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The mean-field stochastic partial differential equation (SPDE)
corresponding to a mean-field super-Brownian motion (sBm) is ob-
tained and studied. In this mean-field sBm, the branching-particle
lifetime is allowed to depend upon the probability distribution of the
sBm itself, producing an SPDE whose space-time white noise co-
efficient has, in addition to the typical sBm square root, an extra
factor that is a function of the probability law of the density of the
mean-field sBm. This novel mean-field SPDE is thus motivated by
population models where things like overcrowding and isolation can
affect growth. A two step approximation method is employed to show
the existence for this SPDE under general conditions. Then, mild mo-
ment conditions are imposed to get uniqueness. Finally, smoothness
of the SPDE solution is established under a further simplifying con-
dition.

1. Introduction. The classical mean-field theory was widely used in statistical
mechanics to study e.g. the derivation of Boltzmann or Vlasov equations in the kinetic
gas theory. This theory has also been applied in quantum mechanics, quantum chem-
istry and so forth. In the late 2000’s, Larsy and Lions (see [27] and references therein)
generalized this theory to approximate the Nash equilibrium with a large number of
players that can be described as a system of exchangeable stochastic differential equa-
tions (SDEs). Moreover, there is a series of more recent papers focusing on mean-field
backward SDEs (see [1, 5, 6] etc.). Still, it is natural to extend the mean-field theory
for SDEs to infinite dimension and, in particular, consider mean-field stochastic partial
differential equations (SPDEs). Yet, hitherto little has been done. To the authors’ best
knowledge, there are only a very limited number of works on mean-field SPDEs (see
(12, 39]).

The mean-field SPDE we study arises from a Dawson-Watanabe-style, high-density
branching-process limit with some naturally modified branching mechanism. Suppose
that there is a population of particles, each performing Brownian motions on R, with
exponentially distributed lifetimes. At the end of each individual particle’s life, it gives
birth to a number of offsprings according to the Dawson-Watanabe branching mecha-
nism. Then, it is well-known (c.f. Perkins [33]) that the empirical measures X;* of this
Dawson-Watanabe branching particle system converges to the super-Brownian motion
(sBm), described by a measure-valued stochastic partial differential equation. Further-
more, the one dimensional sBm X, considered as an Mp(R)-valued process, has a
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Lebesgue density X (¢, z) for all ¢t € R, almost surely. Thus from the random field point
of view, one can write (c.f. Xiong [44]) the sBm as the unique weak random field solution
to the following SPDE

0
ot
where *Z > 0 is the branching rate, A denotes the Laplacian operator in space and
W= ata W is the space-time Whlte noise on Ry X R (i.e. W is the Brownian sheet).
Suppose now in the finite particle prelimit that each individual branching particle’s
lifetime is affected by the entire population (perhaps through overcrowding or isola-
tion) so it dies and branches accordingly. Then, in the limit, the branching rate v (or
more precisely the particle lifetime) depends upon the probability distribution of the
population. This leads us to consider the following mean-field sBm, whose Lebesgue
density X (t,x) satisfies the following SPDE

(1) tht(x) = %Axt(x) +o(t,2,Px, @)/ Xe(2)W (¢, 2),

Xi(x) = 1AXt(x) + /7 X ()W (t,x),

where Py, ;) is the probability law of the real valued random variable X;(z).

Superprocesses or branching processes have been widely applied in natural sciences.
The use of branching processes to approximate large-scale networks is one of those
successful examples (c.f. [13, 40]), while large-scale networks are employed to model
real-world problems such as the spread of diseases (c.f. Strogatz [36]), the evolution
of complex biochemical reaction systems (c.f. [2, 17]), and so on. This approximation
is based on the fact that the global structures of a complex network are determined
by their local properties and the network behaves locally like a tree structure (see
Eckhoff [13]). A typical example is that the homogeneous Erdds-Rényi random graph
can be adequately approximated by the Poisson-Galton-Watson process (c.f. Van Der
Hofstad [40]). Additionally, if one takes the spatial movement into consideration, the
associated branching particle system could be a good replacement of the branching
process in the approximation of corresponding networks with spatial motion. In fact,
the sBm can be understood as a type of scaling limit of the reaction network {S —
25,5 — o} with the same reaction rates and where the molecules of species S move
as independent Brownian motions (c.f. [4, 34, 35, etc.] for other types of scaling of
reaction networks with spatial motions). Assuming the reaction rates depend also on
the distribution of species in the system, the corresponding scaling limit should satisfy
a mean-field sBm of the form (1). Other than the sBm, the scaled A-Fleming-Viot
branching system converges to a stochastic Fisher-KPP equation (c.f. [3, 15]), which
describes the population evolution of competing species. We are interested in knowing
whether the techniques used in this paper could be potentially applied to derive a
mean-field stochastic Fisher-KPP equation or other SPDEs arising from the large-scale
networks with distribution dependent coefficients and consequently to establish the
existence, uniqueness and regularity results of the solution.

On the other hand, one may also obtain this equation (1) from the average of weakly
interacting sBm’s (cf. Overbeck [31]). Let XV = (X!,..., XV) be an N-type sBm’s that
is the solution to the martingale problem: for any ¢ = q§1 ®---®¢" with ¢! € S(R) the
Schwartz space of functions on R for all i =1,..., N, the process

MI(6) = XY () - X} (6) - [ X (20

is a continuous square integrable martingale with quadratic variation

N N
<MN(¢)>t_j;/o /RU(S’%]17izzl5X§(I)>2(¢j<x))2Xg(dx)ds
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Then, as N — o0, ﬁ Zf\il X7 shall heuristically converges to a random filed satisfying

equation (1) with o(t,z, ) = o(t,z,E(X,)) where X, denotes a random variable of
distribution p. Some related results can be found in e.g. Overbeck [30]. We are not
going to justify this limit in the present paper.

We shall focus on the existence, uniqueness and regularity of the solution to equation
(1). The first difficulty that we encounter is that there exists no readily-applicable, fully-
developed theory on the Fokker-Planck-Kolmogorov equation associated with (1). So,
we cannot follow the approach used in finite dimensional case (c.f. [1, 5, 6]) to study
the existence and uniqueness of solutions to the associated Fokker-Planck-Kolmogorov
equation first, and then to solve the mean field equation.

Nevertheless, the anticipation of solutions to (1) is well justified. Due to the appear-
ance of the branching character (the \/X;(x) factor in front of the noise), it is natural
to use a branching particle system to approximate this equation. Assuming that such
approximation is done and some high-density limit exists, one presumably obtains that
every limit point X = X;(dz,w) is an Mp(R)-valued Markov process. One should be
careful, that this limiting process X is different from the stochastic McKean-Vlasov
equation as in Dawson and Vaillancourt [10]. Indeed, the noise coefficient in (1) is a
function of the probability law Px, of the solution X, as a finite random measure. In
comparison, coefficients in [10] as functions of finite measures depend on the random
measure X; itself. Notice that Px, is a probability measure on the space of finite mea-
sures Mp(R). If we want to show that X; satisfies equation (1) in certain sense, we
need to verify the absolute continuity of X; with respect to the Lebesgue measure for all
t > 0 almost surely, namely, the existence of X;(x,w) such that X;(dz,w) = X¢(z,w)dz.
This (random) measure X;(dz,w) may or may not have such a Lebesgue density. The
classical methods to check absolute continuity are based on the moment duality or
Laplace functional and require an explicit form of the corresponding martingale prob-
lem, whereas the presentation of the martingale problem for our limit X depends on
o(t,z,Px,(z)), which is not well-defined without the absolute continuity of X;. This
dilemma is one of the main difficulties in studying solutions to (1). Further, even if
the absolute continuity is established so Xi(dz,w) = Xi(z,w)dz, the law (now as a
measure of R) of X;(x) is not a continuous functional of Py, with respect to the
Wasserstein metric. Thus, o(t,z,P Xt(I)) has some intrinsic singularity with respect to
the probability measure Py, (,), which will force us to use non-standard methods.

To overcome these difficulties in the context of existence, we apply a two-step approx-
imation (see e.g. Ji et al. [23]). Let Z(R;) denote the collection of all Borel probability
measures on R equipped with the weak topology, and let M(R; Z(R.)) be the col-
lections of measurable functions on R with values in Z(R. ). In the first step, we fix
§ >0, and prove the existence of the pair (X9,Y?) that solves the equation
o aatxf(x) _ %AX?(J:) 5t 2, Pys )y X7 ()W (1, 2),
Yo (a) = [ pole =) X0 ().

[N}

with a non-random initial condition Xy € Mp(R), where ps(z) \/217667L

= 20
the heat kernel, Pys = Pys is understood as an element in M(R; #(R.)), and g5 :
Ry xR x M(R; Z(Ry)) — R, is given by

(3) 65(t,$,r) :/Rdypé(x —y)O'(t,y,F(y))-

In the next step, we prove the tightness of {X?}s<¢ and {Y°}s- in the space C([0,T] x
R;R) for any 7" > 0. Then, we can find a random field limit point in distribution as

denotes
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d } 0. This will prove the existence of equation (1), once it is shown that X satisfies the
equivalent martingale problem (MP): for all ¢ € S(R),

1 st
(4) Mt(d)) = <Xt7¢> - <X07¢> - § 0 <Xsa¢>ds
is a square integrable martingale with quadratic variation

t
) (@)= [ [ ol 060X, (do)ds.

The uniqueness problem for equation (1) is much more involved. Overbeck [31] ap-
pears relevant to this problem. However, this work requires (e.g. [31, Proposition 3.3])
that o(t,2,Px, () is differentiable in time and twice differentiable in space, with all
derivatives being uniformly bounded. Suppose that o is differentiable in the third ar-
gument in certain sense and consider using the chain rule. Then, applying Overbeck’s
result, one still needs to define and verify the differentiability of Px,) in z, which
seems challenging without more artificial assumptions.

Instead, motivated by the fact that a distribution is often uniquely determined by
its moments, we impose the condition that U(t,flﬁ,]P’Xt(w)) depends on the moments
of X(x). Firstly, we find an “almost” explicit moment formula for X;(z) under mild
hypotheses that ensures the existence of X assuming a(s,x,]P’XS(x)) is known. Using
this formula, under the moment conditions, we can show the uniqueness of moments of
any solution X;(x) to (1). Then, the weak uniqueness of solutions to equation (1) can
be proved by studying its (unique) log-Laplace equation.

After we establish the existence and uniqueness of solutions to (1), we also study the
regularity of the moments of the solution to (1). As the diffusion coefficient involves a
square root that is not Lipschitz, the Picard iteration fails to get a convergent sequence
in L2(Q x [0,T] x R). However, using the Picard iteration for the moments, one may
get a convergent sequence in C'([0,7] x R). This allows us to get the time and spatial
regularity of the moments of the solution to (1). On the other hand, the regularity of
the moments also implies the differentiability of o(t,z,Px,(,)) in both ¢ and 2. One
may obtain the uniqueness by Overbeck’s theorem.

Inspired by the regularity of moments, our result may potentially be extended to
higher dimensions in the following way. Let X, denote the sBm in R? with d > 2.
Then, X; does not have an almost sure Lebesgue density (c.f. Dawson and Hochberg
[8]), namely X;(dx)/dx is not a real-valued random field. But we can instead consider
E(X¢(dx))/dx, which is the first moment of the “density” of X} if we formally exchange
the order of differentiation and integration by Fubini theorem. Recall the fact that in
one dimensional case, the density of the sBm’s is only 1/2 — ¢ Holder continuous for
any € € (0,1/2) in space, but the moment is differentiable. Hence, it is reasonable to
expect that in general E(X;(dx))/dz, the Radon-Nikodym derivative of the moment of
the distribution function of the sBm with respect to the Lebesgue measure, exists as a
real-valued (deterministic) function on R?, although X;(dz)/dz does not exist as a real-
valued random field itself. Suppose now that o depends on the moment of the density
of the sBm in terms of E(X;(dz))/dz. Then, the corresponding mean-field martingale
problem can be well formulated analogously to (4) and (5). Because of the limitation of
space, we only focus on the one-dimensional case in this paper, and leave the problem
in higher dimensions for future work.
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2. Main results. To present the main results of this paper. We shall first introduce
(recall) some notation and hypotheses which will be used.

We denote by R the set of real numbers, by R, the set of nonnegative numbers, and
by N={1,2,...} the set of natural numbers. Notation S(R?) and S’(R?) are used for
the space of Schwartz functions and its dual space, respectively, on R? for all d € N. Let
Mp(R) be the set of all finite measures on R, let Z(R4) be the collection of all Borel
probability measures on R equipped with the weak topology, namely, lim,_,, P, =P
in Z(Ry), denoted by P,, = P, if

Jm [ (@B = [ o)
for all ¢ € S(R). We write M(R; Z(R.)) for the collections of measurable functions on
R with values in Z(R,). For any x € R, notation ¢, denotes the Dirac delta measure
at x. We sometimes use d for a small positive number, it should not be confused with
the delta function d,. Finally, we also remark that in the present paper, notation C', ¢;
and co are used for nonnegative constants that may vary from line to line.

HypoTHESIS 1. (i) o2 is positive and bounded, that is, there exists a positive con-
stant K such that

0<o?(t,x, 1) < Ko

for all (t,z,pu) € Ry xR x Z(Ry).
(ii) o2 is continuous with respect to all the arguments, in the sense that for any
(tn, ) — (t,2) € Ry x R and py,, = g in Z(Ry), it follows that

lim 0% (tn, T, pin) = 0 (t, 2, ).

HypOTHESIS 2. For any (t,z,1) € [0,7] x R x Z(R}),
o(t, ) = £ (6,2, B[X, ] E[X2), .. E[XD]),

where N € N, X, is a random variable with distribution p and f is a continuous
function on [0,7] x R x Rf that is positive and bounded. Moreover, f is assumed to
be differentiable in the last IV spatial arguments with bounded derivatives.

In the next hypothesis, we let N in Hypothesis 2 to be infinity. Before stating the
hypothesis, let us first introduce the following Hilbert space of real sequences. For any
v € R, the Hilbert space M, is a collection of real sequences, namely, x = (z;);en with
z; € R for all 7 € N, equipped with inner product

oo

(6) (@.yhw, =Y ()™ zuyn,

n=1

for all x = (2;)ieny and y = (¥;)ien-

HypoTHESIS 3. Let H =H, with v > %, and let Hy ={z = (2;)ien € H 1 2; >
0,Vi > 1}. Then, o can be represented as o(t,z, 1)? = f(t,x,E[X#},E[Xﬁ], ... ) for some
measurable function f on [0,7] x R x H that is positive and bounded. Moreover, f is
Lipschitz in y € H with uniform constant in (¢,z) € [0,7] x R, namely,

sup  |f(t,z,y1) — f(t,2,92)] < Lllyr — ol
(t.2)E[0,T] xR

for all y1,y2 € H, with some constant L > 0.



REMARK 2.1. (i) Hypothesis 1, which seems the most general one among Hypothe-
ses 1, 2 and 3, ensures the existence of the solution to (1). To obtain the uniqueness,
we need to assume that o is of a special form as in Hypothesis 2 or 3.

(ii) Hypothesis 1 is inconsistent with Hypothesis 2 or 3. Consider the simplest ex-
ample that o%(¢,x, ) = f(E[X,]) with f € C>®(R), the space of infinitely differen-
tiable functions with compact support, such that f(0) # f(1). Then, Hypothesis 2
holds for o. For any n=1,2,..., let u, be the counting measure on {0,n} with
tn(0) =1—1/n and p,(n) =1/n. Then, u, = dy in the weak topology. However,
limy, o0 02(t, 2, 1) = f(1) # f(0) = o(t,z,00). In fact, except for some trivial cases,
like 0 =1, any o that satisfies Hypothesis 2 or 3 does not satisfy Hypothesis 1.

(iii) Because of (ii), the existence result under Hypothesis 1 can not be transferred
to situations satisfying Hypothesis 2 or 3. In Section 3, we only prove the existence
under Hypothesis 1. This proof can be modified to cover cases under other hypotheses
(see Remark 3.2).

Next, we state the last hypothesis about the initial condition Xj.

HypoTHESIS 4. Xy € Mp(R) has a bounded density, still denoted by Xy, such
that X, € Hl,Z(R)7 namely, ||X0||172 = ||X0||2 + HVXOHQ < 00.

Now, we are ready to state the main results of the present paper.

THEOREM 2.2.  Assume X satisfying Hypothesis J. Then, equation (1) with initial
condition Xy has a weak solution on any time interval [0,T] under one of Hypotheses
1, 2 and 3. Additionally, the solution is unique in distribution under either Hypothesis
2 or 3.

We organize this paper as follows: In Section 3, we prove the existence of the solution
to equation (1). Section 4 is devoted to a moment formula for any solution to (1) and
some related estimates. This formula will be the key to the uniqueness result provided in
Section 5. In the last Section 6, we study the regularity of the moments of the solution.

3. The existence. In this section, we prove the existence of the solution to equa-
tion (1) by using two-step approximation. The approximating equation (2) is studied
in Sections 3.1 and 3.2. This will help us to provide a proof of the existence of solutions
to equation (1) in Section 3.3.

3.1. Branching particle approximation. Let T = {a = (ag,...,an): N € Njag €
N,a; € {1,2},1 <i < N}}. The set Z is used to label all possible particles in the
system. Thus by definition of Z, we see that each particle is allowed to generate at
most 2 offspring. For any o = (ag,...,an), we write « — 1 = (ag,...,an—1). Then,
a — 1 is uniquely determined as the mother of particle @ and we can define oo — 2,
a—3, ... and o — N = (ap) iteratively. Write {B®: « € Z} for a family of independent
one-dimensional Brownian motions.

Let n € N be a scaling parameter and let § > 0 be a smoothing parameter. Consider
a branching particle system on R with initial distribution Xg’" = %Zfi"l 0z, for some
K, € N, the number of initial particles and x; € R the initial position of each particle
for all 1 <7v < K. Denote by &* the position of each particle, and by

1
Xpt= 3 G

an~pt
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the empirical measure of the system where the summation over « ~,, t is among all
particles “alive” at time ¢ (to be defined later). We also associate a smoothing random
field Yo" on R, x R given by

Y @) = (X7 ps(x — ) = /Rpa(x —y) X" (dy).

The lifetime of each particle « is controlled by an independent exponential clock. The
parameter of each clock is n&?(t,fﬁ,]P’Yts,n), where 75 is defined as in (3) with some
measurable function o : Ry x R x Z(R;) — Ry. This means for any living particle
o at time ¢ > 0 with position &, the probability that she dies in the time interval
[t,t+ At) is

noy(t, &7, IP’Yts,n)At +o(At).

Each individual leaves behind 0 or 2 offspring with equal probability when she dies.
N () is used for the number of offspring of particle a. Denote by 8%"(a) and (*™(«)
the birth and death time of particle a. If particle o — 1, the parent of particle «, does
not branch any offspring, namely N(a — 1) =0, then we write %"(a) = (*"(a) = occ.
Moreover, we say « is alive at time ¢, if 3%"(a) <t < (*™(a).

The initial position of each particle inherits her mother’s death position, and its
motion can be described by B® before she dies. To be more precise, for any 3%"(a) <
t< ¢ (a),

& =Ea)- T B — Biona)-

Let &5 be given as in (3). It is clear that under one of Hypotheses 1, 2 and 3, d5 is
also positive and bounded. By using the classical tightness arguments (c.f. Dawson et
al. [11, Lemmas 2.3 and 2.4]), one can easily show the following lemma.

LEMMA 3.1. Fiz 6 > 0. Assume Hypothesis 1 and Xg’n = Xo e Mp(R) as n — oo.
Then,

(1) {X%":t > 0}nen is a tight family of processes with sample paths in DRy, Mp(R))
with limit in C(Ry, Mp(R)).
(ii) Let X° denote a limit point of X*™ and

YP(x) = (X7, ps(x = -)).
Then, (X°,Y?) is a solution of the following MP: for all ¢ € S(R),

1 st
™ MI(6) = (6.XD) — (0,X0) — 5 | (86, X)as
is a continuous square integrable martingale such that My(¢p) =0 and
t
® (M@= [ ds [ 6*)3 (5,2, Py X (do).

PROOF. Inasmuch as the proof of property (i) is quite standard, we omit it for the
sake of brevity. It also follows by standard arguments that M/ (¢), given by (7), is a
continuous square integrable martingale. It remains to prove its quadratic variation
satisfies equation (8). Let {X%™},cy be a subsequence of {X%"}, cy with limit X° in
D(R4, Mp(R)). By Skorohod representation theorem, we assume this convergence is
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almost surely. Then, by classical tightness arguments (c.f. Wang [42, Corollary 7.3)),
we know that

(M°(¢))e = lim (M°™ (),

k—o0
where M%™ is a S’(R)-valued martingale given by

M (g) = — ) O(E () ) (N () = 1),

n
R comi (@) <t,amm, 857 ()

with N(«) defined as before, the offspring number of particle o and « ~;, ¢ meaning
particle « is alive at time ¢ in the n-th approximation. The quadratic variation of M%"
can be written as
67
L EIMYR(9)? — MM (9)? | Fo]

<M5Jlk (¢)>t _ lim s+As

ds.
0 AslO As

Following the idea of Dawson et al. [11, Lemma 2.3], one can show that
¢
(@)= [ @Gt Pysn, ) X0 (da)ds.
0 t

Letting & — oo, we find that Xf’"’“ — X? a.s. for all t € R;. Thus for fixed 6 >0, one
has that

Y () = (X0 ps(x =) = (X7 ps(a — ) = VP (w)

for any (t,x) € Ry x R as k — oo. Therefore, equation (8) is a consequence of the
continuity and boundedness of ¢ and the dominated convergence theorem. The proof
of this lemma is complete. O

REMARK 3.2. Note that in the proof of Lemma 3.1, the continuity condition of &
is used when evaluating the limit of quadratic variation of Mf " (¢). Instead, assume
Hypothesis 2 or 3. Due to the tightness argument again, it holds that for every m € N,
E[(Y,>™ (x))™] is bounded uniformly in k € N, (¢,z) € [0, 7] x R for any 7" > 0. Concern-
ing the fact that Yt‘s’"’“ (z) — Y°(z) almost surely, and thus in probability, the conver-
gence is also in L™ () for all m € N. As a result, limy_, oo E[(Y™ (2))™] = E[(Y? (x))™]
for all m € N and (¢,x) € R4 x R. This proves equation (8) under either Hypothesis 2
or 3, and hence the result as in Lemma 3.1 holds as well.

3.2. Moment duality and existence of solution to (2). Let (X°,Y°) be a solution to
MP (7) and (8) with initial condition Xy € Mp(R). In this section, we prove that X}
has a Lebesgue density almost surely. To this end, we need to provide moment formulas
for (X7, ¢) with some function ¢ € S(R). The moment formula can be derived by the
method of moment duality (c.f. Dawson and Kurtz [9]).

For any t € [0,T], p € Mp(R), n €N, ¢ € CZ(R"), we define functions F and G? as
follows,

) F(p,(0,6)) = (6,0) = [ u®"(dya)olyn).
and
(10) (b0 (1,0) = 1™ And) + 3 (D B (1)6),

1<i<j<n
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where y,, is short for (y1,...,y,) € R", A, denotes the n-dimensional Laplacian opera-
tor in space and @fj(t)gb is a function of n — 1 variables with the i-th and j-th variables
of ¢ coalesced, and then multiplying by (¢, z;, IP’Y;s (xi)>> namely,
(11) (I)?j(t>¢(1’1, . ,$n71> :5(%(75, i, IP’yta)(goijd))(ml, e ,xn,l),
with the coalescing operator ¢;; given by

(@ijd) (@1, Tp1) = B(X1, - X1, T4, Tjy o Ty )

Then, we have the next lemma, whose proof is just an application of It6’s formula, we
skip it for the sake of conciseness and refer readers to Xiong [44, Lemma 1.3.2] for a
similar result.

LEMMA 3.3. Let (X°,Y?) be a solution to MP (7) and (8) with initial condition
Xo € Mp(R). Then, for any n € N and ¢ € S(R™), the process

12) PO (1.0) — [ 6906, XE, (0, 0))ds

is a martingale.

In the next step, we define the moment dual of X°. Given n € N, let {7k hi<k<n—1
be independent exponential random variables. For each k, the parameter of 7, is %(n —

k+1)(n—k). Let ny =>4 7 forall k=1,...,n — 1, and by convention 7y = 0 and
1y = 00. Then, we define an N-valued decreasing Markov process starting at n, by

n;:n—kz—i—l, Ny, =n —k,

n
fork=1,...,n—1and n; =1 for all £ >mn,,_1. Then, we can also write
(13) ny = Z(TL — ]{3 + 1)1"7k—1§t<77k'

k=1

Let {S(t): 1<k <n—1,t >0} be a collection of independent random variables defined
as follows. For any k=1,...,n— 1 and ¢ > 0, Sp(t) is uniformly distributed on {®J;(t) :
1 <i<j<k} where ®(t) are defined as in (11). We also write T%* for the the
semigroup generated by %Ak on R* for all k=1,...,n, namely,

k
1%6(x0) = [ dyi [T pi(e: = w)ev)
=1

for all p € CZ(R™), the space of bounded functions on R with bounded first and second
derivatives. Let ¢ € S(R™), we define a stochastic process f{ starting at fo = ¢ by
(14) F =T S e () TS0 () TV ) () T 9,

provided np <t <mgy1 with k=0,...,n—1.

LEMMA 3.4.  Let F, G°, ny and f; be given as in (9), (10), (13) and (14) respectively.
Define a function H® by

HA(t 1, (5,6)) = G2 (1 o, (5, 0)) — (k= DF (g, (k. 6))
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for all t e Ry, pe Mp(R), n € N and ¢ € CZ(R). Then, for any p € Mp(R), the
process

(15) F(u, (ne, 1)) / HO (s, 1, (n, £7))ds

is a martingale.

Before providing the proof, we remark here that the smoothness of o (see (3)) ensures
that as a function of z, 65(t, z, Pys(y)) is in C2(R). Thus f? € C2(R™) for all t € R. It
is necessary to make sense of H°(t, u, (ns, f°)) that involves a Laplacian operator acting

s
on f7.

ProoOF oF LEMMA 3.4. The proof of this lemma can be done as an application of
Either and Kurtz’s result [16, Proposition 4.1.7] by showing that

(16) hm ALE[(FOL; (nt+At> ff—i—At)) - F(/La (nta ftzs)))‘(nﬁ ft(s)] = H(S(t, K, (nt7 ft(s))

forallt € R+ Without loss of generality, we only prove equality (16) on the set {n; =k}
for some k=1,...,n. Recall that

{ne =k} ={nn—i <t < Mg},
Tn—k+1 = Nn—k+1 — Mn—k 1S an exponential random variable with parameter %k(kz —1)if
k>1 and 7, = co. We see

A7) E[(F (. (e flead)) = Fu (e fO))| (e, f7) Lne=i] = L+ I+ 0(At),

where
I = ]E[(F(Nv (kv fta-i-At)) - F(:ua (ka ff)))l{nt+At:k}‘(nt’ ft(s)lnt=k]
and
I, = E[(F(uv (k -1, fti—At)) - F(Ma (ka ft(s)))]‘{ntJrAt:k?—l}’(nt? fté)lnt=k]'

Suppose that k£ > 1. Then, by the memoryless property of exponential random variables,
we have

I :(< ok T®kft> (Tn—ks1 > At) — <N®k>ft§>)1{nz:k}'
This implies that

1 1
(18) ktfﬁ) thl 5 —((®F AR fY =Kk — 1) (u®*, 1)) L, =ry-

On the other hand, since @‘5- is uniformly distributed, it follows that

2 k—1
L= Y mEW@(k RNy Tn)k+1‘1’fj (t+ Tners)TEF )
1<i<j<k
1{7_n—k+1 SAt<Tn—k+1+Tn—k} ’ (nt7 fté)} l{nt:k} - <lLL®k7 ft5>1{nt:k}'
Notice that if £ > 2, we have

®(k—1
E[<ﬂ®(k 2 TAt( Tn )k+1@fj (t + Tn—k—i-l)Tgljkﬂ ft6>1{Tn7k+1SAt<Tn—k+1+Tn—k}|(nt7 fté)]‘nt:k?]

At ®k:1 ®(k—1) 5,6 ®k £6
_/ dS/Ats R O i+ )T f7)

1

% 5]{(/{ _ 1) —Lk(k— Ds o §<k B 1)(k‘ _ 2)67%(k71)(k72)r

:;k(k—l)/ ds{u ®(k—1) TA(k 1)(1,5 (t—i—s)T@kft) —3k(k=1)s ,—3 (k—1)(k—2)(At— s)

0
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and for k =2, the following equality holds

_ k—1
E[<N®(k 2 ) T§£77n2k+lq)?j (t + Tn*k+1)TSljk+1 ft5>1{7—n—k+1 <AL<Tp_pt1+Tn—k} ‘ (ntv ft(;)lnt=k]

1 At - 1
:§k(k — 1)/0 dsm@(k&)’Tg@t(fs 1)<I>fj(t + S)Ts®kff>€7k(k*1)s.
Therefore,

1 3
(19> k]frilo E[Q = Z <M®(k 1)7 q)f] (t)ft6>1{nt:k}

1<i<j<k

Equality (16) follows from (17)-(19). Hence, by Proposition 4.1.7 of Ethier and Kurtz
[16], the process given by (15) is a martingale. The proof of this lemma is complete. [

PROPOSITION 3.5.  Let (X°,Y?°) be a solution to MP (7) and (8) with initial con-
dition Xo € Mp(R), and let (n, fi) be the pair of processes defined as in (13) and (14)
respectively with ng=n € {1,2,...} and fo=¢ € S(R™). Then, we have

BLFOX, (1,6)] = E[F(Xo, G i) esp [ 2222 s)].

PRrROOF. The proof follows from the development of Dawson and Kurtz [9, Corol-
lary 3.3], with minor adjustments due to the fact that X? and (n, f’) are time-
inhomogeneous vis-a-vis time-homogeneous Markov processes. We omit the details for
the sake of conciseness. O

PROPOSITION 3.6. Let (X°,Y?) = (X° (X% ps(x —-))) be a solution to MP (4)
and (5) with initial condition Xo € Mp(R). Then, for every t € R, , X has a Lebesgue
density. Moreover, identifying X () as the density of X7, the pair (X°,Y?°) satisfies
equation (2) for some space-time white noise W.

PROOF. Following the idea of Wang [41, Theorem 2.1], as an application of Propo-
sition 3.5, we can show that X? is absolutely continuous with respect to the Lebesgue
measure. Then, by proceeding along a similar argument as in Dawson et al. [11, The-
orem 1.2], it can be proved that the density, still denoted by X?°, together with Y?°
satisfies equation (2). The proof is quite standard, we omit it in the present paper. [

3.3. Convergence of X° and Y°. Fix a time horizon [0,T]. In this section, we will
show the convergence of {X®}s5-0 as 6 | 0. We need the following tightness criteria for
probability measures on C([0,7] x R;R).

LEMMA 3.7. A family P of probability measures on C([0,T] x R;R) is precompact
if
(i) lim supP(|X:(0)] > A) =0.
Atoopep
(ii) For each x € R and p >0,

lim sup]P’( sup | X (x) — Xs(2)| > p) =0.
el0 PeP  No<s<t<T,|[t—s|<e

(iii) For every R>0 and p >0,

lim Sup[F’( sup | X (x) — Xi(y)| > p) =0.
0 peP  No<t<T,—R<zx<y<R,|z—y|<e



12

PRrROOF. Results for probability measures on space of one parameter processes are
well-known (c.f. Stroock and Varadhan [38, Theorem 1.3.2]). Multi-parameter cases are
quite similar, we omit the proof for the sake of conciseness. We also refer readers to Hu
et al. [19, Appendices A.2 and A.3] for similar criteria. O

The next lemmas show the uniform boundedness of the moments of X?(z) and its
increments in time and in space.

LEMMA 3.8. Let (X°,Y°) be a weak solution to (2) with initial condition Xo € Mp.
Suppose that Xo has a bounded density, still denoted by Xy. Then, for all n € N,

(20) sup  sup  (E[Y?(2)"] +E[X](2)"]) < oo.
§€(0,1) (t,x)€[0,T) xR

PROOF. We prove this lemma following the idea in Xiong [44, Lemma 1.4.5]. By
using the moment duality (see Proposition 3.5), we can write

1) B ()] =) pste = )] = B[, ) exp (5 [ nalons = 1)ds))

where (fJ,n;) is the moment dual process of X7 as in Section 3.2 with f§ = ps(x —-)®"

and ng = n. Notice that the exponential term in (21) is bounded by 2" DT Tt suffices
to estimate the following quantity

n—1 n—1
B[, 0] =D B[ I iy = SB[ N <ty
k=0 k=0

If £ =0, by using the semigroup property of the heat kernel and the nonnegativity and
symmetry in space variables of f?, we can easily show that

E[(X5" S Lmsian ] = /R X5 (dyn) T2 fo(yn)E[L 7, >0)]

(n=1)
S

:/R” X&™(dyn) /Rn dznpﬁn) (yn — zn)p((;n)(a:@" —zy,)e

n(n

_n(n=1)
=(Xo, pres(x —-))"e” 2 t< | Xo

[l
where %" denotes a point on R™ with each coordinate being z and pﬁ”) (Xp, — ¥n) =
[T7= pe(x;i — ;). Similarly, if k=1, we deduce that

E [<X§§(n*1)’ ft§>1{771§t<772}}

:E[ o Xog)(n_l)(d}'nfl) (Ttn—_ni Sz(nl)fs;)(Ynfl)l{mSan}}

<loRB[ [ X5 dya) [ dmenl 5ner — 20

Rn
2(%ij1— ) (anl) 1
n(n—1) {m§t<nz}]

x>
1<i<j<n

(n)

Firstly, by the symmetry of p;"’ (x®™ — -), we can write

21312 ) (2 1)

n—1 n—1
E|:/RQ"*2 X((?( )(dYn—l)dZn—lpg—m)(Yn—l - Zn—l) n(;; — 1)

1<i<j<n
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x 1 {m §t<772}:|
B[ [ X yn)dznap ] 3ot = ) (1200 = ) (20m1)

X 1{771 St<n2}} :

We estimate the above integral using the semigroup property of the heat kernel and
1
the fact that p;(z) < (27t)" 2z, and get

E| /R XS @y 1)z (Ynet = 2 (12085 (07 =) (201)
X 1{771 St<7}2}}
=E[(X5 " pl5 @2 =) /  Xoldy)dzpi, (5 = 2)Ppss(@ = 2L (g <rcmy |

(X0, prys(a — )" TE[27 (1 +0)) " Ly <ieny]-
Recall that by definition 71 = 71. As a consequence, we have

1 _ -1
E[(X5 " 1 g siamy | S etll Kol o l2Elr 2]
For general k, similar to the case k=1 one can find by iteration that

n—=k 1
ERX(?ka ft6>1{77k§t<77k+1}:| < ClCSHUHggn_k)E[ H T; 2:|a
i=1

for some universal constants c1,co > 0. Notice that {7, : k=1,...,n — 1} are indepen-
dent exponential random variables with parameter 1(n — k4 1)(n — k) respectively.
Furthermore, for any A > 0, we can show that

)\/ S_%e_)‘sdsgx\(/ 5_%ds—|—e_é/ e_/\sds) =2\ 4 e
0 0

€

for all € > 0. Choosing € = A~!, we get Ao sTieMds < 3X2. It follows that

n—1
E[(XE", ) L ztancn] < ol TLGG+1)F < erchnl,
i=k
which implies that
(22) E[(X5™, f])] < cici(n+ 1)),
Combining (21) and (22), and observing that n; is a decreasing process, we have
(23) sup sup  E[YV2(2)"] < erci(n+ 1)!6%71(71—1) < 0.

5€(0,1) (t,2)€[0,T]xR
In the next step, we replace ps by pe in (21) and construct the moment dual process
%€ with fg’e = p.. By the same argument, we get

sup  sup  supE[((X))*", pe(z —))] < oo.
5€(0,1) (t,z)ER 4 xR €>0

Thus, by Fatou’s lemma and the fact that limjo {((X7)®", p.(z — -)®") = X7 (x)" for
almost every xz € R almost surely, we get

(24) sup sup  E[X?(2)"] < oo,
5€(0,1) (t,z)€[0,T]xR

as well. The proof of this lemma is complete by combining inequalities (23) and (24). O
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In the next lemma, we provide the estimates for time and spatial increments of Y
that will be used in the proof of Holder continuity of Y.

LEMMA 3.9. Let (X°,Y?) be a weak solution to (2) with initial condition X, €
Mg (R) satisfying Hypothesis 4. Then for any o € (0,1) and n > 1, there exists a con-
stant C' >0 such that

(25) E[Y? () = Y ()] < Clx — y[** v |z — y[")
and
(26) E[|Y? (z) — V) (2)]"] < CJt — 5| ="

forall0<s<t<T,z,ycR and § € (0,1).

ProOF. We follow the ideas in Konno and Shiga [25, Lemma 2.8]. Write X?(z) in
the mild formulation,

Xf(x)=/Rpt($—y)Xo(y)dy+/0t/Rpt_s(x—9)55(5,y,Pyg)\/Xﬁ(y)W(ds,dy)-

Then, for any t € [0,7] and z,y € R, using the semi-group property of the heat kernel
and Burkholder-Davis-Gundy’s inequality, we can write

BY?(2) ~ Y2 ()] =E|| [ (st = 2) ~poly - 2) X7 ()] |

=E U /Rdz(p(;(:v —2)—ps(y — z))/Rdz'pt(z — 2" Xo(2)

+/Rdz(p5(a:—z)—p(;(y—z))/ot/Rpt_s(z—z/)ﬁg(s,z'7Pysa)\/X§(z/)W(ds,dz/)

<c (I + ),

where

.

B=] [ dx(pursto =) = pussty— ) Xo()|

and
t n
IL,=E U /0 ds/Rdz(pt,Hg(:c —2) — pr_sis(y — 2))%5s(s, z',]P’ns)ng(z)‘ ] .

The first term is easy to handle. In fact, using Fubini’s theorem, the integration by
parts formula and Cauchy-Schwarz’s inequality, one can show that

I :’ /Rdz /yz dEV pris(€ — z)Xo(z)‘Qn = ’/Rdz/ym dépiss(§E — 2)VXo(2)

S{/Rdz(/;dgpw(g—z)ﬂn{/RdeXo(z)ﬂn

@0 <IXolfs[ [ [ de [ aepeste—ps(e —2)]" = 1Xol Byl ol

For the second term, by Lemma 3.8, Cauchy-Schwarz’s inequality and the Holder con-
tinuity of the heat kernel in space, namely (c.f. Xiong [44, Lemma 1.4.4]), for any
a€(0,1),

2n

t
/0 ds / dzlps( — 2) — poly — 2)| < Cla — y|°,
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!

we have

t
(28) I gCEU /0 ds /R 02 (Drsis (5 — ) — Drosss(y — #))%55(s, 2/, Pys) 2 X2(2)

<C sup  sup  E[X7(2)"]llo]%
6€(0,1) (¢,x)€[0,T]xR

t n
X (/ ds/ d?' |pi_sys(x — 2") —pt—s+6(y_zl)|2>
0 R
§C|$—Z/|na;

where the last inequality is due to the Holder regularity for the heat kernel. Therefore,
inequality (25) is a consequence of (27) and (28). The proof of (26) is very similar, but
using Holder regularity of the heat kernel in time, namely,

/ dr/ da|pr—r(z) = pe_r(@)2 < Clt — s]3.
0 R

For the sake of brevity, we omit the remainder of proof of (26). The proof of this lemma
is therefore complete. O

LEMMA 3.10. Assume Hypothesis 4. Then for any 0 > 0, the following properties
hold.

(i) Fiz x € R. There exists a nonnegative random variable Zs(z) € L*(Q)) such that
SUPse(o,1) E[Zs(2)] < 00 and

(29) VP (2) — Y2 (2)| < Zs(x)s |t — s

for all s,t €0,T).
ii) Fiz R > 0. There exists a nonnegative random variable Z§  such that E[Z} 5] is
&R 5,R
uniformly bounded in ¢ € (0,1), and

(30) V7 () = Y (y) = Yo(2) + YO (y)| < (Zf )T |t — s[5 |z — y|5
for all s,t €[0,T] and x,y € [-R, R)].

PROOF. The proof of this lemma is based on (multi-parameter) Garsia-Rodemich—
Rumsey’s inequality (c.f. Hu [18, Theorem 2.1] and Hu and Le [21, Theorem 2.3]). We
only provide the proof of inequality (30). The proof of (29) can be done similarly. Due
to Lemma 3.9, we can write

E[|Y) (z) = VP (y) = Y2 (@) + Y2 ()]
<C[E[IV(x) = Y7 ()] + E[|Y (z) — Y2 (y)*"]]
<C(lz —y[" V|z—y|")
and
B[V (2) = Y2 (y) = Y2 (@) + Y ()]
<C[E[Y/ (z) - Y2 (@) "] + E[Y/ (y) = Y (1) *"]]

<C|t—s|z"
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for some o € (0,1) and C' depending on «. It follows that for any v € (0, 1),
E[|Y)(z) = Y7 (y) = Y2 (@) + Y (y)[*"]

<C[E[Y{(2) - Y ()] +E[|Y) (@) = Y ()]

(31) <C(|jx — g™ V |z —y[*)1]t — 5|70,

o[

In order to apply Garsia—Rodemich—Rumsey’s inequality, we choose o = % and v =
let U:R— R, p;:[0,7]> = Ry and py: R? — R, be given by

5 5
‘I[(‘T) = |$‘16,p1(t78) = ’t - 5’32 and pQ(xvy) = “T - y|32

respectively, and let

Y6 _ Y§ _ Y6 Y(S
Z:SR:/ det/ dl‘dy\lf(’ t (l’) t (y) s(x)—i_ s(y)’>
w Jar [~R,R]? p1(s,t)pa(z,y)

Then, by Fubini’s theorem for nonnegative functions and inequality (31), we can show
that

E[Z; 5] <C dsdt/ dxdy(|x—y|%\/|x—y|%)|t—s|_%,
’ (0,772 [-R,R]?

that is uniformly bounded in § > 0. On the other hand as a consequence of Hu and Le
[21, Theorem 2.3], we have

jt—s| j2—y| e
VP @) =Y ) = Vi) + Vi) e [ pidn) [T paldn)u (B50E)
0 0 usv
<O(Z; )6t = 5|32 — y|2.

Here, the constant C' is independent of s,¢, and y, and thus can be absorbed into the
random variable Z (IS, r- The proof of this lemma is complete. O

PROPOSITION 3.11.  Assume Hypothesis 4. Then, {Y°}s=o is a tight sequence in
C([0,7] x R;R).

PRrROOF. It suffices to verify conditions (ii) and (iii) in Lemma 3.7. For condition (ii),
using Lemma 3.10 (i) and Chebyshev’s inequality, for any = € R,

P s @) -Y@)>p) <p B[ s (@) Y@

0<s<t<T,|t—s|<e 0<s<t<T,|t—s|<e

<Cp®E| sup Zs(x)|t — 3\%} < Cp8erE[Zs(x)] = 0
0<s<t<T\,|t—s|<e

uniformly in § > 0, as €] 0. This verifies condition (ii).
The proof of condition (iii) is similar. Notice that

V(@) = Y2 (y)] < 1YY () = Y2 (y) = Y5 (@) + Y5 (9)] + Y5 (2) = Y5 ()],
This implies

B sup Y2 (2) = Y ()l > p) < P+ Py,
0<t<T,~R<z<y<R,|o—y|<e
where

P
P =P( sup ¥ (@) = V() = Yo (@) + Y5 ()| > )
0<t<T,— R<z<y<R,|z—y|<e
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and

p
Py =P( sup Y5 (2) = Yo )l > 35)-
—R<z<y<R,|z—y|<e

By a similar argument as in (27), we can show that |Y{(z) — Y (v)| < | Xol|1.2]z — y|%
for some constant uniformly in > 0. Thus, P, =0 for € > 0 that is small enough. The
estimate for P; can be done as an application of Chebyshev’s inequality and Lemma
3.10 (ii). Finally, we can conclude that

B sup YP @) =Y (w) > ) 0,
0<t<T,— R<z<y<R,|z—y|<e
uniformly in 6 > 0, as € | 0. Thus condition (iii) holds. Therefore, {Y°}; is a tight
sequence in C([0,7] x R;R) according to Lemma 3.7. O

PROOF OF THEOREM 2.2: EXISTENCE. We only present the proof under Hypoth-
esis 1. For other situations under Hypothesis 2 or 3, we can modify the proof follow-
ing the idea as in Remark 3.2. Let (X° Y?) be a solution to (2). Then, by Proposi-
tion 3.11, there exists a sequence §, | such that Y% is convergent in distribution in
C([0,T] x R;R) to some random field Y. By the typical tightness argument, one can
show that {X° :n > 1} is tight in D([0, T]; Mg (R)). Therefore, by taking subsequence
of {X%}, we can assume it converges in distribution to some M p(R)-valued process
X. By the Skorohod representation theorem, we can also assume this convergence is
almost surely.

In the next step, we show that (X,Y") is a weak solution to the following equation

0 1 .
aXt(x) = iAXt(x) +o(t,z, Py, @)\ Xe(x)W(t, ).

Equivalently, it suffices to show that X; is a solution to the following martingale problem
(c.f. Stroock and Varadhan [37] and Kurtz [26]), for any ¢ € S(R),

1 rt
(32) Mi(0) = Xi(6) = Xol0) = 5 | Xu(20)ds
is a continuous square integrable martingale, with quadratic variation
¢
(33) (M(@))i = [ 05,2, Py, ) *0(w)* X, (de)ds,

Notice that, using Perkins [33, Theorem II1.4.5], we have
(M(6)): = lim (M (),

¢ 2
= lim ; ds/ﬂ@Xf"(dx)(/Rdypgn(x—y)a(s,y,IP’Yssn(y))) o(x)?.

n—oo

To verify the limit, we compute the following quantity,
! 5 2 2
ds/Xs"dx /d x—y)o(s,y, P en x
| [ ds [ X3 (@) ( [ dups, o= 9)o(s,0.Bys ) )

t
= [ ds [ ols.m. Py o) X, (dn)| < B+
0 R

where

L =’ /Ot ds/]R {(/Rdyp(sn (x— y)a(s,y,PKsn(y)))Q — U(S,x,Pys(x))Q] o(z)2 X (dx)‘
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and

12:‘/Otds/Rdxa(s,x,PYs(m))Qqﬁ(x)?(Xgn(dx)—Xs(dx))].

It is clear that I — 0 as n — oo because X% — X in D([0,T]; M#(R)). On the other
hand, notice that X gn has a density almost surely. Thus, by Cauchy-Schwarz’s inequality

I S(/Rala:{(/Raly]z)(sn(a:—y)a(s,y,]P’Y;sn(y))>2 —O'<87;L”PYS(I))2} ¢(;1;)2)

X /Ot (/Rgb(x)QXf"(x)?d:cf =111 x L.

By dominated convergence theorem, we know that I;; — 0 as n — co. Furthermore, by
Lemma 3.8, one can show that E[I13] is uniformly bounded in n. As a consequence, it
follows by Fatou’s lemma that
E[liminf ;] < lim E[/1] =0.
n—oo n—oo

This implies that liminf, . I; = 0 almost surely. That is enough to prove (33) because
we can take subsequence so that the above liminf, .., can be replaced by lim,, .

Finally, we complete the proof of this theorem by showing that for any ¢ € [0, 7], the
distribution of X; and Y; coincide. Indeed, for any ¢ € S(R), we can show that

E[(X:, 6)] ~ E[(Y. ¢)] <[E[(X, )] ~ EI(X", 6)]| + [E[(Y., )] ~ EL(Y" )]
+[E[(X], 6)] — B[V, 0)]].

It suffices to show the convergence to 0 of the last term. Recall that Y (z) =
(X0 ps(xz — ) for all (t,x) € [0,T] x R. Thus, we can write

IO 0)] ~ B 60| =E|| [ do [ dyps, (2 = 9)(6(0) - olu) Xelde)|

<sup| [ dyps, (&~ 5)(6(x) - 6(y) [B(X 1)
R

z€eR
Notice that

| [ dups, (e = )(6(x) = o10)|
<[y, = lél@) - o)+ 200l /| \ dyps, (z —y)

le—y|<62 z—y|>63

z2
7 =0,

<Nolloett |
l2l<

Zi

1
dz z) + 2||¢|| o dz——e
5§ s, (2) o]l \z|>6;é NG
as n — 00. As a consequence, we have E[(X;, ¢)] = E[(Y}, ¢)] for all ¢ € S(R). The proof
of the existence part of Theorem 2.2 is complete. O

4. A moment formula and some estimates. In the proof of Lemma 3.8, we
could presumably obtain a moment formula for X;(z) based on the method of moment
duality by simply letting ¢ | 0 in (21). However, as a product of two dependent random
variables, this formula (21) depends on a nonlinear function of the pure jump process
n; and a linear function of ff which is a deterministic process with random jumps. If we
want to write the moment formula in an explicit form, namely without involving further
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expectations of the solution, one needs to deal with all the jumpsn — (n—1),(n—1) —
(n—2), etc, until 2 — 1. A simple calculation related to one jump k — (k — 1) is carried
out in the proof of Lemma 3.4. We see that this is already complex. It is difficult for
us to obtain an explicit formula for the higher order moments for the solution by using
the formula derived from (21).

Since the moments play a critical role in our approach, in this section by the mild
formulation for solution X;(x) and by using It&’s formula iteratively, we establish an
explicit formula (see Theorem 4.1) for the moments of X;(z) that satisfies equation
(1). The proof of this theorem is given in Sections 4.1 and 4.2. Afterward, in Section
4.3, an upper bound for the moments is obtained, which will be used in the proof of
uniqueness results in Section 5.

The next theorem presents a moment formula for X;(x).

THEOREM 4.1.  Suppose that Xy € Mp(R) satisfies Hypothesis J. Let n € N. Then,
for any (t,x) € 10,T] x R, the following equation holds:

5oy H/dzw—zxo())l”

/=0 (c,8,7) €T, =1

|a|

1 ﬁb
X /Jl‘t dsp: o dZn’ /des Tz XO ) Hp Sr(i), T — ZT(i))

(34) < J1 Plsismta) = ey Zistiztan — 2r@) [ [ o (562, Px,, 2))
i=|a|+1 i=1

where the set Jy, ns of triples (o, 3, 7) is defined as in (38) below,
(35) T = {8 = (51, .,80) €[0,T]" :0 < 8y < 8y <--- <5 <1},

and p(t,x) = pe(x) to avoid long sub-indexes.

Before presenting the proof of Theorem 4.1, let us first take a look at the following
example that may bring us some insight into this moment formula. Let X be a solution
o (1). Then, for any fixed (t,x) € [0,T] x R, the following mild formulation holds,

Xi( /dypt:L‘— ) Xo(y //pt s(t—y Sy,]PX(y) \/ Xs(y)W(ds,dy).

Due to the singularity of p;—s(z —y) when ¢ = s, X;(x) is not a semimartingale in ¢.
We introduce an auxiliary process Y ={Y!(z):0 < s <t,z € R}, where

(36
/dyptx— ) Xo(y +/ /ptrfﬁ— a(r,y,Px, )/ Xr(y)W (dr,dy).

As a process in s it is a semimartingale. Applying It6’s formula on f(X;(z)) = Xi(x)" =
(Y{(x))™ with some n € N, and noticing that (¢, ) = o(t,x,Px,(y)) is a deterministic
function, we can write

Xi(z /dypt x—y)Xo(y +n/ /pt st —y ﬁ(s,y)\/m}/;(m)"_IW(ds,dy)

s gntn=1) [ ds [ dupe- o= )50, 0V ).
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Taking expectations on both sides, one gets

ELX(2)"] =B @)") = ( [ pile =) Xo(w)dy)

n

+anln=1) [ ds [ dypieslo— )55, R 02V 0)

In other words, E[Y,!(z)"] can be represented in terms of {E[YI(z)""2YS(y)]: (s,y) €
[0,¢] x R}. Applying Itd’s formula to Y (2)"2Y$(y), we can write E(Y(2)"2Y2(y)) in
terms of {E[V;!(2)" 1Y *(y)Y(2)]: (r,2) € [0,5] x R} and {E[Y!(2)"°Y[(2)] : (r,2) €
[0,s] x R}. In fact, each time when we apply Ito’s formula to a nominal f of degree
n we have two terms: the first derivative and the second derivative terms. Noticing
that we can write (36) as dY = dY{"Y +ay"? | the first term containing no unknown
and the second term containing a square root of unknown, the expectation of the first
derivative term of f will produce a degree less (of the unknowns). As for the second
derivative, observe that the second derivative of f is a nominal of degree n — 2 but it
must be multiplied by the quadratic variation of dYs(t’z), a factor of X(y). Thus, we
also obtain a nominal of degree n — 1. This means that when we apply It6’s formula,
we can represent the expectation of the nominal HL(YJ’%)W of degree n =nq +---+ny
by the expectation of a polynomial of degree n — 1. This iteration can be proceeded a
finite number of times until we arrive at the expectation of a linear function of Y(y),
whose expectation is immediately computed by (36). Then, an explicit formula for
E[Y}(x)"] = E[X,(x)"] is obtained.

Therefore, to provide a moment formula for X;(z) with rigorous proof, we need to
know the expectation for the form

[1Y5: ().
i=1
where n € N and t,, = (t1,...,t,) € TL (see (35)).

4.1. Iteration for power functions. Let n € N, and let f,:R™ — R be given by
fo(xn) =11~ z;. Consider the iteration as follows.

(0) The O-th iteration just keeps fy invariant. Denote by Fo = {fo}, the set of all
outputs in the 0-th iteration.

(1) In the 1-st iteration, we choose fy € Fo, then differentiate fy twice with respect to
arbitrary arguments and multiply the derivative by ;. Write F; for the collection
of all non-zero outputs. Then, f; € F; if and only if

f1(xXn, 1) = " fo (o) xyi=y [[ =
’ 81’181}] 1<m<n ’
mg{i,j}

for some 1 <i < j <n. Thus, an element f; in F; will be a function of (n — 1)-
variables.

(2) The 2-nd iteration is very similar. Choose any f; € F;. Differentiating f; twice,
then multiplying by y2, and denoting the set of all possible outputs by F,. In this
case, fy € Fo, if and only if

2
f2(Xn7y2) = axai/g;j/(xnayl) X Y2 =Y1Y2 1<1;[<n T,
m{ij.d' 5’}
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for some 1 <¢ <j ' <mnand {i/,j'}N{i,j} =; or

> fi
foXny2) = 52— n 1) X2 =02 [[ @m,
8%/8@/1 1<m<n
m{iji'}

for some 1 <4’ <n and i’ ¢ {i,5}. Thus, an element f; in F5 will be a function of
(n — 2)-variables.

(n) In the n-th iteration, one should choose any function f,_; € F,—1 and then dif-
ferentiate it twice and multiply by w,. In fact, F,_1 consists of the function of
n — (n — 1) = 1 variable, namely, f,_1(Xn,¥n_1) = Yn_1 for all (x,,y,_1) € R*~L.
Therefore, after this iteration, JF,, the set of non-zero outputs is empty. The whole
iteration stops.

Fix n’ € {0,...,n — 1}, and choose any function f,, € F,,. Then, we associate a
multi-index [a, 8] = [(a1, ..., ), (B, ..., Bu)] € {0,1}" to f,r, such that

n n’
(37) fn’(xn7Yn’) = szl_ai H%Eliﬂh

i=1 i=1
Denote by Z, ,,» the collection of all multi-index [«, 8] such that there exists a function
fnr € Fpy with the representation (37). In particular, if n’ =0, then g should be a “0-
dimensional index”, and it will be written as 8 = d. From the definition of F,, it is
easy to see that [, ] € {0,1}"" is an element of Z,, ,, if and only if

(i) B =0.
(i) Let |a] =7 a; and |8 = i, 5, then |af + 5] =2n'.

For example, assume n = 3. Then,

130 = {[(07 0, 0)78]}7

I3,1 = {[(L L, 0)7 (O)], [(L 0, 1)7 (O)L [(07 1, 1)7 (O)]}a

and

IS,Q = {[(17 L, 1)a (170)]}

On the other hand, for any [, f] € Z,, v with 0 <n/ <n—1, thereexist 1 <j; <--- <
Jla) <7 such that aj =---=aqa;, =1and a; =0 for all i € {1,....n} \ {j1, .., Jjo }-
This fact allows us to define a one to one increasing map ¢ : {1,...,|a|} = {1,...,n}
such that t4(7) = j;. The function g : {1,...,|5]} = {1,...,n'} is also defined in a
similar way.

Given any multi-index [a, ] € Z, 5/, we can find a unique f,, € F, satisfying (37).
Notice that f, is the output of the n/-th iteration for a function f,_1 € F,_1. But
it is impossible in general to recover this f,,_; from f,/, because we do not know
which operator is applied in the n/-th iteration. Similarly, the operator in the k-th
iteration with k =1,...,n' — 1 is also unknown. Thus, it is reasonable to introduce
amap 7:{1,...,|a] + |8 =2n'} = {1,...,n'}, given as follows. If ¢ < |a| and the
differentiation 0/0x,, ;) occurs in the k-th iteration with k€ {1,...,n'}, then 7(i) = k;
instead, if 4 > |a| and 0/0y,,(i—|a) occurs in the k-th iteration, then 7(i) = k. To be
more precise, given [«, 8] € Z,, v, we write Kg:g = @, and otherwise the set Kz’g/ with
n’ >0, is defined to be a collection of maps 7:{1,...,2n'} = {1,...,n'} satisfying the
following properties,
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Tl z x3 T4 Y1 Y2
fo(x4) = z1207324 ° ° ° °

f1(x4,¥1) = z223Y1 o | o s
fo(x4,y2) = z2y2 o o
Table 1

(i) For any k€ {1,...,n'}, there exist exactly two indexes {i1,iz} € {1,...,2n'} such
that T(il) = T(ig) =k.
(ii) Forall i e {|la|+1,...,2n"}, 7(i) > 15(i — |a|).

Property (i) means that in each iteration, differentiation occurs twice. Additionally, we
notice that for any k € {1,...,n'}, the set Fj, consists of functions of (x,,yx). Thus
at the (k + 1)-th iteration, the differentiation %;a would not occur, if &' > k. This fact
explains why we need property (ii) to be fulfilled as well. Furthermore, it ensures that
if 1 <4y <iy <2n are such that 7(iy) = 7(iz) = 1, then iy < |al.

For any n € N and nonnegative integer n’ <n — 1, we denote by

(38) T = (0, B,7) : [0, B] € Lo, 7 € KT}

Note that if n’ = 0, then for any n > 1, (o, 5,7) € T, if and only if o = 0,,, the 0-vector
in R", f=0 and 7 € @. In this case, we write J,, 0 = {(0,,0,0)}. Let us take a look at
the following example of an element in Jy 2. Consider

. o l-ag dl—as l—as 11—y 1-61 102
fa(X4,¥2) = 22y2 = 27 My Cay Pay Myp Tyy 7€ o,

obtained by the iteration given as in Table 1. The associated multi-index to fo is
[, 5] =[(1,0,1,1),(1,0)]. In this case, |a| =3, |f| =1, to: {1,2,3} — {1,2,3,4}, with
ta(1) =1, 14(2) =3, 1(3) =4, and 15 : {1} — {1,2}, given by t5(1) = 1. On the other
hand, in the first iteration, we differentiate z; =z, (1) and x4 = z,,(3). Thus, 7(1) =
7(3) = 1. Similarly, in the next iteration, we differentiate z3 = z,,(2) and y1 = y,,4—3)-
It follows that 7(2) =7(4) =2.

The next lemmas provide some properties of the set 7, s, which will be used in the
proof of Theorem 4.1.

LEMMA 4.2. LetneN, let ' € {1,...,n—1}, and let T n be given as in (38).
Denote by

T =10,5,0,8,7): 1 <i<j<n,(0,3,7) € Tp-1m-1}-
Then, there exists a bijection M : Ty s — jém,,

Lemma 4.2 states that any n’ times iteration for an n-variable (product) function can
be decomposed uniquely and reversible to a single iteration for an n-variable function
and an n’ — 1 times iteration for an (n — 1)-variable function.

Take the iteration described in Table 1 as an example. Note that in the first iteration,
we differentiate x; and x4. Thus, we write (i,7) = (1,4). Then, consider f;(x4,y1) as
a new function f}(x%) = xjabal with 2] = xq, 24, = x5 and 2% = y;. Then, by deleting
the row of fy, and the columns of x; and x4 in Table 1, we get As shown in Table
2, the iteration f; = fo can be understood as fj = fi with f](x5,¥1) = \y] = z2ya.
Then, the associated triple (¢, /', 7') € J51 can be written as o/ = (0,1,1), ' = (0)
and 7' :{1,2} — {1} given by 7/(1) = 7/(2) = 1. In this case, it is easy to check that
(i,4,0/,8',7") € Ji 5. Conversely, it is not hard to see that we can also recover («, 3, 7)
as in Table 1 from (i, j,a/, 8, 7') € Jj o with (4,5) = (1,4) and (o/, 5, 7') defined as in
Table 2.
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7 7 7
— N— T1=x2 | Lo =23 | T3=VY1 Y1 =92
‘](;0(}(/3) T"Elx%x% [ ] o [}
f1(x3,¥1) =211 ° b

Table 2

PrOOF OF LEMMA 4.2. Choose any («,f,7) € Jpn- Then, there exist ji,jo €
{1,...,]a|} with j; < j2 such that 7(j1) = 7(j2) = 1. We define

M(Oé,ﬂﬂ') = (La(jl)a La(jQ)vO/vB/?T/)

with
(39) O/ = (ala ) aLa(jl)—la aLa(j1)+17 ce 7O[La(j2)—17 aLa(jg)-i—la sy O, ﬁl)v
(40) /8,:<527~--76n/)7
and
T(Z) - 17 1< jlv
(41) T()=q7(@+1) -1, p<i<p-l,

T(i+2)—1, jo—1<i<2n' —2.

It is clear that o/ € {0,1}*, 8 € {0,1}" ! with £, |, = B =0 and |o/| + |3| =
la| + 8] —2=2(n' — 1). In other words, [/, '] € Zp—1n/—1-

It suffices to show that 7/ € ICZ;’L;:”_I. By definition (41) and the fact that 7(j;) =
7(j2) =1, it is easy to see that 7/ : {1,...,2(n’ — 1)} = {1,...,n' — 1}, and for every
ke{l,...,n —1}, there exists 1 <i < j <2(n’ —1) such that 7'(i) =7'(j) = k.

In the next step, we prove that 7/(i) > tz/(i — |&']) = tp/(i + 2 — |a| — 1) for all
ie{ld|+1,....2(n = 1)} ={la] = 1,...,2(n” — 1)}. Choose such an i. Noticing that
J2 <|a|, we have i > |a] — 1> jo — 1 and thus i+ 2 > |a| + 1. As a consequence,

@) =7(0+2)—1>wp(i+2—|a]) — 1.
On the other hand, ﬂ:ﬂ/(i+2_|a|_ﬂl) is the (i +2 — |a| — f1)-th non-zero coordinate of
B'. This yields that Big (i+2—lal—B1)+1 = ﬁzg/(iw—la\—ﬁl) is the (i + 2 — |a|)-th non-zero
coordinate of 3. In other words,

v (i+2—lal = p1) +1=1p(i+2—laf).
It follows that 7/(i) > tp (i — |/|) = g (i +2 — |a| — By) for all i € {|a/|+1,...,2(n' —
1} ={la]—1,...,2(n" = 1)}. Consequently, we have T € Kﬁlﬂlin,fl, and thus M maps
jn,n/ to jé,n/-

In reverse, for any (i,j,o/,8',7') € 7, ,,, we can also find a unique (o, 8,7) € Tnn
such that M(«,,7) = (i,4,0/,8',7"). This proves that the map M is a bijection on
T With values in J, /. The proof of this lemma is complete. O

Denote by |Jnn| the number of elements in 7, ,,. We have the next lemma as a
consequence of Lemma, 4.2.

LEMMA 4.3.  Let Jpn be defined as in (38) with some positive integer n and non-
negative integer n' <n — 1. Then,
nl(n—1)!

(42) [T = 27" (n —n)(n—n'— 1)1’

where by convention 0! = 1.
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PROOF. By definition, we know that 7, o = {0,,0,0} for all n > 1. This yields that
|Tn0| = 1 which coincides with (42). It suffices to show the case n’ > 1. By Lemma 4.2,
we can write

1
’jn,n" = 5”(“ - 1)|L7n—1,n/—1’-

Then, (42) follows by iteration. The proof of this lemma is complete. O

4.2. Proof of Theorem 4.1. In this subsection, we provide the proof of Theorem 4.1.
In fact, we can show a generalized version of this theorem (see Proposition 4.4 below).
Let us start this subsection by introducing the following notation.

Let n € N, and let n’ € {1,...,n—1}. Fix (o, 8,7) € Jp . For any t,, € TL s, € T'7,
x, € R” and z,, € R, we define the following expressions

n 1—ai
(43) A (b x) =[] / dzpy (2 — ) Xo(2))
=1 R

,n/

(449) B (o) = T1( [ dopai=2%02)
i=1

||

(45) Crom (b X, S, 2t ) = Hp(ha(i) — Sr(i)s Tua (i) — 2r(i))>
2n’
(46) DT (sw.zw) = [ 0(Siatioial) = Sr)» Zus(imlal) — Zr())s
i=|o|+1
and
(47> Ea,ﬁ (Sn’v Zyp ) - 3(81" Zi>2 = H U(Sia Zi»]P)Xsi(Zi))Q'
i=1 i=1

By convention, we write

o(tn, Xn) H /Rdzpti(xi - z)Xo(z)),
i=1

and B =By =Dhg=El) =1.

PROPOSITION 4.4.  Suppose that Xy € Mp(R) satisﬁes Hypothesis /J. Let n € N,
and let Y be given as in (36). Then, for any t, € TY, and x,, € R",

n n—1
E[[IVi@)] =3 3 Alwttwx) [ dse [ daoB(s0m)
i=1 n'=0 (O‘vﬁvT)EJn,n/ Tn’ ]Rn
(48) X Cz:;/ (tna XnsSn/, Zn’)Dﬁ (Sn’a Zyy )E B (Sn’a Zy )

where J,, and A - E are defined as in (38) and (43)-(47) respectively, T, is defined as
n (35).
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PROOF. We prove this proposition by induction in n. If n =1, it is clear that n’ =0
and thus

E[Y) (z1)] =E[X4 (21)] /det1 x1 — 2)Xo(2),

coincides with (48). Suppose that n > 2. Recall that Y satisfies the mild formulation
(36). Thus, one can deduce by Itd’s formula that

(49) B[]V ()] = o+ I,
i=1
where
(50) L=][ /R Aoy (05— 2)Xo(2) = A3 (twxa)| |
i=1 =
and
(51) L= Z / dS/ detk —s mkn - Z)pth—S(IkQ - 2)8(572)2
1<ki<ko<n
<Evi) [ Vi)
1<i<n
i¢{k1,ko}
Applying the induction hypothesis, we can write the expectation in (51) as follows,
n—1
62 B[V I Y| =X X AT (e, o)
1<i<n n'=1(a/,8',7")ET 1 0 -1

i¢{k1,k2}

ﬁ/
X / dsn’—l/ dZn’—an_l n/_l(sn’—hzn’—l)
Tin R -1 ’

n’/—1

’
X Ca 7 ((t217k278>7 (Xle,k27Z)7Sn’—17Zn’—l)Drﬁli‘in/fl(sn/—17Zn’—l)

n—1n'—1
XEn 1,n/— 1<Sn’ 1,2Zp/ — 1)

where tFoF2 = (4 th 1ttty 1y that 1y -5 ) € [0,T]772 and xF1R2 is de-
fined in the same way.

Let M be the bijection defined as in Lemma 4.2. Choose («, 8,7) € T with n’ > 1.
Let (k1,ko,a,3',7") = M(a, B,7) € J,, - Then, due to Lemma 4.2, there exist 1 < j; <
Jo <|a| such that ¢ (j1) = k1, ta(j2) = k2, with 7(j1) = 7(j2) = 1. This also yields that
ag, = ok, = 1. Recall that o/, 8’ and 7’ are defined as in (39)-(41) respectively. As a
result, we deduce that

(53) 3’—1 n/—l((tfzhkzvs)’(Xﬁl)k27z))

- ([ dzpuoi=2%0(2)) " ([ dupatz — ) Xoly )

1<z<n

ig{k1,k2}

=3t ([ (- %)
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(54) Bg,n’((svsn’—l)v(szn’—l))
1-6, 7 1-6;
= dyps(z —y) X /d si 1 (Zie1 —Y) X
(/R yps(= = ) Xo(v)) l:[2( | dyps,_ (21 = y) o))
! 1*5]
B a1, z-0) ([ dupaz =)o)
(55) Com (b X, (8, 8n-1), (2, 200—1))P(S = Sr(lal1)=1: % — Zr(jal+1)-1)""

|| —B1
=p(s = sr(arps 2 — 2r(a)™ T Pty = Srii)s Tons ) — 200)
=1

X p(t/m — 5Tk — Z)p(tlw — 8, Tfy — Z)

/ !
:Csjl—,n’fl ((tfzth ) 5)7 (szhkz ) Z), Sn/—1, Zn’fl)

X p(te, — S, Tk, — 2)p(tky, — S, gy — 2),

(56) Dﬁ;;,((s,sn,_l),(z,zn,_l))
o |+18]

=p(5 = Sr(laj+1)-1,% — Zr(faj+)-1)"" ][ P(Suy(iall) = Sr7(i)s P (i—lal) — Zr(i))
i=|a/|+1

:Dg_ﬂi’n/_l(sn’—la Zn/—l)p(s = Sr(|a+1)-1: % — ZT(lOéH»l)*l)ﬁl)

and

(57) B ((5,8w-1), (.20 1)) =55, 2) B3] (S 1,2m01).

Combining equations (51)-(57), we get
n—1

(58) L= Y A% (th,xy) /tn dsy ,dzn/Bgn,(sn/,zn/)
n'=1(a,8,7)ET,, T/ R™
X Cg:;, (tn, Xn,Sn/, Z,y)DS:Z;, (Sn/ , Zn/)E:f, (Sn/, Zn/).

Therefore, formula (48) follows from (49)-(51) and (58) and Lemma 4.2. The proof of

this Proposition is complete. O

Having Proposition 4.4, Theorem 4.1 follows immediately.

PROOF OF THEOREM 4.1. Taking (¢1,71) =--- = (t,,z,) = (t,x) as in Proposition
4.4 and writing A - E explicitly using (43)-(47), then we get equality (34). This com-
pletes the proof of Theorem 4.1. O

4.3. Some estimates. In this subsection, we provide some estimates for expressions
related to moments of X;(z). They will be used in the proof of the uniqueness of
solutions to equation (1) under certain hypotheses (see Section 5).
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LEMMA 4.5.  Suppose that Xg € Mp(R) satisfies Hypothesis J. Let n > 2 be a pos-
itive integer, and let n' € {1,...,n —1}. Fiz (o, 3,7) € Tn. Let B - D be given as in
(44)-(46), t, € TL and x, € R. Then, for any 1 <j<n', and s € (0,t,),

(59) /TS dsji1:m /Tsm dsj_l/]R / dzn/BS’n/(st/(s),zn/)Csy’;/(tn,xn,SZL,(S),zn,)
j—1

n’fj

1, 1 ’ .
P 163 (ty, — 5)29 sz (W' =0)
X Dg,;’(sfz’(s)vzn’) < T 21 nF 1(,.1 ; 1)’
(30 (z(n" = j)+1)
where Sj 11 = (Sj41,- -5 5n), SL(S) = (81,3 8j=155,8j41,---+5k'), ']I‘jfri ={(s1,...,5j-1):
s<sj_1<---<s1<tp}, and c1,co > 0 depending on || Xoloc-

PRrROOF. Denote by LH S the left hand side of (59). We prove this lemma by induction
in n. First, we prove (59) for n = 2. We can write J21 = {(«, 8,7)}, where oo = (1,1),
B =(0) and 7:{1,2} — {1} is given by 7(1) = 7(2) = 1. Thus, under Hypothesis 4,

LHS :/Rdzl(/Rdzps(zl — z)Xo(z))ptl_S(xl — 21)Pty—s(T2 — 21)

<(27) 73 || Xol oo (t1 + to — 25) 7% < (47) 72| Xo[oo (t2 — 5) 2.

This proves inequality (59) for n = 2.

In the next step, we prove inequality (59) for any n > 2. Choose n’ € {1,...,n — 1}.
Let (o, 8,7) € Tnw, and let (ky, ko, o, 8/, 7") = M(av, B, 7) with M defined as in Lemma
4.2

Assume that j > 1. Then, due to (54)-(56), we have

1-81
(60) LIS = [ dspir [ dsir [ dae( [ dypeitan = ) Xolw)
TS, . TS R" R

X p(tkl — 51, Tk — Zl)p(tkm — 51, Tky — Zl)Bgfl,n’fl(sé:n’fl(s)vZ2:n’)

o 7! k1,k k1,k J BT’ J
X Cnfl,n’—l ((tnl 2’51)7 (an 2721)7 SQ:n’(S)v Z2In’)Dn71,n’fl(SQ:n’(S)a zQ:n’)v
j . . . . .
where s}, (s) = (s2,...,8j-1,5,5j-2,..., 5y ). Notice that the induction hypothesis im-
plies that
d d 2.0 B J
Sj+1m’ S2:j-1 Zoaw By 1 (831 (5), Z2:0r)
TS T R -1 ’
n!—j Jj—2

X O o (6520, (e 20), 89, (8), 2 ) D (8 (), 22
010371(51 — 8)%(j_1)_lsé(nl_j)
T ITGU-)IGO - +1)
Combining this fact with the boundedness of X, we obtain the next inequality imme-
diately,

n—1¢3(n'—j) tn ‘
’ dsi(s1 — s)%(]_l)_1

X /Rdzlp(tkl — 81, Tk — Zl)p(th — 51, Tky — Zl)

(4m) " 2crcy sz (W) tn
T30 - )00 —5) +1) Js

(SIS

dsi(s1 — )30 D71t — 51)~




28

(4m) 2T (L ey sz =9 (¢, — 5)2d—1 s =)(t, — 5)2i—1

2T =) +1) T TGHTGM —4)+1)

provided that co > (47)~

On the other hand, if 7 =1, we can write the following equation analogous to (60),

1-6)
LHS:/ de+1:n// ) de—l/ /dZn/(/ dyps, (=1 —y)Xo(y))
T, o' R" R

X plte, — 51,7k, — 20)D(thy — 51, %k, — 21) By iy (S2m—1, Zom)
! /

/ /
X Cg_’;,n/_l ((t?}zl,]€2 ) 51)7 (Xkl k2 Zl) S2:n/, Z2:n’)D5_71n/_1(SZ:n’7 Z2:n’)~

By using the induction hypothesis again, we deduce that

/11‘52 ds3z.p /R”’ dzo. ”’Bn 1,n'— 1((5275?’;:71’71(5))722%')
n!/—2

!t

X Cs 77l—n ((tkhkzﬂ 51)7 (thkzvzl)v (827s3rn’)7z2:n’)Dg En’ 1(5]271 (S),Zg;nr)

3(n'=2)

1) (s — s9) 252

- L(3)L(5n)

As a consequence, we have

(A7) e Nty — s)"2 [* L1 lw-2) 1 (ty — s) 253D
LHS < T lZF T / dsa(s—s9) 253 < T 21 Tl i1
(3)F(en") 0 TG0 =1)+1) "

2/t \2
if ¢ > (47)~ %F(%). This completes the proof of this lemma. O

REMARK 4.6. From the proof of Lemma 4.5, we see that the term B only con-
tributes in ¢;cf. It can be relaxed a little bit, namely,

1-6;
Bﬁ (Sn’azn = /desl Zi fz( )) ,

with {fi}i>1 being a sequence of nonnegative functions on R such that sup;>; || fillco <
0. Then, inequality (59) still holds with constants depending on sup;> || fi[c instead
of || Xo]]oo-

As a consequence of Lemma 4.5, we have the next proposition immediately.

PROPOSITION 4.7.  Assume that Xo € Mp(R) satisfies Hypothesis 4 and let X =
{Xi(z): (t,x) €[0,T] x R} be a solution to equation (1). Then,

(61) sup  E[Xy(2)"] < el (n')%
(t,2)€[0,T] xR

with constants c1,co > 0 independent of n.

PROOF. The case n =1 is trivial. Suppose that n > 2. Consider moment formula
(34). If n’ =0, then J,, 0 ={(0,,0,0)}. This implies that the corresponding summand
is

(/Rdet(fL’ - z)Xo(z))n < || Xo|I%,
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under Hypothesis 4. Additionally, combining this result with Lemmas 4.3 and 4.5, we
can write

EIX ()71 <[ |7 L il n!(n —1)!
< +
o <ol +16s 3232 (i =77

n/=1j=1

t 1. 1 ’ -
X / (t — )27 Ls2(m _])d5>
0

n—1
nl(n —1)!
I Xolls +ercs n/z::l (n—n)l(n—n'— 1)!F(%n’ +1)

1,
t2"

By Stirling’s formula (c.f. Jameson [22, Theorem 1]), one can show that, for any n € N
and n’ € {1,...,n—1},

nl(n —1)! (3 s 3
Z |
(n—)l(n—n/ — )T 1 )L §C102F(2n + 1) <cacy(nl)?,

where constants ¢; and ¢y are independent of n and may vary from line to line. Thus,
inequality (61) follows immediately. O

5. Proof of the uniqueness. In this section, we prove the weak uniqueness for
equation (1), or equivalently for MP (7) and (8), under certain conditions. In the clas-
sical theory of Markov processes, there are several approaches to this question. By the
method of duality (c.f. [16, 28]), one can obtain the well-posedness of the martingale
problem by proving the uniqueness of its Laplace transformation (log-Laplace equation).
Besides, the desired uniqueness result can be obtained by studying corresponding his-
torical processes (c.f. [31, 32]). In recent years, a new approach was introduced by Xiong
[43] that connects the weak uniqueness for MP (7) and (8) to the strong uniqueness
of solutions to a backward doubly SDE. This method was successfully employed for
nonlinear Mckean-Vlasov MPs (c.f. [23, 29]).

In this paper, the classic duality, log-Laplace-equation method will be adapted to
prove weak uniqueness. However, the log-Laplace equation for (1) depends on ¢ and
thus on the distribution of solution(s) to equation (1). Hence, it appears we are not
able to show the uniqueness for the log-Laplace equation without knowing that for
(1) itself. To address this issue, we introduce the following two alternative hypotheses.
Under either hypothesis, we can show that as a function of (t,7), 5(t,z) = o(t,r,Px,(»))
is invariant for any solution X to equation (1). This implies the log-Laplace equation
for any solution to (1) is unique. The well-posedness of (1) is thus straightforward.

5.1. Proof of the uniqueness part of Theorem 2.2 under Hypothesis 2. In this sub-
section, we prove the weak uniqueness for equation (1) under Hypothesis 2. Notice that
under Hypothesis 2, o depends only on ¢, and the moments of X;(z) up to order N.
The weak uniqueness for the equation will reduce to the uniqueness for moments of
solutions up to order N.

Let X = {X;(x): (t,z) € [0,T] x R} be a solution to (1), and let u: [0,7] x R — RY
be given by

un(t, z) = E[X(2)"],

foralln=1,...,N and (¢t,x) € [0,7] x R. Then, by Theorem 4.1, u is a solution to the
following integral equation with initial condition u(0,z) = (Xo(z), ..., Xo(z)V),

©) witn=S Y 11 ( [ denta—2x02) "

n’'=0 (avﬁvT)Ejn.n’ i=1
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1-8;
X / dsn’/ dzn’ / des e XO ) Hp Sr(i), L — Z‘r(i))
T,

n/

X H P(Su(imlal) = St Zialimlal) — 2r()) || f (50 26 ulsi, 2:)),
i=|al+1 i=1

for all n=1,..., N. In the next proposition, we show the uniqueness of solutions to
(62).

PROPOSITION 5.1.  Suppose that Xy € Mp(R) satisfies Hypothesis 4. Then, equa-
tion (62) has a unique solution in Cy([0,T] x R;RY).

PRrROOF. The existence in Cy([0,7] x R;RY) follows from Theorem 2.2 and Propo-
sition 4.7. It suffices to show the uniqueness. Let v be another solution to (62). Then,
by mean value theorem, for any n’ € N, and (s,,z,) € T!, x R"

n’ n’

Hf(si,zi,u(si,zi)) - Hf(si,zi,v(s,»,zi))

=1 i=1

0 MS\

. 9 . .
II - sz,zi,fi,~--,fﬁv)af&f(si,zi,ﬁv~~a§?v)[Uk(Sijj)—Uk(sjvzj)]
NS

N n

<N DS sy, 1) — vilsy, 25)l,

k=1j=1

where & is between wug(s;, 2;) and vg(s;,2;) for all 1 <i<n’ and 1 <k < N and the
last inequality is due to Hypothesis 2. Combining this inequality with equation (62),
we get

[un(t, ) — vp(t, |<Z Z ZZHleOOH /dzptx—z Xo(z ))1*%

n'=0(a,B,7)€T,, v k=1j=1

1-8i
X / dsy o dzn/ / des i — & XO ) Hp Sr@i), T — ZT(i))

2n/

X H p(SLﬂ(¢f|a|) = S7(i)) Zug(i—la)) — Z‘r(i))’uk(sjvzj) — vk(85,25)|-
i=|al+1

By Lemma 4.5, we deduce that,

(63) ualt, ) = valt, ) ZZ L e
63 sup |uy (¢, n(t,x <C’/ ds .
zeR n'=1j= 1 % _j)+1)
N
X ZSUP|Uk(5 z) — vg(s, @)l
k—1 ZER

for some constant C' > 0 depends on N and || f||1,c0. On the other hand, it is clear that

wn(t, ) = vi(t,2) = /R depy(x — ) Xo(2), ¥(t,z) €[0,T] x R.
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Thus taking the summation among n =1,..., N on both sides of (63), and noticing
that
(t—s)3/ 13D < (T 4+ 1)sV-D(t — 5)73
forall1<j<n/,1<n'<n—-1<N-1and0<s<t<T, and
1 1 -1
su C(=j)T(=(n"—7j)+1 < 00,
1§j§n’§571§N { (2‘7) (2( 7) )]

we can write

(64) Zsup]un(tac)—vntx\<CTN/ ds(t —s) 2h()

n= IZGR

for some universal constant C7 nx > 0. As a consequence of a generalized Gronwall
inequality (c.f. Ye et al. [45, Theorem 1]), we get h(t) = 0 for all ¢ € [0, T']. This proves the
uniqueness of solutions to equation (62), and the proof of this proposition is complete.

O

PRrROOF OF THEOREM 2.2: UNIQUENESS UNDER HYPOTHESIS 2. It suffices to show
the weak uniqueness. Fix (t,z) € [0,7] x R. By Proposition 5.1, we know that
(E[X¢(2)],...,E[X¢(2)"] remains the same for any solution X to (1). This allows us to
define the following deterministic function & on [0,7] x R given by

z) =\ FEX(@)),. ... E[Xi(2)]).

Then, any weak solution X to (1) is also a weak solution to the following SPDE

1 N .
(65) 0 Xt () = §AXt(x) +0o(t,x)\/ Xe(x)W (L, x).
Following the standard arguments, one can show that the log-Laplace equation for (65)
is
(66)

such that

E[ - exp({Xy,¢))] = exp(—(Xo,v)),
for any nonnegative function ¢ € S(R). It is known that equation (66) has a unique
solution (c.f. Dawson [7, Sections 4.3 and 4.4], and also Englander and Pinsky [14] for
a detailed study about this type of equations). This yields that the probability law of
X as a measure-valued process is unique. We complete the proof of this theorem. [

5.2. Proof of the uniqueness part of Theorem 2.2 under Hypothesis 3. Following
the idea in Section 5.1, consider the following infinite dimensional equation for u =
{un(taz)'ne{12 1 (tx) €]0,T] x R}:

-«
n(t, 1) Z > H /dzptx—zXo( )) '
=1(a,B,7)ET,, nr k=1

|al

" 1-6:
x /n/ dsy o Az 11;[1 (/Rdesz-(Zi ) Hp = S7(i)s T — 2r(i))

(67) T P(sistizian = Sr(i)s Zeptizlal) = Zr()) Hf(si,zi,u(si,zi)).
i=|a|+1 i=1
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Let ‘H be the Hilbert space of real sequence with inner product defined by (6). As a
consequence of Theorem 4.1 and Lemma 4.7, equation (67) has a solution u such that
for every (t,2) € [0,T7] x R, u(t,x) belongs to the Hilbert space H. Therefore, assume
Hypothesis 3, the weak uniqueness is a direct result of the following Proposition 5.2.

PROPOSITION 5.2.  Suppose that Xo € Mp(R) satisfies Hypothesis 4. Then, under
Hypothesis 3, equation (67) has a unique solution in Cy([0,T] x R;H4).

PRrROOF. It suffices to show the uniqueness. Suppose v is another solution to (67).
By similar arguments to those in Proposition 5.1, taking account of Lemmas 4.3 and
4.5, Stirling’s formula and Jensen’s inequality, we can write

o0

e, )=t )y = 3 s (1.2) = w00,
n=1 !
S OA[E s [l e sl
n=1 n'=1(,B,7)ET, veR

= nl(n —1)! t s)2d= 1g3(n'—j)

c1cy (t—s)2)
(n!)2 { Z on’ (n — n/)!(n —nl - l)! /o dsjz_‘; F(%j)l“(%( ]) + 1)

(VAN
hE

Il
R

n

<sup ufs.) = o(s.)l

o] 0162 / d 2
s(t—s) ~3 sup [|[u(s,y) — v(s, .
E:: T[(2y —3)n y@gH (s,9) (s, 9)l1%

Denote by h(t) = sup,cg |[u(t,z) — v(t,x)||3,. It is clear that the summation in n in
the above expression is finite. Thus,

h(t) < C(+,T) /Ot ds(t — )5 h(s),

with some constant C(v,7") depending on v and 7. Then, a generalized Gronwall
inequality implies that h = 0 and thus u = v. The proof of this proposition is complete.
O

5.3. Eramples. In Sections 3, 5.1 and 5.2, we proved the existence and uniqueness
of solutions to the mean-field sBm (1) under certain hypotheses. It is natural to ask
for some real examples for the function o, such that the hypotheses we proposed are
satisfied. For simplicity, we assume o (¢, z, ) = o(u) is only a function of the probability
measure. A typical example is that

(68) o) = [ g(w)u(dr)
for some function g. Thus we provide some examples for function g in (68), such that
Hypothesis 2 or 3 is satisfied, which implies the weak existence and uniqueness of

solutions to (1) via the approach in this paper.

ExaMpPLE 1. Let g be a polynomial on R given by

N
x) = Z apx”
k=0
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for all x € Ry with some constants ag,...,ay € Ry. Let h: R x Ry be a Lips-
chitz function that is uniformly bounded by two positive constants. Define function
o: Z(Ry) — Ry as follows,

N
o(p)? = h(/Rg(x),u(dx)) = h(ao + Z akE[XSD,
k=1

for all p e Z(Ry), where X, ~ p. Then, it is clear that Hypothesis 2 holds in this
example.

EXAMPLE 2. Let g(x) = 2+COS($é) for all z € Ry and let o(u)? = [ g(z)u(dz) for
all pe Z(R,). Then, we see that

and thus o: Z(R;) — R4, given by

o = [[gtomtan) =3+ 3 Cmpey

for all 4 € P(R;) with X, ~ p. Choose v € (3,2) (see (6)). Then, by using Cauchy-
Schwarz’s inequality, we can show that Hypothesis 3 holds,

o = o) =| 3 I ) - Bl

S(ﬂ; [(2n)1!]2—7)2<[(2rlb)!]7 (BLX;) —ELXT)))

for any p,v € 2(Ry) such that X7 = (E[X,],E[X7],...) € Hy and X} € H,.

[(SIE

< X = X e,

6. Regularity for moments of the solution. Assume Hypothesis 2. Suppose
also that o(t,x,u) = o(u) depends only on p for simplicity. Let X be the solution to
(1). In this section, we will study the regularity for all the moments of X;(x).

Before the rigorous proof, let us take a look at the following example. Let n =2 as
in Theorem 4.1. Then, we can write

E[Xt(aj)Q] :(/Rdzpt(x — Z)Xo(Z))2

+f s [ dvdzpies(z = 2.z =)o P ) Xo(w) Xo(2),

Taking the derivative in ¢ on both sides, we will get 62 (the square of the Dirac delta
function) as substituting s =t of p;_(z — 2)?, which is difficult to handle. To avoid
this singularity, we perform a change of variable u =t — s. Then, we need to compute
the time derivative of o(Px,_,(2))?, which depends on all E[X; ,(2)"], n=1,...,N.
In order to write a convincing proof, we introduce the following Picard iteration for
moments in Section 6.1. The proof for our main moment regularity result, Theorem
6.5, to follow in Section 6.2, is based on this Picard iteration.
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6.1. Picard iteration for moments. Recall that the diffusion coefficient in equation
(1) involves a square root, that is not Lipschitz around 0. Thus, it is difficult to find
a sequence convergent to the solution to (1) using Picard iteration. Fortunately, the
Picard iteration for the moments is convergent (see Proposition 6.2), which is sufficient
to study the regularity of the moments.

Let X(© = {X(O)(aj) :(t,z) € [0,T] x R} be the unique (weak) solution to
69) X0z / depa(z — ) Xo(2) + / / Prs(@ — 2)o (B o)y X ()W (ds, dz),

and for all k=1,2,..., let X% = {Xt(k)(a:) :(t,x) €]0,T] x R} be the unique solution
to

(70)
Xt(k) /dzpt x —2)Xo(z / /pt s ]P’Xac (s )) (k)( YW (ds, dz).

Denote by uy, )(t, x)= IE[Xt(k) (x)"] foralln=1,...,N and k=0,1,2,.... Then, we have
the following results analogue to Theorem 4.1,

)(t, ) Z Z /dzptx—zXo( ))

n, O (a7ﬁ’7—)6\7n 77.

n—|a|

|a|
1-6i
X /Et/dsn’/n/ dzn/ /des A XO ) Hp t_ST i), L T(z))

n/

(71) < I p(sust-tan = 57> Zustivtal) — 2r) [T F(Xo(20)s - -, Xo(z:)™)
i=jal+1 =1

and

ulh) (t,2) = Z Z /dzptx—z Xo(z ))

n’'=0 (a B, T)€~7n n/

—Q

1-86; o]
/ dsn / dzn H /des Zi ) Hp Sr(@), T — ZT(i))

k—1
(72)  x H P(Sus(i—lal) = S7(i)> Zus(i-lal) = %r(i) Hf Disi z), - ule Y (si2)),

i=|al+1

foralln=1,...,N and k= 1,2,.... We will show the convergence of {u*)};>0 in the
next lemma.

LeEMMA 6.1.  Let {u™}ys0 be given as in (71) and (72). Then, it is a convergent
sequence in Cy([0,T] x R;RY) equipped with the supremum norm.

PROOF. The proof of this lemma is similar to Proposition 5.1. In fact, by using
Theorem 4.1 and Lemma 4.5, and the fact that forall k =0,1,..., and (¢,z) € [0,T] xR,

(k) (t,x) /dzpt x —2)Xo(2),
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we can deduce the next inequality analogously to (64),

N
h(k) (t):= Z sup \ugfﬂ)(t, x)— ug“) (t,z)]
n=1 zeR

t 1
<C / ds(t — ) h*D(s).
0

By iteration, we have

(73) o) (1) < c/ dsp(t — 51) " (51— 52) 3 -+ (551 — s1) 30O (s).
T,
Similar argument as in Lemma 4.7 implies that
N
sup hO(t) = sup >~ sup [E[X{"(2)"] — E[X” (x)"]
t€[0,T7] t€[0,T] ,—1 =€R

is finite. Now, it follows from Hu et al. [20, Lemma 4.5] that

NI

) . Cktzk
74 B @) <C | dsp(t—s1)"2(s1—89) 2 (Spq —8p) 2 < —— .
(74) (t) < - sk(t —s1)72(s1 — s2) (sk—1—sk) 2 < Tk 1)

Finally, by the asymptotic bound of the Mittag-Leffler function (c.f. Kilbas et al. [24,
Formula (1.8.10)]), there exist positive constants ¢; and ¢y such that

[ee]
Z A9 (1) < ¢1e%2CT,
k=0

for all t € [0,7]. As a consequence, {u'®},>¢ is a Cauchy sequence in Cy([0, 7] x R; RN)
under the supremum norm. The proof of this lemma is complete. O

PROPOSITION 6.2.  Assume Hypothesis 2 with o(t,z, ) = o(u) depending only on p.
Let X be the solution to (1) with initial constitution Xo € Mp(R) satisfying Hypothesis
4. Let X%®) be given by (69) and (70). Then, for any n=1,2,...,

(75) lim E[(X"(2))"] = E[X:(2)"].

k—oo

uniformly in (t,z) € [0,T] x R.

ProOOF. Let u® be defined as in (71) and (72) and u be the limit of u*) in C([0, T x
R; Rf ) as k — 00. Then, by a common argument, we conclude that w is the solution to
(62). As a result, (75) is true for n € {1,..., N}. On the other hand, suppose n > N.
Using moment formula (34) and Lemma 4.5, we deduce that

t 1
sup [E[(X") (1)) ~ B[X,())| <Cur [ ds(t =) 7Hu =
=20, 712 |Ju — u® |,

where C,, r is a constant depending on n and 7'. This proves (75) for all n > N. The
proof of this proposition is complete. O
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6.2. Regularity analysis for moments. In this section, we will prove that the solution
u to (62) is differentiable in both time and spatial arguments with uniformly bounded
derivatives.

LEMMA 6.3. Let Xo € Hayo(R) N CZ(R). Assume Hypothesis 2 and assume that
o(t,z,u) = o(u) depends only on p. For any k=0,1,..., let u® = {ugc)(t,:r) ‘n=
1,...,N,(t,2) € [0,T] x R} be defined iteratively as in (71) and (72). Then, u® is
differentiable in time for all (t,z) € (0,T] x R and in space for all (t,x) € [0,T] x R.

PRrROOF. We only prove the differentiability in time by verifying the next inequality
by induction.

2(ifl)

)

N o k Cz+
() P B e cravik

z:O

for some universal constant Cp > 0 depends on N, || Xo||2,00, || fll1,00 and T'. The proof
of spatial differentiability can be done in a similar way.

Step 1. Assume k = 0. Recalling moment formula (71), in order to estimate the
derivative of u%o), it suffices to estimate that for every summand in (71). Choose
(a, B,7) € Tpm- Then, we have

no n 1-oy n 1-5;
136, .—i:r[l (/Rdzpt(a: - z)Xo(z)) /n/ dsy » Az, Zl;[l (/Rdzpsi(zi - Z)Xo(Z))

\a\ 2n/
x [T ot = sriy @ = 20) H P(Sug(i-lal) = 57(i)s Za(imlal) — 27(i)
i=1 i=|al+1

n'

X H f(Xo(Zz), . ,Xo(zi)N)

i=1
(77)
It 0,
where
n.,0,1 1=
g = 11 (/Rdzpt(x - z)Xg(z))
and performing a change of variables r; =t —s; for all i =1,...,n/,

n’ 1-86; |0‘|
122‘2,- /ﬁ'fi dr, /]R"' dzn/ljl (/Rdet—n(Zi ) Hp Tr(i), T _ZT(i))

,n/

x T p(rray = ristmian 2e6) = 2ustimta)) [T f(Xo(2), - - Xo(2:)™),

i=|al+1 i=1

with T, = {t = (r1,...,7) : 0 <7y <--- <1y < t}. Firstly, it is clear that
a n,0,1

Hilasir =(n— |a|)(/ det(ZE—Z)X0(2)>n_|a_l/Rdet($—Z)AX()(Z)

(78) <(n— Jad]) || Xol[5 .
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Additionally, by Lemma 4.5, we have

1j- lsi(n —7) Clcnt%n/
79 IV <epc / ds < 2 :
(79) 125 122 % (0 =) +1) T T(3n' +2)
In the next step, we need to compute 5 Iggi If n” =0, we have Iggi 1, and thus

gtfggi = 0. On the other hand, suppose that n’ > 1. Then, we have
0

(80) afggi Ji + Ja,
where

3, 1ol
Jl:At drn’—l/]R /dzn /det ri\&i — % XO ) Hp Tr(i), T _ZT(i))
n/
X H p(r —Tig(i—|al)s # (z)—ZL/B(HM))HJ((XO(Q)P--,Xo(zi)N)T _y

i=la+1 i=1 "

and

0 n’ 1-86; ||
J2 :/’H‘\tn, drn/ - dzn/a |:1_1_[1 (/]Rdzpt—m (Zi ) :l Hp Tr(@), T — ZT(i))

n/

2n’
x T p(rray = restmians 206) — Zusti-ta)) LT f(Xo(zi), - - Xo(z:)™).

i=|al+1 i=1
Using Lemma 4.5 and observing that Hf||oo < 00, we find for n’ <n —1 that

t— —1
(81) |J1\</ ds 0162 )

1.7
creqta™

) BRACLUERY

In the next step, we write the derivative exphcitly as follows

Jo— / drn//n dzn,{z 11 /dzpt (2 — 2) Xo(z ))Hﬂi

j=11<i<n/
1#£]

|a|

/dzpt r; (25 — 2)AXo(2)1p,= }Hp Tr(i)s T = Zr(i))

,n/

X H P(rrgiy = Tuglizlal)s 2r() — Zustimtal)) L1 F(Xo(2), - -, Xo(z:)Y) .
i=|al+1 i=1

Then, it follows from Remark 4.6 that

in/—1 nypsn/
t
(82) | /2] <clc2/ ds S) < 61102 —
Lrsl) — T +2)
Combining inequalities (77)-(82), we get that
1p/e
an,o n01 0 no2 +111,0,29 0| _ Cicat2” !
ot b B, G T BT a8, T euBT| = F(%n’—#— 1) ‘
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Taking account of Lemma 4.3, it follows that
O, O 0 | < Oyt
7u aj = ‘ Z Z & a,B,T N, T .
n'= O(avﬂvT)ejn,n’

Step 2. Let k> 1. Then, we can write

® den=S Y (mAmsenie),

n O(a B T)ejn 'IL

where
nk,1 n,01 “ 1=aq
I =15, —H ( Rdzpt(x — z)Xo(z))
i=1

and

n 1-5;
k2 = / drn// Az, /dz oz — 2) Xo(z
w2 = v [ dow TL( fdomeor = )X0(2)

||

x [TpCrrys e = 2ze0) TT 2O —sstimtal)s 2r6) = Zisti-fa))
i=1 i=|al+1

X ﬁ f(u(k_l)(t — Ty, ZZ))
i=1

By (78) and Lemma 4.5, we get that,

n—1
O nkl k2
(84) > > gilaslss <Cvr
n'=0 (a7ﬂ77)e\7n,n
for some constant Cn 7 independent of k. On the other hand, fixing (o, 5,7) € T,
we see that

0

(85) ol =T+ By T
where
i 1-B;
I, = Jl(k) = A - drp /R ; dzn/g( /R dzpyr, (2 — 2)Xo(2))

|a|
X Hp(rT(i),x—zT(Z) H P(Tr(i) = Tui-lal)s Zr(i) ~ Zug(i=lal))
V= i=|al+1

n/

< [T f@* D —r;,2))

i=1 T =t

1-Bi
Jy = Jo(k) = /ﬁft dr,, » Az, — ( /dzpt i (Zi z)Xo(z)) )

|a|

X 1_[10(707(1‘)795*27(Z H p( Tr(i) = Tug(i=lal)s #r(i) — “up(i- Ial))
= i=|al+1
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n/

< [ f@* 2t —ri,z)),

i=1
and

|a|

1-8;
:Jg(k;)z/@ dr [ dzn/ /dzpt (2~ 2)Xo(2) Hp e — Zr(e)

2n’ o
< I 2l = ristictans 2y = 2usti-tan at(Hf WDt =13, 2))).
i=|of+1

Notice that J; and Jj are almost the same as J; and J; in Step 1, while different terms
fu*V(t —r;,2)),i=1,...,n/, can be simply bounded by ||f||s. Thus, we can write

(86) /| < Cnrt™2 and | Jy < Cyor.

Furthermore, using Lemma 4.5 again, we can deduce that

t LN
(87) < O [ ds(t— 5733 sup| Sl
0

sx‘.
llxeR ’)

As a result, combining (83)-(87), we have

i) s O (17 b= g )

Using the induction hypothesis, we have

N b z+1
ZSUP —ulP(t, 1’)‘<NCNT<75_2+Z H—l /dst—s —3 520 1))

ICEERa
k—1 ~i+1 k z +1
CiHIT(L) |
—NCyrt ™2 + NOyp ¥ =0 20431 < POES G e,
N MErdir) T(Ii+1)

provided that Cy > /TNCy p. This proves inequality (76). The proof of this lemma is

complete. n
LEMMA 6.4. Assume conditions in Lemma 6.5. Then,

(i) For any s >0, 2 Al u®) (t, ) is convergent uniformly on [s,T] x R as k — co.

(il) Zu®(t,z) is convergent uniformly on [0,T] x R as k — oo.

PROOF. We only show property (i). Property (ii) can be proved in a similar way.
Recalling formula (83), and noticing that I vi is invariant in k, we can write

(88) ‘82& ub (¢, 2) — w1, 2))| = Z Yoo (G (k)G (),
n'=0(a,8,7)ET,,
where
0
n,1 _ myk,1 n,k+1,2 n,k,2
Ga B, T(k) - Ia,ﬂ,f& (Ia,ﬁ,'r - Ia,ﬁ,'r)
and

2 k41,2 k2 0 k1
Gapr ()= (Lajsr ™ — Lagin) 5y laspir:
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Due to Lemmas 4.5 and 6.1, we can show that

n—1 k

c
89 E E sup sup |G™? (B <= —.
= =0 (a,8,7)E,, . 1€10T] xER‘ o () L(zk+1)

On the other hand, using inequalities (85) and (86), we get
00) G300 <Cwaltt  swp [u®(ta) - (0)| + Hin, b)),
(t.)€[0,T]xR

where

n’ 1-5; e
H(n, k) :/@ dryy /Rn, dz. [ | (/Rdzpmi (2 — ) Hp (T7(i), T — 27(3))
nr -1

2n’
x 1 ey = Tustictal) 206) = ZisG—fal))
i=|al+1

| (T = riz) = TLAGE 0 = 7 2)
i=1

=1

By elementary calculus, we can show that
n’ ‘

‘gt Hf Dt —ri,2)) — Hf(u(k_l)(t—n,zi)))

i=1
’ N k k—1
(s )~ uf s |Zzsup] (71,3
=1 (T‘,:E)E[O,T]XR i=11= 1:86

0 (k_
Jrz sup‘at (ri,x) — aul(k U(ri,x)’).

i=1 =1 *€R

By inequality (76) and the asymptotic bound of Mittag-Leffler function, we know that
for all k=0,1,...,

sup sup‘ )‘ < clt*%e”t < CN,TF%.
k>0 ;-1 z€R a
Moreover, it follows from inequality (74) that

N k

(k) (k—1) €
sup sup |u,/(r,x) —u (r,x)| <a .
nz::er[O,T]IGR‘ (o) = ) I(3k+1)

Therefore, using Lemma 4.5

Zan <01 /drt—r*%r*é

dr(t—r) % sup — |y, rxfu(k_l)r,x
/ megar! )=l Vo))

(91) Slch]Qchcl/ dr(t—r)~ Zsup (k) (r x)—ul(k 1)(7“,:E)|.
F(§k+ 1= 1:1:6
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Combining inequalities (88)-(91), we can write

sup

up 5 (0 t.0) — 1))
=1 x

<ﬂ +c /tdr(t—r)_; f:su g(u(k)(r ) —u = (r :”))‘
_F(%k—i—l) 1 0 n:1w€£ 87" n ) n ) .
Since
0
(1) (0) e (0)
‘875 (t.2) = (t.2)| < | o (M‘Jr‘ ()

is bounded uniformly in (¢,z) € [s,T] x R, we can deduce by iteration that

N
S sup| & (1, 2) — ulf) 1, 2)|
1$ER
k-1 H»l k i
010275 3 / 1 1 _1
+ dri(t—mr1)"2(ry —mrg) 21, 2
F(k+1 ;rl( k—i)+1) i(t=r) 2 =r) i
) ck - %+k—1 z+1 k: 7
Tk +1) = 7(} —z)+1)r(§z’+1)'

By Stirling’s formula, one can show that for all 7,k € N such that 1 <i <k,
(3k+1) -
F(%(k — 1)+ l)F(%z’ +1)

for some universal constant C'. Therefore, we can write

N k

Zsup g(u(kﬂ) (t,z) —ulP(t, 2

<2
1 a€R ot " ’ " ’))‘_ClF(ék+1)

(1+1¢73).
Therefore, it follows from the asymptotic bound of Mittag-Leffler function that

Z Zsup ‘ p (uD(t, ) — u%k)(t,:zz))‘ <cre®?(1+ t_%).

k=1n=12%€R

This proves that Eu (k) (¢, x) is convergent uniformly on [s,T] x R for every s € (0,T].
The proof of this lemma is complete. O

Combining Lemmas 6.1 and 6.4, we get immediately the following theorem.

THEOREM 6.5. Let Xo € Hoo(R) N CZ(R). Assume Hypothesis 2 and assume that
o(t,z, ) =o(n) depends only on p. Let X be a solution to (1) with initial condition
Xo. Then, E[X;(2)"] is differentiable at every (t,x) € (0,T] x R for all n € N.

PROOF. Due to Lemmas 6.1 and 6.4, we know that E[X;(x)"] is differentiable for all
(t,z) € (0,T]xRand n=1,...,N. If n > N, then we apply Theorem 4.1, and perform
a changing of variable u =t — s. Then, the time differentiability of E(X;(x)™) reduces
to that of E[(X;—y(z))"], n=1,...,N. This is already known. Thus we complete the
proof of time regularity. The spatial regularity can be treated in a similar way. The
proof of this theorem is complete. O
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