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Math 309 - Spring-Summer 2017
Solutions to Problem Set # 10
Completion Date: Friday July 14, 2017

LK
-i' J'_L.ee
'h vﬂ"‘

Question 1.
By differentiating the Maclaurin series representation
1 o0
= Z z" (lz] < 1),
obtain the expansions
1 o0
(L => (n+1) (Jz] < 1)
n=0
(lz] < 1).

and
SOLUTION: Since T = Z 2" for |z| < 1, differentiating the right-hand side term by term, we have
—z
n=0
et b ED SRR LR BUTRI
(1-2)2 dz\1-=z2 — —
for |z| < 1.
Differentiating again, we have
2 __d im—i—l -mz™ :im—i—l mz 1=i(n+2)(n+l)"
(1 a Z)S dz (1 a Z m=0 m=1 n=0
for |z| < 1.
Question 2
By substituting 1/(1 — z) for z in the expansion
Lo -+ (<)
—_— = n z z
(=2 7= ’
found in Question 1, derive the Laurent series representation
o0 n _ 1
J'(n = 1) 1<|z—1] < x).
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1 = Z(n+l)z"

SOLUTION: Since
_ 2
(1-2) o



1
for |z| < 1, replacing z by T in this expression, we have
-z

S

2
1— n=0
1—2

(n+1)
Z (1—2z)n

n:O

that is,

for

1
1’ < 1, that is, for [z — 1] > 1.

Therefore,
1 s () v m-D) (D"
,22_7120(1—2)7#2_2(1—2)’”_Z (z—1)m
for 1 <|z—1] < o0.

Question 3.

Find the Taylor series for the function

1 1 1

1
z 2+4(2-2) 2 1+(z-2)/2

about the point zg = 2. Then by differentiating that series term by term, show that

ii "(n+1) <Z;2)n (= — 2 < 2).

SoLUTION: We have

1 1 1 1 1 i (-1)"(z —2)"
2 2+4(2-2) 2 1+(2-2)/2 2 &~ 2n
for |z — 2| < 2.
Differentiating this expression term by term, we have
11 i (-1)"n(z—2)""1 1 i (-1)"n(z—2)""1 1 i (—1)m™+Y(
22 2n 2 & on 2

for |z — 2| < 2, that is,

for |z — 2| < 2.



Question 4.

With the aid of series, prove that the function f defined by means of the equations

z
-1
¢ when 2z #0,
f(z) = z
1 when z=0
is entire.
SOLUTION:
The Maclaurin series for e* is
. 22 28 "
e :1+z+§+§+-~-+m+~-~
and this series converges to e for all z, |z] < cc.
If z # 0, then
ez—171+z+22+ n z" n
z 2! 3! (n+1)! ’

Z_

1
that is, the series converges to < for all z # 0, while if z = 0, the series converges to 1.

Therefore, if

-1
¢ when z # 0,
f(z) = 2
1 when 2z =0,
then )
z oz z"
— 14+ 24z 4
f@=ltg g+ oot

for all z € C, and f is analytic at each z € C, that is, f is entire.

Question 5.

Use multiplication of series to show that

e? 1 1 5
— =4l —Zz—Z24.. 0 1).
2(z241) z+ 2°76"° + (0 <zl <1)
SOLUTION: We have
2 L 2 2 2, ,4_ 6
for |z| < 1, that is,
z 1 L 5 1 3
o ttETyR +<6_1)Z o
for |z| < 1, that is,
z 1 Lo 53
b T S
for |z| < 1, and therefore,
e? 1 1 5 2
= ——z——z
2(z24+1) =z 2 6

for 0 < |z < 1.



Question 6.

By writing cscz = 1/sinz and then using division, show that

SO Ly (0 < |z| <)
cscz=—+4+—2z — = | 274 z| < 7).
z 3! (3h2 5!
SOLUTION: Since sinz = 0 for z =0, £m, +2m7, ..., then
cscz = ——
sin z

is analytic for 0 < |z] < 7.

Now, for 0 < |z| < 7

z _ 1
22 25 B 1 22 2t S
is analytic since the denominator doesn’t vanish for 0 < |z| < m; and for z = 0, the series converges to 1.

Therefore the function

ZCSCzZ =

zescz 0<|z|<m
9(z) =
1 z=0
is analytic in the entire disk |z| < 7, and so has a Maclaurin series expansion
9(2) =ag+ar1z+ a2’ + a3+ a2+ -

for |z| < .

Now, for 0 < |z| <,

23 28
z:g(z)-sinz:(a0—|—a1z+a222+a323+a4z4+~-~)(z—g—l—a——lww),
that is,
a a as a
z=aoz+a122+(ag—g—?)zg—i-(a3—3—1)24+(a4—3—?+5—?)z5+---
for |z| < .

So we must have

ap =1
a]; = 0
1
ag = §
asz = 0
1 1
“ R A
and
_ L 5 1 4
g(z)—lﬁ—gz + BB T2+
for |z| < .
Therefore,
csc () _1 + = + = -
= — = — z _— A
z z 3! (3H)2 5!

for 0 < |z| < .



