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Abstract: A large class of proven discrete-time branching particle filters with Bayesian model selec-
tion capabilities and effective resampling is analyzed mathematically. The particles interact weakly
in the branching procedure through the total mass process in such a way that the expected number
of particles can remain constant. The weighted particle filter, which has no resampling, and the fully-
resampled branching particle filter are included in the class as extreme points. Otherwise, selective
residual branching is used allowing any number of offspring. Each particle filter in the class is cou-
pled to a McKean-Vlasov particle system, corresponding to a reduced, unimplementable branching
particle filter, for which Marcinkiewicz strong laws of large numbers (Mllns) and the central limit
theorem (clt) can be written down. Coupling arguments are used to show the reduced system can
be used to predict performance of and to transfer the Mllns to the real weakly-interacting residual
branching particle filter. This clt is also shown transferable when (a few) extra particles are used.
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1. Introduction

Sequential Monte Carlo (SMC) algorithms are used in diverse problems like tracking, prediction, paramter
estimation, model calibration, classification, Bayesian model selection and imaging (see e.g. [18], [17], [13]
and [9] for sample applications). Branching SMC algorithms have the advantage that offspring generation
only depends upon the parent not the whole population and the disadvantage of having randomly-varying
populations (i.e. particle numbers). Recently, Kouritzin [10] introduced four new classes of branching se-
quential Monte Carlo algorithms that were designed to limit wide particle variations. The tracking and
model selection performance of all four algorithms was shown experimentally to be superior to a collection
of popular resampled particle algorithms and these four branching algorithms have even greater advantages
when it comes to distributed implementations (see Kouritzin and Wang [12]). However, there is little theory
to back up these experimental findings. Theoretical rate-of-convergence results are desired to understand
why these algorithms perform so well and what their weaknesses might be. Unfortunately, the branching al-
gorithms lack the independence and fixed particle numbers of many resampled algorithms so their analysis
is necessarily difficult and the desired convergence results hard to come by. Herein, we start the theoretical
study by establishing Marcinkiewicz strong laws of large numbers (Mllns) and a central limit theorem (clt)
for the residual branching algorithm, which is the simplest of the four branching algorithms introduced in
[10]. We get around the lack of independence by using exchangeability techniques and by introducing an
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unrealizable approximate McKean-Vlasov particle system (originally motivated by the work of McKean
[16]) which has independence.

The weighted particle filter, largely credited to Handschin [6] as well as Handschin and Mayne [7],
approximates the unnormalized filter, denoted o, below. This weighted particle filter is the most basic
particle filter and is embarassingly computer parallelizable. However, it is well know to suffer particle
spread issues that have to be corrected by branching or resampling. Branching particle filters, like those
introduced by Crisan and Lyons [3], can have effective resampling yet still be be highly parallelizable.
Nonetheless, these early branching particle filters generally have very unstable particle numbers, which
affects performance adversely. Recently, Kouritzin [10] introduced four successively more refined branching
particle filters with the aim of reducing particle number fluctuations and thereby improving performance
and reliability. Even the simplest of these four, the Residual Branching Particle Filter, was shown in [10],
[12] to avoid wild particle swings and to outperform many popular sequential Monte Carlo methods by a
large amount. Herein, we analyze this Residual Branching Particle Filter by way of Marcinkiewicz strong
laws of large numbers (Mllns) and the central limit theorem (clt). As a consequence, we also layout a
framework for further analysis of the Residual Branching filter as well as the three more-complicated
improvements of this filter given in [10].

The bootstrap particle filter algorithm was introduced in 1993 by Gordon, Salmond and Smith [5]. It has
been improved by using residuals and stratified random variables. This collection resampled particle filters
is one of the big breakthroughs in big data sequential estimation and their convergence properties have
been thoroughly studied by many authors (see e.g. Douc et. al. [4]). In particular, Chopin [2] obtained a clt
for the residual improvement of the bootstrap algorithm. However, these particle filters approximate the
actual filter 7, not the unnormalized o,,, do not have the (same degree of) ancestrial dependence as the
Residual Branching filter and base their resampling decisions upon the (locations of the) whole population.
Hence, their analysis is quite different from what is required for the Residual Branching particle filter.

In terms of convergence results for branching filters to the unnormalized filter, Kouritzin and Sun [11]
obtain Ls-rates of convergence for a partially-resampled branching algorithm. However, no other results
were attained and their results are in a specific setting. From a mathematical perspective our work might
be closest to Kurtz and Xiong [14], [15]. Their work applies to a more general setting than nonlinear
filtering but in the non-linear filtering setting it only considers the weighted particle filter. Consequently,
substantially new methods are required herein. We make use of classical exchangeability works like Weber
[19] and McKean-Vlasov equations as in [16]. However, several new (at least to particle filtering) ideas
including branching particle filter coupling, use of infinite branching particle systems, use of tracking
systems and Hoeffding-inequality-based particle system bounding are also utilized.

For motivational purposes, we consider tracking a non-observable, random, dynamic signal X given
the history of a distorted, corrupted partial observation process Y living on the same probability space
(Q, F, P) as X. For many practical problems the signal is a time-homogeneous discrete-time Markov process
{Xn, n=0,1,2,...}, living on some complete, separable metric space (F, p), with initial distribution 7y and
transition probability kernel K. The observation process takes the form (Yo =0 and) Y, = h (X,,—1) + V,
for n € N, where {Vn}zoz1 are independent random vectors with common strictly positive, bounded density
g that are independent of X, and the sensor function h is a measurable mapping from E to R?. (Such
g still allows popular observation noise like Gaussian or Cauchy distributed ones.) Then, the objective of
filtering is to compute the conditional expectations m, (f) = ET (f (X,) ‘]—'X ) for all bounded, measurable
functions f : E — R, where FY = ¢{Y},l = 1,...,n} is the information obtained from the back observations.

Suppose without loss of generality that Q = (E x R9)*> and F = B((E x R?)>) until later extended.
Moreover, suppose hereafter F, = {0, Q}, F§ = o{&F,k € K,1 < n} when n € Ng and F§, = o{&F,k €
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K,1 < oo} for random variables {¢¥ k € K,n € {0,1,...}} on (£, F). (This is consistent with 7 defined
above if K has one element.) Unnormalized filters transfer the information contained in the observations
to a likelihood process by measure change. In this method, a reference probability measure @ is introduced
under which the signal, observation process {(X,,Y,+1), n = 0,1,...} has the same distribution as the
signal, noise process {(Xn, Vat1), n = 0,1,...} does under P. Hence, the observations are i.i.d. random
vectors with strictly positive bounded density g and are independent of X under measure Q. All the
observation information is absorbed into the likelihood process {L,, n = 1,2,...} transforming @ back to
P, which in our case has the form

dP

P g(Y; —h(z))
dQFxXvFy

=L, = H aj(Xj—l)a with O‘j(x) = g (Y) )
J

j=1

(1.1)

so L, = ap(Xpn—1)Lyp—1 and Ly = 1. The following (well-known) discrete Girsanov’s theorem constructs
the real probability P from the fictitious one Q.

Theorem 1.1. Suppose under probability Q that {X,, n=0,1,...} and {Y,,, n=1,2,...} are independent
processes on (2, F), the {Y,} are i.i.d. with strictly-positive, bounded density g on R? and V,, =Y, —
hMXn—1) for all n = 1,2,... Then, there exists a probability measure P such that (1.1) holds, {V,, n =
1,2,...} are i.i.d. on (Q,F,P) with density g and {X,,} is independent of {V,,} with the same law as on

(Q,F,Q).
_ an(f)

Using this reference probability @) and Bayes’ rule, one finds the filter satisfies 7, (f) = Ok where o,

is the unnormalized filters

S0 09 = T, as Lo = 1 and ]-'3/ = {0, Q}. Hence, the normalized filter 7, can be estimated by constructing
approximations (denoted SY and S below) to the unnormalized filter model. (It well known that Bayes
factor can also be obtained from the unnormalized filter [13].)

Our algorithm is given in the next section and our mathematical notation in Section 3. To state our
results, we let SV (f) be our branching particle approximation to the unnormalized filter o, (f). Our main
result, Theorem 5.1 in Section 5, states that, for almost all observation paths, S¥(f) satisfies the Mllns
(with all possible rates) and the normalized difference v N (SN (f) — 0, (f)) satisfies the clt (with variance
characterized by the resampling employed). Taken together these results say the same polynomial rates of
almost-sure convergence in number of particles N hold for the Residual Branching particle filters as for
other particle filters (like the weighted) even when no extra particles are used. Moreover, under the extra
particle condition g—N — 0, the random weak particle interactions in our algorithm average out enough
to characterize the optimal convergence with a clt. To obtain these results, we couple our algorithm to a
reduced particle system, introduced in Section 4, which is unimplementable but mathematically simpler.
Conceptually, our Residual Branching particle filter is a weakly-interacting particle system and the reduced
system is a more-tractable McKean-Vlasov-type limit (with average weight A, replaced by o,,(1)), which
can be used to predict performance of the Residual Branching particle filter. We also introduce tracking
systems in Section 6, which run as weighted filters but indicate where the Residual and reduced filters would
resample (at least initially). These tracking systems are introduced for purely analytical reasons to help us
divide the Residual and weighted particle filters into comparable pieces. They also have to be coupled to
the Residual and reduced particle filters. The actual coupling and its ramifications are contained in Section
7. The first appendix contains the derivation of the clt variance for the McKean-Vlasov and Residual
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Branching filter. The second appendix contains a technical total-mass ergodic theorem for the Residual
Branching filter using the coupling.

2. Residual Branching Algorithm

To analyze our branching particle filter, we introduce it using two initial particle types: N € N filter
particles and my — N € N extra particles. (A more implementable version without the extra particles and
the {Vk1 is given in [10].) The purpose of the extra particles is to allow enough asymptotic independence
for the central limit theorem (clt) to hold. (Extra particles are not necessary for the Mllns to hold.) We
define the following branching Markov process {SY,n = 0,1,....} approximation to {o,,,n = 0,1,...} in
terms of the observations and signal transition kernel K introduced in the introduction as follows:
m
Initialize: {X’S’l}k; are independent (initial particle) samples from g, {Vﬁl}zoz()::nf]v are zero-mean

i.i.d. random variables, and Nf = 1, Lg’l =1lfork=1,..,mp.
To handle possible degeneracy, we also preset N5 = 0 for all i, k,n € N.
Repeat: forn =0,1,2,... do
1. Weight by Observation: ]I/:ﬁ’ = Qpt1 (Xﬁz) LEt fori=1,2,..,.NE k=1,2,...my

k
my N

noo~

2. Average Weight: A, 1 = #N kgl l; Lk
Repeat (3-5): for k =1,2,....,my do
Repeat (3-5): fori =1,2,...,N¥ do
3. Resampled Case: If Lk 4 Vﬁ’frl (@nAni1,bpAyg1) then

. . . Tk,i Tk,i
(a) Offspring Number: Nﬁ’frl = L—J + pkt with pki a (L" — { I

Apti Apti

v J) -Bernoulli independent of

everything
(b) Resampled Weight: Eiz =Ant
4. N]?p-resample Case: If IEfle + Vﬁil € (anApi1,bnA,p1) then
Tt Tk ki
Ln :]LI:L’aNn—}-lzl y
5. Combine: XFJ = Xk Lﬁil =T for

jE{NZil —l—-..—l—N:iIl +17"'7NZ741-1 +...+N:i1}

6. Evolve Independently:

Nk
N n+1
PXply €Ty Yk jIFEv FYVESY) =TT T[] KXE7.Txy)
k=1 j=1

for all Ty ; € B(E), where N, | = N%! 4+ ... ¢ NP
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N N5+1
. N 1 k,j
7. Estimate 0,41 by: S;/,; = N Z Z Ln+15X’;£1'

k=1 j=1

Remark 2.1. (1) weights particles by their odds of producing the last observation. (3-5) resample the
particles without bias, killing unlikely particles and duplicating likely ones while keeping the expected number
of particles and total mass of all the particles constant. Parameter a,,b, in (3,4) control the amount of
resampling. a, = —o0,b, = 0o turns off resampling and results in the weighted particle system. a, = b,
ensure complete resampling.

Remark 2.2. The {VEi} are required for analytical reasons. They provide enough smoothness that we can
compare this resampled branching particle filter to a reduced McKean-Viasov particle system. Without these
V'’s the resampling events would be abrupt in the weight values.

Remark 2.3. The algorithm can fail (as all finite particle filters can) even though it is designed to have
a constant expected number of particles. During resampling, there is a possibility of immediately killing all

myLkd
particles if max N—ZA < 1. Ironically, this can only happen if there are more particles
JSNE_ | k<my SN 5 TR
n k=1 2ui=1"n
mpy
than at start. However, it may still be possible to degenerate immediately to one particle when Z leL < my.

k=1
Conversely, it is not possible to increase by more than my — 1 particles in one step. The weight variation
is a big concern: LK can become very uneven as my increases. Some regularity results are required to
ensure that there are enough effective particles and moment bounds to justify the anticipation of the clt as
my — OQ.

To rationalize the use of my — N extra particles, we quote the clt (see Weber [19]) for triangular sequences
of exchangeable random variables:

Theorem 2.1. Suppose {Xn ; : j =1,...,mn} are exchangeable random variables for all N = 2,3, .... and:

N
(i) 2= — 0, (i) NE[X3 ] = 1, (iii) Y _ X% ; = 1, (iv) N*E[Xn1Xn 2] = 0, and (v) maxj<y |Xn ;| =7
j=1
N
0. Then, Y Xn; > N(0,1).
j=1

Notice my — N extra random variables are required for the desired central limit theorem. Moreover,
when using our resampled branching particle filter in practice, you can take my to be something like
my = N(1 + logloglog N) (for large enough N) so you may not add many extra particles until N is very
large. Finally, the Mlln rates of convergence hold even for my = N so the extra particles are really only
for characterizing performance.

3. Notation, Unnormalized Filter, Weighted Approximation
3.1. Basic Notation and Convention

Recall E is a Polish space and let B(E), B(E),, C(E);,, C(E) and C(E)y be the bounded measur-

able, non-negative bounded, strictly-positive continuous, continuous bounded, and non-negative continu-
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ous bounded R-valued functions respectively and define |f|oo = sup,cg |f(2)|. Next, let B(E) be the Borel
o-algebra on FE.

For a finite set A, we use #A to denote its number of elements.

We use the extended Vinogradov symbol (introduced in [8]): Suppose a(n,m), b(n,m) are expressions
depending upon two sets of variables n, m. Then, a(n,m) < b(n, m) means there exists a ¢, > 0, depending
only on m, such that a(n,m) < ¢;,b(n,m) for all n,m.

The main mathematical difficulty of this paper is due to the weak interaction of the particles in the
residual branching system introduced in the previous section. In particular, the i*" particle X** depends
upon A,,, which in turn depends on the other particles. Our approach to dealing with this weak interation
is to couple this system to another (McKean-Vlasov) reduced particle system, where there is no interaction,
using the fact that AY — o, so the weak interactions die out as the initial number of particles increases.
To do this coupling, we need to introduce tracking particle systems for the residual and reduced McKean-
Vlasov particle systems that do not branch but tell us when each would. We also need an infinite particle
system into which each finite particle system will be imbedded, forming our coupling between residual and
reduced McKean-Vlasov particle systems. We reserve the following nomenclature for these systems:

e Blackboard bold will be used for all residual particle system objects (Xk4 LE? A,).

e Caligrahpic will be used for all reduced (McKean-Vlasov) particle system objects (X% £Ei). (o,
replaces A,, in the McKean-Vlasov system.)

e The tracking system objects will be distinguished from the branching object by using an underline so
(xF LF) and (£F, £F) will respectively be the k" (particle, weight) at time n in the tracking system
for the residual and reduced systems.

e Normal font will be used for the infinite particle system but it will be indexed with a multi-index
with the length of the multi-index being the time at which the particle is alive so X, is a particle in
the infinite system that is alive at time ||. The infinite particle system does not need to have its own
weights but rather the weights of the residual and reduced particle systems will be redefined on it.

e Mathfrak X* will be used once immediately below to introduce the weighted particle filter but will
not re-appear again.

The rest of the infinite particle system notation will be introduced just prior to its use in Section 7.

3.2. Kernels, Measures and Unnormalized Filter

Since Q(Xn41 € A|FY) = K (X, A), one has EC[f(X,)|Fi ] = EP[f(X,) |FX ] = Kf(Xno1).
Clearly, K f € B(E), if f € B(E)4. For any finite measure p and integrable function f, we define

w:/ﬂmmmme»/memmma

pK™ (dx) /K (z,dx) p(dz) and K" f /f (x,dz)

for all n = 2,3,... with K! =
Lastly, we define the (observation—dependent) operators A,, and A4, , as

Ao = { G e (3.)

Ainf (1) = {?@¢H~%&JDWL§§Z+1, (3.2)
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Then, o9 = mp and, using (1.1,1.2), we have the following recursion for o,:
on(f) = opn_1(Anf) Vn=1,2,.., (3.3)
Applying this recursion repeatedly, we have that

On (f) = To (Al,nf) . (34)

Tn—1(Anf) _ mo(A1,nf)
U'nfl(Anl) - ﬂ—O(Al,nl)-

Bayes’ rule implies that m,(f) =

3.3. Weighted Particle Filter

Weighted particle filters approximate the unnormalized filter o,, without resampling. The conditional expec-
tation o, (f) = EQ[L, f (Xn)|]-'}; | with respect to reference probability @ is replaced with an independent
sample average to obtain

N
oN ()= SOIAF (RE). (35)
k=1

our weighted-particle estimator of oy, (f), where the particles {X’“};ozl are independent (mg, K)-Markov
n

processes that are independent of Y and the weights satisfy L% = [] «; (%?_1).
j=1
In the sequel, we will fix an observation path, set QY (-) = Q(-|FY) and let EY [Z] denote expectation
with respect to QY .

4. Reduced McKean-Vlasov Particle System

The problem with the weighted particle system is, due to randomness, most particles do not behave
like the signal so their weights become small compared to the weights of very few good particles. This
results in a particle filter that effectively consists of an average over only a very small portion of the
particles. This problem manifests itself theoretically in the large expected variance of the central limit
theorem and practically in the need to use a huge number of particles in most applications. Indeed, the
weighted particle filter might not work regardless of the number of particles. To combate these problems,
one introduces resampling. Initially, we pretend herein that we have access to the actual unnormalized filter
total mass {c,(1), n = 0,1,2,...} and consider an unimplementable reduced system of McKean-Vlasov
type. In particular, we use the algorithm given in Section 2 with A, replaced with o, (1). To facilitate
analysis, we make explicit reference to the random variables that drive the particle system. Suppose we
have enlarged (2, F, @) to support the following random variables:

1. {Xk}zo;l are independent samples from g,

{2k n ki € N,z € E} are independent with Z%%* having distribution K (z,-),
. {UF :n ki € N} are independent and Uniform][0, 1],

. {Vki . n ki € N} are zero mean, i.i.d. with common pdf fy,

=~ W N



M. A. Kouritzin/Branching Particle Filters

which are mutually independent and independent of X,Y. The actual pdf fiy does not matter for this
section but has to be bounded in the next section. k is used to denote the first ancestor of each particle.
Then, our reduced particle filter will be the average of N i.i.d. weighted branching Markov processes
{BF n=0,1,..} each starting from an independent sample d,x. All particles evolve independently of each
other only interacting with {c,,(1)}, which is deterministic with respect to QY. At any time, many of the
B* may have died out while others have branched into multiple particles. For clarity, the particles at time

. k
n (if any) that are offspring of the initial particle x* will be denoted {Xﬁ”}ﬁ"l and the weight of such a
particle after resampling will be denoted £F. Then, the branching Markov process corresponding to the

kth original particle and the complete filter estimate will be
NE N
BE =Y "LE6 i and S) = Z Bk
i=1 k:
respectively. We define the branching Markov processes {B"*} as follows:
Initialize: X(f’l =y, NEF = E’g’l =1Vk=1,...mn; N* =0Vi,k,neN.
Repeat: for n =0,1,2,... do
Repeat (1-6): for k =1,2,...,my do
Repeat (1-5): fori=1,2,..,N* do
1. Weight:
B = o ()L

2. Resample Case: If £k i+ Vn+1 (anon+1(1),br0on11(1)) then

A Lk ki
n+l — (1) + 1Mk1 ki < ki a‘cn = Un+1<1)
On+1 1 an+1(1) —aﬂ+1(1>

3. Non—resample Case: If Eﬁl +Vk it € (anong1(1),bpopy1(1)) then
Lot = Chi N& =1
4. Combine: XkJ o Xk i ﬁkil = ,C for je {Nii}l +1, ,..,Wﬁil}, where

k i—1 k,]
n+1 § n+1

. Ak),_‘ P g P :
5. Evolve Independently: X%/, = Zﬁﬁ’lx" " for je {Niill +1, ,Niil}

k

. . Ny ki " - ka
6. Estimate: B, = ‘21 ‘Cniléx,’jfﬁ where N¥, | = NB 4+ + N
=

(4.1)

(4.4)

Remark 4.1. Notice that a particle in this reduced particle system behaves exactly as the same particle in
residual system introduced earlier if neither branches. Conversely, if they both first branch at exactly the



M. A. Kouritzin/Branching Particle Filters

same time and produce the same number of offspring, then their offspring locations can be the same but
the weights will generally differ as A, will not be exactly o,,. We will later capture these two cases in our
coupling proofs. Also, situations where one system branches and the other does not or a different number
of offspring are produced by the two systems will be shown to have limited occurrences.

fhi
Remark 4.2. This reduced filter can plunge into a zero particle trap if ma n < 1. The

jSfo,la)’f(SmN ony1(1)
weights can also become very uneven. We defined an extra my — N particles that were independent of the
other particles and not used in the estimate. This was entirely for comparison with the resampled system
(given in Section 2), where the extra particles are required to establish the central limit theorem.

Remark 4.3. To handle the index change in Step 5, we use the parent operators

. . e | ki
Pny1(j) =1 such that j € {N, ;1 +1,.. N} (4.5)

This i is unique. pn11 is defined explicitly in o slightly different context in (7.45) to follow.

, ) —k,i
After Step (4), we have /\/’:ﬁl particles at location X* each with weight £n’l. Hence, the expected
weight at location X*? after possible resampling satisfies:

EY [Zf;ijl |FUx v FY | = 28 vi=1,2,., N, (4.6)

n

which is the weight in (1) prior to resampling, so the system is unbiased. However, we need to go further
and establish a martingale property. First, averaging over the ¥, one has

i
BV 3 gk [ v R (4.7)
J=N T
Ny phi Fhi . .
, o i o
=BV > [+ |55t - “ﬁ“f()fn ) [ FRCL vV FYE
j:Nﬁ’i_1+1 ‘Cn—l ‘Cn—l

~ ki Lk Ji . . . .
where N} = Ni fy {22’:1J and F4° = o{U’ : m < n,(I,j,m) # (k,i,n)}. (Notice (4.7) holds
n—1

whether we resample or not.) Using (4.7) plus the facts N¥_ | € FYVX and (LEI EY [f(XF7)|FY | v



M. A. Kouritzin/Branching Particle Filters 10

k,i—1

FUVV]) = (En 1,Kf( ) for je {N +1, N’;} one finds by (4.1,4.4,3.1) that

Nk
EYBU(HIFEY] = BT [Z Lo f(X00)|

Jj=1

: [ ki
n— N

Ny 1 n
S Y| S e
=1 j:NI:L’i*1+1

N’V’f
' [k

UVX
‘Fn—l

ne lcn KPR

_nl

Fv ]

2
nZ (AL KAL)

LB (Af) subject to BECP) = )

(One can check this equation in the two cases: N*_| = 0 and N¥_; # 0.) Using (4.8) recursively, one finds
by (3.2,3.4) that

EY[BE(f)] = BY [A1,f(XF)] = ou(f) (4.9)

so by (4.8,4.9)
BE(f) —ou(f) = ME'(f), where (4.10)
ME(f) =3 [BF (Aisanf) — EY [BF (Aeanf) |[FENYT] . (4.11)

=0

{Mfk (f), n=0,1,..} is a zero-mean {FY¥Y¥1> _martingale with respect to QY. Averaging over the
initial ancestrial branches k, one finds by (4.1,4.8,4.9,4.10,4.11) that

N
EY[SY(PIFYY] = 8(Anf) subject to S () = 1 D F(x) (112)
k=1
EYISY(N] = onl/) (4.13)
() = ou (1) +MY (1) (114)

with
MI(f) =

XN: (4.15)
k=1

[SF (Aranf) = BV [ (Aun ) [F]]

2|~

M:

I
o
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Now, we define the FY -measurable random variance

VE(f) = EY[IME ()] (4.16)

Recall o,,(f), o, from (1.2),(1.1) respectively. To find an expression for the variance 2 (f) of this reduced
system and the resampled system to follow, we define the resampling function:

r(e) = o~ |z] - (z — [2])%, (4.17)

which is an artifact of resampling and is clearly bounded by %. Now, let

vp(l) = /1(%710"(1),1)%1%(1))(s)fv(l —s)ds, Up(l) =1 —wv,(l). (4.18)

For notational simplicity, we recall o(1) = mp(1) = 1 and define

Oli,m(xi, sy xmfl) = am(xmfl) s Oéi+2($i+1)04i+1(9€i)0i(1) (4~19)
Vi (Tiy ooy Tm—1) = Vi (Qim (Tiy ooy ®m—1)) -+ - Vi1 (i i41(24)) (4.20)
ﬁi,m(xia --~7x7n—1) - vm(ai,m(xia ---7xm—1)) (421)

s0 o ;(x) = 0;(1) and v; ;(z) = 1. The following proposition gives the clt variance for the reduced McKean-
Vlasov particle system in terms of the resampling used. The proof is necessarily technical, and hence delayed
until Appendix 1.

Proposition 4.1. Let h be bounded and Z denote the sum over 1 <ip <---<i; <l and 0 < j <

i1 < <1y
j<l
Il <n. Then,
V() = m0((A1nf)?) — (mo(A1nf))? (4.22)
+ Z or(DmolAr -1 {A(Arp1,n f)? — B Ay n )2} 00, Vi, -1y i)
’i1<"‘<ij
i<l
+ Z Wo[A1,z—1aij,l{Az(Az+1,nf)2* Oéz(KAz+1,nf)2}Vij,zfil,iz,...,ij]
i <<
i<l
9 Vil Q1 9 _
+ ‘ Z .al (1)770[A17l—1m7" (al(l)) (KA1, f) Vij 1-1Viy s, i)
11 < <15
j<l
for all f € B(E), where
Uiy yinyeonsiy = Vig_1,iy """ Vit ia—170,i, V0,1 -1 (4.23)

A1 is defined in (3.2) and operator A; applies to the last argument of Aip1,m®m(zo, 1, ..., Ti—1, Z;).

Remark 4.4. We will later show a central limit theorem for the residual branching particle filter with this
same variance. This might initially seem surprising since it uses AY instead of the unnormalized filter o,,.
However, under our conditions AY — o, fast enough as N — oo that a central limit theorem with the
same variance results. Of course, we needed the extra my — N particles for this to happen.
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Remark 4.5. The first term on the right of (4.22) represents the error variance of introducing an inde-
pendent particle system. The remaining terms incorporate the resampling scheme used. To understand this
formula, we can think of j € {0,1,...,1 — 1} as a number of resampling events up to l — 1 and iy, 12, ..., 1;
as possible resample times up to | — 1 so the system would run without resampling between these times.
Vig1—1Vi;_y ;" * Vi ia—1V0,i, V0,i,—1 18 then the joint probability that these are the resample times. In par-

ticular, vp4,—1 1s the probability of not resampling before i1 and Dy;, is the conditional probability of
Uij,l

resampling at i1 given no prior resampling. Under our conditions, each oy is a finite measure and —
’ Qi 1—1 ’

ai, Apnf are bounded for each fived Y1, ..., Yy, f € B(E)+ sovE(f) is an R-valued random variable.

To facilitate the discussion to follow, we break the final two terms of (4.22) into the cases of resampling
at time [ — 1 and not, which yields:

T (f) = 10((A1,0f)?) = (mo(Arnf))? (4.24)

n -1
+ Z 01(1)2 Z oA 1{ i} Vi, 0V, 117y i, i)
=1

7=01<i; < <5<l
n -2

+ ZZ Z molAvi—106, 1{ fr.n}Vi; 1Viy i, i ]

=2 j=01<i; < <i;<l—1

n -1
+ Z o1—1(1) Z Z ol Avi—10u{ fin } Vi, Vi ia,... i)
=1

J=11<i < <ij=l—1

n -2 _
Vi N o‘",l _
+) 07 (1)) > mo[Ari—2 7“<U;(’1)) Fov 1V ]
=2

J=0 1<y <<y <l—1 Qijl-1
- — Vil ayo—1(1)
+ > of(1) molA11_1 —= 7“( el )flmw dizyeensi ]
; l jz—:ll<i1<»§j—zl a1-1(1) oi(1) v
for all f € B(E)4, where fi,, = A(As1.0f)?— (K Ajp10f)? and fo7 = (KAi41.f)%

Remark 4.6. Notice, there are no j = 0 cases in the fourth and sizth terms of (4.24). For the second,
third and fifth terms, the multiple sum over the i’s degenerates to just one item,

or(D)mo[Ari—1 {A(Ais1nf)?— K Ary1,n )} Doavoa—1), (4.25)
molA1—100, {4 (A1 f)? — (K Arp1 0 f)* } voy] and (4.26)
1 «
012(1)7&)[141’1,1 ﬁr <0l(0il)> (KAH»Lnf)QPO,lVO,lfl] (427)
respectively, when j = 0. Furthermore, in the non-resampled case where a; = —o0 and b; = o0 so v; = 1,

we have this j = 0 case only but also we do not resample at time | either so terms (4.25) and (4.27) also
disappear. Then, we can incorporate the a; into the operators by letting
20K f(z) j=1,2,..
AP f@) = { o (@) TS and 4.28
O B A (4.29

Ay~ {?52)(141(1)1...(14%2)0) ;ﬁ:gnnJrl 7 (4.29)
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and note that vy, = 1 in this non-resampled case. Hence, the non-resampled case variance is
T () = mo((Aaf)?) = (mo(A1nf))® (4.30)
+ YAl AP (Anf)? - (Aia))?| ¥ € BE).,
=1

which is the variance for the weighted particle filter.

Remark 4.7. Full resampling occurs if all a; = b; so U; = 1 so only the j = 1 — 1 terms remain. The
multiple sums over the i’s in the second, fourth and sixth terms of (4.24) reduce to

or(DmoAri—1 {A( A1 f)?— K A1 )} 1], (4.31)
or—1(V)mo[Ar—100 {A(As1n f)? — il Aiprn f)? ) vie], (4.32)
Aq - agop-1(1) _
2 1 1,1—1 191-1 KA 2 B 4.
Ul( )WO[Jl_l(l)r (Tl(l) ( l+1,’ﬂf) Vi 171] ( 33)
respectively since Uj_a 11 -+ Vo1 = 1 in this case. However, (4.32) also vanishes since vj_1,; = 0. Therefore,
the variance of the fully-resampled McKean-Viasov system is by (1.1), (1.2) and (3.4)
W (f) = 7o((ALnf)?) = (mo(Arnf))? (4.34)
+ 201—1(04)01—1 (A(Apinf)? — (KA nf)?)
=1
~ Ul(l) <a101_1(1)> 2)
+ o_1(aq)o— r KA1,
; 1—1(u)oi—1 (011(1) (1) (KAi41,nf)

for all f € B(E),. Comparing vV and the non-remainder part of v (i.e. ignoring the last term of v%),
we see that the main difference is that the former uses A while the later uses A, so the function «y is
not squared in v, Roughly speaking, this means that the errors are not compounded to the same degrees.
The remaining last term in (4.34) does not have a corresponding term in (4.30) and should be thought of
as the resampling noise variance. It is also compunded back in the same mild manner as the second term
in (4.34). However, the existence of this term shows that one should not over resample so a,, = by, is rarely
a good choice.

Remark 4.8. By the above expressions and the proof (in the first appendiz), we see that there is no need
for h to be bounded in either the non-resampled (i.e. weighted) or fully-resampled case.

This leads us to our main results of this section, which are laws of large numbers, rates of LP-convergence
and a quenched central limit theorem.

Theorem 4.1. Let h be bounded and g be positive and continuous. Then, for Q-a.a. Y, the reduced particle
system satisfies:

slin: SN = o, (i.e. weak convergence) a.s. [QY J;

Miln: |SY (f) = on (f)| <12 N7 as [QY] forall f e C(E)4, 0< B < %;
L?-rates: EY |SY (f) — o, (f)|2 = # for all f € C(E)4;
LP-rates: EY |S,]LV (f)—on (f)|p <]2 N=% forall f € C(E)y, p>1;
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clt: VN (SN (f) — o (f)) = N (o, \/y,f’(f)) for all f € C(E)..

N
Proof. SN (f)—on(f) =% 2 Mfk (f) is an average of i.i.d. random variables (see (4.15)) so the theorem
k=1

follows by (4.22), the classical laws of large numbers, L? bounds and central limit theorem. Note: 1)

Mffk (f) is bounded for fixed Y7, ...,Y,, by the following Lemma. 2) SY (f;) — o, (f;) a.s. [QY] for all i
implies S = o, a.s. [QY], where

l
{fz}fil = H(l - ,0('793]')) VO:le {07 172’ "'}7xj € {yk}gil ) (435)

j=1

for some dense collection {yx} C E. (See Blount and Kouritzin [1] and note the product over zero functions
is taken to be the constant function 1.) O

The boundedness of Mfk (f), required above follows from (4.11,4.8,4.1) and the following lemma.

Lemma 4.1. Suppose h is bounded while g is positive and continuous. Then, there is a function C,, :
R — (0,00) such that the reduced system particle numbers and weights satisfy:

NF,  max Lf’i <C,(MW1,...Yn) VEe{l,...,mn},1€{0,....,n} on Q.
ie{l,...N}}

Proof. Let Wl’“ = al(Xlkfl) with o defined in (1.1). Since

0 < inf g(Y1 — h(z)) < swp g(Y; — h(z)) < 0o

ecE g(V]) wer  9(V1)
and o7 is a positive finite measure for each [ € N, there is a C = C(Y1,...,Y,) > 1 such that

1 .
o <amwt<c (4.36)
Vi=1,. ., NFl=1,..mk=1,...myn;N=1,2...

Now, recall from the reduced system algorithm (given above) that

ﬁﬁ-jl < o (1) V Wlliziwl(j)ﬁf,m“(j) (4.37)
N NF b Ny Lty ki
ko _ ki . l I+1
Ny = Z N < Z Z Z l o1 (1) 1] (4.38)
=1 i1=1 2-2:N1;,i1—1+1 ilzﬁf7il71_l+1

forj=1,..., Nl’fH; k=1,2,...,my, where the parent operator p is defined in (4.5). Now, the stated bounds

follow from (4.36,4.37,4.38), the fact NF = £§’1 = 1 and induction. O

vP(f) is 4V (f) or vE(f) when there is no resampling or full resampling respectively, where vV (f),
vE(f) are defined in Remarks 4.6, 4.7. h need not be bounded in these two cases.

Bounded regularity for the residual branching system will not be so easy to come by but is handled in
the next section.
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5. Residual Branching Particle System

The reduced system uses o, (1), which is usually unrepresentable on a finite computer, so we use the particle
filter algorithm in the introduction, expressed now in terms of random variables {x*}, {U*?}, {V¥?} and
{Zk=} analogous to those of the previous section. Particles can now interact weakly through an average
weight process {A"N n = 0,1,...}. However, we still break up the system by the first ancestor of each
particle so our resampled particle filter will be the average of N exchangeable branching Markov processes
{BF, n=0,1,...}, each starting from an independent sample dyx. For clarity, the particles at time n that

. k
are offspring from the original particle x* will be denoted {Xﬁ’l}i\]ﬁi and the weight of such a particle after
resampling will be denoted ¥, Then, the branching Markov process corresponding to this original particle
and the complete Residual Branching particle filter are:

Nk

BY =) L6y and S) = ¥ ZB’“ (5.1)

=1 =

The branching Markov processes {BX} are defined by:

Initialize: X{'' = y* Nk =1 = L&' vk = 1,2, ... my. NB = 0 Vi k,n € N,
Repeat: forn =0,1,2,... do

1. Weight: L5 = a1 (XEA)LE? for i = 1,2,...,NE k= 1,2, ..., my
2. Average Weight:

my 'n

Apy1 = — Z ZL’” (5.2)

k: 1:i=1
Repeat (3-7): for k=1,2,....,my do
Repeat (3-6): for i = 1,2,...,N¥ do
3. Resampled Case: If IE’“ i Vk Zl ¢ (anApi1,bA,41) then

(a) Offspring Numbers: NI | = [ Lot J + 1

Apt1

(b) Resampled Weight: Ek’i =A,
4. Non resample Case: If }Lk i +Vn+1 € (anAp+1,bpA,11) then
L' =Thki N =1
5. Combine: X% = Xki LM =T for j e {N’;il1 +1,. N’;+1}, where

n+1 - Z Nn+1 (53)

6. Evolve Independently: X/ | = anjux " forall j € {NZ-:l +1, "'vNiil}
NI:;,+1

7. Estimate: BX | = Z Ln+1 Xk where N | = Nﬁil +- 4 NnJr1
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Remark 5.1. For the index change in Step 5, we re-use the parent operator
: . e A | —kyi
Pnt1(j) =1 such that j € {N,,; +1,.., N 1}, (5.4)

. L —+7k,i . . . .
defined now in terms of Nnil instead of J\/n}rl. The context will make it clear for which system p, is
operating on.

Remark 5.2. The distinguishing feature between the Residual Branching and reduced particle filters is the
resampling events. The resample sets for these systems are respectively

, Lkt ki

Hf,;jf = {A&l'mlv ¢ (amlabml)}’ (55>
. LEE ppki

= B e )

The conditionally expected effective weight of resampled filter particle X!, after resampling is:

—kigk,i
EY [Ln Nk

fgx \/‘F;Y-&-l] = ﬁ-\‘ﬁzv

which is the weight before resampling so the system is unbiased. Moreover, noting ﬂi’ € FUVE one finds
as in (4.7-4.8) that

EY By (f) | Fa27] = By_1(Anf) subject to By (f) = f(x*). (5.7)
Using (5.7) recursively with (3.2) and (3.4), one finds that

k
EY[BL()] = on(f) and By (f) = on (f) = My (f), (58)
with
N n
M (F) = > [BY (Aryinf) = B [Bf (A f) |72 ] (5.9)

l

= [Bf (AlJrl,nf) - ]Béil (Al,nf)] if Bljl = To-
=0

0

3

Hence, EY[ME,C ()] =0 by (5.9). Moreover, {Mffk (f), n=0,1,..} is a {FYV*}-martingale with respect
to QY. Averaging over the first N ancestrial branches, one finds that

N
EYSY()IFTE) = SN (Anf) subject to Sﬁ(f)}vgﬂx'“) (5.10)

EY[SY(N)] = oulf) (5.11
SN(f) = on(f)+MY (f) (5.12)
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with

N
S ME (5.13)

k=1

2=

[
NE

[ng (Al+1,nf) - EY [S{V (Al-i-l,nf) ‘}—lU—le]] .

N
Il
<

This leads to our main result, laws of large numbers and a quenched clt for our Residual Branching
particle filter.

Theorem 5.1. Suppose my > N; h and fy are bounded; and g is strictly positive and continuous. Then,
for any n € N and Q-almost all Y, the Residual Branching particle filter satisfies:

slin: S = o, (i.e. weak convergence) a.s. [QY J;
Min: [SY (f) — o ()] € N=% a5, [Q¥]Vf € C(E);, 0< B < L;
clt: VN (SN (f) = ou (1) = N (0,V7F () ¥f € C(E), if 2 0.

Remark 5.3. The LP rate results of Theorem /4.1 were not transferred here due to a missing bound. The
proof of these LP bounds might follow a similar line as our Mlln proof, which breaks the estimates over a
“large” good set DY (defined in Theorem 5.3 below) and “small” bad set (DN). Indeed, we do provide LP
bounds on DY but only (fast decaying) probability bounds on its complement. This is fine for our Mlln but
not immediately good enough for LP rates.

Remark 5.4. 1) This clt requires exactly the same “extra particle” condition % — 0 as the clt for

exchangeable random wvariables in Theorem 2.1. 2) vE(f) = vV (f), given in (4.30), when there is no
resampling and vE (f) = vE(f), given in (4.34), when there is full resampling.

We use the following theorem to prove Theorem 5.1.

Theorem 5.2. Suppose p € [0,1], Ng € N, my > N+ NP —1 for all N > Ny and {¢n i}, are
exchangeable random wvariables such that: i) N'=PE [1/)12\,,1] — 0, and i) NE[¢Yni1¢¥n2] — 0. Then,

N
1 P
— /IZ)N,]C — 0.
w5

my

Proof. Define Fn,; =0 ¥n1,..., N, 2. ¢N7j} and let On,; =¢Yn; — F [1/1N7mN|]-"N7i_1]. Then, using
j=it1

the exchangeability, one has that

2

lim F

N—o00

N
1
— NIEHOON;E[@?“] (5.14)

| X
ﬁ;@N,i

N
. 1

1

N
— g D E L P

IN

lim E [¢%,] =0 byi).

N—oc0
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By exhangeability, linearity and the definition of Fy ;, we find that

mnN

1

E [wN,mN ’]:N,i—l] = My —it1 ZE [¢N,j‘]:N,i71] (5.15)
j=i

my
= (mN — i+ 1)71 Z”(/JNJ.
Jj=t

Therefore, it follows by Jensen’s inequality that

N
. 1
N E TVZE [V | Fvi-1] (5.16)
Z wN] + Z E YN VN k]

< 1 J= Jj#k=1
< lim .

N—>oo mN Sy 1)
< i - 2 _
= 1\/1520 \/mN N+ lE {@[’N,J + NE [Yn1tPn2] =0

by i) and ii). O

As noted in Remark 2.3, our resampled filter can degenerate to few particles or grossly uneven weights.
The following bounds, used to prove Theorem 5.1, ensure the risk of such system irregularity decreases
exponentially in the initial number of particles.

Theorem 5.3. Suppose n € N; {my}_, satisfies m; > 2, my / oo; h € B(R?); fr € B(R); and

mN

g € Cy 1 (R?). Then, there are €, >0, Cp, > 1 and DY € o {ZN?, < n} such that DY, C DY for all

k=1
n=0,1,2...; QY (ny) >1—2ne "™~ for N >1; and

Nf, max k}]Lf’i,A;"N <C,Vke{l,..my},1€{0,...,n} on DN,

Remark 5.5. This result says that the algorithms are well behaved up until at least one step in the future
on DN which allows comparsion of the Residual and reduced branching filters on DX .

Remark 5.6. g € O (R?) still allows quite general noise, including Gaussian, Cauchy, Laplace etc.

Proof. Initial Setup: Let W;“ = al(Xl 1) Since

oVi—h(x))  g(Yi— h(x))
T R S R

there is a C' = C(Y71,...,Y,) > 1 such that

1

5gwf”’gC\ﬂgigN{zl;1glgn;1gkgmN;N21. (5.17)
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For | > 1, we define v (1), 7o (1), DY recursively by

ve(l) = Cue(l—1)1e(l—1), subject to va(0) =1, (5.18)

To(l) = 27¢(l — 1)(Cvc()ve(l — 1) + 1) subject to 7¢(0) =1, (5.19)
1 SRR

DY =< —=<—) Ny <7c(l) p DY, subject to DY = €. 5.20

l {TC(”_mez_:l = C()} -1 J 0 ( )

Clearly, DY € F*UV. Now, recall from (5.2) and the Residual Branching algorithm that

k
my N

m 1 ki 1 ki
ALY = HTZZWMLl (5.21)
N k=1i=1
Aﬁz\ll A Wf—;_pll+l(j)Lf5apl+l(j) S L;‘?—;_Jl S A’lfilii \/Wéf—;_pll#»l(j)ﬂd;f»pl#»l(j) (522)
oW W R P e
D S ICED DR DENNTIND DI [ (523
=1 i1=1 igzN’;’i171+1 iL:Nf’il_171+l 1+1
for j =1, ...,Nl’fﬂ; k=1,2,...,my. These imply that
1
— < AN < [+1 5.24
Uc(l+1)_ l+1—vc(+ ) ( )
1 ki . k
— <L < l+1)Vk 1,2,.. 1,..,N 2
Uc(l—‘rl)i l+1fvc(—’_)v 6{,7 7mN}77f€{7 y N (5 5)
ki 7 ki . k
Cooll) SWiL LY < Cue(l) Ve € {1,2,...,mn}, i € {1,... N1 } (5.26)
l
Nfy, < JJweli+ Doe(i)C +1) = Me(l+1) Vk € {1,2,...,my} (5.27)
i=0

on DY for all I = 0,1,2...,n by induction and (5.17).

Base Case: {N¥} are bounded by Mc(1) (since DY = Q) and conditionally independent so Hoeffding’s
inequality applies to find

1 my Wk,l
Qv nTZ N¥ — Alelﬂ’f’lJrl(H’f’l)c >t‘f§‘vflv (5.28)
N =1 1

2myt?
S 2€Xp<_]\312jv(1)> a.s.,
c
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where resample set HY is defined in (5.5). Next, by (5.17), (5.24), (5.18), (5.19) and (5.28)

Qy<{ <L i }) (5.29)
el mn +—

mn k,1 T
Qy<{m2(1) = miz me Lagr + 1gpnye 1 = C2(1) })

k=1
Y my X v
Q ( >TC(1)‘}'O\/J-'1>]

Y

— EY

wi!
£ AlTNlHllc,l + 1(Hllc,1)c

> 1—2exp( MQ?”;‘%)

Inductive Step: Suppose that
QmN
QYMYN) > 1—2lexp <) : (5.30)
: MED)7(1)

which is true when [ = 1, and let

WL

ki SR

"’ = Lgei + Logei e 31
pl A?j_]\{ H;‘+1+ (Hk ) (53)

Then, it follows by (5.26), (5.24) (5.19) and (5.18) that

my
QY<{TC(11+1) < miN k:1Nf+1 <7+ 1)}leN> (5.32)
. oY { 2 1 %Nl pi o e+ D oy
- To(l+1) my b= 2 !
1o N 1

- Qv miNkZI NJy 2:1/7;67 o+ 1) nDyY

Y N Y 1 - k N;C ki 1 N
> QDY) -Q miN; Nl+1—i=1pl’ >m N D;

However, we have by the independence of the U’s, (5.27) and Hoeffding’s inequality that

k
my Ny

1 ki
Q" [ |— Z N;C-',-l - P "

m
N k=1 i=1

QmNt2 N
< 2 N D
= eXp( M5<Z+1>> on

t|FEVy FY (5.33)
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where resample set Hf’i is defined in (5.5), so by (5.32), (5.30) and (5.33) with ¢t = m

QY({T ( S mii l+1 < TC l+ 1)}0]]){\[) (534)
=1

2mN
> 1-2(l+1)exp|— .
- G+1) Xp( Mg(z+1)rg(z+1)>
Conclusion: The result follows by induction, (5.20), (5.24) and (5.25). O
The proof of Theorem 5.1 also relies on a coupling of our systems as well as tracking systems that run
as weighted particle filters but signal the resampling events for the Residual and reduced branching filters.

6. Tracking Systems

For analytical reasons, we define tracking systems corresponding to the Residual and reduced systems.
These systems do not resample but do track where resampling would occur (at least initially). They are
used in Appendix 2 to establish the “closeness” of the Residual and weighted filter total masses. However,
they are introduced now in order that we can couple these tracking systems with the Residual and reduced
systems on the same probability space.

The reduced tracking system is defined as follows:

Initialize: &’S = x* and ng =1fork=12,.. mp;
Repeat: forn =0,1,2,... do
For k=1,2,....my do:

~k
L, = an(X5)LE (6.1)
~k
£k+1 — { O:]z-l—l(l)a {z + V +1 ¢ (anan+1(l)7bnan+l(1)) (62)
L, L, + 1 +1 € (anont1(1),broni1(1))
k,1,x%
Xop = 200 (6.3)
while the Residual tracking system is:
Initialize: X’g = x* and Lg =1fork=1,2,...,mn;
Repeat: forn =0,1,2,... do
For k=1,2,...,my do:
~k
no = o (X)L, (6.4)
o~k k1
]Lk+1 _ { A]TCH-L ]L + Vn+1 (anAn+1, bnAn+1) (65)
B Lno ]L +Vk+1 S (anAn+1,b An+1)
k,1,XF
X = Zoyi (6.6)

In the above algorithms, {V%!:n k =1,2,..} and {ZF'®:n k = 1,2,...,x € E} are the random variables
used in the Residual system while {V¥1:n k=1,2,...} and {ZF"%:n k =1,2,...,x € E} are the random
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variables used in the reduced system. {A,,n = 0,1,2,...} is also from the Residual system. Hence, the
Residual and reduced tracking systems have been defined on the same probability space as the Residual
and reduced particle filters respectively.

One would never implement these tracking systems. Roughly speaking, they run as weighted filters but
indicate (at least initially) where resampling for the reduced and Residual particle filter would have taken
place. Their importance is solely to ease the analysis by facilitating a break up of the weighted and Residual
particle filters over certain resampling events. In particular, the resample sets of the tracking systems:

~k
mel +Vﬁi1

Hy, = =g # (am1,bm1) o (6.7)
~k
L, 1 +Vi!
k _ =m—1 m
ﬂm - O'm(l) ¢ (amfhbmfl) (68)

are important to break up the weighted and reduced particle systems into comparable pieces once we have
coupled all systems together on the same probability space.

7. Coupling

To obtain “nearness” estimates between the resampled, tracking and reduced filters, we couple them through
an infinite particle system. Suppose N° = {()}, M = OLjO N™/ || = n if multi-index x € N™ and we enlarge
n=

(©2, F, Q) to support the following random variables:

—_

. {X’“}zo:l are independent samples from g,

2. {Z,’j”” D KE :le N*" keN;z e E} are independent, distribution K (z,-),

3. {UF: ke nole N™ k € N} are independent and Uniform|0, 1],

4. {Vk. ke :le N™ k € N} are independent and zero mean with common pdf fy,
which are mutually independent and independent of X, Y. Then, at time n, there is a particle X* corre-
sponding to each initial particle k¥ and multi-index s with |x| = n that satisfies:

k;XxF
Xg=x" Xl =72

(i) VR EM:E, i €N (7.1)
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(NFLE), emrens (NE, LF) cem ken, (Lk)KGM ren and (£F )rem,ken then extend the notion of offspring num-
bers and likelihood for the finite systems to the infinite system, where

(NG, L) = N, £5) = (1,1), L = Lg =1 (7.2)
Lhvt | ,
. . (]]-‘Zj(k,.€ i)7An+1> s ﬁ ¢ (ana bn) S Nﬁ
NF_ L7 ) = LEvE , 7.3
( (r,5)? (K’Z)) ( Lk) Anil];) € (anabn)aZ < Nﬁ ( )
(0,0), > NY
Lhyvk .
(ﬁU(kH’i), O'n+1(]_)) s Un,+1<(i)) ¢ (an7 bn) 52 S N,,?
k k _ R Al ok
Ny Lisiy) = (1, L) LitViis € (an,by) i < N* (7.4)
'y ~K) Tnt1(l) nyUn)y,t = JVy
(0,0), P o
+VH B .
. Angr, ﬁ¢( bp),i=1
= ~k
]L(H 2 =K L%‘i(f” € (a’nv bn) 7i =1 (75)
0, 1>1
Yo +Vh ;
i Un+1(1)7 gn+1((1)) ¢ ( ) =1
L = ~k LryvE . 7.6
foo =B BN cio "
0, 1>1
for all k,i € N, || =n, n=0,1,2,.... Here,
LE
(=9 \‘A"+1J U(kK 7)+{ H:1JSA1il
A L}
LUE & = | —5—|+1 (7.8)
e ont1(l) | UL, >+{%JS$
Appr = —Z > LY forn=0,1,..;A0 = 1; (7.9)
N = 1 k:|k|=n
H/:‘ﬁ = aln\Jrl(Xrlj)LEa Eﬁ = a|m|+1(X§)Lﬁa (710)
~k ~k
L. = oz|n‘+1(X,’§)L§ and £, = a‘N‘H(Xf)Lﬁ for k € M, k € N. (7.11)
Next, we introduce a partial order on M: k < & if || = |&| and min{i : k; < R;} < min{i : R; < k;}. To
make room for live particles from all finite systems, we let
NF=NFVN*VI VEENkeM (7.12)

and define the subset of alive multi-indices M? by k € M4 if k € M and either

k="0or k= (Ki,..., kn) with k; € {1,..., N} )}Vlzl,...,n, (7.13)

(’117~~,le1
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so particles X(kﬂ1 ) with (n > 1 and) some k; > N(’“H1 r_y) Are not in any finite system. To recover
the finite systems, we drop explicit reference to the ancesteral chain and set:
ki _ yk grkd _ gk ki _ vk gkga ok
Xn] - Xna UnJ_Um7VnJ_VmaZnJI_an7 (714)
Kﬁ’j = E’Za Kﬁ’j = ]Lﬁv ]C'IICLJ = Eﬁ? K]:L’] = ]Lﬁ, (7.15)
y 7 Nzk—1
Nk = NEN =37 N and NF = )T NPT with NF =1, (7.16)
m=1 m=1

where & is the unique alive multi-index such that || = n and
j=nk)=#ReM R <k} +1. (7.17)
(Many K, K could be zero.) For the tracking systems, we define
~k sk =k o~k
Eﬁ - é;}za K: - Lia En - L,ﬂ;, Kn == LH}’ (718)
for kK = (1,1,...,1) with |x| = n. Now, it follows by (7.9), (7.3), (7.12), (7.10), (7.1) and (7.14-7.16) that

k
my Ny

An = _— ]Lk = - Kk:J d 719
+1 e ; 2 . ZZ k3 an (7.19)
=1 k:|k|=n k=1j=1
. . k,i P A —k .
XE =z for e (N 41, N (7.20)

For convenience, let I¥ = {i : K& £ 0} and ZF = {i : K& # 0} be the Residual and reduced particles at
time n that started from the k' inital particle and |TI¥| denote the cardinality of I¢. Redefine the resample
and non-resample sets (previously defined in (5.5,5.6,6.7, 6.8))

) Kk,i Vk’i
REi = JBmoi T g et b (7.21)
AmN
Skt = {iely i }\RY, (7.22)
: kil 4V
ki m—1 m . k
. = N m— 7bm7 ’ Imf ’ 2
Rm { O'm(l) ¢ (a‘ 1 1) (S 1 (7 3)
Spto= {ieZ), J\ Ry, (7.24)
" R, +VE
Rm = W ¢ (am—lvbm—l) 5 (725)
[
R = ==l ™ g (g, 1 bp1) g (7.26)

Jm(l)

The following combinations of resample and non-resample events will be useful in comparing our Residual
particle filter total mass to the weighted total mass in Appendix 2:

RSH%““”""’“ = RTINS A skt (G, e T8, (7.27)
RSZL -Vt = RPUIASH N N SR 0 {iy, € T (7.28)
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Our coupling of the finite systems on common probability space (Q,F,QY) is complete. We use this
coupling to transfer the bounds of Theorem 5.3 to the infinite particle system, to prove Theorem 5.1 and
to ease notation about (9.14) of Appendix 2. For these uses, we need the following result.

Theorem 7.1. Suppose BE, BE are the Residual, reduced Markov branching processes defined in (5.1),
(4.1) and NE N°¥ are the corresponding particle numbers. Then,

Ny
k mk D k ki .
{N B }1<k<mN,nEN0,NEN - |H”|’2Kn 5be’l (729)
=1 1<k<mx,n€No,NEN
N,k
k ek D k ki )
{Nan }1<k<mN7neNo7NeN = 9§zl Z}Cn 5X,’§’1 (7.30)
i=1 1<k<mn,n€Ny,NEN
and
Nz L ﬁk ip—1
kyiry.yin
Z Z Wl-l—zll n—&-ll Jl(l)lRSI" i 1sipsein (7.31)
s Lk, N
Mk L Nk ip—1
D kyig,. 7"17.
= Z Z Wl-&-ll n+1 (1)1,}_[&1'171 (,Hk,il> C_“<Hk,in,1)c
1=l —Nk - 1+1 ! I+1 n
Lkn,N
where
kyigye.yin kyin ki1 yr-k,i
Wl+1l n+1 Wn+1 VVl+2 Wl+1l (732)
kyityeesin kyin ki1 ki
Wl+1l n+l — Wn+1' a Wl+2 Wl+1l (7-33>
I/Vlk’ = al(Xk 1) and Wlk’i = al(Xl’EZi). (7.34)
mN
Moreover, there are ¢,,Cy, > 0 and DY € U{Z [k, 1 < n}, such that DY, , c DY,
k=1
QY (DY) > 1 — 2necnmw (7.35)
max KPPV IF VA <G, V1<k<mpy;0<1<nonDY (7.36)
ie{l,....NF}
max  KP'VI|ZF < C, V1 <k <my;0<1<n onQ (7.37)
ie{l,...,Nf'}

forallm=0,1,2...
Note: For notational simplicity, we take DY, = 2 in the sequel.

Proof. Suppose (temporarily) the alive multi-indices MA were k € M if k € M and either

k=0or k= (K1,..., kn) with x; € {1, "'7Nl(cmw.,m_1)} Vi=1,..,n, (7.38)
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replacing N(km’.__mil) with N?’Qla-nyﬁl—l) in (7.13), and we defined
Xpl = Xg, Up? = U, Vil = VY, (7.39)
Zhie = ghke TRi 1k Lk =Tk (7.40)
ki ] le—l
NEJ = NE, N = D NP™and Nf = ) NP™ with Nf =1, (7.41)
m=1 m=1
where & is the unique alive multi-index such that || = n and
j=nk) = #{ReM R <k} + 1. (7.42)

Then, the Residual particle system algorithm is recovered by (7.1-7.3), (7.9), (7.10) with these definitions.
Moreover, the process distribution of the Residual estimates BF and particle numbers N* do not change
if we select from the (independent) {ZF*}, {U¥} and {V;*} differently nor if we add in zero weights and
zero offspring numbers. Therefore, examining the equations (7.1-7.42) and concentrating on this Residual
particle algorithm, we find

Ny
D .3
(NGB = IR D K6k : (7.43)
=1 k,n,N
(7.30,7.31) are handled similarly. (7.35-7.37) now follow from Lemma 4.1, Theorem 5.3 and (7.29,7.30). O

For notational convenience, we define the (exchangeable random) signed measures {B)¥}7'Y and the
parent operators (with respect to & and 7 defined in (7.42) but with M4 reset to (7.13)) by:

Ny
BYF = gy Y KF ks with KE=KE - K8 (7.44)
i=1
p(?) = n(k1,...,k—1) when i = n(k1, ..., k) (7.45)
N oG pmei(pm(i))  forl<m
Pim(i) = { i for i >m (7.46)

(i)—1

(soie {Nf’pl +1, ...,Nf’pl(i)}). Finally, by the argument in (5.17) there is a ¢ > 1 so that

W/ < eVi k1 eN. (7.47)

Now that we have redefined the algorithms on the same (infinite particle system and) probability space
(2, F,QY) (for each fixed Y), we can compare their particle systems.

Theorem 7.2. Suppose p € N as well as the conditions and setting of Theorem 7.1 with all algorithms
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defined on (2, F,QY). Then, there are C,, = C?Y > 0 such that

EY [\A?N - an(1)|P1D571} < Cpmy?, (7.48)
- ) i
EY 72 S RE - KR gy | < Camyt (7.49)
L TN = 1ielk UTk |
- ) .
EY 72 S RE KR 1oy | < Cumyt and (7.50)
N = 1ielkuzk |
r p
vil 1 ~k =~k -z
E miN I; |Kn7 En| 1]1])5_1 < CnmN (751)

forallmy =p+1,p+2,... and n = 1,2..., where DY _, is as in Theorem 7.1.
As these are bounds in NN, we highlighted the previously-suppressed N-dependence in AJ*V.
The following lemma is used (with induction) to prove (7.50) implies (7.48) in Theorem 7.2.

N _»
Lemma 7.1. Suppose n € Ny and EY [\AZT”N — O'l(l)‘pl]DZN_I} < mNg for alll <n. Then,

1@.5-21]

mN

ZI’C ;|

n—1
Y[ATS, = o (D)P1py] < 3BV

j=1
v n—1
+omyt Y B | Z SRS - K 1D;_V71
Jj=1 N o= Lielkuzk ’

The proof of this lemma is involved and hence delayed to Appendix 2.
Proof of Theorem 7.2. Set Up: Using the independence of the Vs, letting

GL=o{ViiijeNm#I}Vo{V/":j<kieN}vFLl? (7.52)
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noting the boundedness of fy and considering —oo < a; < b; < 00, one has by (7.21,7.23,7.25) that

G, (7.53)

b],_lo'l(l)fl/c\;ciil
/ fv(v)dv
b

my  rk,i
-1 A KT

Y ) )
E > lpkiagks

F Tk k
iely (UZP

al_lal(l)fﬁ;ﬁil
> / fv(v)dv

mpy k.t
il uTh | AT KT

IN

_|_

N >k, ki
< Loy je HIATY o)y + Y IKE K Iy
ielf JUZF |

G, (7.54)

E 1S§€,1Asl’€ﬂ

Tk k
iely (UZP

N Sk ki
< Loy ge AN — o)y + Y KS - K Iy
i€l UIP

BY [1&%@ |g(l)] (7.55)
N i ~k ~k
< 1y ye + A —a(Dlpy  + K =K [1py

BY {1%% st |gé} (7.56)

N - ~k ok
< 1y ye + A —a(Dlpy  + K =Ky [1py

almost surely for all [ = 1,2,... Now, set Slk’j = Sf’j N Slk’j, with Sf’j, Slk’j defined in (7.22,7.24). If
i € IF UZF, then either i € I¥ ATF so there is a time [ > 1 when only one algorithm ancestor was resampled
or i € I¥TF so the Residual and reduced particles have the same ancestorial chains. Hence, by (7.45,7.46)

<>

=1

% - ks

{IKS |+ R} Lkom o p om i + (7.57)
1 1

n
kEpin(i)am
L kpnin () ko1, kP, n (D) I I WP AN — o (1)) 1w ;
,Pn,n (i Pn—1,n(% PL41,n (2 1 1 D1 (3)
Sn Snfl "‘Sl,+1 J Rl,

Rf’pl’n(i) )
j=141
n
Y it Lk
K — KR < {|an\ + K5 }1sz,n<i>ARkym,n<i> + (7.58)
l 1
=1
n+1
kapj,n(i) my
155,%,”(@5:,10?71,”(i)mslfcﬁz+1,n<i> HWj [A"N—0y(1)] 1Rf,m,n<i>Rf>m,n<i> .

j=l+1
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For the tracking systems, we let ﬁf = (Rf)c N (Ef)o and find by (7.5,7.6,7.11,7.18) that

~k ~k ok ~k
=1
n n+1
k,lram
Z sish sty | LT Wi ATY = oi(D)]] Lapry-
=1 j=1+1

Base Case: Clearly, (7.48-7.51) hold with n = 0 and Cjy = 0, even though this trivial case is not claimed
in the theorem statement.
Inductive Step: Suppose

N _p
Y [\A;"N - 01(1)\191@{[1} < my? (7.60)
m P 1
vl L - ki gk Ny _ -3
E nTZ DO =K| dpy, | < my? (7.61)
Y k=1 ierruzh |
- » -
Y >k, >k, N —%
E nTNZ MRS =K Loy | <my (7.62)
L k=1ielfuzf ]
and
m P
1 Rk o~k N _»
— N K -K |1 2 7.63
i kZ:l K, — K | DlNl] <Kmy (7.63)

hold for all I < n, which are true when n = 0. Then, it follows by Lemma 7.1 that

N iy
EY [\A;"N - 01(1)\1’1@;{1} <my’ Vi<n+1. (7.64)
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Recalling (7.58), noting (7.36), (7.37), (7.47), (7.64) and using exchangeability, one finds that

P
Ski o ki
k 11e]1k 1

N n+1 1 mn P
< EY Z |Aj—0j(1)|+m72 Z 1 RAFI 0 A byt O Ipy

=1 N k=tierzr |
N n+1 P
< > B[l - oIy |+ EY Z > Leriagsd| Loy,

j=1 N = 1ie1zk

j—1

1 EY Z 1RRIC1 B Z 1RR’“2 R Z 111&71?‘”"1 1D§V71
<]2 m&g + Z Z o 5 “

m
ki#ka#t kg I=1 N
q<p

EY Z 1RR;’” Z IRR?““ Z 1RRQ7‘11DN

N _p i1€lLl_, i2€IT2_, iy €177,
<myt )LD = ,
q=1 j=1 my
where
17, =1¢_, UT!_, and RRY' = R ARE". (7.66)

In exactly the same way, we also get from (7.57), (7.36,7.37), (7.47) and (7.64)

P

Z > |K§11 Kl 1oy (7.67)

N k=1 1€Hk UI

EY Z IRR;V Z 1]RR?’i2" Z 111@72“‘11@”

p n+l

i1 €T} ip€IT? ' iq€IT?_
<< my® +ZZ — — p—q 1
q=1 j=1 my
and from (7.59,7.47) and (7.64)
p
Z| 1= K, 1| 1w (7.68)
my =n- n+ n
p ntl | {1 1lpp2 - lppalpn
N P Mj Mj RR] DY 1}
< myt A Z Z mP=4
q=1 j=1 N
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where

RR} =R} AR]. (7.69)

However, letting KE;” = HK;“ - I/C\;“|, we find by (7.53,7.36,7.37), exchangeability and (7.64) that

EY > lggti > Ipgaia > Lgrota oy, (7.70)

in€l}_UZj i2€l?_UZ7 i€l UZ] |
N o~ o~ -
< EY <|Aj—aj |+ZKIC1“> o 1Ay = o))+ ) KK Loy |
iq

q
N .
< Y EY|A; — o)) KK ZKK?£21~-ZK1C§“1 Ipy |

r=0 7 i

T

q
N o~ g -
Y o q r ki
2 S°EY| 1Ay —oy(1)] § > R 1oy
r=0 N = 11€]Ik L_JI;c 1

q
myN

g ~
< my® +EY Z >R, - K Ipy |

N = Lielt_,uzk

Substituting (7.70,7.62) into (7.65) and using Holder’s inequality, we find

p

Z > |K]:Li1 Kl 1oy (7.71)

N = Lielk  ,uTk,
aq
p P
1]D);-V,2

n+1

mpy
-4 v|| 1 Ski ok,
p n+1mN2+<E mszlKjl ’C Z|
i

< mj_\,%JrZZ Ll

q=1j=1 N
N _r
< my’®
SO
m p
BY I Sk Dk N -%
m—z SR =K Loy | <my? VI<n+ L (7.72)
k=1ielFuzf
Similarly, replacing (7.65) with (7.67), we have
my N »
Z >R - K 1]@;{1 <my? Vi<n+1. (7.73)

k 1 ZEJIkUIk
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Turning to the tracking system and following (7.70), we find by (7.55,7.64) and exchangeability that

EY[1M1 Igge ++ lgrelpy | }

mNZZ‘ =j-1 Jl|

k=1 1

N
< 2+EY

q
1D_§V_1]

N _r
<Kmpy® Vi<n+1.

so by (7.68) and the method of (7.71-7.72) one has that

TR Y
— > K, - K|
my

=1

1
DL,

O

With this coupling and prior preliminary results, we can establish our main result.
Proof of Theorem 5.1.
We can work directly on the coupled algorithms by (7.29,7.30).

Mllns: Taking p > ﬁa

abaIEs

N=1

< ZEY

p

N Siar) |
v ki k:z
mN;Z;UK — Kk

< E:Npﬂm]_\,g < ZN(ﬁfé)p < 00

1@5 ]

N=1
and it follows by N*"-term divergence that
[oe) N’B mn p mN
DD BN <oo=m ==Y BYH(f) = 0as. [QV]
N=1 N S N k=1

Moreover, by Borel-Cantelli and (7.35)

Z QUDY )Y < Z 2(n —1)e 1N < oo

N=1 N

Finally, we know

LZ/C’“f xRy & NP as. Q).

mN 3

by (4.1) as well as Theorems 4.1 and 7.1 so this part follows by (7.44).

slln: This part follows from the Mllns, using the same {f;} C C(F) as in the proof of Theorem 4.1.

we then find by (7.44), Theorem 7.2 and Fubini’s theorem that

(7.74)

(7.75)

(7.76)

(7.77)

(7.78)

(7.79)
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Establish i),ii) of Theorem 5.2: It follows by (7.44) and (7.36,7.37) that

N
EYBINOP < EY| Y K,
Li€lLUTL

< EY > KY -

Li€lLUTL

(7.80)

n—1

for f € C(E),. Hence, by (7.80), exchangeability and (7.49) with p =1
N\ 2
NPEY|BNA(f)P & () — 0. (7.81)
my

and Theorem 5.2 i) is true with p = 1 and ¥y = B (f).
It follows by (7.44) and (7.49) with p = 2 that

NEY|BYH(H)BY(f)] (7.82)

< NIFREY| Yo Y Ky = KK — K37 1py
i€l UZL jel2 uz2
2
< ( |f|2 EY Z > KRR KR Iy
k=14ie€lk ULk

N N
< — = 0.

myn

Apply Exchangeability Result, Reduced System clt:
N

*(f) =" 0 by (7.82), (7.81) and Theorem 5.2 with p = 1, with E = EY and ¢y, = BYF(f).

There?ore, it follows by (7.44), (7.35) that for any € > 0

N
VTR YD R ~ KX)o (7:83)

k=1 1

< N"ZBN’“ > )+ Q¥((DY_)¢) — 0.
The clt in Theorem 5.1 now follows from the clt in Theorem 4.1 and Theorem 7.1. O

8. Appendix I: Proof of Proposition 4.1, variance calculation

Abbreviating M* = Mfk (f), one notes from (4.11) and (4.8) that

Z Bl AH‘l ”f Blk—l (Al,nf)] ) (81)

=0

33
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where BY | = m. The variance of the ‘{ = 0’ term is
2 2
EY |B§(Avnf) = BE (Aonf)| |

EY |(A1’nf(Xk)) - 7"'O(AI,nf)
= 7 ((Al,nf)2) - (WO(Al,nf))Q :

The martingale differences for | > 1 are by (4.1), (4.4), (4.2), (3.2), Step 4 of the reduced algorithm and
(4.7)

(8.2)

BF(Ais1nf) — Bi 1 (Ainf) (8.3)
A[llil N;c’l 4 . | |
- Z Z L7 A f() = L7 K Ao f(X)

i=1 j:N;c,i—1+1

NEL Ny
= Z fol Z A1 f(X)
i—1 I o
o
—-E¥ Z Al+1,nf(sz’j) | P v FY
G=NT T

Therefore, by the independence of the {U,V, Z}

EY [(BF(Avsinf) = BE (Ain £)? [ FEY v Y (8.4)
le—l
= X &hnh
i1,02=1
N;c71 NZMQ
EY Y Apan (YT A SR FEY v EY
jlzﬁf'i171+1 jzzﬁf’i27l+1
A

- EY Z A f (X5 FHY v FY

. “7k,i1—1
]1:Nl ‘1 +1

A2
x BY S A (AR

. “7k,ig—1
]2:Nl ‘2 +1

UX \, TV
FiZ1 VF

2
c —~7k,i
N N

ki |2 ,
SELSE ] Y Avaas ()| | FHY v FY

=1 j:ﬁf’i_u»l

2

Ny
- |EY Z A f(5) | FAY v FY

J=NT T
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However, by the independence of the {{/,V, Z} again as well as (4.6)
. 2
Nt '
EY S Aganf(X | | FYVEY (8.5)
J=NT
= BY NP K (A D2 = (KA XX }
. 2 .
+ <./V'lk"lKAl+1,nf) (Xlk_ll) |.7'—lu_)1( \Y, .7'—;}]
L k k
-1 i i
= S { K (A DA = (KA DX XD }
L7
~ 12 —~ P P P 2
ﬁk},l Ek},l Ek},l Ek},l Ek},l )
+ 7;1 + 72;‘1 - {2}1 - J;il - 72}1 (KAI+1,nf)2(Xlk_’ll)7
L7y L7y L7y L7y L7y
since )
_ LR [k ki i
B NP AE v FY] = {J +2 {J +1 QY(UZ“ <o (22,
1-1 L7y L2y L7y
and
. 2
N
EY Yo A f ()| RV FY (8.6)
=N

. . 2
= |V [N K A f ) | RS Y Y|
Sk |2
El*l
—k,i

-1

(K Ay f)?(X50).

35
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Combining the last three equations, letting f; , = Al (Al+1 nf)P—ay (KAZ+17nf)2, breaking over the resample
and non-resample cases, and averaging over the Vl one finds by (4.17,4.18,4.2,4.3) that

k,
11—
ki
l

Lt
: 1
since 7 | =

LY

+

V(B (Aiginf) = Bl (Ain )2 [ FEYY ] (8.7)

,/\fl)i1 4 A ‘ A

B Y B {K (A n§PED) — (A}
=1

N b .

> () r( = )(KAIH W2 \f“‘”‘]

i=1 L
N
ZE T (o (X)) L) ){fzn( )}

L£r ,

Z ﬁf 11) (all(_ll)> (KAlJrl,nf)z(Xllill)

N o ‘ . . ‘

Z (‘C?}fl) al(Xlkf)ll)Vl(al(Xlkizl)‘cffl) {fl,n(Xlli)ll)}

=1

) = 0. Now, in the case ‘{ = 1" we have Effl =1=N}, and

EY [(Bf(Aq, f) - B’S(Alnf)ﬂ (8.8)
o1 (D) EY [71 (1 (x")) { A1 (A2,n ) (XF) — ar (X)) (K A2 )2 () }]
a%<1>EY[v1<a1<xk>>r (‘“(Xk)) (K Agn f206)]

o1(1) ’

EY Jon (x*)r1 (a1 (x*)) {A1(A2n )2 (X*) = a1 (X ) (K Az )? (X*) }]-
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Moreover, for any I > 2, m € {1,2,...,1 — 1} and bounded function ¢,,, we have by (4.4), (4.6), (3.1),
independence and division over resampled and non-resampled cases that

Ny,
EY | Lriom (XN, L FUVy (8.9)
=1
S I y
= Y BV Y Lliom(Xh L) | FY
i=1 =N
N o L
= EY Z Lo\ Ko (Xl L) | Fld
i=1 =N T
N ¢
= > B[ B Ko | FY
j=1
NT’::Lfl . . Lo
N {Am%(;«gzl,zwﬁ ) fgyﬂ
j=1
Nha o
= Z ‘Cﬁild)mfl(x‘:{ilvﬁﬁgfl)a
j=1
where
= Apm(X,0m(1) Tlm(X)L) + Ay (X, L) U (i (X)L).
L=am (X)L
(8.9) implies that
N -
EY | Lyou(d L1) (8.11)
i=1

= mo [A191(-,01(1))71 (a1 () + 4191 (s ar(-))va(ea ()] -
Now, recall (4.23) and suppose that

k
Ny

EY Z Cﬁ;i—l(bm—l(‘)('r]f;ilwcﬁi—l) (8'12)

=1

=

m—

g To[A1m—10m—1(" Qi .m—1)Vi; m—1Viy in,....i;
7=0 1<i1<iz<---<i;<m—1
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for some m € {2,...,1 — 1}, which is known when m = 2 by (8.11) and (4.19,4.20,4.21). (For clarity, the
“5 = 07 term on the right of (8.12) is simply mo[A1,m—10m—1(:,@0,m—1)Y0,m—1].) Then, it follows from
(8.9,8.10,8.12) and (4.19,4.20,4.21) by letting r = j + 1 that

Nk
EY > Lhigm Xk £k (8.13)
i=1
m—1
Z o[ A1,m®m (s Om (1))Vi; mVi; m—1Viy jia,...i;
7=0 1<t <ig<--<ij;<m—1
m—1
+ > To[A1,m®m (", iy om )Vij mVis iz, i;
7=0 1<i;<iz<---<i;<m—1

m
= Z Z To[A1,m®m (s Qi m ) Vi, mViy is, .. iv]

r=1 1<i;<ipx<-<ip.<m
Tr=m

3

+ Z WO[Al,md)m('aaij,m)l/ij,mvil,iQ ..... ij]

7 1§i1<i2<~~~<ij§’rn—1

m
Z Z To[A1,m®m (s iy, m)Viy mVis i, -

7=0 1<i1<io<---<i;<m

Il
=)

Hence, (8.13) holds for all m =1,...,1 — 1 by induction and (4.22) follows by (8.1), (8.2), (8.7) and (8.13),
considering the three cases:

Gr-1(X, L) = {fin(X)}Ti(u(X)L) (8.14)
t1-1(X, L) = Loy(X){fi,n(X)}vi(cu(X)L) 8.15
o1 (X, L) = %?l(al()()[')r <a:;(l?(1))£) (K A0 f)*(X), (8.16)

where f1,, = Al(Aip1.0f)?— (KA1, f)2 O

9. Appendix 2: Proof of Lemma 7.1

Essentially, we observe that this result would hold trivially for the weighted particle system and then use

induction and the coupling to show the necessary differences between the Residual and weighted systems
converge appropriately.

Proof. Recall A{™ =1 so AJ™N = 0¢(1). It follows from (7.19,7.10,7.14,7.15) that for all n > 0

m 1 -~ % 7
A = o Z Z a1 (XNKY. (9.1)

k=1ielk
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Base Case: For notational reasons we consider the case n = 0 separately. One then finds by (7.1,7.2) that

(9.1) reduces to

1 X
AN — k ,
1 N kg 1041(X )

(9.2)

where {a;(x*)}2, are i.i.d., bounded and mean oy (1) with respect to QY. Hence, by the Marcinkiewicz-
Zygmund and Jensen inequalities there is a constant C}, > 0 such that

P
2

C G 2
B AP (P < 2B | () - on(1) 93)
N k=1
Cc, 1 X N _»p
< = B () — (D] <y
my N k=1
for any p > 1.
Case n > 1: It follows from (7.3,7.2,7.15,7.21,7.22,7.45) that K’S’l =1 and
K = AL 0 + WEPOREO L, vie T, j e N. (9.4)
J J
Using (9.1,7.34) and (9.4) recursively, one has
AN (9.5)
1 mpy Nk, NZJ"_I
kyin
T oy A~ Z Wn+1A?N1RSHfL:i{“1’i"
k=1i,_1=1 in:ﬁ:’in—171+1
1 mn Nk—Z ﬁlrzi’{72
k74n k7ler7 . . .
+ miz Z Z WnLan 1A?—N11RSHk'1'"_2’1”’_1’1'"
N k:l’t‘nfzzl inil:ﬁ:/’_@'?_271+1 n—1,n
1 mN N::—S Nfzigi3
+ — W Wi -2 Am ]
T inmsT 7;'7L72:Nn:gi3 +1
+ e +
1 X Al , , ,
b= W W W AT L g
MN D=1 b
SRR
k1 yrrk,1 kdyy -k lyrrk,1
+ m—NZWnHWn W W W g,
k=1

where the non-summed indices satisfy ig = 1, i;

~7ki-1—

=N, 1—|— 1 (since no resampling). For clarity, here and
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(7.21,7.25, 7.2, 7.3, 7.5, 7.15, 7.18)) and letting

Wi, = WnHWk Loowhtwt (9.6)
= Wi Lggyet..on + Wi Les @ye@s_e@se +oo
+ Wl n+1 EL®RE_)O®E)C T Wﬁ’nlﬂlBZfl(M)c + Wf,ﬁﬂlm’
we have by (9.5-9.6) that
mNAnJrl Ont1(1) (9.7)

- Z Wik = na (1)

mN n 1 Nk in—t
k,in A mpy ) )
+ g E Wt Ay 1RSH$’1{"1’1" VV1 n+1
k=1 |tp_1=1 in —N tn— 1_1+1
k ~Fin—2
mN Nn 2 anrll
k,i Kk, ip_
+ E E Wn_i_TWn’Zn IAZLiVllRSHk,in_Q,in_l,in
. - n—1,n
k=1lin—2=1, | _NFm-2714
k,1
*Wl,nHlR’;,l(R’;)c
k ~Fin—3
mn Nn73 ang
k, ki
- > > W W W 2 AT 1 ki i
. . n—2,n
k=1lin—s=1,  _NFn-3"14
k,1
Wi lpe @ Hewn)e
mn | NY
k, i k, k,
+ DWWk R AN .
k=1|i1=1 "

k1
Wi nlrr@ye- @5l

Now, {Wﬁ;}+1 — opt1 (1)} are iid., zero mean and bounded with respect to QY. Therefore, it follows
as above by the Marcinkiewicz-Zygmund and Jensen inequalities that

p
P

N
Z 1n+1 —onp1(1)] <my® (9.8)
my
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for any p > 1. Next, we consider a typical (non-first) term in (9.7) in terms of [ € {1, .

=k,
Nl 1 N
kzn k:zz+1 ki amn ) )
3 Z Wit WS WA L,
1= 1” Nk 11— 1+1 .

- n+11]Rf(Rf+1)Cm(R’;)C =T} +T5 + T3 + T},

oy}

where
NE, N
kzn ku+1 ki
§ E . l+2 Wl+1 (l)lRSZk G 1rermrin
Q1= lz—N;CLl 1— 1+1
Wl ”+11R;€(Ef+1)c"'(gﬁ)c
T5 =
N, N
ki kyig41 ki my )
E E W 7' Wl VVHI (A O’l(l)) 1]RSH;C'”71'""1”
G- 1—1” N;“l -1 11
N, L ﬁ’f i1
kzn ki1 ki
Z Z Waii- Wiy Wl+1‘7l()
= kyip_q1—1
1= 1Z]*Nl =1 +1
1 i qsenin — 1 i in
<RSH;€'”Z_1 RST, T
and
Tk:W 1ok c kc—Wk’llkkc kyC
4 1,n+1 R (R1+1) (En) 1,n+1 Rl (Rl+1) (Rn) :

41

(9.9)

(9.10)

(9.11)

(9.12)

(9.13)

Bound T;: The sums in T; only involve the reduced system so by Theorem 7.1 we can just work in the
original (prior to coupling) reduced system setting. Now, recalling v, &; m, 7 m from (4.18,4.19,4.21) and

—k,ii—1

using (7.33), one has by (7.34,5.5), independence, the fact O'l(l)].Hk oy =L L ki, (
1

4.6), (4.4) and
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(4.1) that

—k, i _q

Ny Ny

Y Kyilye.in
b Z Z Wl-i-lll n+11 Ul( )1?_[’%1'%1 (Hk»iz)cf.,(?_[kvinfl)c
f—1=1, Nk Vi 1—1 ! e "
1=V

UVX
1

ki
A/lk—l Nl =t
Y ki kyin—1
= E E" |o(1) E (vn ooy nKap1) (X", .., X, 717
i—1=1 = Nk R I

X Wﬁwin 1, Wl lz+1Wlk+2111 ’Hz 1<Hk«il)c..,(7.¢"”i"*2)c

141 n—1
N N
- Z EY |o(1) Z Finﬂ(xzk’il)l;_[fﬂiz—l Fi
=1 “_fk ot !
A[lk;l
D Do [r;inH(Xl’”’)lH;m ffi‘iﬂ
i_1=1
Ny
= Z ,Ck “ ! alﬂloalKI‘an) (Xlk_)illil)
_1=1

= Bllil (alﬁl o alKI‘an)
and by (7.34), (7.26, 7.18, 7.11, 7.6), (4.1874.19,4.21) that

]

= Ham k.1 ) (71 0 KT n+1) (Xlkfl)

Y k,1
B Wity g
k1 (— k,1
= Wll (Tro KT}, 0q) (X20)

for I =1,...,n, where

F;C,n+1(xl)

= (141 0 a1 K (ugoviyo o oy iqo -+ - K (apvn o oy n Ky 41))) (z1).

Hence, by (7.31), (9.14), (4.1), (4.9), (1.1), (1.2) and (9.15)

NL L ﬁ’“ i1
Y kyin s+t yrk.0
EY| § Whin Wl wkig Mgt
fp_1=1. ki 1—1
=N, +1

= o_1(qp; 0 O‘lKrl,n+1)

B Y k,1
= F |:W1A,”+11Rf(Rf+1)c”'(Rﬁ)C:|

42

(9.14)

(9.15)

(9.16)

(9.17)
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and {T}};2Y, the first terms of (9.9), are i.i.d., bounded (w.r.t. EY) and zero mean. Therefore, it follows
as above by the Marcinkiewicz-Zygmund and Jensen inequalities that

1 mNTk
mNZ

k=1

P

EY << mN (9.18)

for any p > 1.
Bound Ts: One has by the induction hypothesis, (7.47,7.36,7.37) and Jensen’s inequality that for any
p=1

1 X Py 1 X N e
EY — D Tipy| < EY|[— ) (A —oi(1) Ipy | <my®. (9.19)
N =1 N =1
Bound Tj: One finds by (7.47) that
my
ZT’; lpn (9.20)
N mN Nl 1 7k et
< Z Z Z 1RSHk,il_1,,.,,in — IRSIk,il_l,.,.,in 1D{\£1
h—lisael . ki1 In In
=N, +1
my Nl 1 Nk” !
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Z Z Z Z 1Rk'il’1Sf_;_ill--Asff{*ZSAsf’ijflsk’j sk

1 i1

J=l+1k=14;_ 1_1”:N? - 1_1+l
—k,iy_
mn le—l N], =t
+ Z Z Z 1]RARk gk ghin-1lpy
k=1i; 1=1. ~hij_1—1 .
1=N,; +1
where
ki Koyij_ Kij_ Koyij_ ki ki

SAS T =879 AST T and RAR]Y T = Ry AR (9.21)

Recalling G/ from (7.52), one has that
—k,i p
my Nl 1 N =t
Y
E E E E 1Rk,1171§k,il”.Sk,ij_QSASk,ij_lSk,ij”.Sk,in71 1@{\1_1 (9.22)
1 1. ket e j j4+1 N
—1= i=N, 17y
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< EY EY|1 |G 1
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for j =1,...,n, where

k _

Ak = (9.23)
NF, N;C‘il—l
, R, il st s As T T S s i DN
ip—1=1 l:ﬁf'il7171+1

NE, N

1 ; ok i
p> Z R O B TN A IO s T el
1= 1” N’Hz11+1

are bounded {G]}-martingale differences (in k). Therefore, it follows by the Burkholder-Gundy-Davis in-
equality and Jensen’s inequality as well as exchangeability that

p

mn p mN
N
EY Y Al < EV||Y (A (9.24)
k=1 k=1

my
& mE S EY [ARP] = mEEY [|JALP] < mb
k=1

for p > 2. Now, by Holder’s inequality we can take p to be an integer. Moreover, by (7.36,7.37)

ZZE [1 B e ViV e S gil} lpy, (9-25)
i—1 1
L 1y e+ > EY|lgeipgri |Gy | 1oy
N ) shiashi| k-1 DN,
ielf_ UZF |

and one has by (7.54) that

p
1 X _
Y Y
E ﬂTNZ > F {18;?”'AS]’?'1' gi—1:| Ipy (9.26)
k:ueﬂf UI;‘ 1
p
N o~ .
< EY[|A;1N—Uj(1)|p1DJN71]+EY Z S IR, -RE | 1py

N = Liels ,uTF
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so by (9.22), (9.24), (9.25), (9.26) and (7.35)

P
Zzzl AL Ot TN eV B lpy, (9-27)
k 141 4 it
N _»
Eomgb e 3 BARY - o (DL |
j=l+1 '
. P
Ski | ki
+ > B Z > KL KL oy
Jj=i+1 N = Lielh_ Uk |
Similarly to (9.22-9.27), one finds that
mnN le—l ﬁ;c et P
EY Z Z Z 1]RARk RN lpy, (9.28)
k=14;_1=1. 7ﬁk i — 1—1Jrl
N 7% Y my P
< my® + EVIAMY —ou(1)[PApy ]
P
Ski | ki
+ Z Z |IC1—1_K1—1| Ipy
N = lielk juzk
Therefore, one has by (9.20), (9.27), (9.28) and the lemma hypothesis that
1oLl
LS 1@51 (9.29)
N =1
N P
N -5 Y ok, >k,
< my*+ Y E Z > KR, K Lo |

Jj=l N = Lielk ,uzk |

for any p > 1.
Bound Ty: We find by (7.47) and analogous to (9.20-9.25) that

p
1 <X
—> T
m
N4

1@51 (9.30)

N » n 1 mn P
-3 Y Y j
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Hence, by (7.56,7.55) and the lemma hypothesis

m p
1 N
EY FNZTE 1D{v1] (9.31)
k=1
N -5 - Y my P
Emt S EATY — oy (1)1 |
j=l

p
1DN11

+ i EY
j=l

1 Nk k
— Z K1 — K4
mN 3

N P 1 Xk o |
_» v . .
< my® 4+ § l:E i g 1 |Ej—1 _Kj—1| 1D_§V_1]
j= =

for any p > 1. 0
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