WY OF
&

& e

$ =

= nainainas F
¥ N +

2 Wa
T

Math 309 - Spring-Summer 2017
Solutions to Problem Set # 5
Completion Date: Friday June 9, 2017

.
— 1.

Question 1.
4

_ \/56—1’71'/4,

Show that Log(1 —1i) = %1n2—
.
— .

SOLUTION: Since
4

then Arg(l —i) = ——, and
1
Log(l —i) = In V24 i Arg(l — i) = Fn2-

Question 2.
Verify that when n =0, £1, +2, ..., logi= (
SOLUTION: Since _ _
i=0+il=1-¢"/2=1.¢r/2H2m)
for n =0, &1, £2, ... then
li] =1 and arg(i) = T 4 om
for n =0, &1, £2, ..., and therefore
. (T 1 .
logi=Inl+1 (5 + 27m) = (2n—|— 5) i,
forn =0, &1, £2, ....
Question 3.
Verify that when n =0, +1, 2, ..., log(—1++/3i) =In2+2 <n—|— —> i
SOLUTION: Since
-1 3 )
—1+v3i=2(— Q :2.627”/3,
2 2
. 27
arg(—1 4+ V/31i) = 5 + 2mn

then
|-1++V3i|=2  and

for n =0, £1, +2, ..., and therefore
log(—1+ V3i) =In2+2 <n—|— —> i

forn =0, £1, 2, ....



Question 4.
Show that
(a) Log(1 +14)? = 2Log(1 + 1); (b) Log(—1 +1i)? # 2Log(—1 +1).

SOLUTION:

(a) Note that

1+i_\/—<7+7)_\/§.6m/4,

while _
(1+i)2=2-i=2-¢7/2
and therefore

Arg(l+1) = g and Arg(1+1i)* = g,

so that

Log(1 + i) :ln2—|—% =2 (1n\/§+ %) — 2 Log(1 + ).

(b) Note that

-1 ,
—1—|—Z—\/§( :\/5.63171'/47

)
- + -
V2 \/5)
while |
(F1+i)? =—2-i=2(-i) =2 ¢,
and therefore ;
Arg(_l + Z) = _ﬂ- and Arg(_l + Z)2 =——,

so that

Log(—1+1i) = Inv2+ —— 37” and Log(—1+4)?> =In2 — %,

and

o .
2-Log(—1+1i) =2+ * #In2 - = = Log(~1+1)"

Question 5.

Show that

(a) the set of values of log (i'/2) is (n+1)7i (n =0, £1, £2,...) and that the same is true of logi.

(b) the set of values of log (12) is not the same as the set of values of 2log:.
SOLUTION:

(a) We have

log( 1/2) ~ log (e%> ~ log (e%(ln|i+iarg(i))) ~ log (e%(0+i(w/2+2ﬂ'n))>

1og( 1/2) = 1og( 1(”/4+“”)) (4 + wn) + i 27wm,

o () =1 (3

that is,

and therefore



for p =0, £1, +2, ... since (n 4 2m)7 can take the values
0-m, £m, £2m, ...

as m and n run through the integers.
Also,
Llog(i) = % [m ji] + i (g + 27rk)}

for k =0, 1, £2, ..., that is,

+log(i) =i (g + k7r)
for k=0, 1, £2, ....
Therefore, the set of values of log (il/z) is the same as the set of values of %1ogi.

(b) Note that
log(i%) = log (e?!°8%) = log (62(0+i(”/2+2””))) =log '™ t4™) — (1 + 47n) + i 2mm

form=0, £1, £2, ... and n =0, £1, £2, ..., so that

log(i?) = i(m + 2km)
for k=0, £1, £2, ....
Also,

21log(i) = 2 (In |i| + darg(s)) = 2 [O +i (g + 27Tn)} =i(m + 4mn)

for n =0, &1, £2, ..., and therefore
log(i%) # 2log(i),
that is, the values are different, since {47n : n € Z} is different from {27k : k € Z}.

Question 6.

Show that

(a) the function Log(z — 7) is analytic everywhere except on the half line y = 1 (z < 0);

(b) the function
Log(z + 4)
2241

is analytic everywhere except at the points 4(1 —i)/v/2 and on the portion x < —4 of the real axis.
SOLUTION:

(a) Let f(z) = Log(z — i), then f is analytic at z provided that w = z — i satisfies
|w| >0 and -1 <Argw <.
Writing w = pe’® where p > 0 and —7 < ¢ < 7, then the set of all z € C such that
z=i+w:i+pei¢,

where p > 0 and —7 < ¢ < 7 describes the set of all points in the z-plane except z = 7 and the half-line
y=1, 2 <0.




L 4 1—1
(b) Let f(z) = %, then f is analytic at all points except z = :I:% (the square roots of —i) and
22 41
at points where Log(z+4) is not analytic, that is, at z = —4 and points on the half-line y =0, z < —4.
y
* o

Question 7.

Show that when n =0, £1, £2, ...,

(a) (1+14)" = exp (—% + 2m) exp (% In 2) ,

(b) (_1)1/71- _ e(2n+1)z‘_
SOLUTION:

(a) Note that
(1+ Z)l = etlog(1+9) — ei[ln |1+i\+i(%+2wn)]

3

so that _
(14 i) = elzm2=(Gv2m)]

)

that is,

(1+4) = e~ (F+2mn) (cos(ln V2) + i sin(In \/5))
forn=0, £1, £2, ....

(b) Note that
(—1)V/™ = oxlog(—1) _ e%(ln\71|+i(7r+27rn))7

that is,
(_1)1/77 _ e%(?nJrl)m' = (@n+1)i

forn=0, £1, £2, ....

Question 8.
Find the principal value of (1 — )%,

SOLUTION: Note that

and Arg(l —1i) = —g.

Therefore,
(1 — i)% = etilos(1=0) _ pdifln [1—il+i(=F+2mn)]



for n =0, &1, £2, ..., that is,
(1—d)% = oAi(Inv2)

. e—(—7r+87rn)
for n =0, &1, £2, ..., that is,

(1 — )4 = em(1=8n) . (cos(4 Inv/2) + isin(4ln \/5))
forn =0, &1, £2, ....

The principal value of (1 —i)* occurs when n = 0, and has the value

(1—i)% =e¢" (cos(4 InV2) + isin(41n \/5)) :



