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Question 3. [p 20. #5]

Find and prove a formula for
n

∑

k=1

⌊√
k
⌋

in terms of n and b√nc .

Hint: Note that if a1, a2, · · · , an are positive integers, and we let

f(1) denote the number of them that are greater than or equal to 1,

f(2) denote the number of them that are greater than or equal to 2,

f(3) denote the number of them that are greater than or equal to 3,

...

then
a1 + a2 + · · · + an = f(1) + f(2) + f(3) + · · ·

since ak contributes 1 to each of the numbers f(1), f(2), · · · , f(ak).

For this particular problem, we take ak =
⌊√

k
⌋

for 1 ≤ k ≤ n, and note that:

• f(1) is the number of ak’s such that
√

k ≥ 1, that is, the number of k’s with 1 ≤ k ≤ n such that k ≥ 1,

so that f(1) = n.

• f(2) is the number of ak’s such that
√

k ≥ 2, that is, the number of k’s with 1 ≤ k ≤ n such that
k ≥ 22 = 4, so that f(2) = n − 3.

• f(3) is the number of ak’s such that
√

k ≥ 3, that is, the number of k’s with 1 ≤ k ≤ n such that
k ≥ 32 = 9, so that f(3) = n − 8.

...

In general, if 1 ≤ m ≤ b√nc , then

• f(m) is the number of ak’s such that
√

k ≥ m, that is, the number of k’s with 1 ≤ k ≤ n such that
k ≥ m2, so that f(m) = n − (m2 − 1).


