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Question 1. [p 246. #21]

Show that if m and n are positive integers and (m,n) = p, where p is prime, then

_ po(m) ¢(n)

o(mn) = LIS

SOLUTION: Since (m,n) = p, then p | m and p | n, and p divides one of the two integers m and n exactly
once, otherwise (m,n) > p?, which is a contradiction.

Assume that p | n but p? )( n, then there exists an integer k such that n = kp and (k,p) = 1, and since
p = (m,n), then (m, k) = 1 also, and therefore

¢(n) = ¢(kp) = ¢(k)o(p) = ¢(k)(p — 1).
Now, if m = p®p{* - - - p@r is the prime power decomposition of m, then

p(mp) =p*(p— 1)p™* " Hp1 — 1)+ pirHpr — 1)

=p .pa—l(p _ 1)]?0“_1(]?1 _ 1) . .pf,‘—l(pT _ 1)
so that
¢(mp) = pp(m),
and
¢(mn) = ¢(mkp) = $(mp)é (k) = %

Question 2. [p 246. #22]

Show that if m and k are positive integers, then
¢(m") = m*tg(m).
SOLUTION: Let m = p{*p5? - -- p2 be the prime power decomposition of m, then

p(m) =p*Hpr — 1)ps*> (p2 — 1) - p2 (e — 1).

. k ko ko ko,
Since m” = py“'py™? - - - prYr, then

P(mF) = pi™ T (p1 — 1)p5** M (p2 — 1) - pE T (pr — 1)

k—1aj+a;—1 k—1)as+az—1 —Darta,—
= p{ TN T (py = )pf T py — 1) plE e Tl 1)

k— a— k— g — — p—
= pFpe =t py — DpF Y pg(py — 1) - pEVper = (p, — 1)
=m" P — Dps* Hp — 1) - pi T (pr — 1)
=m* " p(m),

so that ¢(m*) = mF=1¢(m).



Question 3. [p 246. #23]
Show that if a and b are positive integers and d = (a, b), then

d¢(a) $(b)
ab) = ———=.
Conclude that if d > 1, then ¢(ab) > ¢(a) ¢(b).
SOLUTION: Let p1, po, ..., p- be those primes dividing a but not b, let q1, ¢o, ..., gs be those primes dividing
b but not a, and let rq, 79, ..., r; be those primes dividing both a and b.
Define
. 1 H 1 ﬁ 1
P_H<1——>, Q= (1——>, and R= <1——),
k=1 Pk k=1 U k=1 Tk
e PRVQR _ §(a)s(b)
a a
b) = abPQR = = )
dat) = abPQR = ’
However,
¢ ((a,b)) = (a,b)R
so that o(d)
R==7r
since d = (a,b), and therefore
d¢(a) (b)
olab) = ————=.
D=5
Note that if d > 1, then ¢(d) < d — 1 < d, so that
d >1
o(d) =
. 46(a) o)
a
ab) = > ¢(a) p(b
otat) = L > (o) o)

Question 4. [p 247. #30]
Show that if n is a positive integer with n # 2 and n # 6, then ¢(n) > /n.

SoLuTION: Note first that if p is an odd prime and « > 1, then

p(p)=p—1>p

and N
o(2p™) = 3(2)p(p™) =p* (p—1) = 2p*" > 2p2 > \/2p~.

Now let p be any prime and let a > 1, then
o) =p*H(p—1) 2 p*7 2pZ = Vp©

and the result is true for any prime power p® with a > 1.



Now, if p is any prime with p > 4, then p? 4+ 1 > 4p, so that
(p—1)°=p*—2p+1>4dp—2p=2p,

and

¢(2p) =p—1>/2p.

Now let n be a positive integer, and suppose the prime power decomposition of n is given by

n = 2‘10 a1, 02

PPyt e,

if ap # 1, since the ¢-function and the square root function are both multiplicative, from the results above,
we have

¢(n) = [T oi*) = T /oi* = V.
k=0 k=0

If ap = 1, be rearranging the primes, we may assume that pi* has either a; > 1 or p; > 4, and again since
the ¢-function and the square root function are both multiplicative, from the results above, we have

o(n) = ¢(2p3") [ lei*) = /205 ] /1" = V.
k=2 k=2

The only remaining cases are when n is exactly divisible by 2, not divisible by a prime greater than 4, and
not divisible by a prime to a power greater than 1. These are exactly the cases n = 2 and n = 6, which are
the only exceptions.

Question 5. [p 247. #32]

Show that if m and n are positive integers with m | n, then ¢(m) | ¢(n).

SOLUTION: Let m and n be positive integers and suppose that m | n, if the prime power decomposition of
n is given by
n=pypy®prT,

then the prime power decomposition of m is given by
m=ppit - pl,

where 1 < 0 < qy, for 1 <k <s.

Therefore,
¢(n) =pi' " (pr = Up5® (p2 — 1) -0 o — 1)
and
¢(m) = pi " (i — VP (P = 1) P (i, = 1),
where 1 < 8y < o, for 1 <k < s, and clearly ¢(m) | ¢(n).



Question 6. [p 253. #4]
For which positive integers n is the sum of divisors of n odd?

SoLuTION: We will show first that o(n) is odd if n is a power of 2. Suppose that n = 2, then

201 _ 1
o(2%)=> d=1+2+2" 4. +2%=
d|2e

- 20¢+1 -1
2—-1 ’

and o (2¢) = 221 — 1 is odd for all integers a > 0.

Next suppose that p is an odd prime and that « is a positive integer, then

pa+1 _ 1

e

)

and o (p®) is odd if and only if the sum contains an odd number of terms, that is, if and only if « is an even
integer.

From the Fundamental Theorem of Arithmetic, we see that o(n) is odd if and only if in the prime power
decomposition of n, every odd prime occurs to an even power, that is, if and only if n is perfect square or n
is 2 times a perfect square.

Question 7. [p 254. #21,#22, #23]

Let oy (n) denote the sum of the kth powers of the divisors of n, so that

or(n) = de.

d|n

(a) Find a formula for oy (p), where p is a prime.
(b) Find a formula for oy (p®), where p is a prime and « is a positive integer.

(c¢) Show that the arithmetic function oy, is multiplicative.

SOLUTION:
(a) If p is a prime, then
w o p—1
= 1 =
or(p) =1+p pr—
since the only positive divisors of p are 1 and p itself.
(b) If p is a prime and « is a positive integer, then
o ) k(a+1) _ 1
p
or(p®) =Y dF = pF = ——— .
d|p~ i=0 p
since the positive divisors of p® are 1, p, ..., p®.

(c) Define the arithmetic function fix(n) = n*, then f is multiplicative, since if (m,n) = 1, then

fr(mn) = (mn)* = m*n* = fi(m) fi(n).

or(n) = Z d*

d|n

Therefore the function

is also multiplicative.



Question 8. [p 254. #27]

Show that the number of ordered pairs of positive integers with least common multiple equal to the positive
integer n is 7(n?).

SoLuTION: Clearly the result is true if n = 1, since then 7(n?) = 1, and the only ordered pair of positive
integers with least common multiple 1 is (1, 1).

Let n be a positive integer with n > 1, and suppose the prime power decomposition of n is given by

a1 02

n=p; Ps ceppT

where p; < p2 < --- < p, are distinct primes and o > 1 for 1 <k <.

Now suppose that b and ¢ are positive integers such that [b,¢] = n, then b | n and ¢ | n, so that their prime
power decompositions are given by

b:p?lp22 pfr and C:p’l)’lp'zm pZT

where 0 < OB < apand 0 < < ap for 1 <k <r.

Since [b, ¢] = n, then we must have max{fx, v} = ay for 1 < k < r, so that for each such k, one of S or v
must be equal to ay, while the other can be any one of the integers 0 < ¢ < qy.

Therefore, for each k& with 1 < k < r, the number of ways to choose the ordered pair (8k,7x) such that
exactly one or both of §; and x equals «y is equal to

ap +ap +1=2ar + 1,

and the number of ways to choose the exponents

617627"'767‘7717’727"'777‘

is equal to
(2a1 +1)(2a + 1) --- (2, + 1) = 7(n?).

Thus, the number of ordered pairs of positive integers (b, ¢) such that [b, c] = n is equal to 7(n?).

Question 9. [p 256. #34]

Show that if n is a positive integer, then

SOLUTION: Let

F(n)_<27—(d))2 and  G(n)=>» 7(d)?

d|n d|n

for n > 1, then F and G are multiplicative since 7 is multiplicative, and in order to show that the equality
F(n) = G(n) holds for all n > 1, we need only show it is true for n = p®* where p is a prime and o > 1.



Now, the divisors of p® are 1,p, p2,---,p®, and

so that

Question 10. [p 256. #35]

Show that if n is a positive integer, then
7(n?) = Z gwld)
d|n

where w(n) equals the number of prime divisors of n.

SOLUTION: Let w(n) be the number of distinct primes dividing the positive integer n, we will show that
w(n) is an additive function, in the sense that it satisfies

w(mn) = w(m) + w(n)
whenever m and n are relatively prime positive integers.
To see this, suppose that (m,n) = 1, and the prime power decompositions of m and n are given by
m=pyips?pl  and  n=g]"¢* gl

where p; < ps < --- < pr and 1 < g2 < --- < ¢, are distinct primes, with p; # ¢; for any ¢ and j, and
a; > 1, B; > 1 for all ¢ and j.

The prime power decomposition of mn is given by

a1, Qo ar P

mn = pPrps? - praliay? gl

and clearly
w(mn) =r+s=w(m)+w(n).

From the above we see that
f(n) =24

is multiplicative, since if m and n are relatively prime, then

flmn) = 20mn) = guwlm)Fwn) — gw(m)gw(n) — f(m)f(n).

Therefore,

F(n)=> 2¢@

d|n

is multiplicative.



Now let G(n) = 7(n?), then G is multiplicative, since if (m,n) = 1, then (m? ,n?) =1 also, and
G(mn) = 7(m?n?) = 7(m?)7(n?) = G(m)G(n).

Since F' and G are multiplicative, in order to show that F(n) = G(n) for all n > 1, we need only show that
F(p*) = G(p*) whenever p is a prime and « is a positive integer.

Let p be a prime and « > 1, then
F(pa) _ Z2w(d) — Z2W(pk) — 1_’_221 =2a4+1
dlp® k=0 k=1

since w(p?) = w(1) = 0, while
T ((p*)?) = 7(»**) = 20+ 1.

Therefore, from the fundamental theorem of arithmetic we have
) = Y24
d|n

for all n > 1.



