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Question 1. Given a point O and a vector .

(a) Find the point @ such that
TWUOT%} =0q.

(b) What is the product co7+?
SOLUTION:

(a) Note that

-1 -1y _ 2, —1 _ -1 _
(TE»UOT7 ) (TE»UOT7 ) =700 T =TT =,
and since oo # ¢, then 7'7007'%1 # 1, so that Tﬂ»cror%l is an involutive isometry.

Also, we have
(reo072") 72(0) = 7700(0) = 72 (0),

so that 7 (O) is a fixed point of 77007%1.
Finally, note that if P is any other fixed point of 77007'%1, then
TﬂO’oT%l (P)=P,

so that

and 7'%1 (P) is a fixed point of g, so that
-1 _
—(P)=0,
that is, P = 7 (0) is the unique fixed point of TE*UoT%l.
Therefore, 7700751 is an involutive isometry with unique fixed point 7= (O), so that
-1
TﬁUoTﬂ =0Q,
where Q = 7 (O).

(b) From the above, we see that
00Ty = Ty0p

where P = T%l (0).



Question 2. In the triangle AABC, show that G is the centroid if and only if

0GO0Cc0@R0OBOGROA = L.

SOLUTION: Let O be any point in P, and note that since
OGOA = Tyza, OGOB = Tygd, 0GOC = Tyaeh
then
0G0Cc0@R0B0OGR0OA =L
if and only if
To(AG+BG+Ca) — b
that is, if and only if
— — — —
2(AG+BG+CG) =T,
that is, if and only if
— — — — — — —
AO+0OG+BO+0G+CO+0G =0,
that is, if and only if
— 1/ — @ — —
0G = 3 (0A+OB+OO),
that is, if and only if G is the centroid of AABC.

Question 3. Prove using halfturns, that if ABCD and EBFD are parallelograms, then FAFC is also a
parallelogram.

SOLUTION: Note that

OAOBOCOD = L and OpDOFOBOE = L
since ABCD and EBF D are parallelograms.
A E

Therefore,
OAOCBOCODODOROBOE — L2 =,

and since 0%, = ¢, then
OAOCBOCOFROBOERE = L.

Since ogocor = crocopg, then
OAOF0OCOBOBOE = L,
and since 0% = , then
OAOFOCOE = L,

so that FAFC is a parallelogram.



Question 4. Find all triangles such that three given noncollinear points are the midpoints of the sides of
the triangle.

Hint: Given P, @, R then orogop fixes a vertex of a unique triangle AP'Q’'R’, as in the figure below.
SOLUTION: Suppose that AP'Q'R’ is a triangle such that P, Q, and R are the respective midpoints of the

sides P'Q)', P'R’, and Q'R’.
P

We have
0qQorop(P') = 0Qor(Q') = 0q(R') = P/,

so that P’ is the unique fixed point of the isometry (half turn) ogogop.

Similarly,
O'RO'QUP(Q/) = O'RO'Q(P/) = O'R(R/) = Ql,
so that @' is the unique fixed point of the isometry (half turn) ogogop.

Finally,
oropoq(R') = orop(P') = or(Q') = R/,

so that R’ is the unique fixed point of the isometry (half turn) oropog.
Therefore the triangle AP’'Q’R’ is uniquely determined by the three noncollinear points P, ), and R.

Question 5. Given ZABC, construct a point P on AB and a point ) on BC such that PQQ = AB and the
line P(Q intersects the line BC at an angle of 60°.

Hint: Take a point D such that [BD] = [AB] and BD intersects BC' at an angle of 60°.
SOLUTION: Draw the circle C; with center B and radius |AB] hitting BC' at E, then draw the circle Cy with

center £ and radius |AB| intersecting C; at D. Draw the line through D parallel to BC, hitting the line AB
at P, and then mark off the length |[DP| on BC, hitting BC at Q.

- “\\Q/

=~

The points P on AB and ) on BC are the desired points, since DPQB is a parallelogram.



Question 6. What is the symmetry group of a rhombus that is not a square?

SOLUTION: Let ¢; and f3 be the diagonals of the nonsquare rhombus ABC D, as in the figure below.

. ;|

Since the diagonals of a parallelogram bisect each other, and a parallelogram is a rhombus if and only if its
diagonals are perpendicular, then the symmetries of the rhombus ABCD are

Y= {L7 00, 0¢y, 042}'

The Cayley table or multiplication table for the group of symmetries of the rhombus is given below.

L g0 0y, 0y,

L L go Oy, Ty,
g0 g0 L Oy, oy
gy, gy, Oy L g0
0y, 0y, 0y, g0 L

Question 7. Prove that if 0,,0,, fixes the point P and m # n, then the point P is on both lines m and n.

SOLUTION: Suppose that P is a fixed point for the isometry o,0,,, but P is not on both m and n, for
example, suppose P & m.

Since 0,0, (P) = P, then
Tnom(P) = 0n(P),

n

that is,
Om(P) = o,(P).

Now let

Q = om(P)=0.(P),
and note that if Q@ = P, then o, (P) = P and this implies that P € m, which is a contradiction, therefore
Q#P

Thus m is the perpendicular bisector of the segment joining P and @ = o,,(P), and n is the perpendicular
bisector of the segment joining P and @ = o,,(P), which contradicts the fact that m # n.

Therefore we must have P € m. A similar argument shows that we must have P € n also.



Question 8. Let m be a line with equation 2z + y = 1. Find the equations of o,,.

SoLUTION: If the equation of the line m is

ax + by +c=0,

b
then the slope of m is —%, while the slope of a line m  which is perpendicular to m is —.
a

For P € P, let P! = 0,,(P), and suppose that P has Cartesian coordinates (z,y), while P’ has Cartesian
coordinates (2/,y’).
m

P(x,y)

m

gl

P’ (xy)

Since P and P’ are on m |, we have
y —y= Q(w’ - ),
a

z+x y+vy
2 7 2

T+ y+y B
a( 5 )—i—b( 5 +c=0.

Solving these equations for 2’ and y’, the equations of the reflection o, are given by

and since the midpoint O of PP’ has coordinates ( ) , and O is on the line m, then

2
x/:x—rflﬂ(ax—i—by—&—c)

2b

For the line 2z +y —1 =0, we have a =2, b =1, and ¢ = —1, so the equations of the reflection in this line
are
4
¥ =x— 5(2z+y—1)
, 2
y=y-Q2r+y-1)



Question 9. Suppose that the lines £ and m have equations z +y = 0 and x — y = 1, respectively. Find
the equations for oyoy,.

SOLUTION: Let P = (x,y) and P’ = (2/,y’) = 0 (P) and P" = (2", y") = 04(P’), where for the lines m
and ¢ we have

m: z—y—1=0, so that a=1, b=-1, ¢ =-1
I r+y =0, so that a=1, b= 1, c¢= 0.

From the previous problem the equations of o, are

¥ =y+1

y/ =T — 17
while the equations of o, are

2 = _y/

y// -

Therefore the equations of the isometry oo, are

=—x+1
=—y—1

2
Y
Question 10. Given triangles AABC and ADEF, where NAABC = ADFEF where
A(0,0), B(5,0), C(0,10), D(4,2), E(1,-2), F(12,-4),
find the equations of the lines such that the product of reflections in these lines maps AABC to ADEF.
SoLUTION: Note first that
AB=DE=5 AC=DF=10, and BC=EF =125,
so that AABC = ADEF by the SSS congruency theorem.

Let ¢ be the perpendicular bisector of the segment AD, since the midpoint of AD is the point

1
§(O+4,0+2) =(2,1),
1 . .
and AD has slope 5 then the equation of £ is y = —2x + 5.

Therefore the reflection oy has equations (see problem 8)

3 4
/
= 22 44
v 5 YT

4 3
!

= —= - 2.
Y 5w+5y+



The images of the vertices of AABC under the reflection o, are
A" =04(A) = (4,2) = D, B =04B)=(1,-2)=E, and C' = 0y(C) = (—4,8)
as shown in the figure, and A’ and B’ are in the correct positions.

Cc

F=cC"

Now let m be the perpendicular pisector of the segment CC”, since the slope of m is the slope of DE, which
4
is 3 then the equation of m is 4z — 3y — 10 = 0.

Therefore the reflection o, has equations (again, see problem 8)

:EI/ _ lx/ _"_ 2_4 ! + E
257 To5Y T 5
L2, T, 12

=57 %Y 5

Y

and the images of the vertices of AA’B’C’ under the reflection o, are

A" =op(A)=(4,2) =D, B'=o0n(B)=(1,-2)=E, and (" =o0n(C") = (12,—4) = F.

Therefore the image of AABC under the isometry
& = 0,0y

is the triangle ADEF.



