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1 Introduction

Asset price models can be classified into two broad categories: macro- and micro-
movement models. Macro-movement refers to daily, weekly, and monthly clos-
ing price behavior and micro-movement refers to transactional (trade-by-trade)
price behavior. There are strong connections as well as striking distinctions
between the macro- and micro-movements. Zeng (2003) proposed a class of
partially-observed micro-movement models that can tie the sample characteris-
tics of micro- and macro-movements together in a consistent manner. The most
prominent feature of the class of models is that the micromovement model is
characterized as a filtering problem with counting process observations. Under
this representation, Zeng (2003) also developed Bayes estimation via filtering for
the class of models.

Model selection, a significant and persistent area of research, evaluates which
of competing models best fits transaction price data. Moreover, to the degree
that economic theory can be modeled statistically, model selection provides a
powerful tool for testing the economic theories related to market microstructure.
The Bayesian approach provides a powerful methodology for hypothesis testing
and model selection based on Bayes factor. Kass and Raftery (1995) survey
Bayes factor in both methodology and applications. We adopt the Bayesian
approach for the model selection of the class of micro-movement models for two
reasons: Firstly, the continuous-time likelihood functions of the class of models
do not satisfy the common regularity conditions (Ghosal, Ghosh and Samanta
(1995)). Thus, model selection approaches based on maximum likelihood are not
justified, but Bayes factor methods are. Secondly, Bayes factors neither require
the alternative models to be nested in the model of the null hypothesis, nor the
probability measure of the alternative model to be absolutely continuous with
respect to that of the model in the null hypothesis. This is important for the
model selection of stochastic process, because the probability measure of the
stochastic process for the alternative model is not absolutely continuous with
respect to that of the model in null hypothesis in many cases of interest.

In this paper, we introduce one two-step approach to calculate the Bayes fac-
tor. The first step is to derive the system of two stochastic differential equations
(SDEs) that govern the evolution of the Bayes factors of Models 1 vs. 2 and of
Models 2 vs. 1. The second step is to apply the Markov chain approximation
method to the system of SDEs to develop a recursive algorithm for computing
the Bayes factors. We prove a convergence theorem guaranteeing the consistency
of the recursive algorithms. In one important case when the trading intensity is
deterministic, this direct approach has a strong computational advantage, over
the indirect approach of calculating Bayes factors as a ratio of approximated in-
tegrated likelihoods, because the trading intensity drops out of the Bayes factor.
Furthermore, we do not even need to estimate the trading intensity.

To illustrate the construction of such a recursive algorithm, we consider a
model selection problem for two micro-movement models of asset price. One
model is built upon geometric Brownian motion (GBM) and the other upon
GBM with jumping stochastic volatility (JSV-GBM). Simulation is conducted



to demonstrate the effectiveness of the Bayes factor in the model selection. As
a real-world application, the model selection procedure is applied to an actual
Microsoft transaction data set and the Bayes factor calculated provides abundant
evidence that JSV-GBM fits the data better.

The rest of the paper goes as follows. Section 2 reviews the methodology
of Bayesian model selection, the class of micro-movement models and related
results in Zeng (2003). Section 3 derives the system of SDEs for the Bayes
factors and proves an important convergence theorem. Section 4 contains an
illustrative model selection problem and constructs the recursive algorithm for
the Bayes factors in detail. Simulation results and the actual data application
are also presented in Section 4. We conclude in Section 5.

2 Review
We begin with the definition of Bayes factor (Kass and Raftery (1995)).

2.1 Bayes Factor and its Interpretation

Suppose that data set D is generated by one of the two models: M; (Model
1) or My (Model 2), where Model k, k=1,2, has the vector parameter, ;. We
let pr(D|0y, My) be the likelihood function for D given the parameter 6y, and
(0| M) be the prior density of 0 under Model k. Define the integrated (or
marginal) likelihood of Model & as

pr(D|My) = /pr(D\Gk,Mk)ﬁ(GHMk)dék. (1)

A Bayesian statistician uses the integrated likelihood, pr(D|My), to measure
the chance that D is generated by Model k with the prior w(0x|My). The Bayes
factor of Model 1 over Model 2 is defined as the ratio of integrated likelihoods:

_ pr(D[M)

= pr(DJ3L)’ @)

12
Jeffreys (1961) argued that the Bayes factor is a summary of the evidence pro-
vided by the data in favor of Model 1 over Model 2. Then, he developed a Bayes
factor methodology to quantify the evidence of scientific theories, represented
by statistical models. Suppose the prior opinion is that Model 1 is true with
probability pr(Mi), and pr(Msz) = 1—pr(M;y). The data produce posterior prob-
abilities pr(M;|D) and pr(Ms|D) = 1 — pr(M;|D). Since any prior opinion (i.e.
pr(My)) is transformed to a posterior opinion (i.e. pr(My|D)) through the con-
sideration of the data, the transformation itself represents the evidence provided
by the data. The transformation can be obtained from Bayes’ Theorem:

pr(D[My)pr(My)
pr(D|My)pr(My) + pr(D|Ms)pr(Ms)’

pr(My|D) =

In fact, the above transformation is used to acquire the posterior probabilities
(i.e. pr(Myg|D)), regardless of the prior probabilities (i.e. pr(My)). Once we



transfer to the odds scale (odds = probability /(1 - probability)), the Bayes
factor Bys appears
pr(M|D) pr(M)

= -— 7 h B
pr(LD) ~ 2 () o T

_ pr(D]y)
pr(DIM)’

and this transformation takes the simple form:
posterior odds = Bayes factor x prior odds.

Therefore, the Bayes factor can be alternatively defined as the ratio of the pos-
terior odds of Model 1 to its prior odds, regardless of the value of the prior
odds. From the above definition and arguments, we see that Bayes factors do
not require the two models to be nested, nor their distributions to be absolutely
continuous with respect to each other.

Once the Bayes factor is defined, the key question is how to comprehend
it. Kass and Raftery (1995) furnish Table 1 as the guideline for interpretation.
Similarly, we can define Bs;, the Bayes factor of Model 2 over Model 1. Obvi-

Table 1: Interpretation of Bayes Factor

Bis Evidence against Model 2
1to3 Not worth more than a bare mention
3 to 12 Positive
12 to 150 | Strong
> 150 Decisive

ously, Bia X By = 1. If Bis < 1, then we can calculate Bs; and interpret it
according to the guidelines in Table 1.

2.2 The Class of Micro-movement Models

The model proposed by Zeng (2003) is predicated on the simple intuition that
the price is formed from an intrinsic value process by incorporating the noises
that arise from the trading activity. Suppose that the intrinsic value process X
of an asset can not be observed directly, but can be partially observed through
the price process, Y. X lives in a continuous state space while Y lives in a
discrete state space given by the multiples of the minimum price variation, a
tick, which is assumed to be % for some positive integer M. The combination of
(X,Y) provides a natural partially-observed framework for the micro-movement
process. Prices can only be observed at irregularly spaced trading times, which
are modeled by a conditional Poisson process with the trading intensity function
a(0(t), X (t),t), where 6 is a vector of parameters in the model.

We assume that (6, X,Y) is defined on a complete, filtered probability space
(Q, F,{Fi}1>0, P) and impose a mild assumption on (6, X):

Assumption 2.1 (0, X) is the unique solution of a RT'-valued martingale
problem for a generator A and initial distribution ug, such that P{(6(0), X (0)) €



df x dx} = po(df x dx) and
My(t) = f(0(t), X (1)) —/O Af(0(s), X(s))ds

s a ff’X-martmgale for each f € D(A), where ff’X is the o-algebra generated
by (0(s), X(s))o<s<t and D(A) is the domain of A. Specially, we assume that
D(A) contains a class of bounded, continuous functionals that separates points,
18 closed under multiplication and contains the constant function, and that the
martingale problem admits a cadlag solution.

There are two equivalent methods to build the price model from the value
process. The first constructs Y from X by incorporating noises. The second
formulates (X,Y") as a filtering problem with counting process observations. The
former approach is intuitive, while the latter approach is useful for statistical
analysis.

2.2.1 Construction of Y from X

There are three general steps in constructing Y from X. First, we specify the
value process X (t). Next, one determines trading times tq,ta,... ,t;, ..., which
are driven by a conditional Poisson process with an intensity a(X(t),0(t),t).
Finally, Y (¢;), the price at time ¢;, is determined by

where y = F(z) is a random transformation with the transition probability
p(y|z). For example, F'(x) can accommodate the three important types of noise:
discrete, clustering and non-clustering. Under this construction, information
affects X (t), the asset value, and has a permanent influence on the price while
the noise affects F'(z), and only has a transitory impact on price.

2.2.2 Counting Process Observations

In the above construction, we view the prices in the order of trading occurrence
over time. Alternatively, we can view them in terms of price levels. Namely, we
view the prices as a collection of counting processes in the following form:

Ni(fy M(0(5), X (5), 5)ds)

Pt) = No( [, )\2(9(8:), X (s),s)ds) | )

Nalfo An(6(s), X (s), 5)ds)
where Yj(t) = N; (fot A (0(s), X (s),s)ds) is the counting process recording the

cumulative number of trades that have occurred at the jth price level (denoted
by y,) up to time ¢.



Note that Y;(t) = Nj(fot A;(0(s), X (s),s)ds) is a conditional Poisson process
with the stochastic intensity A;(0(t), X (t),t), and Y;(¢) —f; A (0(s), X (s),s)ds is
a martingale. We invoke four mild assumptions so that the model in Section 2.2.1
is equivalent in distribution to the counting process observations in Equation
(3). The equivalence ensures that the statistical analysis based on the latter
specification can be applied to the former.

Assumption 2.2 N;’s are unit Poisson processes under measure P.
Assumption 2.3 (0, X), N1, Na, ..., N, are independent under measure P.

Assumption 2.4 There exist a constant, C, such that 0 < a(0,z,t) < C for all
0,z and t > 0.

Assumption 2.5 The intensity, A\;(0,z,t) = a(0,z,t)p(y;|z), where a(f,x,1t)
is the total intensity at time t and p(y;|z) is the transition probability from x to
yj, the jth price level, as in F(x).

Under this representation, (6(¢), X (¢)) becomes the unobserved signal pro-
cess, and ?(t) becomes the observation process corrupted by noise, which is
modeled by p(y|z). Hence, (6, X, }7) is formulated as a filtering problem with
counting process observations.

2.3 Related Theoretical Results

We review the continuous-time integrated likelihood for the micro-movement
model, and the related filtering equation from Zeng (2003).

Recall that (0,X,Y) is defined on a complete, filtered probability space
(Q, F,{Fi}t>0,P). Assumptions 2.2, 2.4 imply that there exists a reference
measure ) such that P is absolutely continuous with respect to Q. Under @,
the counting processes, (Y7,---,Y,), are n independent unit Poisson processes,
and they are independent of (6, X). Furthermore, @ = Py, X Qy, where Py , is
the probability measure for (6, X) and Qy is the probability measure for the n
independent unit Poisson processes. Suppose Pyg , is the conditional probabil-
ity measure of Y given (6, X) under P. Then, the Radon-Nikodym derivative of
the model is

dP, . dPy, dPyjoc . dPyos

:jﬁ[lGXp {/Ot log A\;(8(s—), X (s—),s—)dY;(s) — /Ot [Aj(@(S),X(s),s) — 1] ds} X
(4)

Note that L(t) is the joint likelihood of (6, X,Y). To obtain the integrated
likelihood of the model, or the marginal likelihood of }7, we may integrate L(t)
on (6, X), or equivalently, write the integrated likelihood in terms of conditional
expectation.




Definition 2.1 Let 7} = o{(Y(s)0 < s < t} and o(fit) =
EC[f(0(t), X (1)) L(t)|F)].

Then, F) is all the available information up to time t. For a prior on
(6(0), X(0)), the integrated likelihood of Y is EQ[L(t)| F¥] = ¢(1,t), which
corresponds to P(D|Mjy) in Section 2.1. Note that ¢(1,¢) is uniquely character-
ized by the unnormalized filtering equation, presented in Theorem 2.1.

Theorem 2.1 Suppose that (6, X, 37) satisfies Assumptions 2.1 - 2.4. Then,
o(f,t) is the unique solution of the following SDE, called the unnormalized fil-
tering equation,

o) =00+ [ oA~ (a=mfds+ Y [ ollan, ~1)1.5-)av;(0)
- )

foreveryt >0 and f € D(A), wherea = a(0(t), X (t),1), is the trading intensity,
and p; = p(yj|x) is the transition probability from x to y;, the jth price level.

For a proof of Theorem 2.1 we refer the reader to Appendix A of Zeng (2003).

3 Model Selection for the Class of Models

In this section, we study the model selection problem for the class of models
reviewed in Section 2.2. The data is a sequence of pairs {(Y(¢;),t;)}, where ¢;
is the ith trading time and Y'(¢;) is the price. Alternatively, the data is viewed
as ?(t) To decide which of the two models better fits the data using Bayesian
methodology, we calculate the Bayes factor and then interpret it accordingly.

The first approach to using Bayes factors is to calculate the integrated like-
lihood of each model and then take the ratio. As shown in Theorem 2.1, the
integrated likelihood is characterized by the unnormalized filtering equation.
Thus, we may apply the Markov chain approximation method, similar to the
case of Bayes estimation via filtering in Zeng (2003), to the unnormalized fil-
tering equation to construct a recursive algorithm to calculate the integrated
likelihood of each model. However, this approach is not always computational
efficient as shown in an important case to be studied in sequel.

In this paper, we concentrate on an alternative two-step approach. The first
step is to derive the system of two SDEs governing the evolution of the Bayes
factors and the second step is to develop a consistent recursive algorithm to
compute the Bayes factors directly.

3.1 The Evolution of Bayes Factors

Suppose Model k is denoted by (9(’“)7X(k),17(k)) for £ = 1,2. Us-
ing the notation in Section 2.3, we denote the joint likelihood of
(0®) X ®) Y () by LK) (¢), which is given by Equation (4). Let ¢p(fx,t) =



oA [fu(0F)(t), X ) (¢))L*) (t)\ff(k)]. Then, the integrated likelihood of ¥ is
djk(L t)

Definition 3.1 The filter ratio processes are defined as:

¢1(f1,t) P2(f2,t)
¢2(1at) ’ (;51(1,15) .

Remark 3.1 We observe that the Bayes factors, Bia(t) = ¢1(1,t) and By (t) =
q2 (]., t) .
Remark 3.2 Let ng) be the conditional distribution of (9% (¢ ) X®)(t)) given

.7-?7(@. Then, Bayes Theorem implies that ‘Z;“ (fl’“;f)) [ fr(6,z)m ( )(dﬁ,dx) =

Ep[fk(O(t)7X(t))|}'f(k)}. Now, when the measure ¢; is normalized by ¢2(1,1),
the total measure of ¢ at time ¢, a random (conditional) finite measure is
obtained and denoted by q,ﬁ”. Similarly, q§2) is defined. Then, for k = 1,2,
qr(fr,t) can be written in the integral form as

q1(f1,t) = and  qa(f2,t) =

ae(firt) = / Fe (0P, 2)g®) (do®), dp®)), (6)

The integral form of ¢ (f%,t) is important in deriving the recursive algorithm.

Now, we present the theorem characterizing the evolution of qgk).

Theorem 3.1 Suppose Model k (k =1,2) has generator: A®) for (%), X*)),
trading intensity ar, = ax(0® (t), X® (&), Y®) (1)), and transition probability
pgk) = p(k)(yj|x) from x to y; for the random transformation F®) - Suppose

that Model k (k = 1,2) satisfies Assumptions 2.1 to 2.5. Then, ( (1)7qt( )) are
the unique measure-valued pair solution of the following system of SDEs,

(11(f17t)=(h(f170)+/ [(J1(A(1)f178)—Q1(alf1a8)+%}ds

+Z/ % 0:(1,5-) = i (f1.5-) | 4¥;(s),

a2 CLQPJ

for allt >0 and f1 € D(AW), and for allt > 0 and fo € D(A®?),

¢
q2(fa,t) = (J2(f270)+/ [(I2(A(2)f2,8) —q2(azfa,s) + %qfs()am ds

Z/ CI2 f2a2pg ;5—) (1’57)7(]2(162757)}&/]4(5).

q1 alpj ) S )



When a (0% (t), X ¥ (t),t) = a(t), k = 1,2, the above two equations becomes

¢
q1(f1,t) ZQ1(f1,0)+/0 o (AW f1, 5)ds

noot 1) . (9)
30 [ 1 6m) — )] 5060

j=1 (I2(PJ ,5—)

¢
q2(f2,t) =q2(f2,0) +/0 (AD fy. s)ds
- ¢ Q2(f2p(2),s—) (10)
+Jz—;/ [m%(l"g_)—%(ﬁ,s—) dY;(s).

Proof: Applying It6’s formula for semimartingale, recalling ¢ (fi,t) satisfies
Equation (5) for k = 1,2 and simplifying, we have

o (f1.1) _ alfy, )+/t [¢1(A(1)f178) _ ularfrs) | du(fir8)da(az,5)]
0

_|_

¢2(1,t> ¢2 1 O) ¢2(175) ¢2(1,S) d)g(l,s)
¢1 (f1,8) _ 011 57)] 4y (s
Z QSQ 1 S (bz(l,s—) :|dY}( )

We make two observations: The first is that

1(f1,8) p2(a2,s)
d1(f1,8)P2(a2,8) 52 (1) a (i) ~ q1(f1,8)q2(az, s)

¢3(1,s) o 22l 32(1,s)

¢1(1,s)

Next, we show that the integrand of the last integral in Equation (11) is pre-
dictable. Indeed, assuming that a trade at Y, occurs at time s, one has by
Equation (5) that

o1(f1,8) _ A1l s=) +ou((@p)) —Vfrs—) _ dilhapl’ s)  a(frap)”,s-)
¢2(1,5) $2(1,5—) + ¢2(a2pj 21,5 ¢2(a2p§2)75—) Q2(G2P§ ) s-)

q2(1,5—).

Then, Equation(11) implies Equation (7).

When both models have the common trading intensity a(t) = a1 = ao,
Equation (7) clearly is simplified to Equation (9).

Finally, the uniqueness of Equations (7) and (8) comes from the following
lemma. O

Lemma 3.1 Suppose that there are two pairs of cadlag measure-valued processes
(¢, q5"), m = 1,2, satisfying the assumptions of Theorem 3.1 and Equations
(7) and (8). Then, ¢t = ¢} and g3 = q3.



The proof of Lemma 3.1 is provided in Appendix A.

Remark 3.3: Note that a(t) disappears in Equations (9) and (10). This reduces
the calculations greatly in computing the Bayes factors. Hence, this convenient
case is studied in detail in this paper. The tradeoff of taking a; independent of
(9(’“), X (’“)) is that the relationship between trading intensity and other param-
eters (such as stochastic volatility) is excluded.

Remark 3.4: Suppose the trading times are t1, t2, ... . Then, Equations (9) and
(10) can be written in two parts. The first is called the “propagation equation”,
describing the evolution without trades and the second is called the “updat-
ing equation”, describing the update when a trade occurs. The propagation
equations have no random component and are written for k = 1,2 as

tit1—
ak(fr, tiv1—) = @ (fr, ti) +/ ar (AW fi s)ds
t

i

This implies that when there are no trades, the Bayes factors evolve determin-
istically.

Assume the price at time ¢; 1 occurs at the jth price level, then the updating
equations are

(1)
a1 (fip; tiy1—) @2 (fop'?  ti1—)
— 7 gL, tiy1—), and go(fo,tiy1) = e 2

q1(f1tipr) =
Q2(p§2)7ti+1—) T (pg ) tip1-)

a1 (L tip1—).
They are random because the price level is random.

3.2 A Convergence Theorem

Theorem 3.1 provides the evolution of the Bayes factors. To compute the Bayes
factors, one constructs an algorithm to approximate qx(fx,t), where g1(1,t) =
Bia(t). The algorithm, based on the evolution of SDEs, is naturally recursive,
handling a datum at a time. Thus, the algorithm makes real-time updates and
can handle large data sets.

One basic requirement for the recursive algorithm is consistency: The ap-
proximate g, computed by the recursive algorithm, must converge to the true
one. The following theorem provides not only the theoretical foundation for
consistency, but also a recipe for constructing consistent recursive algorithms.

Let (QEk),ng)) be an approximation of (§%), X(*)). Then, we define

fo 0% (s), X9 (s), 5)ds)
fo H(k) (s), XM (s), 5)ds)

YR () = , (12)
k k
fo 0% ( X( )(s), s)ds)
* (k)
set  Fy = o(Ye(s),0 < s < t), take
L(k)( ) ((G(k)(s),Xe(k)(s),Ye(k)(s))MSQ), and use the notation, X, = X,



to mean X, converges weakly to X in the Skorohod topology as ¢ — 0. Sup-
pose that (ng), Xs(k)7 ﬁ(k)) lives on (ng), E(k), Pe(k)), with Assumptions 2.1 - 2.5
holding. Then, there also exists a reference measure ng) with similar proper-
ties. Before we present the convergence theorem, we define the approximations

of ¢r(fi,t) and qx(fx,t) for k =1,2.

Definition 3.2 For L
k=12, let goulfint) = BU £ 08 0. XD OILOOIF ], aea(fist) =
¢€71(f17 t)/¢6,2(1a t) and q62(f2a t) = ¢€,2(f23 t)/¢6,1(17 t)

Remark 3.5 Suppose qﬁg?(ﬁ,x) (qg’?(ﬁ,m)) is the measure corresponding to
ek (frst) (qe7k(fk,t)). We observe that, for k=1,2,

C Genlft) | T fe(0,2)80)(0,2)

QE,k(fkat) - (bg,ka(]-vt) - ¢5,37k(17t)

=" ful0.2)4%) (0, 2),

0,x

and use ge k(fr,t) =D g, f(0, x)qg? (0, x) in the construction of recursive algo-
rithm.

Theorem 3.2 Suppose that Assumptions 2.1 to 2.5 hold for the models
(6", X ) ?(k))k:m and that Assumptions 2.1 to 2.5 hold for the approximate
models (aﬁk),Xe(’“),ﬁ(k))k:u. Suppose (ng),Xe(k)) = (), XH®) g5 ¢ — 0.
Then, as € — 0, for continuous and bounded fi and fs,

(i) Pee(frrt) = Su(fist), for k=1,2; (ii) qea(f1,t) = q1(f1,t) and ge2(f2,t) =
g2(f2,t) simultaneously.

Remark 3.6 Part (i) implies the consistency of the integrated likelihood and
Part (ii) implies the consistency of Bayes factors.

The proof relies on Kurtz and Protter’s Theorem on the Convergence of
Stochastic Integral (See Theorem 2.2 of Kurtz and Protter (1991)) as well as the
following Lemma.

Lemma 3.2 Suppose that S1 and Se are complete, separable metric spaces and
that (XN, YN), N = 1,2,..., and (X,Y) are Sy x Sy-valued random variables
defined on the probability spaces (N, FN PN) and (Q, F, P), respectively. Sup-
pose that {(XV,YN)} converges in distribution to (X,Y), that PN < QN on
a(XN, YN with dPV /dQN = LN (XN, YY), and that QN (Q) is a probability
measure on FN (F) such that X, YN (XY ) are independent under QN (Q).

Suppose that the QN -distribution of (XN, YN LN(XN YN)) converges
weakly to the Q-distribution of (X,Y, L(X,Y)), where E®[L(X,Y)] = 1. Then,
the following hold:

(i) P< Q ono(X,Y) and dP/dQ = L(X,Y);

(ii) For every bounded continuous function F : S — R,
EQY[F(XMYLN (XN, YM)|YN] converges weakly to EQ[F(X)L(X,Y)|Y] as
N — o0.

11



Lemma 3.2 is proved in Theorem 1 in Kouritzin and Zeng (2003).

Proof of Theorem 3.2: (i) Since this part only involves one model, we exclude
the superscript, (k), which identifies the model.

The assumptions for (6, X, Y;) imply that there exists a reference measure
Q. such that under Q., {Ye;}}_; with Y ; being the j-th component of Y.,
are independent unit Poisson processes, and they are independent of (0., X,).
Similarly, under @, Y is a collection of independent unit Poisson processes, and
they are independent of (0, X). The Radon-Nikodym derivative dP,/dQ. is

t

Li(t) = ﬂexp { [ 1o 05056760 [ [0 9,01 s

Noting (6., X.,Y.) = (6, X,Y) under the reference measures, one finds that the
Continuous Mapping theorem as well as Kurtz and Protter’s Theorem imply that

/1ogAj(96(s—),X6(s—),s—)dy;j(s);»/ log A (0(s—), X (s—), s—)dYi(s),
0 0

/Ot [Aj(ee(s), X(s), ) — 1] ds = /Ot [Aj(e(s), X(s),s) — 1] ds.

and ((0c, X), Y., Le) = ((0,X).Y,

C2.2(i) of Kurtz and Protter (1991

So, Lemma 3.2 implies part (i).
Part (i) comes from part (i), the unique (c.f. Theorem 3.1) representation

— ¢€,1(f17t)
Ge1 = e 2(L,t)

Remark 3.7 This theorem provides a three-step recipe for constructing a con-
sistent recursive algorithm to compute the Bayes factors. Step 1 is to construct
(92“, Xe(k)), the Markov chain approximation to (#®*), X (*)) with generator Agk),

(k)
€7

where (6., z.) is restricted to the state space of (ng), Xe(k))7 for £ =1,2. Step
2 is to obtain the evolution equations for g x(fx,t), k = 1,2, the filter ratio
processes, using Theorem 3.1. For simplicity, we only consider the case when
a1 = ag = a(t). Similar to Remark 3.4, the evolution equations can be separated
into the propagation equations, for k =1, 2,

under the reference measures (Condition

L)
) holds in our case, see Example 3.3 there.).

and the Continuous Mapping Theorem. .

and obtain p.") = p(¥) (yjlbe, ze) as an approximation to p;k) = p(k)(yj|9,x),

tig1—

ek (fir tir1—) = Qe (fis i) +/ Ge (AP fr, 5)ds, (13)
t;

and the updating equations (assuming that a trade at jth price level occurs at

time ti+1)t

(1)
Qe 1 (f1pe o tivi—)
Qe (fiotivr) == (26)’] : ge,2(1, tig1—),
QE,Q(pevjatz#l_)

2
QE,2(f2p£7]?a ti+1 _)
1
Ge () tiv1—)

and, ge 2(f2, tiv1) = Qe (2,tip1—).
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Here, f; is a test function on the state space of (ng), Xe(k)) and is in the domain

of Agk), for k = 1,2. Step 3 converts Equations (13) and (14) to the recursive
algorithm in discrete time by two substeps: (a) Represent g (-,t) as a finite
array with components being ¢ i (fx,t) for lattice-point indicator f; and (b)
approximate the time integral in (13) with an Euler scheme.

4 An Example with Simulation and Application

To illustrate the Bayesian model selection procedure, we consider a model selec-
tion problem between two micromovement models: one’s value process is GBM
and the other’s is jumping stochastic volatility GBM (JSV-GBM). The first
model is chosen because GBM is the standard model for the first approxima-
tion of asset price. The second model is chosen not only because it is built on
GBM with the feature of stochastic volatility, but also because it has an advan-
tage of showing the effectiveness of Bayes factor for model selection, which is
demonstrated in Section 4.3.

4.1 Two Micromovement Models

Recall the construction of a micromovement model has three steps. Firstly, we
specify the value process. For Model 1, X(l)(t) is GBM, which in SDE form is

dX(l)(t)
—,@® 1) 1
) pHdt + o dW(t), (15)

where W (t) is a standard Brownian motion. Its generator is

1 £ 1 1 1 1 1)\2 1)\2 1

Model 2’s value process is JSV-GBM, given by

(2)
m = p Dt + oD AW (1), de® (1) = (Ioy1 — 0@ (=) AN (D),
(16)

where N(t) is a Poisson process with intensity A and is independent of W (t),
and {J;} is a sequence of i.i.d. random variables independent of W (¢) and N(¢).
We further assume that each J; is uniformly distributed on a range, [oz,(Tz), 61(72)].
Suppose that the ith Poisson event happens at time ¢; and J; is drawn. Then,
the volatility changes from ¢(?) (t;—1) to J; at time t;, and then remains the same
until the next Poisson event occurs. The generator of Model 2 is

of 1 % f
A@ fy(0® 22 =P () 222 (5(2) () 4 5(0(2))2(53(2))27)2(0(2)’ 2)

Ox(2) O(x(2))?
ﬁ§2) 1
(2)y _ 2 @y -
+ /\/ag) (fg(z,x ) — fa2(o'?x )) 6((,2) - ag) dz.
(17)
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Secondly, we assume both of the trading intensity functions are deterministic.
In the model selection setup, we take a1 (t) = a2(t) = a(t) because both models
are for the same asset and same data set. As shown in Equations (9) and (10),
a(t) drops out in the evolution equations of Bayes factor. A time-dependent
deterministic intensity a(¢) fits the data of trade duration better than the time-
invariant one since trading activity is higher in the opening and the closing
periods.

Lastly, we incorporate the trading noises on the intrinsic values at trading
times to obtain the price process. The three important types of noise: dis-
crete, clustering, and nonclustering, are to be incorporated (for reasons see
Zeng (2003)). For simplicity, we assume both models have the same noises.
To simplify notation, at a trading time ¢;, set * = X(¢;), y = Y (¢;), and
y =Y'(t;) = R[X(t;) + V;, 3;], where V; is to be defined as the non-clustering
noise. Instead of directly specifying p(y|z), we define y = F(z) in three steps:

Step 1: Incorporate non-clustering noise by adding V; 2’ = .+ V', where V
is the non-clustering noise of trade 7 at time ¢;. We assume {V;}, are independent
of the value process, and they are i.i.d. with a doubly geometric distribution:

P{V =v} = i
=1} { 2(L=p)pMIlif v = b

Step 2: Incorporate discrete noise by rounding off x’ to its closest tick,
y =Rz, 7] = Rlz +V, 5]

Step 3: Incorporate clustering noise by biasing 3’ through a random biasing
function b(-). {b;(-)} are assumed independent of {y}} and serially independent.
To be consistent with the data analyzed in Section 4.4, we construct a simple
random biasing function only for the tick of 1/8 dollar. We can generalize it
to other ticks such as 1/100 dollar easily. The data to be analyzed has this
clustering phenomenon: integers and halves are most likely and have about the
same frequencies; odd quarters are the second most likely and have about the
same frequencies; and odd eighthes are least likely and have about the same fre-
quencies. To generate such clustering, a random biasing function is constructed
based on the following rule: if the fractional part of ' is an even eighth, then
y stays on 3 with probability one; if the fractional part of 3’ is an odd eighth,
then y stays on y’ with probability 1 — a — 3, ¥y moves to the closest odd quarter
with probability «, and moves to the closest half or integer with probability 5.

In summary, the construction of the price from the value at a trading time is

Y () = bi(RIX (1) + Vi, 27]) = F(X(1).
In this way, F'(z), which models the impact of financial noise, is specified. The
detail of b(+), and the explicit transition probability p(y|z) of F' can be found in
Appendix A of Zeng (2002a).

The parameters of clustering noise, a and 3, can be estimated through the
method of relative frequency. The other parameters are estimated by Bayes
estimation via filtering. The Bayes estimation for (ui,01,p1) of Model 1 is
studied in Zeng (2003) and that for (us, 0, A, p1) of Model 2 is in Zeng (2002a).
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4.2 The Recursive Algorithm for Bayes Factors

Similar to Bayes estimation via filtering, the recursive algorithm for Bayes fac-
tors is constructed through the Markov chain approximation method. Following
the three-step recipe provided by Theorem 3.2, we will construct a consistent
recursive algorithm to calculate the Bayes factors. Since Model 2 is more com-
plicated than Model 1, we only provide the detail construction related to Model
2. The corresponding part related to Model 1 can be derived similarly.

Step 1: Construct Markov chains, (9£k) (t),XE(k)(t)) as approximations to
OF) (t), X®)(¢)), for k = 1,2. Here, 6V (t) = (u1,01,p1) and 03 (t) =
(,UQ, U(t)v )‘7 p2>'

First, applying an important idea in Bayesian analysis for latent variables,
we treat the unknown parameters of interest as part of the unobserved signal.
Then, we discretize the parameter spaces of u(?), X, p® and the state space of

0 and X in Model 2. Suppose there are n,(L )—1—1 n(2)+1, n(2)+1 n(p )—1—1 and
(2

ny’ +1 lattices in the discretized spaces of u(2), 0, X\, p(2) and X () respectively.
For example, the discretization for ;) in [ay; @ 6(2)] is {ay @ 2) +e (2) ,(LQ) +
26&2), e (2) + 36(2) . ,af) + nf)ef)} where a( )+ nL) (2) ;(f). Define
uf) = (2) + ]efL ), the jth lattice in the discretized parameter space of u(?).
Similarly, define cr,(f) ,(f)( t) = @+ ke(Q) A =ay+lex, p 2 = (2) + meg,z),
xﬁf) = Xfu2)( t) = (2) + we(z) and let £(?) = max(e,(f),e((,z), €, 65)2), 65;2)).

Second, we observe that the construction of a Markov chain approximation
can be achieved by constructing a Markov chain with generator, Ag), such that

A§2) — A® as £ — 0. Accommodating other parameters, the generator of
Model 2 becomes

AP £ (P 6@ X pP) 22

_,@,@ 92 @) @ @ @y, Lo@egen P oo o @ o
=prx —2)(#’ YO, AP T )+§(J )((E ) —(M YO AP, T )

0 a(z®)2

5(2) 1
+ / (fz( , Z, 70(2)733(2))—f( (2 /\ P (2)))ﬁd2~
o — Qo

(18)

The diffusion part involves first- and second-order differentiation and the jump
part involves integration. The finite difference approximation is applied for dif-
ferentiation and the rectangle approximation for integration. One constructs
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AgQ) as follows:

2
AP f(u? o Az,pm, ON
_ @, @2 fQ(“j 7/\z,pm R f(,é),gk P O (2))
=" e
L@y (20570 pm,xﬁ? &)+ Lo o o 2l — &)
5P (F 2
2 (2)y2
(ex”)
(2 (2) (2) (2)
_1(0(2))2(x(2))2(2f2(u3 o), AL P )
9 k w (Eg))
n 1
@ ,@ 2) (2 (2) (2) 2)
D (ol o e i &) = fo(k7 0 M o1, (’))n<2>+1
=0 >
=by(” a,(f),x(z))(f (1?0 A, p2 >,x<2>+€<z>) Lu®,0® N, p@ 2?))
+ a1 o D) 0 N, oD, 2D — D)~ (0 n, o2, 22
+/\1(f( )/\hpm, 53)) f(M§2) 01532)»\ p(z) ())>7
(19)
where (2) (2) (2),.(2)
2)\2(.,.(2)\2
@ @ @y _ L[ (o)(@w)® | KT
baiy™ o ) = 5 ®yp o)
(ex”)
dy(u®, 0@ 7@y = L (02 Va2l
Z#jvkvw —2 (2)2 (2) ,
(637 ) €z
and

Foli? M o222 = Zf (1o o 2 2).
=0

+1

Remark 4.1 by (p; (2) cr,(f), :cq(f)) and dy (ugg), 0,(62), zg)) can be thought of as birth

and death rates, and fg(u] AL pﬁﬁ),x&)) is the mean of f, on o(® with fixed

(uf) Mo p) ).

As for boundary conditions, we can choose the range of each component

large enough so that the transition probability to anything outside the range is
(2

negligible. Then, the generator, A:”/, characterizes a continuous-time Markov
chains satisfying Assumption 2.1. After having the discretized state space, pg? =

p™) (y;]0c, ) is obtained subsequently.
Step 2: Obtain the evolution of Bayes factors for the approximate models.
For k = 1,2, when (#*), X(¥)) is replaced by (QEk),Xe(k)), AK) by Agk)7 y )

by ( )7 ;k) by pEkJ) and there also exists a probability measure Pg(k) to replace

P*) | then Assumptions 2.1 - 2.4 also hold for (ng),Xe(k),ﬁ;(k)). Hence, the
evolution equations are obtained in Equations (13) and (14) using Theorem 3.1.
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The procedure hitherto brings forth qE ( fx,t), which is the discrete-spaced

approximation of g (fx,t) for k = 1,2. Let (u @ , 6(2),/\6,p£2),Xe(2)) denote the
discretized signal for Model 2.

Definition 4.1 Let qut)

be the conditional ﬁnite measure of (ug ) 22),)\67p£2),X§2) (t)) on the discrete

V@
state space given .7-" c . qgkt), k = 1,2, are the approximates of qt(k) in Remark

3.2.

Definition 4.2 Let the approzimate filter ratio process be
2
q§2)(f7 t) = Z f2(,u(2)a0-(2)5Aap(2)7$(2))q§,t) (/’(‘(2)70(2)7)‘7p(2)a'r(2))7
12,6 A p(2) 3(2)

where the sum goes over all corresponding lattices in the discretized state spaces.

Step 3: Convert Equations (13) and (14) to the recursive algorithm. We
begin with defining the discrete conditional measure in Model 2 that the recursive
algorithm computes.

Definition 4.3
(2)(u§2) U£2)>Alvp(2) 2@ 1)
= { 1P = 1P, 0D(t) = 0P A = N oD = o2 XD (1) = 2P }.

Step 3(a), the core of the conversion, is to take fs as the lattice-point indicator
as below:

1(2) (
(1D =20 ()20 A = P =D, XD a2

d;f1<2>(ﬂg2)’ o N, p? 2@,

m w

p® 0@ A, p?, x2)
(20)

Then,

0@ (1262, N 22).t) = (1, 0P Mo 225,

So, we have a discrete-state-space finite array of q( ) to approximate the measure

t( ) of (0(t), X (t)), and the finite array evolves continuously in time according
to Equations (13,14).

For more detail of Step 3(a) and Step 3(b), which is to approximate the
continuous-time evolution of the finite array by an (discrete-time) Euler scheme,
interested readers are referred to the corresponding parts of Bayes estimation via
filtering in Zeng (2002a). The final propagation part of the recursive algorithm

17



is obtained as the following. Case 1, if ¢;11 — t; < LL, the length controller for
Euler scheme, then

(2)( ‘5 ) Alapg)v £U)7t+1_)
S <2’ o2 D) + (b0l 2 )l (0 MR 2 15 10)

2 2 2 2
(b( P02, a D) + do (1, 0P 2 D)) (1 P N, oD 1)
2 2 2 2
(02,2 P P02 2, 2021
+ )\l ((722)(M§2)7A1( )apsr%)vl.v(f)at) - q£2)(ﬂ‘§2)701£*2)5Al7p(2) .’Eg),t))} (ti+1 _t’L)

(21)
where
D M50 = o S0 2
+ 1 =0
We choose [a;(pz), 3(52)], the range for X (?), large enough so that the finite measure,
(2) (2) 5(2)

qc ¢, is negligible outside [ay~, 3;']. Then, when w < 0 or w > n{? + 1, the
corresponding q( s are set to be zero.

Case 2, if tz+1 —t; > LL, then we can choose a finer partition {t;9 =
t’iati,la Ce 7ti,n = ti+1} of [ti,ti+1] such that max; |ti’j+1 — ti’j| < LL and then
apply repeatedly the recursive algorithms given by the above equations from t; o
to t; 1, then tioy s until tim = tix1.

Suppose a trade at joth price level occurs at time ¢;,1. Then, the updating
Equation of Model 2 in (14) becomes,

2
a0 N, oD, 2D tig)

(2) (:ugz) (2)5 )\l7p£n)7 mg>7tl+1_>p(2) yjo|xw ,pgn))
St qé”(u;/),afy) Az/ pfi% SU,%tzH—) (inlal) o) (22)

S )

Ll 1 m) !
JELU m w

where the sums go over all the lattices in the discretized state spaces.

Equations (21), (22) and the two corresponding equations for Model 1 com-
pose the recursive algorithm we employ to calculate the approximate conditional
measures at time ¢; 1 from those at time ¢; to time ¢;,1—, and then to time ¢;,1.
At time t; 1, the Bayes factor

Boi(tix1) = ¢ (1,tis1) = Z (2)(,“;/)701(@2)»)\1' P$2> Eu’)7tl+1)
‘7'/716/7[//,)/)//7 !’

where the sum goes over all the lattices in the discretized state space.
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4.2.1 Choosing Priors

Finally, we choose a reasonable prior for each model. We assume the indepen-
dence between X (0) and the parameters of a model. Set P{X(0) =Y (t1)} =1
where Y'(t1) is the first trade price of a data set because they are very close. If
there is no special information of the parameters available, we may simply assign
uniform distributions to the discretized spaces of the parameters to obtain the
prior at ¢t = 0. For example, the prior for Model 2 in this case would be

1 e (2)
p(p?, 07 A, pP 225 0) = { AFnD) A+l (a+n) (140 ifeu’ =Y(t)
/ 0 otherwise

The statistical and computational concerns for a prior on a parameter have
two aspects: suitable range and mesh size. Usually, the marginal posterior of a
parameter obtained from a large data set is concentrated on a small area around
the true value. Then, the uniform prior set on the small area is sufficient, because
the posterior outside is of very small probability. After having a suitable range,
we may choose a suitable mesh size, which ideally produces a posterior with a
unique modal and bell-shaped distribution as shown in Table 5.1 of Zeng (2003).
Therefore, we need to rely on the posterior obtained from the Bayes estimation
via filtering to choose the suitable range and mesh size for the prior of each
parameter.

4.2.2 Consistency of the Recursive Algorithm

There are two approximations in the construction of the recursive algorithm.
The second is to approximate the time integral in the propagation equation
(13) by Euler scheme, whose convergence is well-known. The first, more im-
portant one, is the approximation of the evolution Equations (9) and (10)
by the evolution Equations (13) and (14) of the approximate model. Since
(HEk),Xe(k)) = (0, X(*)) by construction, Theorem 3.2 guarantees the weak
convergence of the evolution equations of the approximate models to those of
the assumed models.

4.3 Simulation and Real Data Examples

The recursive algorithm for computing the Bayes factors is fast enough to gen-
erate real-time Bayes factors. The algorithm is extensively tested and validated
on simulated data. One simulation example is provided to demonstrate the ef-
fectiveness of Bayes factors for model selection. Then, the recursive algorithm
is applied to two months of transaction prices of Microsoft and the Bayes factor
is extremely in favor of Model 2, which has the stochastic volatility feature.

4.3.1 Simulation Study

In the following simulation example, the parameter values for Model 2 are
selected as: p = 4.5 x 1078, corresponding to the annualized expected re-
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turn 27.38% with annualized factor 260 days and each day with 6.5 busi-
ness hours; and A = 3.75 x 1074, which means one change of volatility ev-
ery 1/3.75 x 107% = 2666.67 seconds on average. The range of volatility is
[0.00004,0.0004], corresponding to the annualized range of [9.866%,98.66%].
Since a(t) has no impact in estimation and noise, the trading intensity is as-
sumed to be constant: a(t) = 0.9 for all £ > 0 (i.e., one trade every 1/0.9 =1.11
seconds on average). For the parameters of noise, we let p = 0.2, a = 0.4, and
B = .2. Using these parameters, 90,000 observations of Model 2 are simulated.

Based on the above data set, we would like to conduct the model selection
problem between Models 1 and 2 and demonstrate that the recursive algorithm
and the Bayesian model selection approach works. We follow the two-step pro-
cedure. Step 1 is to choose proper priors (including ranges and mesh sizes) for
each model. We apply, respectively, Bayes estimation via filtering of Model 1 in
Zeng (2003) and that of Model 2 in Zeng (2002a) to the simulated data. Based
on the marginal posterior of each parameter, we choose suitable ranges and mesh
sizes so that each marginal posterior has a unique modal and bell-shaped distri-
bution. Step 2 is to apply the recursive algorithm constructed in Section 4.2 to
compute the approximate Bayes factors. Finally, we interpret the Bayes factors
accordingly.

An important observation is that the first volatility change is a turning point.
Before o changes, the simulated data of Model 2 coincides with Model 1. How-
ever, after o changes, the simulated data diverge from Model 1. So, we expect
that the Bayes factor of Models 2 over 1, B (t), will be close to 1 before the
first change of o, and Bs(t) will increase substantially after that. More pre-
cisely, Bo1(t) is expected to be larger than 12 (the benchmark for strong evidence
against Model 1) and then larger than 150 (the benchmark for decisive evidence
against Model 1) shortly after the first changing of o. This is exactly what
happened as shown in Figures 1 and 2. Figure 1 presents how Ba;(t) evolves
with time for the first 2550 data. The vertical dot line is where the volatility
changes (after the 2166th datum). The lower horizontal dot line is 1 and the
higher horizontal dot line is 12. Prior to the vertical dot line, the Bayes factor
evolves close to 1. Indeed,the Bayes factor right before the changing of volatility
(at the 2166th datum) is actually 0.9358. Soon after the vertical dot line, the
Bayes factor increases dramatically while fluctuating widely, and then exceeds
the benchmark, 12, at the 2529¢th datum. Figure 2, which is only about one
fifth of the time length of Figure 1, further shows the dramatically increasing
trend of By during the second o. The first passage above 150 is at the 2609th
datum. Although it retraces to 150, it later increases sharply so that Bs; reaches
1103.70 at the end of the second o (the 2676th datum). At the end of the third
o, By1 = 1.134 x 10'°. More information is shown in Table 2. Finally, at the
end of the 90,000 data, Baq reaches 1.089 x 10'°* . All these demonstrate that
the Bayes factor computed is sensitive to distinguish Model 2 from Model 1.

4.3.2 An Real Data Example

The tested recursive algorithm is applied to a two-month (January and February,
1994, 40 business days) transaction data set of Microsoft. The data are extracted
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Table 2: Bayes Factors for a Simulated Data

Position

before o 2166 2676 7790 8113 8870 90000
changes

Bayes 0.9358 1103.70 1.134e+10 1.255e+10 8.197e+21 1.089e+194
Factor: Bs;

from the Trade and Quote (TAQ) database distributed by NYSE. We apply
standard procedures to filter the data except we keep all those trades with zero
time duration, because they can be handled by the recursive algorithm. The
final sample has 49,937 observations.

Based on the relative frequencies of the fractional parts of the price for Mi-
crosoft, we may use the method of relative frequencies to estimate o = .2414,
and B = .3502. We follow the two-step procedure as for the simulated data to
obtain the Bayes factor, Bi2(t). Table 3 consists of the precise statistics for each
quarter day’s trade-by-trade Bayes factors, B2, in the first day, January 3, 1994
of Microsoft. The decisive benchmark, 150, which is exceeded easily. At the end
of the first day, the Bayes factor (at the 826th datum) is 52669.72, which is much
larger than 150. This clearly demonstrates that there are changes of o within
one trading day and is consistent with the empirical finding of higher volatility
in opening and closing periods of the market sessions. At the end of the second
day, the Bayes factor (of the 1677th datum) is 8.261 x 10'0. At the 44478th da-
tum (about the 36.5th day), BFy; = 8.442 x 103%5. Soon after, the Bayes factor
exceeds the computer’s limit. This provides overwhelmingly decisive evidence
for the even more frequent volatility changes in the micromovement of price.

Table 3: Summary Statistics for BFb; of the First Day in MSFT Data

Position NO. of Data  Min. Median Mean Max.
1st Quarter Day 375 0.9133  48.19  104.20  931.30
2nd Quarter Day 164 28.64 69.40  660.00 11280.00
3rd Quarter Day 130 2178 7472 67060 584400
4th Quarter Day 287 24250 41360 75680 297800
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5 Conclusion

In this paper, we investigate the model selection problems for a general class
of micromovement models of asset price and develop Bayesian model selection
via filtering in two steps. We first derive the evolution system of SDEs for
the Bayes factors and then develop a general approach to construct consistent
recursive algorithm for computing the Bayes factors. We provide an example
to demonstrate the construction of recursive algorithm and the effectiveness of
Bayes factor in the model selection.

The application of Bayesian model selection via filtering is not just mere to
show more volatility changes in intraday data, but rather to provide a general,
powerful tool to test related market microstructure theories, represented by the
micromovement models. For examples, we may test whether NASDAQ has less
trading noise after a market reform as argued in Barclay, Christie, Harris, Kandel
and Schultz (1999), test whether information affects trading intensity as argued
by Easley and O’Hara (1992) and tested by Engle (2000), test whether there is
relationship between transaction times and limit order arrival times as in Russell
(1999), and test whether there is a structure break in transacting periods as in
Zhang, Russell and Tsay (2001).

The Bayesian model selection via filtering is computationally intensive. To
improve efficiency, especially when the number of parameters of model is large,
we will extend the recent developments in particle filtering to the filtering prob-
lem with counting process observations in future work.

A Appendix A

Proof of Lemma 3.1: Let (M), T be the semigroups with weak generators
AWM AG), {Tk}1—; be the jump times of V; 75 = 0; and (g1,¢2) be finite
measure processes solving for 1 = 1,2, j =3 — 1

t

ai(fi,t) = qi(fi, tr) +/ a(AD fi,s) — qi(aifi s) + %@Sps)ds (23)

for all f; € D(AW), t € [1k, Tk11). Then, by Assumption 2.5 and (23) we have
that

e g (1) < gi(1,1) < 9T g,(1,7) (24)
for all j =1,2; t € [, Tk+1). Now, we define for i = 1,2, j =3 —i
t (4)
(5) ai(Ty" fi 8)q;(aj, 5)
Xi tauafi =dqi T—ufi?u +/
( ) ( t ) u Qj(l,s)
for all f; € D(A®W), u <t € [7k, Tk+1). Then, using the fact that 77 f; € D(AV)

for all s > 0,7 = 1,2 as well as Leibniz’s rule, one has that

(%)
d d ; (i) ¢ (T, fis w)gs(ag, u)
—xi(tu, fi) = — 16 (Ti_ fis (a1 fisu) — =0,

— qi(@ T, fy,8)ds
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where j = 3 — i, so substituting u = ¢, 73, into x;, one finds that

t (1)
; ¢ (T fi,5)q5(aj, s) i
¢i(fi,t) = ai(T¢_,, fi, k) +/ T )a;(4; — qila; T\ f;,s)ds.  (25)
Tk qj(l’s)
N
Now, suppose that {(q{,qé)} | are two processes solving (23) such that
]:
(@i, m), a3 () = (@(,7),¢3(-, 7). Then, using (25) for each pair, one
finds that

|4 (f1,) = a1 (fr. )] + a3 (for ) — @z (fo, 1) (26)
_ / GT 9)a3 a2 8) gl (T s)ab(ars)|
- (1, s) 03 (1,s)
/t BTS2 5)at(ar,5) BT s)ad(an,5) |
2 - 1 S
Tk ql(las) q1(178)

t
+ [ @t 5) = T3 + 0T O for) - BT fo,5)lds
Tk
for all t € [rg, The1), fi € D(AW),i = 1,2. However, Assumption 2.5 and (24)
give

G (T, f1,9)a3(az,s) a1 (T f1,8)a3(az,5)
3 (19) a3(Ls)

gt (T fr,8) — (@ T fry9)] (27)

< 205D cm(my <y |6 (F28) = a1 (f,8)] + 2C sup peamy  plw<ay 165 (fr8) — a3(f,5)]

for s € [Tk, Tks1), f1 € D(AW) with ||fi]lcc < 1. Using (24) and the com-
pact containment condition, one has increasing compact sets K, satisfying
GG (K, t) Agi (K t) > 1— L for all ¢ € [y, Tky1) so Assumption 2.5, (26,27),
and Stone-Weierstrass yield

sup |/ AGW®) —dg (O] +  sup \/ foldg2 () — dg ()]
{£1€C(E), | f1llo <1} Y Em {£26C(E)|f2llo <1} Y Em

2
< =+ sup 2 (f1.t) — a1 (f1. 1) + sup 165 (f2,t) — a3(f2,1)]
M {HEeDAW),|f1ll<1} {26D(AD),| f2]l 00 <1}
2  8C ¢
< 2e0-mac [ s [ Al - dado)
meom T {/1EC(E),||fllco <1}
N / foldg3(s) — dgl(s))]ds.
{f2€C(E), || fall oo <1}

Hence, using Gronwall’s inequality, and letting m — oo, we find that

sup |/ Al —dd ()| + sup |/f2 dga(t) — dgb ()] = 0.
{f1€C(E),| f1lloe<1} {f2€C(E), || f2]loc <1}

Uniqueness on [0, c0) derives from induction and the updating equations.
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