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Math 309 - Spring-Summer 2017
Solutions to Problem Set # 3
Completion Date: Friday May 26, 2017
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Question 1.

2
Show that lim — 4

z—00 (z — 1) -

SOoLUTION: We have , )
4 4(1
lim i = lim (1/2)

Z—00 (Z — 1)2 z—0 (1/2 _ 1)2 o z—0 (1 — 2)2 =4

Question 2.

Show that a set is unbounded if and only if every neighborhood of the point at infinity contains at least one
point in S.

SoruTiON: If S C C is unbounded, then for each n > 1, there is a point z,, € S with |z,| > n.

1
Now, given € > 0, choose ng > 1 with 0 < — < ¢, then
no

1
|Zn0| Z nO > E?

and zp, is in the e-neighborhood {z : |z| > 1/€e} of the point of infinity. Thus, every neighborhood of the
point at infinity contains at least one point in S.

Conversely, if every neighborhood of the point at infinity contains at least one point in S, then for each

n > 1, we can choose a point z, € S with |z,| > n (that is, z, is in the 1/n-neighborhood of the point
at infinity). Then S cannot be bounded, since z, € S for all n > 1, and lim |z,| = 400, and there is no
n—oo

M > 0 such that |z| < M for all z € S.

Question 3.

Find f’(z) when

(a) f(z) =322 —2z+4; (b) f(z) = (1 —422)°;

© f()= 2 A -1/2 (@) f(:) = 024
SOLUTION:

(a) f'(z) = 62— 2.

(b) f/(2) = 3(1 — 42%)2(—82) = —242(1 — 422)2.
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(©) f'(z) = CESE =G for z # —1/2.
(@) f(z) = 41 4 22)3 - 2zj - (142222 201 ;22)3 (322~ 1), for 2 £0.

Question 4.

Apply the definition of the derivative to give a direct proof that

Fe)=—% whn  f)=1 (:#0)

SoruTIoN: If f(2) = 1 for z # 0, then
z

1 1
CFEEM ) Twh s .z (4N
"(5) = 1 [z — lim 2 Z _
7' s h s h s hz(z+h)’
that is,
— -1 1
! = 1. = 1. = — —
I ) hz(z+ h) B0 z(z + h) 22
for z # 0.

Question 5.
Show that f’(z) does not exist at any point z when f(z) = Im z.

SOLUTION: Let f(z) =Im(z), then for z, h € C, with h # 0, we have

Im(z + h) — Im(2) _ Im(z) + Im(h) — Im(2) _ Im(h).

h h h

Now, if h — 0 through real values, Im(h) = 0, and

}]7:1—>0 h - }1LI—>I% h 0 (1)
h real h real

and

doesn’t exist, that is, f/(z) does not exist for any z € C.



Question 6.

Show that f’(z) does not exist at any point if

(a) f(z) =7% (b) f(z) =2 —7%
() f(z) =2z +izy® () f(z) = e"e V.
SOLUTION:

(a) If f(2) =z =z — iy, then u(z,y) = = and v(x,y) = —y, so that

ou ov

and the Cauchy-Riemann equations do not hold at any point z € C. Therefore f/(z) does not exist for
any z € C.

(b) If f(2) = z — Z = 2iy, then u(x,y) = 0 and v(x,y) = 2y, so that

ou v

—=0#£2=—

Ox 7 oy’

and again the Cauchy-Riemann equations do not hold at any point z € C. Therefore f'(z) does not
exist for any z € C.

(c) If f(2) = 2z +izy?, then u(z,y) = 22 and v(x,y) = zy?, so that

ou ov
oo Lo
Ox ’ Oy Y
ou v
ay - eV

Now the Cauchy-Riemann equations are

2 =2zy
0=—y°
and these equations have no solutions (x,y). Therefore, f’(z) does not exist at any point z € C.

(d) If f(2) = e®e™'Y = e cosy — ie®siny, then

Ou ¥ cos Ov T co
—=c , — = —¢"cos
Or 4 oy Y
0 0

8_Z = —e%siny, 8_; = —e%siny.

Now the Cauchy-Riemann equations are

2e” cosy =0

2e”siny =0
and since e® # 0 for all z € R, these equations are
cosy =0 and siny = 0,

but this is impossible since cos? y+sin® y = 1. Therefore, there are no solutions to the Cauchy-Riemann
equations, and f’(z) does not exist for any z € C.



Question 7.
Determine where f’(z) exists and find its value when
1
z

(@) f(z) == () f(x)=a? iy (¢) f(z) = zIm 2

Ans: (a) f'(2) :—% (z#£0); (b) fl(x+iz)=2z; (c) f(0)=0.

SOLUTION:

(a) If f(2) = %, then

z x .
f(z) = FE T 21 _sz—yFyQ’
so that . y
u(z,y) = Py and v(z,y) = “Ei

for z # 0. Now,

Ju y? — x? Ov

or (@2 +y2)7 Dy
and

ou 2y ov

dy @ try?R o
Since the partial derivatives are all continuous at each z € C, z # 0, and the Cauchy-Riemann
equations hold at each z € C, z # 0, then f'(2) exists for all z # 0, and

foy =y v 2
ox ox (IQ + y2)2 (562 + y2)2 ’
that is,
floy= oYy @ 1
(562 +y2)2 Z|4 22
for z # 0.

(b) If f(2) = 2% +iy?, then u(z,y) = 22 and v(z,y) = y?, and
ou Ov

Ox “ Oy 4
ou ov
ay - e Y

so the Cauchy-Riemann equations hold only for those points z = x + iy with = = y. Since all partial
derivatives are continuous everywhere, f’(z) exists only for the points z = x + iz = z(1 +7), = € R,
and

ou ov
fl(x+iz) = —(z,2) +i—(x,7) = 2.

Ox Ox
(c) If f(2) = 2Im(2) = (x +iy) -y = vy +iy?, then u(x,y) = zy and v(z,y) = 3?2, so that

Ju Ov
ou ov
W wm

and the Cauchy-Riemann equations hold if and only if

y =2y and x =0,



that is, if and only if 2 = y = 0. Since all partial derivatives are continuous, then f/(z) exists only for
z =0, and

ou o)

£'(0) = 5-(0,0) +i =-(0,0) = 0.

Question 8.

Show that the function _
f(z)=re'?? (r>0,a<6<a+2n)

is differentiable in the indicated domain of definition, and then find f/(z).

Ans: f'(z) = 7

SOLUTION: If f(z) = \/re'?/?, r > 0, a < # < a + 27, then

f(2) =+/r(cosf/2 +isind/2),
so that u(r,0) = \/rcos8/2 and v(r,0) = /rsinf/2.

Now,
ou v \r
o = 2\/_ cosf/2 and 5 = TCOSG/Q
so that 5 18
u v
ar 2\[ cos0/2= 755
forr >0, a<0<a+ 2.
Also,
ou T v 1
Fr i sinf/2 and o 2\/_ sin /2,
so that 19 ) 9
u v
— ——_sing/2=-L
Fo0 oy sme/ ar

forr >0, a<0<a+ 2.

The partial derivatives are all continuous for each (r,8) with r > 0, o < 8 < a+27, and the Cauchy-Riemann
equations hold for each such point, so that f’ (z) exists for all such points, and

o (Ou . Ov 1 ; 1
I _ ,—i0 . —i0 _ —i0/2 _
fl(z)=e (—(% +Z_8r> NG (cosB/2+isinf/2)e —2\/’;6 7

forr >0, a<0<a+ 2.

Question 9.

Show that when f(z) = 23 44 (1 — y)3, it is legitimate to write
f'(2) = uy +iv, = 3a°

only when z = 1.

SoruTioN: If f(2) = 23 +i(1 — y)3, then u(x,y) = 23 and v(x,y) = (1 — y)3, so that
ov

ou _ 4 2 OV a1 32
5y = 3T 9 3(1-y)
ou ov

== 0, Z=o0

dy ’ Ox



The Cauchy-Riemann equations become
322 +3(1—y)? =0

and these hold only at the point z = (0,1) = 4. Since all partial derivatives are continuous everywhere, then
f'(7) exists, and

ou Ov
(1) = —(0,1) +i—(0,1) = 0.
J1) = S2(0,1) + 22(0,1)
Question 10.
(a) Recall that if z = 2 4 iy then

Z+z Z2—z

T = and y = -

2 24

By formally applying the chain rule in calculus to a function F'(z,y) of two real variables, derive the

expression
OF _0For 0Fdy 1 (0F  oF
0z 0x 0z 0Oyoz 2\ 0z oy )’

9 _1(9 .9
9z 2\9zr  ay)’

suggested by part (a), to show that if the first-order partial derivatives of the real and imaginary parts
of a function f(z) = u(z,y) + iv(z,y) satisfy the Cauchy-Riemann equations, then
of

1
0z 2

(b) Define the operator

[(ug — vy) + i (Vg + uy)] = 0.

Thus derive the complex form % =0 of the Cauchy-Riemann equations.
Z

SOLUTION:

(a) Since z =z +1iy and Z =z — iy, then

and
oF OF 3I+3F dy 10F 1 oF 1 3F+.3F
- = . —_— s L = _—  —_ = = _ 7 — .
0z or 0z Oy 0z 20z 2i oy 2\ 0z oy
(b) Now, if f(z) = u(z,y) + iv(x,y) and the real-valued functions v and v satisfy the Cauchy-Riemann
equations, then from part (a), we have

of

13(+,)+ (+,)718u 10v 10u 10v
(92_2(9xu v u+iv

~ 30z T30z T30y 20y

of 1 (ou_ov\ i(ou owy |
0z 2\0x Oy 2\0y  o0xz)
ou Ov ou Ov

sice Oz 8y arn ay or

9
dy
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that is,



