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Math 309 - Spring-Summer 2017
Solutions to Problem Set # 12
Completion Date: Friday August 4, 2017

Question 1.
Use residues to evaluate the improper integral
/ *  dx
o (@*+1)%

and for R > 1, consider the integral of f over the contour Cr shown

Ans: w/4.
SOLUTION: Let f(z) = TR
below.
x
We have
/ dz N /0 de . /R du - )
1+ ~2)2 71 L o\2 5y — 4T J—
Cr (1 + 22)2 _R (1 + 1’2)2 0 (1 + $2)2 P (1 ¥ 22)2 P
that is,
dz R ur 1
73 T2 —— =2m R -
/CR (1+2%)? i /0 (14 x2)2 oL ((1 + 22)2)
1 %)
BECEDE

f(z) = (1+ 22)?
1
1 # 0, so that f has a pole of order m = 2 at z = i,

Now,
where ®(z) = EEnE is analytic at z =4 and ®(i) =
with ) 0 _

- i

R = (b/ ) = = — = ——

Res(f(2)) = ®'() G+ipl_, (2P 4
a omi (—i) - g

Therefore,
/CR (1422



However, on Cpr, we have z = Re®, and

1+ 222> (|22 = 1) > (R2 - 1)?

/ dz
o (1422)?

if R > 1, so that
2R

R

— 0

as R — oo.

Letting R — oo in (x), we have

2/°° dz .7
o (1422 2’

/°° dx T
o (1+x2)2 4

Question 2. Use residues to evaluate the improper integral

that is,

/°° 22 dx
o (22 +9)(x2 +4)%
Ans: 7/200.

22

SOLUTION: Let f(z) = G2 19)(2 1472

and for R > 3, consider the integral of f over the contour C'r

shown below.

We have

22 R (EQ )
/CR oy rap P2 /0 @@+ 0)(@ F 4y o= 2 [Res(f() + Res(F(2))]

Now, f(z) has a simple pole at z = 3i with

B (3i)2 03
RV = Grmsneorr oz ~ 500

and f(z) has a pole of order 2 at z = 2i with

d 22 13
Res(F@) =23 {(ZZ Tz + Qi)] L_Qi ~ 2000



Therefore,

/ 2 dz+2/R 2 dv = omi |- =2 4 13 2m
= T — = —
o (21 9)(22 1 4)2 , (@21 9)(2? 1 4)2 2000 '~ 200i| _ 200’

that is,
22 R x2 27
dz+2 dr = —.
/CR R CEY A /0 @+ 92+ 92 7 200 (x%)
On Cgr, we have
R2
<
fz) < (RZ—9)(R? — 4)2°
so that
/ & dz| < uli 0
A —
cr (2H9)(2+4)2 |7 (R —9)(R? —4)?

as R — oo.

Letting R — oo in (x%), we get

2/00 « dxr = 2—7T
o (@24+9)(z2+4)2" 200
that is,

/°° x? 4 ™
r=—.
o (x24+9)(z2+4)? 200

Question 3. Use residues and the contour shown in the figure below, where R > 1, to establish the

/°° dv 27
o @+1 33

integration formula

Yy
Rexp (i2m/3) C
R
0 R X

SoLUTION: Let f(z) = pEaEE and consider the integral of f around the contour C'r with R > 1, as shown

23+
above.

Since f is analytic inside and on this contour except for a simple pole at z = e?"/3, then

/ dz /R dx N /2”/3 iRe® do N /0 e2mi/3 ori R 1
- = - _ —— = 4T €S
cr 22 +1 0 w3+1 0 R3e319 + 1 r T2 4+ 1 pmemi/3 \ 2341
/R dx N /2”/3 iRe® do /R e2mi/3qy ori R 1
- ——= — ——— = 2m Res —_
o w3+1 0 R3e39 +1 o T4+1 zmemi/3 \ 234+ 1)7

27/3 iRe' 4o . Eodr 1
s _ 27”/3) _ . L
/0 BP0 1 (1 ¢ /0 a1 o Res, (z3+1>'

that is,

and therefore




Now, we have

1 1 e—27ri/3
R = — =
z—e$§/g (ZB + 1) 322 y—emi/3 3 ,
so that
/3 iRe' df - R dx e~ 2mi/3
2mi/3 — ;
| eyt () [ = (ex)
On the circular arc z = Re®?, 0 < 0 < 27/3, and we have
/2’”'/ 8 iRedh | _27R R 0
, . —
0 R3¢0 +11~ 3 R3-1
as R — o0, so that from (x * %) we get
o—2i/3

, < dx
1— 2#1/3) / — i -
( ¢ 0 x3+1 " 3 7

/OO dz 2mi - e 2™/3 2mi(—1—V/34) 2m
0

that is,

B+l 3(1—e23) 33-3i) 33

Question 4. Use residues to evaluate the improper integral

*° xsinax

™ .
Ans: 56’“ sin a.

Zeiaz

L and consider the integral of f around the contour shown below, where
z

SOLUTION: Let f(z) =

R > /2.

Now, f is analytic inside and on the contour except at
2 = V2™t =14 and 29 = V263 = 1 4+

and f has simple poles at these points with

Zleiazl eia(lJri) 1 )
R — _ _ ~,—a, ia
Z:ezsl(f(z)) 13 4(1+14)2 Qi e
and _ (1)
az a(— X3 1 X
Res(f(2) = 25— = 7 A

z=z2 423 4(—1+1)? 87



Therefore,

R iax iaz —a ;
/7R xx‘le——l—él dx + /CR 2246——1-4 dz = 2mi [681. (e —e )| = %Ze*“ sin a. (3 s k)

Now, on Cr we have

eiaRew — eiaR(cos O+isin®) _ efaRsiHG . ,iaRcos@

€ )

so that .
Zeuzz

244+ 4

RefaRsin 0
<
RY—4

on Cg, and from Jordan’s inequality, we have
2R? R

iaz /2
ze : e
dz| < —aRsin 6 do < 0
Amz4+4 Z-R&—4A € R _4

as R — oo. Letting R — oo in (x * %), we have

* pela® T o .
——— do = e “sina,
o T +4 2

and therefore,

°° xsinazx T .
—)— dx = se “sina.
feo THHA4 2

Question 5. Use residues to find the Cauchy principal value of the improper integral

/°° sinz dz
o T2+ 4T 45

™ .
Ans: ——sin 2.
e

SOLUTION: We write

1 1
1(z) = 244z+5  (z—21)(z—71)]
where z; = —2 + i and note that z; is a simple pole of f(z) - e?* which lies above the real axis, with residue
e 1 ; 1 e %
B _ _ —2i—1 _ . .
! 21— 71 21'6 e 2

Therefore, when R > /5, and Cr denotes the upper half of the positively oriented circle |z| = R, we have

R i
e .
L 2)e* dz = 2miBy,
/RI2+4‘T+4 CRf() Q 1

and therefore

R .
/R % dx = Im(27iB;) — Im . f(z)e 7 dz. (o s % % %)



Now, on Cg, we have z = Re®, 0 < 0 < 7, so that z — z; = Re® +2 — i, and from the back end of the
triangle inequality, we have

lz—2|>R—-+5  and lz—Z| >R—-V5

for R > \/3, and therefore

7 : << ——

z)| = ,

G—m)G—m)| " e —aP = (R V5
1

on Cr,and Mp = ——— — 0 as R — oo.

(R—5)?
From Jordan’s Lemma, we have

< —0

'Im (z)e ?dz
Cr

f(z)e *dz
Cr
as R — oo. Letting R — oo in (x * * % x) we have

) . R .

sinx sinx T

P.V. ———dzx=1i —————dox =Im(27miB;) = ——sin 2.
/_OO 24z +5 0T REee _pr?+4r+4 v = Im(2miBy) e S

Question 6. Evaluate the improper integral

/0 7(:022— 02 dx, where —1<a<3 and z®=exp(alnz).

(1—a)r

Ans: 4cos(arm/2)

EESVE

and we will choose the branch given by

SOLUTION: Let f(z) = and note that if ¢ is not an integer, then this function is multiple valued,

20 — ealogz,

where log z = Inr 4 46, where r > 0, and 0 < 0 < 27. In order to apply the residue theorem, the contour of

integration can only enclose isolated singular points of f, and so it cannot enclose the branch cut {z € C :
z=Re 2z >0}, s0 for 0 < e <1< R, we integrate over the contour below.




Since 0 < € < 1 < R, then the isolated singular points z = +i are inside the contour, but the branch cut is
outside the contour, and applying the residue theorem we have

]{C (Zzzfl)z dz = 27i |Res(f(2)) + Res(f(2)) o

where the contour C' = Cr ¢ + Lg, + Cc + Up is traversed in the counterclockwise direction.

a

Now f(z) = (QZTI)Q has a pole of order m = 2 at z = +4, and
z
a d ealogz i(a _ 1) .
R _a 2 z _ e _ N\® 7 1) ima/2
Bl =3 {@ VT 1>2} s Lz + J __—_
and 1 ( )
d »a d e®logz i(a 1) .
Res _d N _° _ 3ma/2
Z:efl_(f(z)) dz [(z ) (22 + 1)2] smei 42 [(2 - 2)2] 2=—i T ,

and from (T) we have

7{0% dz = 271 [# (eiﬂa/2 _ eiBﬂ'a/2):| _ g(l —a) (eiwa/2 _ eisz/Q) '

2+ 1)2

Now, on C,, we have

< 7T€1+a 0
—_—

(1 —€2)2

Za
—  d
/ce @Z+12"

as € — 0 if and only if a > —1.

On Cg,, we have

22 2w Retl 2w Re—3
[CEEE dz| < = —0
CR,e

TR -1 (1-1/R?)?

as R — oo if and only if a < 3.
Letting R — oo and ¢ — 0 in (}), we have
R _a(lnz+i0) 0 Ja(lnz+i2m) ) )
lim / 67 dx +/ 67 dz| = z(l _ a) (e’Lﬂ'a/2 _ 6137111/2) ,
R—oo | Jo (224 1)2 r (22 +1)2 2

a

Tia >~ < Q0 iTa 13Ta
(=) [ Gatpppde = 50— (02 el

and since e2™® = 1, then

so that

eiﬂ'a/Q _ ei37'ra/2

e % T
A (1’2 + 1)2 z 2 ( a) 1— 6271'111

) e*iﬂ'a/Q _ eiﬂ'a/Q
( o a) e—ima _ gima ’

o N

that is,

r24+1)277 2 sin(ra)  4cos(ma/2)

/°° x® dr — E(l ) sin(ma/2) (1—a)r
o (

from the double angle formula.



Question 7. Use residues to evaluate the definite integral

/’T do
_x 1+4sin?6’

Ans: /2.

SOLUTION:

On the circle z = ¢?, 0 < 0 < 27, we have
dz = ie'df = iz db,

and ) )

-z~ - d
z Z , cosf = Frz , db = —Z
21 2 12

so we can rewrite the integral as a contour integral

sinf =

24

/ﬂ' do 7}{ 1 dz
1 +sin?6 N |z]=1 ¥ 21\ 2\ iz
1+ (5)

lf 1 d
= — z
i Jier (1= 2(22=2+1/22)) - 2

B 4% zdz
S e 262241

/’T dé __E]{ zdz
,ﬁ1+sin29_ ] |z|:124—62’2+1'

Note that 2% — 622 + 1 = 0 if and only if (22 — 3)? = 8, that is, if and only if 22 = 3 & 2/2, so that the
integrand has four simple poles

21 = \/3+2V2, zo = —\/3 4 2V2, 23 =1/3—2V2, 2= —\/3—2V2,

but |z1] > 1 and |z2| > 1, while |z3] < 1 and |z4] < 1, and only z3 and z4 lie inside the contour C' : |z| = 1.

that is,

The residues of the integrand at these poles are

Res(f(2)) = (22— (3+2V2) (223)  8V2
and Res(f(z)) = S T ;

BV = G Greva) @ - 8F
so that

4 do 4 1 1 1
/_ﬂ1+sin29 m{ z( 8v2 wi)] T VT



Question 8. Use residues to evaluate the definite integral

T cos 260 do
_—— (~1 1).
/0 1 —2acosf + a? (-l<a<l)

SOLUTION:
us
Since / cos 26 df = 0, we may assume that 0 < |a| < 1, and consider the real part of
0

™ 6210
——db.
= 1 —2acosf + a?

We convert this to a contour integral around the circle |z| = 1 using dz = ie®df = iz df, and

_ 1 -1 d
sinG:Z Z , cos@:z+z , dG:,—Z,
29 2 12
to get
/7r 621'9 de:f 22 _ %
_» 1 —2acosf + a? 2]=1 z+2z71 iz
1-2a + a?
2
1}1{ 22
= - dZ
i Jizj=1 [a2? + (14 a?)z —
1 ]{ 22
S AP
i Jlz=1 (2 —a)(az — 1)
1 2
_ly 2,
ai Jj,j=1 (2 —a)(z — 1/a)
that is,

™ 6219 1 22
/ S N S A
= 1 —2acosf + a? ai Ji,j=1 (2 —a)(z — 1/a)

1
The integrand has a simple pole at z; = a and zo = —, and since |a| < 1, only 2; is inside the contour |z| = 1.
a

The residue at z; is

R 22 ¢ d
— (z—a)(z—1/a)) a—1/a  1—a2’

™ 2i6 3 2
1 2

/ =2 —— ) (—— ) = %,

_r1—2acosf+ a? ai 1—a? 1—a?

and equating real and imaginary parts, we have

so that

/7’ cos 20 ~ 2ma?
~1—2acosf+a2  1—a?’

and therefore

T cos 26 ma?
df = .
o 1—2acosf+ a? 1—a?



Question 9. Use residues to evaluate the definite integral

4 do
/0 (a + cos6)? (a>1).

SOLUTION: Since

/’f d _2/” d
. (a+cos®)2 7 J, (a+cosh)?’

we convert this to a contour integral around the circle |z| = 1 using dz = ie?df = iz df, and

_ 1 —1 d
: Z , cos@:z+z , dG:,—Z,
21 2 1z

sinf =

to get

/” de % 1 dz 4}{ z d
-— _—_—— —_—— = - -— A
_x (a+cosh)? 2|=1 241/2\° 12 0 Jiz= (224202 +1)2
a+ 5
The integrand has a pole of order 2 at z; = —a + Va2 — 1 and a pole of order 2 at 290 = —a — Va2 — 1,

however |zg| > 1 since a > 1, while |z1] = a — va? —1 < 1, and z; is the only singular point inside the
contour C': |z| = 1.

To find the residue at z = z1, we write

1(z) = (22 +2az+1)2 (z4+a—+va2—1)2(z+a+ Va2 —1)%’

so that .
z—21)2f(2) = )
G2 e = ey
and
_ 2 _
- ay () = 2OV L
dz (z4+a+ Va2 —1)3
Therefore,
d 2a a
Res f(z) = lim — {(z — 21)°f(2)} = = ,
P a5z dz (2vaZ=1)° 4(Va@=1)°
and
z 2mia
|z|=1 (Z +2(ZZ+1) 4( a2_1)
that is,
/7r do _ 4 2mia B 2mia
_x (a+cosh)? i 4( a2—1)3 ( a2—1)37
and finally,

/7r de B Ta
o (a+cosh)? _( a2—1)3.



Question 10.

Evaluate the Fresnel integrals:
/ cos(z?) dx and / sin(z?) dz
0 0

by integrating f(z) = ¢’#* around the boundary C of the sector 0 < r < R, and 0 < 0 < /4 shown below
and using the Cauch y-Goursat theorem.

ReiTr/4

SOLUTION: The function f(z) = ¢'# is analytic inside and on the contour C, and by the Cauchy-Goursat

theorem we have
) -2 P2 i 52
027{6” dz:/ e** dz+/ e** dz+/ e dz. (%)
C L1 CR L2

eOn Li: z=2,0<zx <R, dz =dz, so that
. R R , R ,
/ e dz:/ e dx:/ cos(x )dm+i/ sin(x?) dx.
L 0 0 0

e On Cr: z=Re", 0< 6 <7/4, dz = iRe' df, so that
/4 /4
/ RE - / iR cos20—R*sin 20, pi0 gp _ iR/ pi(R? cos20+0) ,—R?sin20 79
Cr 0 0
and by Jordan’s inequality

. 2
/ e dz
Cr

/4 /2
SR/ efRQSinde:g/ eiRzSin¢d¢<l(1—efR2).
0 0

2R
. 2
/ e dz
Cr

Therefore,

lim =0.
R—o0

e On Ly: z =re'™*, dz = e™/*dr, and

0 R R
.2 2 im/2 . 9 . 2
/ % dz :/ eir’e eur/4 dr = _6171'/4/ eir (cosm/2+isinm/2) dr = _ezﬂ'/4/ e~ dr.
Lo R 0 0

Letting R — oo in (x), we have

2 . ) _ im/4 —r? 5 w4 [T 1 1 m
cos(x dm+z/ sin(z®)dxr =e / e " dr=e \/j—(——i—z— -,
/0 (@) 0 (@) 0 4 V2 2 4



thus,

Note that

[e’e] 2 oo 8] 0 o0 77/2 e
(/ e—r2 dT) = / 6_12 dz - / e_y2 dy = / e_(z2+y2) dxdy = / (/ 6_T27‘d7°) daa
o 0 0 0 0 0 0

and integrating,



