.4 (below).

In the next theorem, we prove the well-posedness of (2.7).

Theorem 2.5. Let f be a continuous differentiable function on R" satisfying
hypothesis (I). Assume hypotheses (H1)-(H5) hold true. Then, there exists a function
u on [0, T] x R™ which is the unique solution to PDE (2.7) with initial condition f.

The strong existence and uniqueness as well as density estimates of solutions to
degenerate SDEs (independent of the probability measure) with Holder continuous
drifts and under the weak Hormander condition has been investigated by Chaudru
de Raynal [6]. In [18], to obtain the stability result the author uses the two-sided
bounds of the density and its first order derivatives under the uniform ellipticity
condition. In our hypoellipticity case, we encounter the following difficulties.

(1) For (1.6), Pigato [23] obtained upper bounds for the derivatives of transition
density of any order. The first derivative with respect to the variable
(t=1,---,n;j=1,---,d) is given by

¢ b (_|7Z‘1(w—9t(y))!2)7

+@LETE [+ 14n2d) /2 & C

10,5p(t, 20, y)| <

where y is the initial position; C' is a constant; |-| denotes the integer part
function, 7 and 6; are given by (3.1) and (3.2) below. As we see, this bound
is more singular near ¢ = 0 than that in the elliptic case.

(2) To overcome this problem, we assume that the initial condition f satisfies
certain differentiability and integrability (over the whole R"?) conditions, in
hope that the singularity difficulty can be absorbed in the initial condition.
However, proceeding with this effort, we immediately encounter the difficulty
that we do not know how to pass the gradient V,p(t,z;s,y) to Vf in the
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following integral:

fW)Vap(t, 55, y)dy

Rnd
since p(t, x; s,y) is not the form of p(t, s,z — y). To get around this difficulty,
we apply the time inhomogeneous Feynman-Kac formula. This enables us to
finish the stability analysis of the solution to (2.3) with respect to w.

3. A PRIORI ESTIMATES OF THE DENSITY

In the remainder of the paper, we assume that d = 1 to simplify the presentation.
The case d > 1 can be treated analogously with only additional notational complexity.
We use C' > 0 to denote a generic constant which may vary from occurrence to
occurrence.

First, let us turn to (1.6). We need a result from [9]. To state this result, we need
to introduce the following conditions on the coefficients F' and &.

(C1): F(t,0) is bounded for all t € [0,T] and @ = 5* is uniformly elliptic with the
positive constant A.

(C2): 7 is globally Lipschitz in the space variable uniformly in time variable. For
all j = 1,2,---,n the functions Fj,i = 1,---,j, are uniformly n;-Holder
continuous in the jth spatial variable with 7, € (;;—j, ], uniformly in time
and other spatial variables.

(C2’): The functions Fy,--- , F,, and & are uniformly Lipschitz and n-Hélder contin-
uous (n € (0, 1]) with respect to the underlying space variables respectively.

(C3): For each integer 2 < i < n, (t,z;,-- ,z,) € Ry x ROV the function
z;1 € R Fi(t,z;1,+- ,x,) is continuously differentiable and its deriva-
tive, denoted by (t,7;_1,- -+ ,x,) € Ry xROTHAd 5 7 Fi(t 2 1,--- , 1),

is n-Holder continuous in the first space variable x;_; with constant k.
Moreover, there exists a closed convex subset ¢;_; contained in the set

of invertible d x d matrices, such that for all £ > 0, ¢ = 2,---,n and
(i1, 1) € RO=H24 the matrix V,,  Fi(t,z;1, - ,z,) belongs to
Ei—1-

Remark 3.1. Conditions (C1), (C2), (C2’) and (C3) can be easily verified by
hypotheses (H1)-(H5). In fact, (C1) and (C3) are the same as (H1), (H2) and (H5).
Additionally, hypotheses (H3) and (H4) imply (C2) and (C2’).

Theorem 3.2 (see [9]). Assume that (C1), (C2) and (C3) hold true. Then there

exists a unique strong solution to SDE (1.6).

We also need a result about the Gaussian estimate for the density of the solution
to (1.6). To state this result we introduce the scale matrix 7 and shift vector 6 as
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follows. Fix t > 0 and z € R™. Let 7; denote the following nd x nd diagonal matrix:

50 ... 0 tzI, 0 ... 0
0 72 ... 0 0 ¢:I; ... O

Ti=1. . . .|=1". o . : (3.1)
o 0 ... 7" 0 0 ... ¢z,

Let 6.(x) : [0, 7] — R™ be the solution to following (deterministic) ODE,

() = F (.0(2)),
{90 ) 52

Theorem 3.3 (see [11]). Assume that (C1), (C2’) and (C3) hold true. Let X be
the solution to (1.6) with initial condition X, = x, where x € R™. Then, for any
t €[0,T], the law of X; admits a probability density, denoted by p,(-,x). Moreover,
there exists a constant Cp > 1, depending on T,n,d, A,n, the Lipschitz constants in

(C1)-(C3), and €1,¢e9,+ -+ ,€n_1, such that for any y € R™,

1 _ Cr IRy
G b (<CrlT () = 9) ) < pilysn) < g exp (<C7 1T 0w) )P

(3.3)
where T; and 0,(x) are given by (3.1) and (3.2) respectively.

Remark 3.4. We still cite the theorem for general dimension d. However, we will
continue to work on the case d = 1.

The above Theorem 3.3 suggests that the ith coordinate X7 of the system at time
t oscillates around 7; with fluctuations of order ¢*~2. In addition, the deterministic
flow 0 plays an important role in the density bounds of X, for (1.6). As we will see in
the proof of Proposition 3.7 that the density of X; for equation (2.2) has analogous
two-sided bounds of the form (3.3) under Hypotheses (H1)-(H5). So in order to
make use of the existing density bounds, we define the other deterministic flow 6%
associated to equation (2.2) as follows.

Let F' : R" — R™ be defined as in Section 1 (with d = 1). For any continuous
function w : [0,7] — R™, and z € R™, we define, analogously to (3.2), a function
6v = (0y,...,0%) on [0,T] with values in R™ by the following ODE

4wt z) = wy, 0% (t, ), AR
{530(0(2)): F(t,w,,0(t,2)),t € [0,T] (5.4)

We have the following lemma about 6“.

Lemma 3.5. Assume that hypotheses (H1)-(H5) hold true and assume that w is
a continuous function of t € [0, T]. Let 0 satisfy (3.4). Then, for 0 <t <T and
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x € R", the following inequalities hold
e x| -kt < |0°(t, 2)| < (|z| + Kt) e™ (3.5)
and
e ™ < det(VOU(t, 1)) < ™, (3.6)

where K is the positive constant that appeared in hypotheses (H1)-(H5).

Proof. By the Lipschitz property and uniformly boundedness (at the origin) of F
we see that

t
04 (t, 7)| :‘x—l—/ F(r,w,,6°(r, z))dr
0
t
<ol + [ (0] + () dr
0

t
<|z|+ Kt +/ K|0% (r,x)|dr.
0
An application of Gronwall’s inequality yields
64(6,2)] < (o] + k) e (3.7)

This proves the second inequality in (3.5). To prove the first inequality, we consider
the following backward ODE:

%63 = —F(s,ws,0), 0<s<t, (3.8)
Similar to (3.7), we can show that
10,] < (1€] + w(t = 5)) 7,

for all s € [0,1]. Notice that § = {#~(s,z); s € (0,¢)} is the solution to (3.8) with
terminal condition §; = 6*(¢,z). Then, we have

2| = 0y < (|60°(t, )| + Kt) ™.
The proof of inequality (3.5) is then completed.

Taking the derivative of the following equation with respect to x,

¢
0“(t, x) —x—i—/ F(r,w,,0.(x))dr,

we have

¢
Vo“(t,z) =1 +/ VE(r,w, 0“(r,z))V6“(r, z)dr.
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By Liouville’s formula, we can write

¢

det(VO“(t,x)) = exp </ tr[VF (r,w,, 0°(r, x))]dr) . (3.9)
Now the hypothesis (H3) can be applied to obtain (3.6). The lemma is then
proved. 0

By Lemma 3.5 and the implicit function theorem, we have the following corollary.

Corollary 3.6. Assume that hypotheses (H1)-(H5) hold true and that w(t), 0 <
t < T is a continuous function. Let 0 satisfy (3.4). Then, there exist a function
(0)7Y(t,-) such that

0 (t, (0°) 7' (t,x)) = (0°) ' (¢,6(t,2)) =z,

for all x € R™. Moreover, the gradient of (6*)~' with respect to the spatial variable
satisfies the following inequality:

e " < det(V(04) L (t, 7)) < e (3.10)
The above Lemma 3.5 and Corollary 3.6 are served as estimates in the following

Proposition 3.7 and Proposition 3.8, respectively. In the next proposition, we provide
a tail estimate for the solution to (2.3).

Proposition 3.7. Assume that hypotheses (H1)-(H5) hold true. Let f be a positive,
continuous integrable function on R™. Then for any ¢ > 0, there exist K > 0 such
that

/ |ug (z)|de < ¢, (3.11)
Ok
for any t € [0,T] and for any continuous function w : [0,T] — R™, where

gK:{ZL’:<l’1,...7ZEn)ERnZ max |xi|ZK}.

1<i<n
Proof. For any ¢ > 0, due to integrability of f, we can choose K such that
/ |f(x)|dx < e. (3.12)
|z|>K

Denote by pY(z,y) the transition density of X* from y at time 0 to z at time ¢.
Then, it is well-known that

wle) = [ s

Notice that hypotheses (H1)-(H5) ensure that functions & and F given by
o(t,z) = o(t,w, x), and F(t,r) = F(t,w, x),
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for all (¢,2) € [0,T] x R™, satisfy conditions (C1)-(C3) and (C2’). Additionally, the
independence of ¢ and x of the constant of x in hypotheses (H1)-(H5) and Remark
3.1 imply that the constant C7 appearing in Theorem 3.3 is independent of the
choice of w. This allows us to apply Theorem 3.3 to obtain

¢ (@)lde = ¢(2,6) f(6)d
/gK|u (z)|dz /QK /Rnp(q;g)f(g)g
< /g e CTt*n2/2 exp (—C’qjlnzfl(x - Hw(t,€>>|2) |f(f)‘d£d$

dx

- /g | ot Pexp (=G!T, W)F) 1 (©)ldedy.

where 6 is defined by (3.4) and
Gr = {y € R" : max |y; + 67 (¢, )| > K}

Performing a change of variable z = 7, !(y), we have

2
gy 1N = /g L CTGXP( d )f(é)dédz
L) (1)
Croxp| =g, | f(©)ded Crex ded
S/n/{|£>l<} " p< cr ) 1% Z+/GK/I§I<K} ree (T gy ) JORE

where

Gi = {zER”: max |t~ 22’1+9w(t £))| >K}

1<i<n

As a consequence of (3.12), we have

2
/ / C’Texp( 12 >f(§)d§dz < (nC7)3 Cre.
n J{le>K) Cr
On the other hand, by Lemma 3.5, we know that

|6°(t, )| < (€] + k) e < Ke™ + wTe,
for all |¢] < K and ¢ € [0,7]. Then, we have

gég{zER”:maXH 2Z|>K Kerl — /iTe“T}::g?(.

1<i<n

Therefore, for any € > 0, there exists K sufficiently large such that

E \2) (_&)
/gK /{5|<K} Cres ( cr ) T = /{mgx} G o P\ Cr dz< e

The proof of this proposition is complete. OJ
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Proposition 3.8. Assume that hypotheses (H1)-(H5) hold true. Let f be a positive,
continuously integrable function on R™. Then for any K > 0 there exists 0 > 0 such
that

inf {uf(z) cmax |z;| < K} >0, (3.13)

1<j<n

for all t € [0,T] and for all continuous functions w on [0,T] with values in R™.
Proof. Fix K > 0. For any € R with |z| < K. By the lower bound of (3.3) we get
wle) = [ w0

> /R P (2, €) () de

1

> e [ e (ZCalT o = ) (e

where

R = {5 eR": |LL’1 - ellu(tagﬂ < \/%7' t ,’l’n - 9:(t7€)| < t(Znil)/% max |‘r3| < K}

1<j<n
Due to Lemma 3.5, we know that
Mgl — Kt < |0°(t,6)],
for all ¢ € [0,T]. Thus, we have
il < €] < (16°(t, )] + st) e

For any £ = (&1,...,&,) € R, it is easy to see

16“(t,€)| < [an (t“z‘l + \xi|)2r < V20| + V2 (T +1).

i=1
This means that
RCR :={CeR": [¢| < (V2nK + V2n(T"T +1) + xT)e"T}. (3.14)

Recall that f is a continuous positive integrable function. Hence, there exists > 0
such that f(£) > ¢ on the set R! O R. As a consequence, for any r € R" with
|z| < K, we have

d
(o) > gy | exp (<O (@ = 0°(. ) F) de
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By change of variable 7, (z — 0“(t,£)) = y and then by Corollary 3.6, we have

)
uf(x) > o / exp (—C’T|y|2) det (V(ew)ﬂ (t,x — 7;(11))) dy
T J{yeRm:|y;|<1li=1,..n}

> ie—(nCT—H‘mT)/ dy
C’T {yeR™:|y;|<1,i=1,...n}

0
Cr
which completes the proof of the proposition. O

n _—(nCr+nsT
one~(nCr ),

Combining the Propositions 3.7 and 3.8, we arrive at the following result.

Proposition 3.9. Assume that hypotheses (H1)-(H5) hold true and that w : [0, T] —
R™ is a continuous function. Let u“ be the solution to (2.3) with initial condition
f € CR"YULYR™). Forany a € (0,1)" andt € [0,T], let 0% =& = (W1, -+ ,@p) =
Qa(uy) be the a-quantile of uy. Then, there exist K, 6, > 0, independent of t and
w, such that

/ lug (z)|dx < e, (3.15)
{z e R": max |z;| > K}
1<j<n
max lw;| < K, (3.16)
and
inf {u‘f(:(:) : max |z;] < K} > 0. (3.17)
1<5<n

Fiz o € (0,1)" and K,0,e > 0. Denote by S = S, ke the collection of density
functions h on R™ such that

/ bl < e max | (Qu(h),| < K.
{z e R": max |z;| > K} l=jzn
1<j<n
and inf {h(x) : 1I£1]a<>%|xj| < K} J. (3.18)

Then, S is a convex set.

Proof. Choose

0<e<min(ag, - ,an,1—a,-,1—a,).
Then, by Proposition 3.7, there exists K > 0 such that (3.15) is true. Inequality
(3.16) also holds true, due to the fact that

/ dz; / uy () H dx; §/ luy (x)]|dx < e < ay,
Rn—1 e {z€R™:max<j<n |2;|>K}

i#£5,1<i<n
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and
/ da:j/ uy () H de; <1— qy,
K Rt i#j,1<i<n
for all j = 1,...,n. The inequality (3.17) is a straightforward consequence of

Proposition 3.8.

In the next step, we prove the convexity of set S. Let hy, hy € S. For any 5 € [0, 1],
h = Bhy + (1 — B)hs is still a density function, and the first and the last properties
in (3.18) are trivial for h. It suffices to show that for any g € [0, 1],

Qo(Bh1 4+ (1 = P)he) < K,

which is true, because

[ [ om@ra-smen I1 e

i#j,1<i<n
K —-K
:5/ da;j/ h(r) J[ doi+(1- ,3)/ d;cj/ ho(x) [ dai
—o R i#j1<i<n oo R i#j1<i<n
<Ba; + (1 = B)a; = o,
and
/ dxj/ (Bl () + (1= Do) [[ <10y,
K Rn—t i£§,1<i<n
for all j =1,...,n. The proof of this proposition is completed. 0

In the following, we will present a version of the Feynman-Kac formula for time-
inhomogeneous PDE cited from [13, pages 131-132, Theorem 2.2].

Theorem 3.10. Assume that o: [0,T] x R* - R" @ R", b: [0,T] x R* — R" are
continuous in (t,x) and are Lipschitz continuous in x € R™ uniformly in t € [0,T].
Suppose that c¢: [0,00) X R" — R is continuous and bounded and that f: R" — R"
s continuous and of polynomial growth. Denote

a;j(t,x) = Zaikajk(t,x) or we can write a = (ai)i = = 00" .
k=1
Then for any (t,x) € (0,T] x R™, the following stochastic differential equation

(3.19)

dX'" = o (t — 5, X0") dW, + b (t — 5, X07) ds, s €[0,1],
X =,
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has a unique solution {X%*,0 < s <t}. Assume that the following PDE
Q@) = 33 (1) () + (blt, ), V() + el )
5 t(®) = 3 a;j(t, ~uy (@ , ), Vuy(x c(t, r)u(x) ,

(3.20)

has a unique solution u so that its first and second derivatives with respect to both
time and spatial variables are all continuously bounded on bounded domain. Then

u(z) =E {f (XP7) exp (/Ot c(t — s, X;“)ds)] : (3.21)

Note that the Hypotheses (H1)-(H5) imposed on coefficients F' and ¢ in SDE (2.2)
imply that all the conditions required on functions o, b, and ¢ in Theorem 3.10 hold
true. Additionally, Hypothesis (I) implies that f is uniformly bounded on R". In
other words, we can write the next proposition immediately.

Proposition 3.11. Assume Hypotheses (H1)-(H5) and (I). The density of the
solution to SDE (2.2), satisfying the PDE (2.3), can be written by the Feynman-
Kac formula (3.21) with o(t,x) and b(t,x) replaced by Do(t,ws, x) and F(t,w:, )
respectively, and ¢ defined as in (2.6).

Proposition 3.12. Assume that hypotheses (H1)-(H5) hold true. Let u* be the
solution to (2.3) with initial condition f satisfying hypothesis (I). Then, we have for
any to > 0,

U':=  sup (/ sup ug (y)? (|r|" 1+ ") dr
R

te[t()’T] n ‘y|27ﬂ
weCy([0,T;R™)

+ /Ooo [Sup IVuf(Z)Iﬂ (Nin=Lte gyt d)\) <oo. (3.22)

zZ|>A

Proof. We shall show that the second term in (3.22) is uniformly bounded. The
uniform boundedness of the first term can be proved similarly. Using Proposition
3.11, for any t € [0, 7] and = € R, we can write

u(z) =E (f(Xf’t’I) exp (/Ot c(t = s, wi—s, X07) ds)) ,
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where X“"* is the solution to (3.19) with o (¢, z) and b(¢, ) replaced by Do (¢, w(t), x)
and F'(t,w(t), z). Differentiating this expression with respect to z, we have

t
Vus () =K [exv (/ (b= 5w, X;) d‘s) v
0
t
e (e n o Xt i)
0
t
0

Due to hypotheses (H4), we know that ¢, Ve are both bounded functions. By
Cauchy-Schwarz’s and Minkowski’s inequalities, we can show that

t
Vi (@)] <O |1V 1954, + Hf<Xt“’t’x>H2/O IIvxs1]] ds.
(3.23)

Note that for any r € (0,¢), VX% satisfies the following equation
VX T, 4+ / V(Do) (t = 5,w,_, X5) VXEL2qTY,
0
+ / VF (t — s,wi_s, X)) VXM ds.
0

From Burkholder-Davis-Gundy’s and Jensen’s and Minkowski’s inequalities it follows
that

[[vxet=||l; <n+ T3 / [[VF (t = 5,0, X207) VX257||2ds
0
+/ H|V(DO-) (t — S, Wi—s, X?7t7x) VX;J’t@H{;dS
0

<n+Ck,T) / 1V x4 |2,
0

By Gronwall’s inequality, we obtain

H |VX;:]’t’x| H2 < \/neC(’iﬂT)T < \/neC(’faT)T,
Inserting this inequality into (3.23), we obtain

(Vs ()| <C(r, T)(|[IV LX), + [[FE),)-
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This implies

/ [ sup |Vuf(z)|4} (AL A1) dA
0

|z[>A

30/ s (VA ) ) (0 4 a2 ax
0 “lz=

§C</OOO Liug( . IV f ()]pf (0, 2)d ) } (AT AT dA
=C(D; + Dg),i (3.24)

where p¥'(+, &) is the probability density of the solution to (2.2) with initial condition
= ¢ € R". Applying Theorem 3.3 and Jensen’s inequality, we can show that

pr<c [*[sw [ s oo (<TG o

l21>A JRrn Cr
(AT X dA (3.25)
Now that hypothesis (I) implies that
|V f(z)|[*dx < / sup |V f(z)[*A\"d\ < U (3.26)
R 0 |z[=A
and
5
sup |Vf(z)| < (51/ sup |V f(z)]d\ < 671U, (3.27)
x> 0 |z[=A

for any 6 > 0. Using (3.26) we obtain

V@)L exp (—'77 (0°(1,2) — ) )dx

m2/2
[ {n?/2 Cr

Cr N9t 2) — 2)?
:/IJE<5|Vf(x)\ tnmexp< 17,7104 (L, 2) — )| )dm

Cr
Cr 7102 (¢, 2) — )
4 S’ )
v e e = aa
Cr wtntuige T (00 2)
StnTme or U exp (— Cr

’ 2

+Cr [ Voo mal T 0(8,2) - ) e (—‘é—) dy,
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where in the second part of the last inequality we perform a change of variable
r—=y="T 0t z2) —x).
By Lemma 3.5, we have that
0°(t, 2)] > (7" |2| = KT) 1 enrury.-
This implies that
* Op wbrbucng TG0 D T fyanctee g
/ W@ cr U sup exp { — ! C ()\4 I+e + A 1) d\
0 |2|>A T

Cr (= (2n=1)\;—1)52 00 (t—Zn—i-l A t—l)(e—nT)\ _ RT)Q
<—= c -
=~ tn2/2 € T U/; exp CT

KT T

(A4n_1+6 _'_)\n—l) d\

CT (= (@n—1),—1)52

erTrT
tomme U /0 (A" L) da < ¢ (3.28)

for some C depending on n, Cr,tg, T, €,k and U. Similarly, on the set
{lz[ = Ay {]6%(t, 2) = Ti(y)| > 6},
we can deduce that
0<(t,2) = Te()] > 6V (™A = kT — [ Te(y)]).
Therefore, it follows from (3.27) that

/ {Sup/ Ljos(t.0)-Tiwl=}| VI (0°(t, 2) = Ti(y))|" exp (_g_T) dy}
; .

2122 JR
(>\4n71+€ + )\nfl) d\
~ ly|?
S/ / { sup |Vf(5)|4] (AT AT ) e Crdady
» Jo |Z1>6V(e="TA—kT—|Te (y)|)

OO = n—1+¢ n— -~
S/ / 1{6—”MT|ﬁ<y><a}[|su%|vf<z)l4] (W AT ) e Crdady
nJOo Z|>

+ / / 1{e~TMT|7z(y>|z(s}[ sup 2 (5)|4]
. Jo [El2e"TA-RT—[Ti(w)]

_?
()\4n—1+5 + )\n—l) e ST d)\dy
e“T(5+nT+|Tt(y)|) |2 0o ly|2
S(S_IU/ / (A4n—1+5 +)\n—1) dAG%dy+6(4n+s)HT/ / e Or
R™ JO nJO

X [ sup |Vf<%>l4} (I7 + &T + T + |7+ kT + | T () ||" ) drdy

ER

<C, (3.29)
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where C' > 0 depends on n,Cr,tg, T, ¢, k, U and §. Combining (3.25), (3.28) and
(3.29) we see that D is bounded. Using a similar argument, we can prove that Dy is
bounded uniformly in ¢ € [ty, 7] and w € Cy([0, T]; R™). The proof of this proposition
is then completed. U

Remark 3.13. The main difficulty in the above proof is to show the integrability
over an unbounded domain with respect to A. After (3.27) we divided the integral
domain into |z| < § and |x| > 4 is for simplicity because even if we use |z| < 6/t
and |z| > 0v/t, we cannot get rid of the ¢, in the statement (3.22).

4. PROOF OF THE MAIN RESULTS

Now, we are ready to prove Theorems 2.4 and 2.5. In the first subsection we shall
prove the existence and uniqueness of the local solution to PDE (2.7) up to a small
time .

4.1. Local solution. In this subsection, we aim to apply the Banach fixed point
theorem to prove a local version of Theorem 2.5 (see Proposition 4.4 for a local
version). First, we need to bound the distance of quantiles by the distance of
distributions. The following lemma is known (see e.g. [18]). We rewrite a short proof
for the sake of completeness.

Lemma 4.1. Let « € (0,1)" and let K,0,¢ be positive constants. Denote by S the
collection of density functions satisfying (3.18). Then, for any hy,hy € S,

|Qa(h1) = Qa(ho)| < Vn(2K) """V by — hs| 1. (4.1)
Proof. Since hy,hy € S, where S is a convex set, we know that for any g € (0, 1),
hP = Bhy + (1 - ﬁ)hg €S
as well. Write 0(83) = (01(8), ..., 0n(B)) = Qa(h?).

By definition of the quantile, for any j = 1,--- ,n, we have
w;(8)
/ dx; / hP(x) H dxy, = . (4.2)
—00 Rn—1 k;é]

Differentiating both sides of (4.2) with respect to (3 yields

@;(8)
ok Bl Tp x; 1(x) = ha(z 2 =0.
) [, W Lan| [ an [ ) - naen [Tan =0

ki -0 P

Thus

mj—@j(ﬂ)} 71 /Z(B) dz; /Rn_1 (ha(x) — ha(x)) H dzy,.
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It follows that
QL) — Qi (ha)] = |i(1) — ,(0)] = \ / w;w)cw'
:‘ / fi“giﬁ)dxjfwl () = ha()) Ty

cw]

fR” 1 Hk#j d'xk‘x i=w;(8)
1 —1

< |hy — ho|p / U () ] [ da } dﬁ‘. (4.3)
0 Rt k£j x;=0;(B)

Recall that A’ € S. This implies that max;<;<, |v;(8)] < K, and thus by (3.18) we
have

/]Rn1 ho(z) H dxy,

2/ hﬁ(:z:)Hda:k
zj=0;(8) J[-KK" k]

> 5| | dzy > (2K)" 6.
TR0 V(s

zj=w;(B)

As a consequence, we have
Q% (hn) = QL (ha)| < (2K) ™" V67 Ry — haf 1,
for all j =1,...,n, which yields the lemma. O
The next proposition describes the dependence of the solution of (2.3) with respect

to w. It will be used to bound the distance of distributions of the solutions to (1.5)
by the quantiles.

Proposition 4.2. Let the hypotheses (H1)-(H5) be satisfied. Let v = v and
u® = u” be the solutions to equation (2.3) corresponding to the continuous
functions w = W and w = w® respectively and with the same initial condition f
satisfying hypothesis (I). Then, the following inequality holds true

sup |ul? —u@| < C (t + \/Z) sup |wi —w®| Vtel0,T], (4.4)

s€[0,t] s€[0,t]

where Cy is a positive constant independent of w™), w® and t.

Proof. Recall that the equation (2.3) has a unique solution. Then, by the Feynman-
Kac formula (Theorem 3.10), for ¢ = 1 and 2, we can write

. . t . .
ugl) (x) =E (f(Xt(Z)’t’x) exp (/ c® (t — s, XS(Z)’W) ds)) ,
0
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where X @47 = X4 is the solution to (3.19) with the initial condition X§™"* =z
and the coefficients
al” t—s,z)=a t—s,w(i) , ), b® t—s,x th—s,u}(i) ),
t—s

t—s»
(@)
t—s»

for all t € [0,7] and € R" with a,b and ¢ being defined by (2.4)-(2.6) respectively.
Thus, we have

At —s,2) = c(t —s,w,”,, x),

1 2
Y () — uf? ()| dx
Rn

¢
_/ E{f(Xt(l)’t’m) exp (/ M (t — S,Xgl)’t’m) d3>
n 0

t
- f(Xt(Q)’t’gC) exp (/ c? (t — s, X§2)’t’m) ds) ]dm
0

t ¢
:/ E{f(Xt(l)’t’x) {exp </ b (t— S,Xs(l)’t’x) ds) — exp (/ c? (t—s, Xf)’t’”’) ds)} }dm
n 0 0

t
E Xt(l)vtax _ Xt(2)7t7'7‘, < (2) . ,X(Q),t,x d ) :|d
o [ B (0 < g Yo ([ - s x5 o
=0+ I. (4.5)

Due to hypothesis (H4), we know that the function ¢ is uniformly bounded on
[0,7] x R™ x R™ by 2k, and Lipschitz continuous. Then, the first term of (4.5) is
bounded by using the mean value theorem as follows:

t
I = / E [f(Xf””) (eXp ( / W (¢ — 5, XD ds)
" 0
t
— €xXp </ c? (t—s, XS(Q)’“”) ds) )} dz
0
t t
§62HT/ ]E|:f(Xt(l),t,x) (/ C(l) (t _ S,Xs(l),t,x> ds _/ C(2) (t o S’XS(2),t,oc) dS) :|dZL‘
t
—et [ ([ (- sl x0) <o (1 sl x00) as) o
n 0
t
+ e%T/ E {f(Xt(l)’t’x) </ c (t — s,wl,, XS(Z)’t’z) —c (t —s,w?, XS(Q)’t’I) ds) }dm
R™ 0

t
<een / o, — @ |ds / E[f(X0")]da
0

R
t

+ / E{f(Xfl)’t’x) / |X§1)’t’x—X§2)’t’x|ds] dx
n 0

=cr (111 + Th2), (4.6)
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where ¢, r is a positive constant depending on k and T. For ¢ = 1,2, denote by
pgl)( ,T) the probability density of X" and write 6@ = ¢“” the solution to (3.4)
with w = w®. Then, by Theorem 3.3 and Corollary 3.6, we have

BN = [ s v a)dyds
n RZn
) " (o0 N\’
< Cr F)t™ % exp —-Cr Z ( ” Z) dzdy
R2n Z77
<Cr | fly)exp (=C7'|2?) det (V(OD) " (t,y — Ti(2))) dzdy
RQn
< Cre™™” f(y)dy/ exp (—Cr'|2[?) dz
RTL R"L
S CTGTMT(CTW)%. (47)
Hence,
Iy <Gyt sup [wl? —w®)], (4.8)

s€[0,t]

for some positive constant C; independent of w™®, w® and t. On the other hand,
for any p > 1, we can deduce that, for some constant ¢, , > 0 depending on n and p,

ElX(l),t,x . X(Q),t,:c|2p
2p
< cnp[ZE (/ ( (t—s w§ )S,X(l)t’x) —Fi(t—s w,g )S,X 2”“)) ds)

t 2p
FE( [ (ot - sl X0~ (e - sl X0 aw) | (a9)
0
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By hypothesis (H1) and the Burkholder-Davis-Gundy and Jensen’s inequalities, we
have

]E‘Xt(l),t,x . Xt(2),t,m}2p

¢ ¢
< Cppk {t%_l (/ |w§1) wt s|2pd8 +/ ]E|X§1)’t’$ — X§2)’t’z|2pds)
0 0
¢ 5 p
+E ( / (I, = w2+ [x (0 - x (@) ds) }
0
¢
< Cppor [t2p—1 (/ |w(1) w,@slzpds +/ E\Xs(l)’t’x - X§2)’t7x]2pds)
0 0

t t
+ Pl / |w,@8 — wg)s\%ds + P! / E| X Mbe X§2)7t’x\2pds}
0 0
t
< (P + 1) sup |wl, — WP + oy (1P 177 / E| X Mte X (2w 2 g
s€[0,t] 0
An application of Gronwall’s inequality yields that

E|Xt(1)’t’w — Xt(z)’t’x|2p < Cppr(tP + tzp)ec"”””(T%*Tp) sup |wV —w@ . (4.10)
s€[0,t]

By Fubini’s theorem, Holder’s inequality and (4.10), we get that

Iy = / / )tz ’X(l)tac . Xg(2),t,m|]dxd8

< / / ”f(Xt(l),t,x)”QH’Xgl),t,x . X3(2),t,z|H2dde
0o Jrn
< Cppr sup |wV (2)|/ / £ (XY |adads, (4.11)

s€[0,t]

for some positive constant ¢, ,r depending on n,p and 7. Notice that by Theorem
3.3, Corollary 3.6 and Cauchy-Schwarz’s inequality, we can deduce that

[t oate = [ ([ s ai) do

<Sor [ ([ 1wk @17 0000 - P ay) " de

<Yor ([ 100 e (0717 0) = ) (100" V1) ds

=

=
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By changing of variables z — z = T, (6M(t,2) — y) and h — | = 01 (¢, h), we can
write

1 (X0 o da
Rn

Nl

<VGr| [ et (V00 ) e (1T o0 ) doy]
<[ [ e (v ) (e vyl

<o/ Cre™” ( -
<[ e vl g (112

Recall that f > 0 is a probability density satisfying hypothesis (I). (4.12) tells us
that

N

FW)? exp (=C7'[2?) (21" + |y|"* + 1) dzdy)

£ (XY |ode < C, Wt € [0, T, (4.13)
Rn

where C' > 0 depends on Cr,n,p, k,€,T and U. Combining inequalities (4.11) and
(4.13), we finally obtain

Ly < Cyt sup |wlt) —w®)], (4.14)
s€[0,t]

for some C; independent of w®, w® and t.

In the next step, we estimate the term I in (4.5). By Cauchy-Schwarz’s inequality
and the fact that ¢ is uniformly bounded, we can write

t
exp (/ 2 (t — S,Xs(2)’t’x) ds)
0

< || FXDE) = X |ade. (4.15)

dx

2

L < [ AP = FX20)]

Rn

To bound the above integral, we first claim the following version of the mean value
theorem. For any z,y € R", the following inequality holds true:

[f(x) = fly)l <2 sup V@)l =yl (4.16)

|| Alyl<[z|<[|V]y|



QUANTILE-DEPENDENT MCKEAN-VLASOV DIFFUSIONS 27

Before proceeding with the proof of (4.16), let us make a brief remark for this
inequality. Typically, by applying the first order Taylor expansion, one gets

1F(@) - 1)) < / VF(a + (1= Ny)lle — yldA
< sup [V + (1 - \y)l|z — ] (4.17)

A€(0,1]

This estimate is not sharp enough compared with (4.16). For example, consider a
situation that V f decrease to 0 at infinity, e.g. f(z) = exp(—|z|?). Then, in case
both z and y are far away from 0, the quantity sup|, sy <|z/<jziviy |V (2)] in (4.16) is
very small. But in (4.17), one can only tell supy¢(o 1 |V f(Az + (1 = A)y)| is bounded
by a fixed constant, since the segment {A\z + (1 —A)y: A € [0, 1]} may be closed to 0
even if |z| A Jy| > 0. As in (4.15), we need to integrate with respect to z. Thus, the
bound (4.16) and Condition (I) are applied for obtaining the desired result.

To establish (4.16), we consider a plane P such that 0,z,y € P. Without loss
of generality, suppose that || < |y|. Let 2’ be the intersection of the straight line
connecting 0 and y, and the circle O centered at 0 with radius |z|. Applying the
fundamental theorem of calculus to the path integral of V f along the (shorter) arc
x — 2’ on O, and then along the straight line 2’ — y, we obtain immediately,

f(2) = f)] < sup  [VF(2)|(lz2'| + |y —2)), (4.18)

|z|<|z[<ly|

where 72/ denotes the arc length. Since the angle between the ray 2’y and the line
x'x is greater than or equal to 7/2, we see that both za’ and |y — x| are less than or
equal to |y — x|. Thus, inequality (4.16) follows immediately from (4.18). It is worth
noticing that we do not apply the mean value theorem on the straight line x — y.
Since if so, we have | f(z) — f(y)| < |V f(€)||x —y|, where the point £ = tox+ (1 —1g)y
for some 5 € [0,1]. We can have |{| < |z| V |y|. However, we cannot guarantee
|€] > |x| A |y|, which is critical in the following immediate application.

Using (4.16) and Cauchy-Schwarz’s inequality, we can write
1FEET) = FE ),
§H9(|Xt(1)7t’$| A |Xt(2),t,;c|) H4HXt(1),t,a: . Xt(2),t,:c
where g : R, — R is given by
g(A) :=sup{|V[f(2)| : [z = A}, VA=0.
Notice that g(A A A2) < g(A1) + g(A2) for all Ay, Ay > 0. It follows that

[ lax a x4 o
RTL

< [ oo [ o) (4.20)

(4.19)

n
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Therefore, proceeding with a similar argument to that in (4.12) and (4.13) and
recalling hypothesis (I), we deduce that

/ 19X D) e

C 1y 3(nte) 4
<Yt / oyl exp (GO0 (8,2) — )?) (160 2) 757 V1) dyda

X (/ (\e<l>(t,x)|3("f” v 1)_5 da:)4
Scn,s V OTenHT </
R

X U (2]~ A1) dzr <, (4.21)

for some constant C' > 0 depending on Cr,n,p, k, € and U. Combining inequalities
(4.10), (4.15), (4.19) - (4.21), we get
I, < CovVt + 12 sup |wlt) —w?)|. (4.22)
s€[0,¢]

Therefore, inequality (4.4) follows by inserting inequalities (4.8), (4.14) and (4.22)
into (4.5). As we can see from (4.13) and (4.21), the constant C; appearing in
inequality (4.4) depends on the initial condition through U. O

=

=

lg(Jy)[* exp (—C7'2?) (|22 + |y*+) 4 1) dzdy)

2n

Remark 4.3. In formulation (4.15), the function ¢@(t — s, X"} is bounded
because of the hypothesis (H4). This means that the integrability in = has to be

guaranteed by that of the term || £(X V") — £(X@"")||,. This is the reason that
we assume the integrability hypothesis (I) on Vf.

Proposition 4.4. Assume that the conditions in Theorem 2.5 hold true. Then, there
exists to > 0 such that (2.7) with initial condition f has a unique solution on the
interval [0, to].

Proof. For any continuous function w € C([0,T],R") by a similar argument to that
in Proposition 4.2, we have that

li S —ullp, =0.

im [ — 2]z,

Then, it follow from (4.1) that
. w) W < 1 l-ng—-1|, w ,w 1 =0.
lim [Qa (uf’) = Qa(u)] < lim VK767 o — | =0
In other words, Q,(uy) is a continuous function in ¢.

We shall use the Banach fixed point theorem to prove the proposition. Fix a ty > 0
satisfying the condition given by (4.28) below. Let C([0,%],R") be the Banach
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space of all continuous functions with the sup norm. For any w € C([0, to], R"), let
u” 1 [0,tp] x R™ be the (unique) solution to (2.3) associated with w. Define

B = {(w,u”),w € C([0, 4], R")} C C([0,t0], R") ® C([0, o], L1(R?))  (4.23)
with the norm

l(w, u*)l[e = sup |w()| + sup [u;]L, . (4.24)

0<t<to 0<t<to
We claim that B is a closed set of the Banach space C([0, to], R™) @ C([0, to], L1(R%)).
In fact, if (w™, u™) € B converges to (w, v) € C([0, to], R")®C([0, to], L1(R%)), then
w™ — win C([0, %], R™) and u*™ — v in C([0, t], L1(R%)). Thus, w € C([0, ], R™).
Solving (2.3) associated with w, we obtain u* € C([0, t], L1(R?)). By (4.4), we know
that u“™ — u in C([0, o], L1 (R%)). This implies that v = u*. In other word, B is
closed and hence it is also a Banach space.

Fix a = (aq,--- , o) € R". Let K,d,e > 0 be defined in (3.15)-(3.17). Now, we
define a mapping M : B — B as follows
M(w,u”) = (My(w,u®), Ma(w,u)), (4.25)
where (w,u*) € B and
Ml(w7 uw) = Qa(uw) )
My(w,u) = u@a)
Let w™® and w® be continuous functions on [0, %] with values in R”, and let u()
and u® be the solutions to equation (1.5) associated with w = w® and w = w®

respectively, and with the same initial condition f. Lemma 4.1 and Proposition 4.2
imply that

sup |Qa(u™) = Qu(u™)] <Cov/mn(2K) 571 (to + Vo) sup |wi” —wi|

0<t<to t€[0,to]
(4.26)
and
WD) o)
sup [uy ") — ),
0<t<to
e )
<Co (to+ V) sup [Qu(u"”) — Qa(us™)|
s€[0,to]
<Cov/n(2K)'""0~" (to + Vo) sup |uf(1) - uf(Q)\Ll : (4.27)
t€(0,to]

Choose tg > 0 such that
Covn(2K)' ™67 (to+ /o) = L < 1. (4.28)

Then, from (4.26)-(4.27) it follows that the mapping M defined by (4.25) is a
contraction map on B. It has then a fixed point (w,u*) € B. By our construction,
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we see that u“ satisfies (2.3) with w = Q4 (uy’). This means that u = u* satisfies

(2.7).

To show the uniqueness, we assume v is another solution to (2.7). Letting
W = Qa(v) = {Qa(vs)|s € [0,1o]}, replacing Q,(v) by ' in (2.7), we see that v is
also a solution of (2.3) with w’. Thus, (w’,v) is a fixed point of M. By the uniqueness
of the fixed point of map M, we complete the proof of the proposition. O

4.2. Global solution and proof of main result. In the previous subsection, we
proved that (2.7) has a unique solution u on [0, ¢y] when t, is small enough. A natural
question is whether this solution can be uniquely extended to any time interval. A
positive answer is given in this subsection by using Proposition 3.12.

Proof of Theorem 2.5. By Proposition 4.4, there exists ¢, such that (2.7) has a
unique solution on [0,%]. Consider (2.7) with ¢ > to and with initial condition
f = wy,. Proposition 3.12 can be applied to find that there exists ¢; > 0 depending
on the initial condition f = uy, only through U’ given by (3.22) such that equation
(2.7) has a unique solution on [ty, to +¢1]. Notice that U’ is independent of ¢ € [to, T'].
This allows us to extend the solution of (2.7) repeatedly to the interval [0, ¢y + nt1]
until time ty + nt; > 7. In other words, (2.7) has a unique solution on the whole
time interval [0, 7. O

Proof of Theorem 2.4. Under the hypotheses (H1)-(H5) and (I), the Theorem 2.5
implies that the a-quantile of any weak solution to SDE (1.5) is the same function
on [0,7]. Therefore, the existence of a unique strong solution of SDE (1.5) is a
straightforward result of Theorem 3.2. OJ
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