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Example 1. Show that z1, z2, z3 are the vertices of an equilateral triangle, if and only if
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Solution: We will show that the identity (∗) is true if and only if z1, z2, z3 are the vertices of an
equilateral triangle. If (∗) holds, we rearrange the identity as follows,
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arguments or arguments similar to the above, we see that
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, so that |z1 − z2| = |z2 − z3| = |z3 − z1|, and z1, z2, z3 are the

vertices of an equilateral triangle.

Conversely, suppose that z1, z2, z3 are the vertices of an equilateral triangle, then

|z1 − z2| = |z2 − z3| = |z3 − z1|,

and as can be seen from the figure
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and from this we see that
z
2

1
+ z

2

2
+ z

2

3
= z1z2 + z2z3 + z3z1.



Example 2. Suppose that z1, z2, z3 ∈ C are such that

|z1| = |z2| = |z3| = 1 and z1 + z2 + z3 = 0,

then z1 z2, z3 are the vertices of an equilateral triangle inscribed in the unit circle.
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Solution: We would like to show that

|z2 − z1| = |z3 − z2| = |z1 − z3|.

Note that since z1 + z2 + z3 = 0, then z1 = −(z2 + z3) so that

z2 − z1 = 2z2 + z3 and z1 − z3 = −2z3 − z2.

Thus, |z2 − z1| = |z1 − z3| is equivalent to |2z2 + z3| = |2z3 + z2|, that is,

(2z2 + z3)(2z2 + z3) − (2z3 + z2)(2z3 + z2) = 0. (∗∗)

Expanding this, we have |z2| = |z3|, which is equivalent to |z2−z1| = |z1−z3|. Similarly, |z3−z1| = |z2−z3|,
and so the triangle with vertices at z1, z2, z3 is an equilateral triangle inscribed in the unit circle.


