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Question 1. [p 13. #5]

Use the well–ordering property to show that
√

3 is irrational.

Question 2. [p 13. #19]

Show that
⌊

√

bxc
⌋

=
⌊√

x
⌋

whenever x is a nonnegative real number.

Question 3. [p 21. #5]

Find and prove a formula for
n

∑

k=1

⌊√
k
⌋

in terms of n and b√nc .

Question 4. [p 27. #5]

Conjecture a formula for An where A =

(

1 1
0 1

)

. Prove your conjecture using mathematical induction.

Question 5. [p 27. #8]

Use mathematical induction to prove that

n
∑

k=1

k3 = 13 + 23 + 33 + · · · + n3 =
n2(n + 1)2

4

for every positive integer n.

Question 6. [p 28. #20]

Use mathematical induction to prove that 2n < n! for n ≥ 4.

Question 7. [p 34. #16]

Prove that
f1f2 + f2f3 + · · · + f2n−1f2n = f2

2n

if n is a positive integer.

Question 8. [p 35. #31]

Show that fn ≤ αn−1 for every integer n with n ≥ 2, where α = (1 +
√

5)/2.



Question 9. [p 35. #33]

Prove that whenever n is a nonnegative integer,

n
∑

k=1

(

n

k

)

fk = f2n,

where fk is the kth Fibonacci number.

Question 10. [p 40. #21]

Show that the number of positive integers less than or equal to x, where x is a positive real number, that
are divisible by the positive integer d equals bx/dc .

Question 11. [p 41. #34]

Use mathematical induction to show that n7 − n is divisible by 7 for every positive integer n.

Question 12. [p 41. #36]

Let fn denote the nth Fibonacci number. Show that fn is even if and only if n is divisible by 3.

Question 13. [p 41 #40]

Show that
fn+m = fmfn+1 + fm−1fn

whenever m and n are positive integers with m > 1. Use this result to show that fn

∣

∣ fm when m and n are

positive integers with n
∣

∣m.

Question 14. [p 41. #45]

Show that
⌊

(2 +
√

3)n
⌋

is odd whenever n is a nonnegative integer.

Question 15. [p 50. #29]

A Cantor expansion of a positive integer n is a sum

n = amm! + am−1(m − 1)! + · · · + a22! + a11!,

where each ak is an integer with 0 ≤ ak ≤ k and am 6= 0.

Show that every positive integer has a unique Cantor expansion. (Hint: For each positive integer n there
is a positive integer m such that m! ≤ n < (m + 1)!. For am, take the quotient from the division algorithm
when n is divided by m!, then iterate.)


