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Riemann Zeta Function
In this note we give an introduction to the Riemann zeta function, which connects the ideas of real analysis

with the arithmetic of the integers.

Define a function of a real variable s as follows,
o0
1
¢(s) = ns
n=1
This function is called the Riemann zeta function, after the German mathematician Bernhard Riemann who

systematically studied the deeper properties of this function beginning in 1859.

The infinite series for {(s) was actually first introduced by Euler nearly 100 years before Riemann’s work.
Note that from the integral test, the series for ((s) converges for s > 1, and therefore the function ((s) is

defined for all real numbers s > 1. Also, since
1 /"+1 dx

> -,

n xs

nS
for all n > 1, we have
1 /°°d:c 1
DREPRE S
= n 1 oz s—1

lim ¢(s) = co.

s—1+

for all s > 1. Now we let s — 17, and we see that



Infinite Products

In order to discuss the connection of {(s) with the primes, we need the concept of an infinite product, which
is very similar to the notion of an infinite sum.

Definition. Given a sequence of real numbers {a, }n>1, let

p1 = ai,
P2 = ax - az,

p3 = ax-az-as,

n
pu=ar-as - an =[x
k=1

The ordered pair of sequences {{a,}, {pn}} is called an infinite product. The real number p,, is called the n*®
partial product and a,, is called the n*® factor of the product, and the following symbols are used to denote
the infinite product defined above:

o0
ai-ag - Qp - or Han'
n=1

Using the the analogy with infinite series, where we say that the series converges if and only if the sequence
of partial sums converges, it is tempting to say that the infinite product converges if and only if the sequence
of partial products converges. However, if we do this, then every product which has one factor equal to zero
would converge, regardless of the behavior of the remaining factors. The definition below is more useful:

o0 n
Definition. Given an infinite product H an, let p, = H ar be the n' partial product.
n=1 k=1

(a) If infinitely many factors a,, are zero, then we say the product diverges to zero.

(b) If no factor a,, is zero, then we say that the product converges if and only if there exists a p # 0, such

o0
that p, — p as n — oo. In this case, p is called the value of the product, and we write p = H Q-
n=1
If p, — 0 as n — oo, then we say the product diverges to zero.

o0
(c) If there exists an integer N such that n > N implies that a, # 0, then we say that H Qn CONVETJES,

n=1

o0
provided that H a, converges as described in part (b). In this case, the value of the product is
n=N+1

o0
ai-as -+ aN - H Ay -

n=N+1

oo
(d) H ay, is said to be divergent if it does not converge as described in parts (b) and (c) above.

n=1



Note: The value of a convergent infinite product can be zero, but this is the case if and only if a finite
number of the factors are zero.

Also, the convergence of an infinite product is not affected by inserting or removing a finite number of factors,
Zero or not.

Now we give a criterion for the convergence of infinite products, completely analogous to the corresponding
criterion for convergence of infinite series.

Theorem (Cauchy Criteria for Convergence of an Infinite Product).

The infinite product H an, converges if and only if given any € > 0, there exists an integer ng such that

n=1

ﬁ ak—l

<€
k=n-+1

whenever m > n > ng.

o0
Proof. Assume first that the product H ay converges, we may also assume that no a,, is zero (discarding

n=1
a finite number of terms if necessary). Let

Pn = a1 - G2 0p and  p= lim pp,
n—oo

so that p # 0, and there exists an M > 0 such that |p,| > M for all n > 1. Now, since {p,} satisfies the
Cauchy criteria for sequences, given an € > 0, there exists an integer ng such that

|pm _pnl <eM

ﬁ ak—l

k=n+1

whenever m > n > ng. Dividing by |p,| we get < € whenever m > n > nyg.

Conversly, suppose that given any € > 0, there exists an integer ng such that

ﬁ ak—l

k=n-+1

<€ (*)

whenever m > n > ng.

First note that if m > ng this implies that a,, # 0, since (assuming that 0 < € < 1), taking n = m — 1, we
have
Ham| — 1} <lam — 1] <,

that is,
O<l—e<l|am|<1l+e

for m > ng.



Now take € = %, and let
dm = Any+10ng+2 *°° Gm

for m > ng, then
3 <laml < 3,

for all m > ng. Therefore, if {g,,} converges, it cannot converge to zero.

To see that the sequence {g,} does actually converge, let 0 < € < % be arbitrary, then there exists an ng
such that

G 1' < %e

an

whenever m > n > ng, that is,
2 3.2
|Qm _Qn| < §€|Qn| <3-3€=¢€

whenever m > n > ng. Thus, the sequence {g,} is a Cauchy sequence of real numbers, and hence converges,
o0

and so the infinite product H a, converges. (|
n=1
o0
Note: Taking n =m — 1 in (x), we see that if the infinite product H an converges, then
n=1
lim a, = 1.
n—oo

Because of this, the factors of a product are often written as 1 + a,, so that convergence of a product
o0

H (1+ ay) implies that lim a, = 0.

n=1
o0
Theorem. If a,, > 0 for all n > 1, then the infinite product H (14 a,) converges if and only if the infinite
- n=1
series > a, converges.
n=1

Proof. Let the partial sums and partial products be given by
Sm=0a1+az+---+a, and  p,=(1+a)(l+az) - (1+a,)

for n > 1. Since a,, > 0 for all n > 1, then both of the sequences {s,} and {p,} are monotone increasing,
and to prove the theorem, we only have to show that {s,} is bounded above if and only if {p, } is bounded
above.

First we note that s, < p, for all n > 1. Now using the fact that 1 + z < e® for all real numbers x, we have
pn=04a1)l+az) - (14+a,) <ee?...e% =

for all n > 1. Therefore the sequence {p,} is bounded above if and only if the sequence {s,} is bounded
above.

Also, note that the sequence of partial products {p,} cannot converge to zero, since p, > 1 for n > 1.
Finally, note that
pn — +oo if and only if s, — 4oc0.



oo

Definition. The infinite product H (14+a,) is said to converge absolutely if and only if the infinite product

n=1
o0
H(l + |an|) converges.
n=1
o0
Theorem. If the infinite product H (14 ay) converges absolutely, then it converges.
n=1

Proof. Use the Cauchy criterion together with the inequality

(L + anp1)(T+ang2) - (14 am) = 1 < (L4 fang1)(1+ |antol) - (1 + [am]) = 1.

O o0
Note: For positive terms a,, > 0 for all n > 1, we know that H(l + ay) converges if and only if > ay
- n=1
- nflOO
converges, so that H (1 + ay,) converges absolutely if and only if Y a, converges absolutely. However, if

n=1 n=1

the terms are not positive, we have the following examples to show the results need not be valid.

—1)" e 00
Exercise 1. Let a,, = (\/_) for n > 1, show that H(l + a,) diverges, but Y a, converges.
n n=1
n=1
Exercise 2. Let
-1 1 1
— and Qon = —= + —

a2TL—1 = \/ﬁ

forn=1,2,..., show that H (14 ay) converges, but > a, diverges.
n=1

n=1

We do have a theorem analogous to the positive term result:

Theorem. If a,, > 0 for all n > 1, then the infinite product H (1 —a,) converges if and only if the infinite

n=1
o0
series Y a, converges.
n=1
00 o0
Proof. Note that convergence of . a, implies the absolute convergence of H(l — ap), and hence the
n=1 n=1

convergence of H (1—ap).

n=1



00 o0

Conversely, suppose that > a,, diverges, if {a,} does not converge to zero, then H (1 — ay) also diverges.
n=1 n=1

Therefore, we may assume that a,, — 0 as n — oo, and by discarding finitely many terms if necessary, we

may assume that a, < % for all n > 1. But then, 1 — a, > % for all n > 1, and so a,, # 0 for n > 1.

Let
pn=0—a1)(l—az) - (1—ay) and gn=_10+a1)14+a2) - (1+ay)
for all n > 1, then since
(I—ap)(l+ar)=1-ai <1

1
we have p, < — for all n > 1.

n

0o o0
Now since . a, diverges, then H (1+ a,) diverges also, and ¢, — +00 as n — oco. Therefore, p, — 0 as
n=1 _
n=1 -
n — oo and so by part (b) of the definition of convergence, it follows that H (1 —ay) diverges to 0. O
n=1

Euler's Product Formula for the Riemann Zeta Function

We now have enough information to prove Euler’s theorem and make the connection between infinite products
and prime numbers.

Theorem (Euler’s Product Formula)

Let py denote the k™ prime number, if s > 1, then

1 5 1
C(S)—;;—Hl_ip;s,

and the infinite product converges absolutely.

Proof. For m > 1, let
|
Py, = 1_[7,S
el

be the m'™ partial product of the infinite product. If we write each factor as a convergent geomteric series,

we have
- 1 1
Pm:H 1+_S+ 25+... ,
k=1 Py Py

which is a product of a finite number of absolutely convergent infinite series, and multiplying these series to-
gether and rearranging the terms according to increasing denominators, we get another absolutely convergent
infinite series, and a typical term looks like

1 1

ais, azs Am S

pl p2 ...pm _ns

where n = p{*p5?---p&, and a;, > 0 for i = 1,2, ..., m. Therefore,

1
P = Z — : all prime factors of n are < p,,
nS

and by the Fundamental Theorem of Arithmetic, each such n occurs exactly once in the summation.



Therefore,

1
((s) = Py = Z {E . at least one prime factor of n is > pm}

and since these prime factors occur among the integers n > p,,, we have

) = Pal = Y -

n>pm
> 1
As m — oo, the sum on the right tends to 0, since > — converges, and therefore
n=1T
lim P, = {(s).

m—00

Finally, the product has the form H (1+ a,) where

n=1

11
an = S+ 5s T
P, D

o0 o0
1
and the series E an converges absolutely since it is dominated by E —, and therefore the infinite product
n
n=1 n=1

H (14 ay,) also converges absolutely.

n=1

Evaluating the Zeta Function

In 1734, Euler found that

and he later found closed formulas for

n=1
=3
n=1
=1
¢(8) = Z 5
n=1

oo

1
but he failed to find a closed formula for {(3) = Z —. In fact, it was not even known if ((3) was irrational
n

n=1
or not until 1979, when R. Apery proved that {(3) is irrational. It is still unknown whether or not ¢(3) is
transcendental.



2
™
An elementary proof that ((2) = — uses the theory of Fourier series to sum the series. There is another

elementary proof given below that uses only the binomial theorem and some elementary facts about the
roots of polynomials with integer coefficients.

Theorem.

us 1
Proof. Note that for 0 < =z < 5 we have 0 < sinx < x < tanz, so that 0 < cotz < — < csczx, and
T

therefore
1
cot?x < 2 < csc? (1)
for0<z< T
2
k
Now let m € N, then for k =1,...,m we have 0 < T < —, so that
2m +1 2
- km @2m+1)2 & km
2 2
Zcot 2m+1<z 2.0 ZCSC 1
k= k=1 k=1
for all m > 1; therefore,
2 m m 2 m
T 9 km 1 T 9 km
—_— t <Y < 2
2m+ 1) ;CO om + 1 ;kQ 2m+ 1) ;CSC om + 1 )

for all m > 1.

m m
Now we find explicit formulas for Y cot? 22— and Y csc? 722~ From DeMoivre’s formula and the bino-
k=1 m k=1 mr

mial theorem, we have, for x € R and n € N,

cosnx+zs1nn:z::( osx—|—zs1n:z:)

-y <”> (cosz)" ™ (isinz)’

J

Q

I
N
Y3
<
N~
o
]
wn
3
o
)
8
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N~—
[\v]
<
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]
L
8
+
N\
N
<
+3
—

) cos" " H 1 g ()2 gin? T g

j=0 =0
(3] o (23] -

= ( — 1)J < > cos” Y g sin¥ x +i Z ( — 1)J < . ) cos" 271 g gin¥ 1 g,
= 2j =0 2j+1

and equating real and imaginary parts in this expression, we have

cosnx = (- 1)j (273) cos" ¥ g sin® 1 (3)
=0
and
(5]
sinnz = Z ( )J <2jj— 1> cos" " H T g sin? T g (4)



Now, if sinz # 0, and m € N, then taking n = 2m + 1 in (4), we have

) B = i (2m+1 2m—2j . .+ 2j+1
sin(2m + 1)z = JE:O (-1 (2]' ‘1 > cos x sin x
. 2m " i(2m+1 m—j . j—m
= sin®mt ¢ . EO(—l)J<2j+1>(coszx) J(sm2:1:)J

<.
I

- om - i(2m+1 m—j
= sin? +1x.jz::0(—1) <2j+1>(cot2x) ,
that is,
sin(2m + 1)1: — Sin2m+1 - i 2m —|— 1 (C0t2 x)mij (5)
+1

J=0

for all m € N, provided that sinx # 0.

Taking x = m, for k =1,2,...,m; then
sin 2m+1 #£0 but sin ((2m + 1)277’111) =sinkr =0
for k=1,2,...,m, and (5) yields
u 2m + 1 o \m—j
2 (- ( 1)(cot 1) =0 (©)
j=
for k =1,2,...,m. Therefore, the m roots of the equation
- i(2m+1 4
S (=0 (r e =
=0 7+
— km —
are t = cot? T T k=1,2,...,m

Now, if p(t) = ap + a1t + - - - + a;pt™ is a polynomial in ¢ of degree m, and if A1, Ag, ..., Ay, are the roots of
p, then

p(t) = am(t — M)t —A2) - (t = Ap)
= apt™ — am (M1 +...+)\m)tm—1 N

so the coefficient of t™ =1 is —am (A1 +- -+ A ). Now, for p(t) = 3 (—=1)7 (37 )#™ 7, the coefficient of t™~*

: 2j+1
7=0
is —(2"?1) and a,, = (2m1+1), and therefore from (6) we have
m k 2m—+1 2 _ 1
Soeort AT L) mm ) (7)
= 2mtl (7T
for all m > 1. and since csc? z = 1 + cot? z, then
o k 2 1
Z CSC2 s _ m(m + ) (8)
— 2m+1 3

for all m > 1.



Combining (2), (7) and (8), we have

2m(2m — 1 2 1 2m(2m+2) w2
mn ) 2 $ ) < maney 0
k=1

2m+1)2 6 2m +1)

for all m > 1, and letting m — oo, we have
=1 B 2
SE=T
k=1

as required.

Example. The usual Fourier series evaluation of {(2) looks at the function
fx)=2% 0<z<m,

and then finds the Fourier cosine series of f, the even 27-periodic extension of f, to be

o0

ao

> + E ay COSNT,
n=1

where

zz/ f(z) cosnax dx
T Jo

forn=0,1,2,....

For n = 0, we have

/7r 2 22" 2 3 272
ag = rédr=— - —| =— —=—
T Jo T 3, w®™ 3 3
For n > 1, we have
2 [T 2 [x?si T o2 [T 4 [T
Ay = —/ 22 cosnxdr = = {M ——/ xsinnzdm] = —— rsinnz dx
™ 0 ™ n 0 n 0 nm 0
4 S 4 4 T
- [_wcosmc —|——/ cosmcdx} = —2(—1)"—Tsinnx
nw n o nJo n n3m 0
_ A=
=

Therefore, the Fourier cosine series for f is given by

3 n?

flz) ~ ~ 4i (=1" cosnx
n=1

for all z € R.



From Dirichlet’s theorem, since the even 27-periodic extension of f is continuous at each x € R, then the

~

Fourier cosine series converges to f(z) for all x € R, and we can write

n

cosnx

2 o0
7 ™ (=1
fla) = 3 +4 Z n2
n=1
for all z € R, in particular, when = = , the series converges to 72, so that
2 o0
9 T 1
= — 4 —_

and therefore

Exercise 3. Show that ((2) = % by evaluating the double integral

I_/l/l dz dy
o Jo 1—xy

in two different ways.

(a) Obtain I = ((2) from the expansion

1
1—2xy

which is valid for |xy| < 1.

=l4ay+a2y?+ 233>+,

(b) Evaluate the integral directly by rotating the coordinate system about the origin through an angle of

T
— to obtain
4

1/\/5 m dv V2 V2—u
[ ) e ]
0 0 2_U +U 1/\/5 0 2

dv
— 2 + ’l}2> du’

integrating with respect to v and then making the substitution v = v/2 cos#.



