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Math 309 - Spring-Summer 2017
Solutions to Problem Set # 11
Completion Date: Friday July 28, 2017

Question 1.
Find the residue at z = 0 of the function
1 1 z—sinz cot z sinh z
@ Oees(L)s @ @9 @ S
Ans: (a) 1; (b) —1/2; (c) 0; (d) —1/45; (e) 7/6.
SOLUTION:
(a) For 0 < |z| < 1, we have
1 1 1 1 1
- . -1 2_ 340 =21 — 2
2422 z 14z z{ SR } tEoA ’
so the residue at z = 0 is 1.
(b) For z # 0, we have
cos 1 1 1 1+1 1 n 1 1 1 1 n
z — =z —_— . — —_— . — = “o =z — — .« — —_— — = “o
z 21 22 4l 4 20 z 4l 23 ’
. . 1
so the residue at z =0 is ——
(c) For z # 0, we have
z—sinz 1 23 2P _ 22 2t
R G G TR TR S k- TR I

z z

and there are no negative powers of z, so the residue at z = 0 is 0.

(d) For 0 < |z| < 7, we have
z
cotz  cosz 1_§+I 6!
24 zlsinzg 23 28 '
PG
Now let
22 2t 28
E T TR
then for z # 0 such that |w| < 1, we have
1 z2+z4 z6+
cot z T T T T 1 22 2 9 3
_ ! ! ! - (1L i
50 —w) 25( 2!+4! + )( +w+w +w + )

24



Therefore, for 0 < |z| < 7, we have

cot z 1 22 2t 22 1 1
- :z_5(1_§+1_+"')(1+_+(—__.)24+"')’

that is,

cot z 1 1 1 1 1 1 1 1 1
___(_ )._+[___+___}_+...

z4 25

Res cotbz) 1 1+1 1
SO\ )T @2 R T4 el T 4

for 0 < |z| < m, and

(e) For 0 < |z| < 1, we have

sinhz 1( z
241 —22) 23 3! 5l

so that

inh 1
%—?{l—i—(l—i——)f—kw—k higherorderterms},
24 (1—=z2 z

that is,

for 0 < |z| <1, and

Question 2.

Use Cauchy’s residue theorem to evaluate the integral of
exp(—z)
22

around the circle |z| = 3 in the positive sense.

Ans: —2i.

—Zz

. e
SOLUTION: The function 5
z

has an isolated singularity at z = 0 which is inside the circle |z| = 3, and since

e ? 1 1 n 22 23 n 1 1 n 1 z n
22 22 2! 3! z2 oz 21 3!

e—z
E{Eg( 22 ) =L

is analytic inside and on |z] = 3, except at z = 0, then

7{ “5 dz = 27i - Res (62 ) — —2ri.
|z|=3 % =0\ 2

for 0 < |z| < oo, then

—z

. e
Now, since —;
z




Question 3.

Use Cauchy’s residue theorem to evaluate the integral of

1
2% exp <—>
z

around the circle |z| = 3 in the positive sense.

Ans: mi/3.

1
SoLuTION: The function 22 exp <—> has an isolated (essential) singularity at z = 0 which is inside the circle
z

22 ex 1 = 2 1+l+l.i+i.i+l.i+...
P 2] z 21 22 41 24

1 1
2 - .
(oo (5) -5

1
Now, since 22 exp (—) is analytic inside and on |z| = 3, except at z = 0, then
z

1 1 1 '
7{_3 2% exp (;) dz = 2mi - E{:eg (22 exp (;)) =27 - 3= %z

|z| = 3, and since

«
N
w

for 0 < |z| < oo, then

Question 4.

Use Cauchy’s residue theorem to evaluate the integral of

z+1
22— 2z
around the circle |z| = 3 in the positive sense.
Ans: 2mi.
. z+1 z+1 . . o Do
SOLUTION: The function = has isolated singularities at z = 0 and z = 2, both of which lie

22 -2z z(z-—2)
inside the circle |z| = 3, so that

z+1 . z+1 z+1
f . womemm{ng(55) vra (355}

z+1 1 1 3 1
2

Now, since

z(z —2) _z—2+z(z—2)

and since

5 is analytic at z = 0, then

1
while since — is analytic at z = 2, then
z




and

1 1
2t dz = 271 ———i—§ = 2mi.
|z|=3 22—22 2 2

Question 5.

In each case, write the principal part of the function at its isolated singular point and determine whether
that point is a pole, a removable singular point, or an essential singular point:

1 22 sin z cos z 1
-, b . . d . )
@zen()s 0 @ @2 @
SOUTION:
(a) For 0 < |z| < oo, we have
N _ o, 11 1
S O T T N A

principal part

and the isolated singular point z = 0 is an essential singular point since the principal part has
infinitely many nonzero terms.

(b) For z # —1, we have

2
1
S —14z-24
z+1 1+ 2
——

principal part

the isolated singular point z = —1 is a simple pole, that is, a pole of order 1.

(c) For 0 < |z| < oo, we have

sin z 22 2t 8

=1-4+= - 4.
z 3l 507
and the isolated singular point z = 0 is a removable singular point, since there are no nonzero

terms in the principal part.

(d) For 0 < |z| < oo, we have

principal part

and the isolated singular point z = 0 is a simple pole, that is, a pole of order 1.

(e) For z # 2, we have
1 1

@-2p (-2p
————

principal part

and the isolated singular point z = 2 is a pole of order 3.



Question 6.

Show that the singular point of each of the following functions is a pole. Determine the order m of that pole
and the corresponding residue B.

1 —coshz 1 —exp(2z) exp(2z)

) (b) T’ (C) (2_1)2'

(a)

53
Ans: (a) m=1, B=-1/2; (b)y m=3, B=-4/3; (c) m =2, B =2e%

SOLUTION:

(a) For z # 0 we have
1—coshz 1 ) ) 22 24 11z 2
p Rl B Ll G IR § St R TRl TR

1

and the isolated singularity z = 0 is a simple pole, that is, a pole of order 1, with residue B = — o

(b) For z # 0, we have

1—62'271 1 1 2z 2222 23,3 944 _ 9 1 9 1 4 1 2 4
i Rl T TR T TR & G R A A BT S

and the isolated singular point z = 0 is a pole of order 3, with residue B = —

(¢) For z # 1, we have

€2Z 62 9 62
- e Ly R T |
GoP iR ¢ <z—1>2{ T2z

22(z —1)2  23(z—1)3
(2! s (3! )+"'}

and the isolated singular point z = 1 is a pole of order 2 with residue B = 2¢2.

Question 7.

In each case, show that any singular point of the function is a pole. Determine the order m of each pole,
and find the corresponding residue B.

22 z 3 explz
W o) st

Ans: (a) m=1, B=3; (b) m =3, B=-3/16; (¢c)m=1, B==+i/2n.

SOLUTION:

(a) Note that
2+2  P(2)

z—1 z—1
2
2
s has a simple pole at z =1

where ®(z) = 2?2 4 2 is analytic at 2 = 1, and ®(1) = 3 # 0, so that

2
B—Res(z +12> =®(1) =3.

- —
so that m = 1 and

z=1 z —



(b) Note that

z 3_2_3 1 o D(2)
2:+1) 8 1\° 1\°
<Z+§> <Z+§)
here ®(z) G is analytic at ladtl) L 1;&0 o that : 3hasa ole of
wher z) = — is analyti Z= —— an - =—-= S _c
8 Y 2 647 " 2:+1 P
1
0rder3atz:—§,sothatm:?)and

23 »(-1/2) 1
B_Z—R—e1S/2((2z+1)3> ST

(c¢) Note that

e Dy(z)
22472 z—mi
where ;
1(2) = —
! Z+m
is analytic at z = 7i, and ®;(7i) = — # 0, so that S has a simple pole at z = ¢ and
27 22+ 72
e emt 1 )
L= <z2 n 7r2) omi  2mi 27
Also,
e* Dy (2)
22+w? z4m
where ;
Dy(z) = c
2 z— T
is analytic at z = —mi, and ®o(—mi) = c - # 0, so that ¢ has a simple pole at z = —7i and
—2mi 22+ w2
e” e ™ 1 )
By = S = = =——.
2 ZBE:i (z2 + 7T2> —27i —271 27
Question 8.
Find the value of the integral
/ 32% 42
———dz,
c (z—=1)(z2+9)
taken counterclockwise around the circle
(@) [ —2[=2;  (b) |2] =4
Ans: (a) mi; (b) 6mi.
SOLUTION:
(a) Note that
323+ 2 D(2)

where



5 1 1
is analytic at z =1 and ®(1) = =3 # 0, so that f has simple pole at z = 1 with residue 3
Since f is analytic inside and on the circle C': |z — 2| = 2, except at z = 1, which is inside C, then

342 342 1
A RN = P
la—gj=2 (2 = 1)(22 +9) =1\ (2 —1)(2249) 2

(b) Now the singular points of

323 +2
&)= =T
are z = 1, z = 3i, z = —3i and are all inside the circle C' : |z| = 4, and (check this!) since f has
simple poles at z = 1, +3i, and since
1
Res (f(2)) = lim (2 = 1)f(2) = 3
. . 28l
Res (f(2) = B (= = 30/(2) = Gy
. . 2481
Res (f(z)) = lim (z+30)f(z) = GG

then

32% 42 1 2-8li 2+ 81i
¢£_4@—1Xﬁ+9)2 m{2+6u&—1)+&@r+n} ™ i

Question 9.

Show that

z —sinh z )

(a) Res —— = —;

z=ni z2sinhz T
t t
(b) Res exlpi(z) 4+ Res m = —2cost.
z=mi sinhz z=—mi sinhz
SOLUTION:
(a) Note that
p(2)
fz) ===
q(z)
where
p(z) = z —sinh z and q(z) = 2% sinh 2
are analytic at z = .
Now, the zeros of sinh z are at z = nmi for n =0, £1, £2, ..., and

p(mi) = mi — sinh(7i) = mi # 0,

while
q(mi) = (mi)? sinh(7i) = 0,

but
q'(mi) = 2misinh(7i) + ()% cosh(ni) = —n% cosm = w2 # 0,

so that ¢(z) has a simple zero at z = mi.



Therefore f(z) = M has a simple pole at z = 7i, and

q(2)

B — Res z—s.inhz _ p(m'.) _m_
z=mi 22sinhz ¢ (mi) w2

3]~

Note that the function
zt

e
Fz) = sinh z
is analytic except where sinh z = 0, that is, except at z = nmi, n =0, £1, £2, ....
Now,
. . et
i =27(2) = Iy 7wy, — b
(=)

and f has a simple pole at the isolated singularity z = 0 with R_eos(f(z)) =1

Also, since sinh(z — nmi) = (—1)" sinh z, then

lim (z —nwi)f(z) = lim (—1)"e” = (=1)"em
zZ—nmi Z—nmi sinh(z — nm) ’
( Z —nmi )
and f has a simple pole at the isolated singularity z = nmi for each n = £1, +2, ...
(_1)nen7rit.
Therefore,

exp(zt exp(zt . :
Res .p( ) + Res .p( ) = —¢™ _ 7™ — _9cosrt
z=mi sinhz z=—mi sinhz

from Euler’s formula.

with residue



