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Math 309 - Spring-Summer 2017
Solutions to Problem Set # 7
Completion Date: Friday June 23, 2017

Question 1.
(c) / e *tdt (Rez>0).
0

Evaluate the following integrals:
/6
(b) / et dt;
0

o (2 a

)

(

) 1
Ans: (a) —§—i1n4; (b) ?—Fi; (c) e
SOLUTION:
(a) We have
2 2 2 . 2 2
1 1 2 dt
/ (——i) dt:/ (—2——Z+i2> dt:/ (—2—1> dt—2 | =
L\t L\t L\t Lt
112 2 2 1
= 2| —t| —2ilnt ——<——1)—(2—1)—2i(ln2—ln1),
th 1 1
271\? 1
and/ <——i> dt = —=—2iln2=—= —iln4.
1 \1 2
(b) We have
/6 ] /6 m/6 /6
/ et dt:/ (cos 2t + i sin 2t) dt:/ cos2tdt+i/ sin 2t dt
0 0 0 0
/6 /6 .,
1 1 1 1
“Lana” i (“leosae) [ 2L (B o) (L,
o 2 . 2\ 2 2 2
/6 3 .
and/O emdt:%—i—i.
Note that
/6 /6
/ 2 gt — —¢i2t :l'[em/s 1}
0 2¢ 0 27
i 3 1 i 3
_ i V3 1 _ i, V3
4 4 2t 4 4

is much easier!

(c) If M > 0, we have
M M _ M _ M M
/ e *tdt = / e~ EHWt gy — / e T em W gt = / et eosytdt — z/ e “tsinyt dt
0 0 0 0 0



and letting M — oo,

o0 o0 (o]
/ e *tdt = / e “cosytdt —i / e “sinyt dt
0 0 0

where both integrals on the right converge since x = Re z > 0.

Now, since
d —zt
7 (e z ) = —ze *,
then for M > 0, we have
M Mo
/ efzt dt = __efzt _ (1 _ esz) ,
0 0 z
and since
’e—Mz’ _ e—M;E . ’e—sz‘ _ e—Mw =0

as M — oo provided x > 0, then

o0 M 1
/ e ?tdt = lim e Ftdt ==
0 M — oo 0 VA

provided z = Re z > 0.
Equating real and imaginary parts of (1) and (2), we get

> —xt z > —xt _: Y
tdt = —— d tdt = ————
/0 e " cosy PR an /0 e “siny poaL
which should look familiar!
Question 2.
Show that if m and n are integers,
/271’ eimﬁ e*inﬁ do = 0 when m # n,
0 27 when m =n.
SOLUTION: If m, n are integers, with m # n, then
2r . 27 1 . 2T
/ esz . e—zn@ do = / ez(m—n)@ = ez(m—n)@
0 0 i(m—n) 0
= 1 {ei(m—n)%r _ ei(m—n)O} = 1 [1 _ 1]
i(m—n) i(m —n)

since e*(m~™)2™ — 0 — | (the exponential function is periodic with period 27i).



Therefore,
27
/ eim@ . e—in@ do =0
0

if m # n.

Also, if m = n, then ¢ . ¢7% = 1, 50 that

27 ) ) 27
/ el om0 g — / 1dt =27
0 0

ifm=n.

Question 3.

According to the definition of integrals of complex-valued functions of a real variable,

s T s
/ 1D gy — / e“cosxdr +1 / e’ sinx dx.
0 0 0

Evaluate the two integrals on the right here by evaluating the single integral on the left and then using the
real and imaginary parts of the value found.

Ans: —(1+e™)/2, (1+e™)/2.

™ ™ ™
/ DT g = / e cosxdr +i / e’ sinx dzx,
0 0 0

/7r e g L atie
0 1+

SOLUTION: We have

and integrating we have

so that

T 1—14 ,
/ (107 g = [e" - e —1] = —
0
Equating real and imaginary parts, we have
4 1
/ e’cosxdr=—=(e" +1)
0 2

and . )
/ e’sinxdr =+-(e" +1).
0 2



Question 4.

Use parametric representations for the contour C, or legs of C, to evaluate

/Cf(z) dz

when f(z) =z — 1 and C is the arc from z = 0 to z = 2 consisting of

(a) the semicircle z =1+ ¢ (7 <0 < 27);

(b) the segment 0 < z < 2 of the real axis.

Ans: (a) 0; (b) 0.

SOLUTION:

(a) If we parametrize the semicircle as z = 1 + ¢, 7 < § < 27, then we trace out the semicircle in the
counterclockwise direction from the point (0,0) to the point (2,0).

We have
27

27 2
, . , 1 ..
/ (z—1)dz = / e . ie' dh = z/ €29 4o = 56219 =0.
C i ™ T

(b) If C is the arc from z = 0 to z = 2 consisting of the segment 0 < z < 2 of the real axis, then we
parametrize C as z =1¢, 0 <t < 2.

We have



Question 5.

Use parametric representations for the contour C, or legs of C, to evaluate

/ f(z)dz
c
when f(z) is defined by the equations

1 when y <0,
f(z) =
4y when y >0,

and C is the arc from z = —1 — i to z = 1 + i along the curve y = 3.
Ans: 2 4 3i.
SOLUTION: We parametrize the arc from z = —1 — i to 2 = 1 + 4 along the curve y = 2° as

z=t+it}, —-1<t<1.

Since f is piecewise continuous, we have

0 1
z)dz = . it? 3 it?
/Cf()d /_11 (1—|—3t)dt—|—/0 4t° (1 + 3it™) dt

0 0
+it?| + 4] 4268
—1 —1 0 0

=0—-(-1)+i(0—-(-1)+(1-0)+2i(1—-0)

1 1

=t

and

/Cf(z)dz: 2+ 3i.



Question 6.

Use parametric representations for the contour C, or legs of C, to evaluate

/Cf(z) dz

when f(z) is the branch

271 = exp (=1 +14) log 2] (|]z] >0, 0 < arg z < 2m)

of the indicated power function, and C' is the positively oriented unit circle |z| = 1.

Ans: 1 (1 - 672“) .

SOLUTION: If we parametrize C' as
z=¢€" 0<t<2n,

/ 2Ty =
c

2w
— / 6(71+i)itieit dt

then dz = ie™ dt and

S

exp[(—141)logz] dz

0
27
- —t
—z/ e “dt
0
27
= —je t| |
0

and

/ gy = (1 - 67277) .
C

Question 7.

Let Cy denote the circle of radius R centered at zg, |2 — 29| = R, taken counterclockwise. Use the parametric
representation z = zg + Re? (—m < 6 < ) for Cp to derive the following integration formulas:

d
(a) / S 27i;
Co zZ— 20

(b)/c(z—zo)"ldz—() (n=41,%2,...).

SOLUTION:

(a) We have

d 1 : "
/ o — / Ee_ze . iRele do = ’L/ 1d6 = 2mi.
Co Z— 20 —r -7



(b) We have z — 29 = Re?, —7 < 6 <7, and dz = Rie? df, and

/ (Z _ Zo)n71 dZ _ / R’n,fle’i(’n.fl)e X iReie da _ / an einé’ da
Co

inf |T n
R _ _
= R"; . € : _ v [e’n,ﬂ"L _ efnﬂ'z] =0,

nto|_. n

so that
/ (z—20)"tdz=0
Co

forn=+1, £2,....

Question 8.

Let Cg be the circle |z] = R (R > 1), described in the counterclockwise direction. Show that

L InR
/ ngdz‘dﬁ(u)’
Cr z R

and then use 'Hospital’s rule to show that the value of this integral tends to zero as R tends to infinity.

SOLUTION: On Cg, we have z = Re??, —7 < <, and

Logz=InR+1i0, —-w<0<m,

so that
Logz InR+if
22 R2e2ib
on Cg, and
Log =z [InR+i IR+ ImR+n
’z2: B - r e M
OHCR.
Therefore,

L
/ o% z &
Cr *

where L = 27 R is the length of the contour, and

L 1
/ OgQZdZ' - <M> o
Cr z R

<M-/ |2(t)|dt = M - L
Cr

Using I'Hospital’s rule, since

then




