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In this note we will show that if
f(z) =u(r,0) +iv(r,0), for z = re®
is differentiable at a point zg = 7€’ then the derivative f’(zy) can be written in planar polar coordinates

as
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Suppose that f’(zo) exists at zo = 7€, since the limit of the difference quotients doesn’t depend on the

direction from which z — zp, we consider two different approaches.

o If 2 — 2 along the ray arg(z) = 6y, as in the figure,
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then Az =2z —2z9=(r — ro)ei(’“, and
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Therefore,
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o If 2 — 2 along the circle |z| = r¢, as in the figure,




then Az =2z—2p =19 (ew - ei‘%), and

f(z) = f(20)
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From I"Hospital’s rule
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Equating real and imaginary parts in (x) and (x*), we obtain the Cauchy-Riemann equations in polar
form:
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