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Question 1. Let w = 72, show that
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for z # —1.
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SOLUTION: We have w = —f, so that
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Question 2. Show that the function

v(z,y) = e” " . sin 2xy

is harmonic and find an analytic function f(z) such that v(x,y) is the imaginary part of f(z).

SoLUTION: Note that if z = x + iy, then 22 = 22 — y? + 2ixy, so that
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that is,

2_ .2 . 2_ .2 ..
e* = e% Y e = % YV (cos 2zy + isin 2xy),

2 22 22,
f(z)=¢e" =€ 7Y cos2zy +ie” Y sin2zxy,

and v(x,y) = e®* =¥ . gin 2xy is the imaginary part of the analytic function f(z) =e
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Question 3. Show directly that if w is any value of the mutliple valued function

f(z) = —ilog [z‘er 1 fzz} 7

then sinw = z.



SoLuTION: If w = —ilog [iz + /1 — 22|, then

ei(—i logliz+v1—22]) __ e—i(—i log[iz++v/1—22])

sinw =
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and sinw = z.
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Question 4. Find all solutions of cosh z = 5
Hint: cosh z = coshx cosy + isinh z sin y.

SOLUTION: Note that
. . 1
cosh z = coshx cosy + i sinhz siny = 5

if and only if

1
coshx cosy = 3
sinhz siny = 0.
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Now, if siny = 0, then cosy = 41 and this implies that coshx = ii’ which is impossible, since coshz > 1
for all real numbers x. Therefore, siny # 0, and from the second equation we must have sinh x = 0, so that

x = 0. From the first equation we have cosy = > so that y = :I:g + 2nm.
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Therefore, cosh z = 5 if and only if
z=1 (ig + 2n7r)

forn=0, £1, +2, ....



Question 5. For z =z + iy € C, let f(z) = cosx cosy + isinz siny.

(a) Find all points (z,y) for which the Cauchy-Riemann equations are satisfied.
(b) Find all points z € C at which f is differentiable and compute f’(z) for those points.

(¢) Find all points z € C at which f is analytic.

SOLUTION:

(a) Here u(x,y) = coszcosy and v(x,y) = sinzsiny, so that

ou ) ov .
—— = —sinzcosy and — =sinzcosy,
oz dy
while
ou . v .
— = —coszsiny and — =coszxsiny.
Jy Ox
Thus,
ou__ov
dy  Ox
for all x and y, while
@ = @ if and only if sinzcosy = 0.
dr Oy

Therefore, the Cauchy-Riemann equations hold at (z,yo) if and only if
xo = mn for some integer m,

or
(2n+ 1)
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Yo = for some integer n,

that is, if and only if

(zo,90) € D = {(z,y) |z =mm, meZ, ye R}U{(z,y) |z €R, y = (2";1”, n €L}

(b) Since u and v have continuous partial derivatives at all points (z,y), then f’(z) exists only at those
points (zg,y0) € D where the Cauchy-Riemann equations hold, and

7 _ Ou Ov . ‘ .
To,Y0) = %(xo,yo) ‘H%(xo,yo) = —SIN & COS Yo + % COS T( SIN Yo

for (xzo,y0) € D.

(¢) The function f(z) is analytic nowhere, since the set D where f’(z) exists has no interior points.

Question 6. Let a and b be positive real numbers. Find the real and imaginary parts

of the integral
I:/ elati)t gy
0

and use them to evaluate the real integrals

T s
/ e cos bx dx and / e sin bx dx.
0 0



SOLUTION:

We have

T

I = /” platib)t gy Le(aﬂb)t
0 a+1ib

a—1b .
= a+ib)m
a2 412 (6( ) _1)

a—1b

- 22 (e*™ cosbr + e sinbr — 1)
a

(a —b) [(e"™ cosbm — 1) + ie®™ sin brr]

a? + b
a (eaﬂ' cos bmr — ]_) —+ be?™ sin brr N ) ac® sinbr — b (eaﬂ_ cos b — 1)
= Z ‘
a? + b? 22
Since i ) 7r
I= / elatid)t gy / O cos ba di 4 Z/ 0 sin b dor
0 o .
we have
/Tr €% cosbr dr = a (e*™ cos br 2— 1) + be™ sin b
0 a? + b?
and
/ " 9% in by dgp — 2€7 5007 *217 (7 cosbr —1)
0 a? + b2
10 pts 1
10 pts 2
10 pts 3
10 pts 4
10 pts 5
10 pts 6
Total /60




