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and consequently

Plz: la=Qu(2)|| 26} > Pla € Va: |2 —Qu(x)|| > 6}
= P(Va)—P{z€Va: |lz—Qn(x)||< 6}
> P(V.)—e/4.

By definition of V;, and the relation (6)

limsup P{e: || — Qn(2)|| > 8} > /3 —¢/4=¢/12

n—oo

and therefore lim sup,, . D-(Qn) > 0 for every r > 0. |
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On the Convergence of Linear
Stochastic Approximation Procedures

Michael A. Kouritzin

Abstract—Many stochastic approximation procedures result in a sto-
chastic algorithm of the form

1
hipy1 = hg + Z(bk — Aphy), forallk =1,2,3,---. {1
Here, {by, k = 1,2,3, - -} is a R%-valued process, { A, k = 1,2,3,-- -} is
a symmetric, positive semidefinite Re?X<-valued process, and {hy.k =
1,2,3,---} is a sequence of stochastic estimates which hepefully con-
verges to

N =1 N
A . 1 . 1
h= [le;:ka_lEAk} ‘{,}anoﬁkz_lff”k} @

(assuming everything here is well defined). In this correspondence, we
give an elementary proof which relates the almost sure convergence of
{hy,k = 1,2,3,---} to strong laws of large numbers for {b;,k =
1,2,3,---} and {Ag. k = 1,2,3,---}.

Index Terms— Almost sure convergence, stochastic approximation,

adaptive filtering, recursive algorithms, dependent random variables,
Robbins—-Monro process.

1. INTRODUCTION

Since the inception of stochastic approximation procedures many
statisticians, probabilists, and engineers have strived to establish limit
theorems and invariance principles for these procedures. Much of
the earlier effort (see, e.g., Sacks [21], Fabian [7], McLeish [17],
Gaposhkin and Krasulina [10], Heyde [13], and Ruppert [20]) was
concerned with procedures which can be written in the algorithmic
form

1
hipr = i £ (b = Axhi) forall k=123 (LD

where h1 is some possibly random vector {Ax, k = 1,2,3,---}
and {bx,k = 1,2,3,---} are, respectively, R**%-valued and R?-
valued processes on some probability space (€2, F, P), and A is
constant or at least converges almost surely to some positive-definite
matrix A. More recently, applications of the procedures (1.1) where
Ay is symmetric and positive semidefinite but does not converge
(see, e.g., Widrow and Stearns [24, ch. 6], Benveniste, Métivier, and
Priouret [1, ch. 1], and the introduction of Farden [8]) have prompted
many authors (see, e.g., Fritz [9], Gyorfi [11], Farden [8], Eweda
and Macchi [5], [6], Ljung [16], and Métivier and Priouret [18]) to
study strong consistency for (1.1) under less-stringent conditions on
{Ar,k=1,2,3,---}. In the present note, we bring forth seemingly
natural almost sure convergence results for (1.1) analogous to the
strong laws of large numbers for partial sums of random variables.
Although our results are in some respects more general than previous
results, our main contribution might be considered our elementary
proof which was motivated in part by Fabian [7, Lemma 2.1] and
Eweda and Macchi [5]. (There are also some similarities between
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the matrix computations in Bitmead [2] and those in the sequel.)
Finally, we mention that there is substantial literature (see, e.g., the
books of Kushner and Clark [14] and Benveniste, Métivier, and
Priouret [1]) motivating and treating nonlinear (in hg) stochastic
approximation procedures as well as procedures with state-dependent
noise. However, to apply such results to our algorithm (1.1), one
would necessarily have to impose more stringent conditions than
those proposed in this correspondence.

1I. NOTATION AND RESULTS

In this section, we will define our notation and provide our results.

A. Notation List

|z| is the Euclidean distance of some R¢-vector z.

|All = supy, =1 |Az| for any R**? matrix A.

[t] max{: € No: ¢ < t} and

[t} min{i € Np: ¢ > t}, for any ¢ > 0.

a < b means that a, b are nonnegative real numbers such that b < oc
implies a <oc and b = 0 implies @ = 0.

e e

ik l<<k b; » means that there is a ¢ > 0 not depending on ¢ or k such
that |(Li,kl < Clbzyzc| for all i,k.

I* = d x d identity matrix.

[1{-, Bt (with each B, being a R**¥-matrix) = BqBg—1 - By
if ¢ > por It if p>q.

aAp,aVp are, respectively, the minimum and maximum of ¢ and p.

B. The Main Result and Discussion

We will state and prove our result in a completely deterministic
manner and then apply this result on a sample path by sample path
basis. Therefore, we assume that d is a positive integer, { A }7%; is a
symmetric, positive semidefinite R**¢-valued sequence, and {b, }7Z,
is a R%-valued sequence. The main result is now stated:

Propostion 1: Suppose

lim sup Hl/n Z Ay —AH =0

nee k=1

for some (symmetric) positive-definite A and {fix}7%; is a RY-valued
sequence satisfying

_ _ 1 -

Rior =R+ 7 (be = Axhy), forallk=1.2.3.. 21D

Then, a necessary and sufficient condition for he — h (with h € RY)
as kK — oo is that

rlg Ek%béAh, as n — oc.
(0
k=1

To see the generality of our result, we suppose that {bx.k =
1,2,3,---} is a R%valued stochastic process on (£, F.P) and

{4k, k = 1,2,3,.--} is a symmetric, positive semidefinite RA*4
valued process on (€2, F, P) such that
A 1 al
AS Jm w2 BlAd
c—=1
and
1 X
b2 lm > E{bi} (2.2)
) k=1

are well-defined and A is positive-definite. Then, Propostion 1 (with
Ay = Ap(w) and by = by (w) for all k) implies hy(w), the solution
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of (1.1), converges to h 2 4p provided

N
. 1
lim i Z(A’“ — E{Ac}) =0

N—oc |/
k=1

and

N
. 1lg
lim < ;(bk — E{br}) =0. (2.3)

N—oo

Hence, the generality of our approach follows from the following
remark:
Remark: In many applications

k

1

Ar = — r
Y Yy,
I=max{k—M+1,1}
and
1 k
bk :T O<1+11/1, for all k = 1,2,3,"'

l=max{k—M+1,1}

some fixed positive integer M, R-valued process {V7,1
1.2.3.---} and R-valued process {ay,! = 1,2,3,---}. In fact, past
values of a;11 usually make up some of the components of Y. The
result of all this is that {Ax, k = 1,2,3, -} often satisfies the same
type of moment and dependency conditions as {bx,k = 1,2,3,---}
does. Hence, to verify (2.3), the same version of the strong law
of large numbers can often be applied to all of the components
of {Ar. k 1,2,3,-++} and {bx,k = 1,2,3,---}. For various
conditions under which the strong law of large numbers holds, we
refer the reader to Stout [23, pp. 165, 181, 199], Chow and Teicher
[3, p- 3971, Hall and Heyde [12, pp. 40-41], Phillips and Solo [19],
Shao [22, Corollary 1], and Lai and Stout [15, Theorem 7]. Indeed,
it is a simple exercise to show that our result combined with Lai
and Stout’s result generalize the results of Eweda and Macchi [5].
Moreover, as compared to Eweda and Macchi [6], one easily sees
that we study a more general algorithm, do not require their moment
bounds (see [6, eq. (35)]), and make use of weaker eigenvalue and
law of large numbers conditions.

Remark: A reviewer has pointed out that there are interesting
applications in adaptive control where —A has eigenvalues in the
open left half plane but may not be symmetric. However, it is
the author’s opinion that the symmetry assumption of Aj cannot
be relaxed without imposing alternate conditions and significantly
modifying our arguments (especially Lemma B, (3.15), and (3.22),
(3.23)). The nonsymmetric case will not be treated here.

III. THE PROOF OF PROPOSITION 1

For notational convenience, we define

w2 he—h Vi A -4
and

2 = bp — Agh, forallk=1,2,3,---. 3.1

Hence, observing that z;, = b —b—Y} h and noting by hypothesis that
1 n
n
k=1

we only need to show vi — 0 if and only if

%’;zk—»&
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Indeed, we obtain from (3.1) and (2.1) that

iz Z](U1+1‘”7)+2AUJ

j=1
-

=1

Moreover, by Lemma B (to follow) and the

T

< |Un+1| + (3.2)

forn = 1,2,3,---.
hypothesis it follows that

1_+M7‘_H < sup {1 + i ZXJY
n n>1 n||“
J=1 = j=1
Therefore, the “only if” part follows by (3.2), (3.3), and the Toeplitz
lemma [23, Lemma 3.2.3 (ii), p. 120]. Next, we assume

1 K
;’;Lk—»()

A
and show u, — 0 and w, = v,

sup
n>1

} < oo. (3.3)

— u, — 0, where

g1 = T =0 ' Aup + 1" 20, forn=1,2,3,--- (3.4)
subject to u; = v;. Indeed, with the definition
n—1
1 1
Fi,2:2 I“—-a
FERL ] H ( r )7
r=j+1
forj=1,2,---,n—1,n=2,3,4,- (3.5)

it follows by (3.4), (3.5), and Lemma A i) and ii) (to follow) that

n—1

I

=1

lim |un| < lim — 1A - Jua]
R0 n—co

Z Fnz;

j=1
Moreover; letting Anin be the smallest eigenvalue of A and ¢ > 1

} (B.7)

+ lim

n—oo

=0. (3.6)

be a number small enough that
IOg (a) < in { 2 1 Arnin
Jathi n R s
Amin + [[A|” A" (d]| Al exp(1))?
and defining

Tog 2 [ak]
and
I, = {’nk,nk~|—1,---7TLJC+L*1}7 fork=0,1,2,---
(3.8)
we observe by (3.1), (2.1), and (3.4) that
1
Wnts = (I" - fAn>wn ~Youn, forn=1.23- (9
n n
Wy, =Ukwn, — Z Vinuj, fork=0,1,2,--- (3.10)
J€Iy
where
A d 1
v = I (1 —TA,)
=
and
e 1-\1
oA ¢ Lz 1.
Va2 ] (1 IAI) e @11
I=j+1
Now, we use (3.11) and Lemma A v) to obtain that
A Y5l .k Y,
Wi < T [1-+ 0]l 2 10
€1, K J
for k=0,1,2,--- andj € I, (3.12)
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and (3.11), (3.1), and symmetry to obtain that

A A
HL|<I"Z Az+ Z ” sl
leT, 11 he]k l>
”ZUH HAIzH ||Z[3||
D
l3,l2,l3€]; b L2 ls
Iy >ip>13
[Angll [ An,+1ll
+ + Nk ng+1
. ||K‘"k+l‘2|| R HZ"/chl\l”
Ng4+1 — 2 Ng4+1 — 1
Spr-ay g+
< 7 R
lely, 1€l
T (I Ad]]
Npt1— Nk T, !
+ Z —— (3.13)
m=2
for k = 0,1,2,---. Moreover, by (3.8) we have that
k]gr;o l —log (a)
€1,
k41
. . - ky—1 [a" ] _
< klggode{(la 1 ,log( e )} =0 (3.14)

and, letting €>0 be arbitrary, recalling some basic theory for
symmetric matrices (see, e.g., [25, pp. 57-8]), and using the fact
that (Amin + ||A]]) log (a) < 2, we find by (3.8) that there is some
1]
IAHZf—l 1= Amin > 71»
el

K. such that
= max
€1,

1
—A E 7
S 1 - /\min 10g ((1) + €,

el

forall k > K.. (3.15)

Hence, we can use (3.13), (3.15), Lemma A iii), (3.1), Lemma B,
Taylor’s theorem, (3.14), and the fact d||A]|log (a) <1 to obtain a
K. > K. such that

1Uk]| €1 = Amin log (@) + 2¢

aa) Y

€Ty,

m

dZ%Yl

161,

+ 2
m=2
<1 — Amin log(a) + 2¢

+exp {d||AH Z +ey—1—d|A| Z S

lely, el
<1 — Amin log(a) + 2¢ + exp {1 + 6}
_(d]|Al}log (a) + 2¢)*
2 b
Therefore, using the fact

m!

for all k > K. (3.16)
Amin

(d- ]| All - exp (1))”

and making e >0 sufficiently smail, we discover from (3.16) that

log (a) <

there exists a 0 <y <1 and an integer k1 > 0 such that

N0l <, forall k> k. (3.17)
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It follows by (3.10), (3.17), (3.12), and (3.1) that

k—1
N e
|'wnk|<<ﬁ/k k1|w"k1|+ Z’Yk o
1=k,
T llAl + ||A II| i, forallk >k.  (3.18)

JEIL;
However, by Lemma A iv), (3.14), (3.6), and the Toeplitz lemma

A + A

—)OO]EIZ
Furthermore, since
k—1 SO S Y T
Z ’Yk:—l—l _J-7 <1,

1—x
I=k,

forall k = k1, k1 +1,--+ (3.20)

it follows by (3.19), (3.20), the Toeplitz lemma, and (3.18) that
limy oo |wn,| = 0. Finally, using (3.9) and (3.1), one has for

n € I that
n—1 1
ol < TT 7= 10 un,
(=n
n—1 n—1 1 “ ”
d vy J .
o3 I -] B2
Jj=ng I=5+1
A All+ 14
< H (1+ ” l”) |1Unk|+ Z H ” ” ]Hluji
el JET J
(3.21)
so by (3.21), Lemma A v), and (3.19) one finds that
lim max |wn,| = 0. |

k—oo nely
Lemma A: Suppose {A,}72, and A are as in the statement of
Propostion 1; I, Fj k. {21 }72, and {Yi}32, are as defined in (3.8),
(3.5), and (3.1) of the proof of Propostion 1; and

1 n—1
nlinéo > z z;1 = 0.
J=1
Then, the following are true:
n—1
b lim [ -17ta)
=1
n—1
i)  lim ZF]\”z}- =
n—co | £
i) lim Y Lyl =0
k—oc ! =
€1,
. A
vy 4,1 ” <1, foralll=0,1,2,- -
JEL J
A
v 11 <1+ I l“><<1 forall k = 0,1,2,--.
€1,
Proof: 1) Let A\, Amin > 0 denote an arbitrary and the mini-

mum eigenvalue of A. Then
n—1

AN a

1-2

[m(-7)
=1
(n=1)ALA] n—1

A A

ST

=1
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A S i
S| I (71 eeixs exp{—27}
L(A/1)>2 =1 =1

< exp {—/\/ ¢t dt} & p~Pmin
1

forallm =1,2,3,---  (3.22)

and it follows easily from (3.22), the fact that the eigenvectors of A
span R? and the principle of uniform boundedness that

n—1

[[at -4
=1

ii) Recalling definition (3.5) and following the arguments in (3.22)
and (3.23), one finds that
1 A> _1 I
r r

lim & lim n~Mmin =0, (3.23)

1 d
o~ o 2 (-

n—1

I1

I=r+1

d 1
(r=74)
A

rp 1 (1) e
<<<r—1>r< n >

forallr =2,3,---,n—1, n=3,4,---.
(3.24)
Hence, it follows easily by (3.24) that
n—1 n
S = DIFcin— Fral €1, foralln=3,4,--- (3.5
=2
and by (3.5), (3.25), the fact that
1 n
™ 2 z; = 0
=1
as n — oo, and the Toeplitz lemma that
n—1
hm ZFJ"” < lim ZF" 1,n%j
n—1 n—1
+lim (3N (P = Frn)zy
e J=1 T=]+1
< lim Zz]

n—oon—l

n—1
+ lim Z ||Fr—11n_Fr,n||' :I = 0.
r=2
(3.26)
iii) It follows by an interchange of summation that
1 1 1
Z < ; _Z
S vl <X+ 2 (- )m
lely 1€, el
<l
1
< — Y
R K X
l<nk+1 I<mny
1
IO SEN D S R ) med | e
r&ly I<npgr i<r
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and by (3.8) and the hypothesis that

> v

I<npqa

> yif=o.

I<npqy

=a lim —1——

. 1
lim max —
k—oo Npy1—1

k—oo r&lp T
(3.28)

iii) follows by (3.27), the hypothesis, (3.28), (3.14) of Proposition 2,
and the Toeplitz lemma.

iv) Using Lemma B, we find iv) follows from iii) as well as (3.1)
and (3.14) of Propostion 2.

v) This follows from iv) and the fact that

I A+l <exp | Y 141/

€1y, el

forall k =0,1,---. O

Lemma B: Suppose m is a positive integer and {Mi, k =
1,2,3,---} is a sequence of symmetric, positive semidefinite
R™*™ _matrices. Then it follows that

J
DMl < m
k=1

Proof: 1t follows by [4, Proposition D.1.2] of Davis and Vinter
that there exists a sequence of R™*™-matrices {Py}72, such that
M, = P;VP,ET for k = 1,2,3,--- and this implies that

7 m 7 m m
SH N BB I

k=1n=1 k=1n=1o0=1

J J
> 3 PN P = (Ml
k=1 k=1
forallj =1,2,3,---

J

Z M,

k=1

forall j =1,2,3,---.

’

J

Z M

k=1

m

(3.29)

where M ,E"’o) and P,in’°> denote the (n, o)th components of M} and
Py. |
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