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The following theorem on the convergence of Fourier series in known as Dirichlet’s Theorem, or Fourier’s
Theorem.

Theorem. Let f(z) be piecewise smooth on the interval [-L, L], the Fourier scrics

FS(z) = ag + Z (an cos BIE + b, sin 21T )

n=1

where

1 L
- L d
ag ZL/_Lf(t) t

1 L
an=E/Lf(t)cos"T”‘dt, n>1

L
b,,_—.l/ f(t)sin 2t dt, n>1
L.

has the following properties:

(i) If f(z) is continuous at zq¢, where —L < x9 < L, then

f(@o) = FS(zo) = ap + Z (an cos P20 4 by, sin BEE0)

n=1
that is, the Fourier series converges to f(zo).

(ii) If f(z) has a jump discontinuity at o, where —L < zq < L, then

+ —_ = <)
__f(a:o ) ; f(z0) = F S8(zg) = ap + Z (a,, cos "R 4 by, sin %‘l) )
n=1

that is, the Fourier series converges to the average or the mean of the jump.
(iii) At the endpoints zo = £L, the Fourier series converges to

F=L*) + £(L7)

2
Usually we write
[ee]
f(z) ~ FS(z0) = ap + Y (an cos 4220 4 b, sin 1720
n=1

and say that f(z) is represented by its Fourier series on the interval [—L, L].



Note: The Fourier series F S(z) is periodic with period 2L, and converges for all real numbers .

For each real number z it converges to the 2L-periodic cxtension f(zo) of f whenever f is continuous at
Zo, and to

-~

f(zg) + f(zq)
2
whenever f has a jump discontinuity at zg.

This allows us to sketch the graph of the Fourier series F 8(z) once we know what the graph of the function
f(z) is, without computing the Fourier series coefficients aop, @, and b, for n > 1.

Exercise. Sketch the graph of the Fourier series of the function
-1 for —L<z<0

flz)=¢ ¢’ for 0<z<§

0 for §<:1:SL.

. L . .
Note that the function is undefined for z = 0 and z = =, and this does not affect the integrals when we

compute the Fourier coefficients. We can sketch the graph of the Fourier series using Dirichlet’s theorem,
and then go back and redefine the function at the points of discontinuity so that the Fourier series converges
to the function for all z € [-L, L].

Example. Find the Fourier series of the function

sinz, for0<z<m
flz) =

0, for =<z <0.

Solution. The Fourier series of f(z) is
o
f(z) ~ap + Z(a,. cosnz + b, sinnz).

n=1

Here,
m

0

a—I/"f()dz—I/ﬂs' zdz = 1c
=5 ) z)de = o ; in = —g-cosz

Forn=1,
ks

= 0.
0

L[ I 1 .5
a; = — f(z)coszdz = = | sinzcoszdr = —sin’z
mJ_x T Jo 2

Forn > 2,

1 /7 1 /7.
Op = — f(z)cosnzdr = = sinz cosnzdz
i T 0

-7

[ 1"
_ﬁ/o sm(n+1)zdz—ﬁ/0 sin(n — 1)z dz

™

1
0 * 2n(n — 1)

™

1
= —————cos(n + 1)z cos(n — 1)z

Tan(n + 1)

_(—1)"‘1 1 3 1 _L 1 _ 1
- 2 n—-1 n+1l 2r\n—-1 n+1
_ eyt
T om(n?-1)

0




For n =1,

s

b1=—1- f(:v)sin:vdz:—l-/ sin® z dz
m™Jo

w -
1 T T 1 L4
= — (1—cos2:c)dmr:=i — —sin2x
2 |, 4w 0
1
=35
For n > 2,
1 /" 1 ["
b, == f(m)sinn:z:dz:—/ sin z sin nx dz
TS T Jo

1 s 1 m
— - S 1
27r/0 cos(n — 1)z dz 27r/0 cos(n + 1)z dz

™ ™

- s———sin(n + 1
. S 3Ty S )””0

1
= msm n— 1)(1:

= 0.

Since the periodic extension of f is continuous everywhere, from Dirichlet’s theorem, we have
1 1, 2 (-l
f(Z) = ; + ESlH.’E + ngz 7|'(n2——1) cosnz,

that is,
cos2nx

f(z)—l+ sinz — 2i
oo ™ (2n —1)(2n + 1)

for - r <z <.



Math 300 Winter 2009
Advanced Boundary Value Problems I

Fourier Series Examples
P TLM_-, sLonll e
Wednesday January 28, 2009 —
w e ek

Department of Mathematical and Statistical Sciences

University of Alberta

Example 1. Find the Fourier series which represents the function

f(a;)=z2—§

on the interval —1 < z < 1. Also, use this representation to show that

o0 oo
1 W? (_l)u—]
Lt o Y=

n=1

[

[\"]

SoLUTION. The graph of the function is shown below.

fo a

The Fourier coefficients are
17, 1 Yy, o 11 1
= e T — - d_ ;T = = i_':———: -
“ 2/_1<‘ 2) ) /(<L z) 3727 4

and

1 1 1 1 1
ap = / (zz - -2—) cosnmz dz = 2/ z? cos nnz dz — / cosnme dr = 2/ z? cosnme da.
-1 0 0 0
————

cven



Integrating by parts twice, we have

an

. 1
z?sinnwz 2 b
=2 | — - = zsinnrzdz
o NT Jy

nmw
4 1
=—-— rsinnmy dz
nmw Jg
1
4 I Cos NI 1 1
= - cosnmrdr
nmw nr o Nty
4(_1)11
n2g? '

and finally,

1
by = / (:1:2 = l) sinnmz dz = 0.
= 2
————

add

. . . 1 . .
Therefore, the Fourier series representation of f(z) = z2 — 5 on the interval -1 <z < 1is

oo

, 1 4 & (-1)m
f(z) ~ap + ";(a" cosnmz + by, sinnrz) = ~5 + ) ”ZI 3 cosnm.
From Dirichlet’s Theorem, the Fourier scrics converges to fle) for all » € [~ 1.1]. so that we have equality
1 14 & (-1
22_§=~6+FZ o2 cosnmy

for-1<z<1.

Taking = = 0 we have

that is,

Taking © = 1, we have

that is,

|3,
1l

gk

32|

Example 2. Find the Fourier series which represents the function
1+ for 2<uo<0
flz) =
11—z, for O<a<?2

on the interval —2 < 2 < 2. Also, usc this representation to show that
— 1

7T2
B ey S

n=1



SOLUTION.
(-2,2].

-2

The Fourier coefficients are

1

72

il

2
f(z)dz

-2

ap

so that,

ag = -

and

[¢2%

since f(z)cos 23%

is even. Therefore,

2

1 /2 1 221" 220°
(1+z)d:r+zl-/(1—a:)dm=—1[1‘+7} ‘)+[.r—?} :

170
4/_2

1 2
JRLGES

The graph of the function is shown below. Note that f(ur) is an even function on the interval

=1 | )

0 -

1 1
;2-2A+52-2=0,

2

/ (1 — ) cos 252 dur
0

f(z)cos M5 dx =

even

2

an =/ cosl‘-’zr—zdm—/ T cos 3% dx
0 0
2 2 9 2
= —sin 2%| - —sin 52} + —/ sin 232 dz
nm 0o T o ™ Jo
4 2
=- cos “7E
ninl 2,
4
= [cosnm — 1]
4 n
=53 [1-(=1)"],
so that A
= Ty 1 - —1}”
¢ n2m? 1= (=1)"]
Finally,
1 f2
b, = 5/ f(z)sin 55 da = 0,
-2
odd
and the Fourier series is
o 4 o0
flz) ~ap+ Z(a,l cosl‘% + b, sin B2} = = Z[l — (=1)"} cos aoe

n=0

n=1



Since

|- (1) = 0 if n isecven
12 if n isodd

8 X 1 (2n—1)mw
then f(z) ~ W—i’gl e cos *TE

From Dirichlet’s Theorem, the Fourier series converges to f(z) for all z € [-2, 2], so that we have cquality

f(z) = s i ! cos Buz e
2 (2n - 1)2 2

for -2<z<2.

Taking z = 0 we have

that is,

Example 3. Find the Fourier series which represents the function

-1 for n<r< =7
flz) = 0 for —-w<r<mw
1 for T <2

on the interval =27 <z < 2.

SoruTioN. The graph of the function is shown below.

Ya
-In -1
—_— &
0 n n X
— -
Note that f(—z) = —f(z), so that the function f(z) is an odd function on the interval (27,27, and

therefore
fr)cos 522 = f(r)cos 4

is also an odd function on the interval [-2, 2n, while
f(z)sin 528 = f(x)sin 42

is an even function on the interval [-2, 27).



Thercfore the Fouricr coefficients arc

1 e
ay = — dr =10,
o=/, I
and
1 e
Qy = — fe)cos 5 du =0,
27T 2ﬂb\/—/
odd
while
1 27 1 2n
b, = — (z)sin %&£ dz = —/ f(z)sin &t da
2n | gpe i w Jy
cven
9n
1 2 :
= —/ sin 5 dz = ——cos &
T Jn nmw .
2
= —— [cos nmw — cos &F
However,
cosnm — cos 4T = (~1)" — cos 4F.

and the Fourier series representing f(2) on the interval =27, 27 is

2 = 1
==Y = [eos BE — (—1)"] sin 4.
wz;:n cos )] sin %
Since
0 for n =4k
cos B — (-1)" = ¢ -2 for n=4dk+2
1 for n=4dk+1. 1k +3
then
2 1 1 1 1 1 9r 1
f(z)~-7; sm5—551nz+§sm +5 mT—gsmSa+?bm72‘+6sinJ2'5—5sin5J'+---
for —27 <z < 27. —_
2h e

Example 4. Find the Fourier sine scries and the Fourier cosine series. both of which represent the function

2z for 0<zex<l
ﬂ”‘{2 forl <a <2

on the interval 0 < z < 2. The graph of this function is shown below.

Vi

[X]

SN
v



e Fourier Sine Series

In order to find the Fourier sinc series for f(z) on the interval [0, 2] we consider the odd extrension foda to
the interval [-2,2],

-2 for —-2<r< ~1
2z for —-1<z<0
2z for <zl
2 for l<r<?

foda{z) =

whose graph is shown below.

Yi

Since foud is an odd function on [-2, 2], then the Fourier coefficients satisfy agp = 0 and a, =0 for n > 1
while

2 2
b, = % / foda(2) sin 222 dz = / f(2)sin 222
-2 4]

since foqa = f on the interval {0, 2].

Therefore,

9

1 2
b, = / 2z sin 2L do + / sin 22 da
0 1

1 o1 2

4 4 | .
= ——uzcos ML 4 — COs ML (fp — —— coy At |
nr e T g : nm el
'y
= ——cos iF + ——5sin BRE| — — [cosnm — cos 4T
*ly, nm 2
— sy BT 4 .
= ——sin B — — cosn,
nem - nm

and the Fourier sine serics for f(a:) on the interval [0,2] is given by

[= o] 00
. ; 8 4 ) .
flz) = b, sin 2% = ——sin &% — — cosnw | sin BT
' 2 n2m? 2 2
n=1 n=1

for0<z <2



e Fourier Cosine Series In order to find the Fourier cosine series for f(z) on the interval [0.2] we consider

the cven extrension feven to the interval [-2,2),

2 for —-2<r<-1

-2 for —-l<uar<l

evenid’) =
Joven(r) 2 for  0<u<l
2 for l<ar<?2
whosc graph is shown bclow.
Y
v\z/‘
S A

L
ang = Z fcvcn(-L) dz
-2
L e = b [ s
= 5 . even €= 3 . J)

I
|
S
2
&)
8
[~
=
+
NN
—
1
(3]
QU
o

Also,

a, = — feven(z) cos L3E do = fla) cos 252 du

2

1 2
=/ 2:::cos%£dw+/ 2cos M2 dx
0 1

1 . 2

4 H nwe ! M nmie 4 M L

= —ursin 2% - — sin 22% do + — sin 5%
nw Sy nmdy : nm -

1

4 8 ! 4

= —sin &% 4 ——cos 22£| + — [sinnw — sin ”T"]
nm 2 il G, om :

8

= —— [cos & —1].

n2mw? :

The Fourier cosine series for f(z) on the interval [0, 2] is given by

[SC RN

=]
flz)y=ao+ Z @y cOs BE =

n=1

8 = 1
+ = — |cos ™ — 1| cos ™7
55 sy 1o
n=

for0<z<2.
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Math 300
Solutions to Midterm Examination |

Question 1. The necutron flux u in a sphere of uranium obeys the differential equation
Al d [ ,du
- = —|rf— k-1Au=0
3 rdr (T dr)+( JAu

for 0 < 7 < a, where A is the cffective distance traveled by a ncutron between collisions. A 1s called the
absorption cross section, and & is the number of neutrons produced by a collision during fission. In addition.
the ncutron flux at the boundary of the sphere is 0.

(a) Make the substitution

v
U= — and
T

dQ
and show that v(r) satisfies # +p2v=0,0<r<a.
(b) Find the general solution to the differential equation in part (a) and then find u(r) that satisfies the

boundary condition and boundedness condition:

u(a) =0 and ]im+ [ulr)]  Dbounded.

=0

(c) Find the critical radius, that is, the smallest radius a for which the solution is not identically 0.

SOLUTION:

(a) Letting u = v/7, then

du  1ldv 1 and pdu _ de
ar rar ' a "o T
so that
d(pde)_ Py b d
dr dr) " dr? " dr dr  dr?’
and the differential equation for v(r) is
1d 4 . v,
pulr 4 + v 0, that is. = +pcv =
for0<r<a.

(b) The general solution to the differential cquation in part (a) is
v(r) = ¢; cos pur + co sin pr

for 0 < r < a. and the solution to the ncutron flux cquation is

_ () - cos ur +e sin ur

(r) = —
. .
for 0 < » < a. Applying the boundedncess condition. since
. osinpr . Ccosur . .

lim BT I and lim ! docsn’t exist,

r—0t T r—0t
then we need ¢; = 0, and the solution is

sin pr

u(r) = ¢ .

forO<r<a.
(c) Applying the boundary condition
u(a) = Eaz sin pe = 0,
clearly, there is a nontrivial solution if and only if ua = nm for some positive integer n. The critical

. . ™
radius is a = —.
7



Question 2. Show that
2 2= 14(-1)"
[sinz| = - Z -———+9( 1) cosnx

for —oo < 1 < 0.

Hint: Find the Fourier cosine series of the function f(z) = sinz, 0 € 2 < @, and then use Dirichlet’s
theorem.

SoLuTioN: For 0 < z < m, the Fourier cosine serics is

o
sinx ~ ag + Z a, CoSN.r.

n=1

for n =0,
1 /" 1 T 1 2
a0=—/ sinzdz = ——cosz| =-—[-1-1]= =,
T Jo 7T 0 m 77
forn=1.
2 7 T (" .
a = - sinwcosedr = — 2sinarcosadr
T Jo mJo
1 (" 1 !
= — sin2zxdx = ——cos 22
T Jo 2T o
1
=—2—7r[1—1]=0.
and forn > 1,

2 [7 I :
ay = —/ sinz cosnrdz = —/ [sin(n + 1)r —sin(n — )| da
T Jo 0

T
1 H 1 T
=————cos(n+1)z| + ——= cos(n — 1)z
m(n + 1) ( ) o Tn-1) ( )@ 0
1 (_1)u+1 -1 1 (—1)”_1 _ 1"
= —— + —
T n+1 m n-1 J
21+ (=1)"
T oo on2-1

The Fourier cosine scrics for sinz on the interval —n < 2 < 7 is thercfore

This is also the Fourier series for the cven extension of sinz, that is, |sinz|, on the interval =7 <0 < 7. s0
that

o0
2 14 (-1)"
fsing| ~ = — — 5 COS LT,
s n
n=2
and since this is a continuous piecewise smooth function on —m < z < 7 such that |sin(—)| = |sin 7| = 0.

then by Dirichlet’s theorem the Fourier serics converges to |sin x| for all » € [=m. 7). and

for all & € [—m,n]. However. |sin 2| is a continuous periodic function on —oo < r < oc. 50 the Fourier series
converges to |sinz| for all z, —oo < 2 < 0.



Question 3. Solve Laplace’s cquation in the square 0 S o <7, 0 <y <7 with the boundary conditions
given below
0%u N 9%u -0
9z oy

u(0,y) = 0, 0<y<m
u(my) =0 0<y<mw
u(z,0) =0 0<r<m
u(x,m) =1 0<r<

SOLUTION: We usc scparation of variables and assume a solution to Laplace’s equation

?u 0% _
9z " 9y?
of the form u(z,y) = X (z) - Y(y).
Scparating variables we have
X“(:E) _ _u _
X(z) Y (t) '

and we obtain the two ordinary differential equations

X"+AX=0 0<z<n Y'-AY =0, 0<y<m
X(©0)=0 ¥(0)=0
X(m)=0.

Solving the complete boundary value problem for X, the cigenvalues and cigenfunctions are given by
Ay = n? and X, (x) =sinns

forn > 1.

The corresponding problem for Y is

Y -p?Y =90

Y(0)=0
with solutions
Y. (y) = sinhny
forn>1.

From the superposition principle, we write

oo
u(z,y) = Z b, sinh ny sin nx,
n=1

and setting y = m, we need

o
1=u(z.7)= Z b, sinh nw sinn.r.
n=1

and from the orthogonality of the cigenfunctions.

T 2 T 2
b, sinhnw = —-/ sinnede = ——cosnx| = ——|[(-1)" - 1],
T Jy nmw 0 nw
so that -
2 -0 . .
u(z,y) = — —_— » sinh n
(z,v) - 1?:1 gy Snnrsithny

for0<z<w 0<y<m
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The following theorem on the convergence of Fouricer series in known as Dirichlet’s Theorem. o1 Fourier's
Theorem.

Theorem. Let f(z) be piccewise smooth on the interval [—L. L], the Fourier series

o0
FS(x)=ay+ Z (an cos BEE 4+ by, sin 7L )

n=1

where

L
a{}:%/_bf(t)dt

1 L
a,lzu/ f(t)cos Bt dt, n>1
Lj_,

1 L
b, = Z/_Lf(t)sin%dt, n=>1

has the following propertics:

(i) If f(x) is continuous at zy, where —L < 24 < L. then

flwo) = FS(ay) = ag + Z (ay cos BEAL 4 b, sin BT

n=1
that is, the Fourier scries converges to f ().

(i) If f(z) has a jump discontinuity at zg, where —L < 2y < L, then

flag) + f(2g)

o0
2 = FS(z0) = ap + ) (au cos M + b, sin 25)

n=1
that is, the Fourier series converges to the average or the mean of the jumnp.
(iii) At the endpoints 2y = %L, the Fourier serics converges to

+1(17),

Usually we write
0

f(z) ~ FS(zo) = ap + Z (an cos BTEL 4 b, sin 2TEL)
n=1

and say that f(r) is represented by its Fourier series on the interval [-L. L].



Note: The Fourier series F S(z) is periodic with period 2L, and converges for all rcal numbers .

For cach rcal number 2y it converges to the 2L-periodic extension f(ry) of f whenever f is continnous at
Ty, and to

2
whenever fhas a jump discontinuity at zp.

This allows us to sketch the graph of the Fourier series F S{a) once we know what the graph of the function
f(x) is, without computing the Fourier scries coefficients ag, a,, and b, for n > 1.

Exercise. Sketch the graph of the Fourier serics of the function
-1 for —-L<r<0

flz)=¢ e™* for 0<:L‘<§

0 for §<J:SL.

o L . .
Note that the function is undefined for z = 0 and 2 = —, and this does not aflect the integrals when we

compute the Fourier coefficients. We can sketch the graph of the Fourier series using Dirichlet’s theorem.
and then go back and redefine the function at the points of discontinuity so that the Fourier series converges
to the function for all z € [-L. L].



Question 8. [p 126, #3.4.8]

Consider the boundary value - initial value problem

Ou 0%u
E—k'a?, O<z<L,t>0

Ou Ou
6_z(0’t)_0’ t>0; B_m(L’t)_O’ t>0; u(z,0) = f(z), O0<z<L.

. . . . Su i
Solve this problem by looking for a solution as a Fourier cosine series. Assume that « and e are continuous
z

2

6 Ou . . . . . o .
6 1; and — % are piecewise smooth. Justify all differentiations of infinite series.

SoLuTION: We assume a solution of the form
u(z,t) = Zan t)cos—
n=0
and assuming all derivatives are continuous, we have
T
Z an (t) ( ) L
n=0
and since u(z,t) satisfies the heat equation,

o _ o
ot~ " oz?’

then we have

zmian(t)cosm —kZan(t)( ) z.

n=0 n=0

Collecting terms that multiply cos 22 % for n > 0 for n > 1, and using the fact that these trigonometric
functions are linearly independent (they are orthogonal on the interval [0, L]), then we get

nw\2
a(t) = ~kea(t) ()
and we can solve these first order linear ordinary differential equations for a,, (t) to get
nn 2
an(t) = Ane_(T) kt,

and the solution u(z,t) becomes

u(z,t) = ZAe () %kt ¢

n=0

Differentiating this with respect to z, we get
(2} (MT\ . TAT
(:L' t)=— gA ne y (T)SmT’
and setting z = 0, we get
Ou
= —(0,1),
55 00)

and the first boundary condition is satisfied.



The solution is now

o0
u(z,t) = Ane~(E)R oo —T—L?,

n=0

0 .
and we note that the second boundary condition -—I—L(L,t) = 0 is also satisfied, so we only need to find the
constants A, to satisfy the initial condition u(z,0) = f(z).

Setting ¢ = 0 in the above expression for u(z,t), we have

£@) = ule,0) = 3 Ancos "2,

n=0

and the A, are the Fourier cosine series coefficients of f(z), so that

2 [k nrL
= — —_— >
Ay L/o f(z)cos T dz, n>1
and for n =0,

L
Ap = %/0 f(z) dz.

Question 9. [p 85, #2.5.1 (b),(g)] Solve Laplace’s equation inside a rectangle 0 <z < L, 0 < y < H,
with the following boundary conditions:

ou Ou
(a) %(O:y) - g(y): E(L’y) - 0’ u(za 0) = 0’ U(ZIJ, H) =0
du Ou 1 for 0<z<L/2, Ou
() Z09) =0, FELy)=0, uz0) {0 o L) <ser 5y (@ H) =0
SOLUTION:

(a) We assume a solution of the form u(z,y) = X (z) - Y (y), and substituting this into Laplace’s equation
we have

X"(z) Y(y) + X(z)-Y"(y) =0,

and
X"(z) _ Y'(y) _

X@@) Y@
so we get two ordinary differential equations
X"(z) - 2X(z)=0 and Y"(y)+AY(y)=0.
We can satisfy the (homogeneous) boundary conditions by requiring that
Y(0)=0, Y(H)=0 and X'(L)=0.
Therefore X and Y satisfy the boundary value problems
X"(z) - AX(z)=0, 0<z<L Y"(y)+AY(y)=0, 0<y<H

A,

X'(Ly=0 Y{0)=0
Y(H)=0.
‘We solve the complete (Dirichlet) boundary value problem for Y first, the eigenvalues are
nwy\2
= (%)

with corresponding eigenfunctions
Ya(y) =sin 5fy
forn > 1.



