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Theorem. Let 21, z2 € C, then
|21 + 22| < [z1] + |22],

and equality holds, that is, |21 + 22| = |21| + |22/, if and only if one of z; or z2 is a nonnegative multiple of
the other.

Proof. First note that for any ¢ = a+ i3 in C, we have

€] = VaZ + 52 > a = Re(€).

Now, if z; and z are arbitrary complex numbers, and if z; + zo = 0, the result is obviously true, so we

assume that z1 + z2 # 0, then
21 o 21 + Re z2
21+ 29 21+ 22

|21l + 22| 2] |22] z2

|21 + 22 B |21 + 22| |21 + 22 B

:Re( ‘1 + =2 )zRelzl.

z1 + 22 21+ 22

Z1+ 22 Z1+ 22

Thus, |z1 + 22| < |z1] + |22| for all 21,29 € C.

We give an alternate proof of the triangle inequality as follows:
21+ 22)° = (21 + 22) (21 F 22) = (21 + 22) (71 + 22)
= 2121 + 2122 + 2221 + 2222
= |21* + 2Re(173) + |22)%,
and since
Re(2172) < |2172] = [21] |22],

then
|21 + 22|” < 21| + 2]z ] |22] + |22 = (21| + |22]).

Taking nonnegative square roots, we have |z1 + 23| < |21] + |22].

In the above proof, equality holds if and only if Re(z1Z2) = |2173], that is, 2173 is real and nonnegative,
say z1z2 = k, then
Zl|22|2 = kZQ,

and
k

1 = WZQ.



Corollary. If a, b and z are points in the complex plane, then equality holds in the triangle inequality
la — bl <la—z|+ |z — b

if and only if a, b and z are collinear and z lies between a and b.

Proof. Let a, b and z be arbitrary points in the complex plane, then from the previous theorem, in the
triangle whose verices are the points a, b, and z, the triangle inequality can be written

la —b] <la—z|+ |z — b

by replacing z1 by a — z and z2 by z —b.

Equality holds if and only if
z—b=MAa—2) or a—z=Xz-0)

for some A > 0.

We assume without loss of generality that
z—b=Aa—2)

for some A > 0, so that
(14+XNz=0b+ Aq,

and therefore
z=a+ L(b —a)
N 14+ A

1
where 0 S m S 1.
The line passing through a and b is
L={¢eCl¢é=a+pub-a), peR},

1
and a, b and z are collinear (they all lie on L), and since p = T € [0, 1], then z lies between a and b.

Exercise. Show that
[z1] = |z2| | < [21 — 22

for all z1, zo € C. When does equality hold?



