Dynamics of Indirectly Transmitted Infectious

Diseases with Immunological Threshold

Richard I. Joh®* Hao Wang®, Howard Weiss?,
Joshua S. Weitz “*
aSchool of Physics, Georgia Institute of Technology, Atlanta, GA, 30332

bSchool of Mathematics, Georgia Institute of Technology, Atlanta, GA, 30332

¢School of Biology, Georgia Institute of Technology, Atlanta, GA, 30332

Abstract

There are numerous examples of human pathogens which persist in environmental
reservoirs while infectious outbreaks remain rare. In this manuscript, we consider
the dynamics of infectious diseases for which the primary mode of transmission is
indirect and mediated by contact with a contaminated reservoir. We evaluate the
realistic scenario in which the number of ingested pathogens must be above a crit-
ical threshold to cause infection in susceptible individuals. This minimal infectious
dose is a consequence of the clearance effect of the innate immune system. Infected
individuals shed pathogens back into the aquatic reservoir, indirectly increasing the
transmittability of the pathogen to the susceptible. Building upon prior work in the
study of cholera dynamics, we introduce and analyze a family of reservoir medi-
ated SIR models with a threshold pathogen density for infection. Analysis of this
family of iSIR models, we show that an outbreak can result from non-infinitesimal
introduction of either infected individuals or additional pathogens in the reservoir.

We devise two new measures of how likely it is that an environmentally persistent
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pathogen will cause an outbreak: (i) the minimum fraction of infected individuals;
and (i) the minimum fluctuation size of in-reservoir pathogens. We find an addi-
tional control parameter involving the shedding rate of infected individuals, which
we term the pathogen enhancement ratio, which determines whether outbreaks lead
to epidemics or endemic disease states. Thus, the ultimate outcome of disease is
controlled by the strength of fluctuations and the global stability of a nonlinear
dynamical system, as opposed to conventional analysis in which disease reflects the
linear destabilization of a disease free equilibrium. Our model predicts that in the
case of waterborne diseases, suppressing the pathogen density in aquatic reservoirs

may be more effective than minimizing the number of infected individuals.

Key words: epidemic, endemic, cholera, SIR, minimum infectious dose.

1 Introduction

Infectious diseases can be classified based on whether the pathogenic agent
resides exclusively or only partially within the human host [1]. When humans
are the exclusive hosts for the causative agent of an infectious disease, then
disease transmission depends on direct human-to-human contact. However,
many pathogens utilize a combination of alternative zoonotic hosts and free-
living stages in order to persist. Transmission between humans and non-human
reservoirs implies that disease transmission includes an indirect route. Indirect
transmission occurs when a susceptible individual comes into contact with a
contaminated reservoir. Depending on the disease, infected individuals may
also shed pathogens back into the reservoir, completing the indirect trans-

mission cycle. Infection of humans by pathogens increases the pathogen levels
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in the environment which then increases transmittability to other susceptible

individuals.

Alternative hosts are central to the origins and emergence of major human
infectious diseases [1]. Pathogens utilizing an indirect transmission route can
be bacterial, viral or parasitic. Examples of bacterial diseases whose primary
mode of infection is indirect include cholera, which is caused when individuals
ingest fecal contaminated water containing the bacteria Vibrio cholerae [2].
The transmission cycle of rotavirus disease also strongly implicates an indirect
mode of transmission [3]. Parasitic diseases for which indirect transmission is

important include giardiasis [4], schistosomiasis [5], and cryptosporidiosis [6].

It is widely recognized that human pathogens are prevalent in environmen-
tal sources, including drinking water [7, 8|, even if environmental acquisition
of disease varies from rare to frequent. The likelihood of getting sick upon
contact with a contaminated reservoir depends on the pathogen density and
interactions of the pathogen with the immune system. In general, the number
of pathogens ingested must be high enough to cause infection to susceptible
individuals, otherwise innate immune responses will eliminate the pathogen.
For instance, humans need to ingest a large number of Vibrio cholerae to be-
come infected: estimates range from 10® — 10° though there is no universal

agreement on the minimal infectious dose [9, 10].

The dynamics of diseases that are directly transmitted between humans have
traditionally been studied using modified forms of Susceptible -Infected -
Recovered/Removed (SIR) models [11]. A central concept in SIR models is
the basic reproductive ratio, Ry [12], equal to the number of secondary cases
caused by a small number of infected individuals in an otherwise naive pop-

ulation. There is no such central organizing principle in the study of indirectly-



transmitted human diseases, when disease dynamics and immunological thresh-

olds are necessarily linked.

In this manuscript we introduce and analyze a family of reservoir mediated
SIR models with a threshold pathogen density for infection. We term these
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iSIR models, where the lower case denotes indirect transmission dynamics.
These models are distinct from previous vector-borne models [13, 14] in that
the pathogen can stably persist in environmental reservoirs, leading to distinct
mechanisms of disease emergence. An epidemic outbreak or endemic disease
state can occur in two ways: first, via the introduction of a small, but not
infinitesimal, number of infected individuals into the population, and alterna-
tively, via small, but not infinitesimal, fluctuations in the pathogen density
in a reservoir. Our analysis shows that if the pathogen carrying capacity in
the reservoir in the absence of human-mediated pathogen shedding is greater
than a rescaled level corresponding to the minimal infectious dose, the dis-
ease will almost surely become endemic. The situation is more complex if the
pathogen carrying capacity is below that of the rescaled minimal infectious
dose. Then, depending on a enviro-epidemiological parameter, which we term
the pathogen enhancement ratio, the dynamics will follow one of two scenar-
ios: (i) almost every initial condition leads to the disease dying out; (ii) almost
every initial condition will lead to either the disease dying out or an endemic
state, depending on initial conditions. In the latter case, the system becomes
bistable and there are two coexisting attracting equilibrium points. These
equilibrium points correspond to the disease-free equilibrium and an endemic
disease equilibrium state. The disease-free stable equilibrium is a consequence

of the threshold corresponding to the minimal infectious dose.

In conventional SIR models, the disease free state is either stable or unstable



depending on the value of Ry [12]. In the present analysis of iSIR models, the
disease free state is stable subject to small, but not infinitesimal, fluctuations
in either pathogen density or infected individuals. To quantify these two possi-
bilities, we define two new measures indicating whether a pathogen is likely to
cause an epidemic outbreak or endemic disease state: (i) the minimum ratio of
infected individuals within the total population; (ii) the minimum in-reservoir
pathogen density fluctuation. These measures provide guidance as to the effec-
tiveness of control methods which reduce infected individuals and/or suppress

pathogen density in the reservoir.

2 Model formulation

Modeling the dynamics of indirectly transmitted human diseases depends
on explicit consideration of pathogens dynamics within a reservoir. Indirect
transmission models differ from vector-based models in that the pathogen
can be free-living, or alternatively, the reservoirs are unknown so that ex-
plicit accounting of vector dynamics are impossible. The first indirect dis-
ease transmission model that we are aware of was developed by Capasso and
Paveri-Fontana [15] to describe the interaction of infected individuals with
an aquatic population of pathogenic V. cholerae. Later, Codeco [16] extended
Capasso’s model to link SIR dynamics with dynamics of bacteria within reser-
voirs. Codego assumed that the bacterial density decreases exponentially in
the absence of infected individuals. More recently, Hartley et al. [17] con-
sidered a model of cholera transmission that included two types of bacterial
states, using the indirect transmission framework. All of these models assumed
exponential decay for bacteria in the reservoir, despite the fact that it is not

commonly observed for bacteria in aquatic reservoirs that may be free-living



Fig. 1. Model diagram. .S, I, and R are three compartments of human population de-
noted as the susceptible, the infected, and the recovered, respectively. The pathogen
density in the reservoir is denoted as B.

or have other zoonotic hosts. In such cases, it is reasonable to assume that
the bacterial density fluctuates around a constant level. Recently, Jensen et
al. [18] proposed a model with logistic growth of the pathogen. None of these
cholera models include a minimal infectious dose (MID), i.e., disease transmis-
sion is possible even with infinitesimally small densities of aquatic pathogens.
However, it is known for cholera that a susceptible individual must ingest ap-
proximately 10% — 105 Vibrio cholerae to become infected [9, 10]. Below, we
introduce a family of reservoir mediated SIR models with threshold pathogen

density, which we refer to as iSIR models.

We use a three-compartment model consisting of susceptible, infected, and
recovered individuals (see Fig. 1). Susceptible individuals are disease free and
assumed to have no immunity. Once susceptible individuals become infected
they immediately become symptomatic and infectious. We assume that there
is no infection-derived mortality and immunity, and that infected individuals
eventually move into the recovered class. Our model and analysis can be eas-
ily modified to include various types of partial immunity allowing recovered

individuals to become susceptible again.



Within the iSIR models presented here, transmission occurs via contact with
reservoirs containing human pathogens, and not via direct person-to-person
contact. We assume there is a minimum infectious dose (MID) of pathogens
necessary to cause infection. The basis for explicitly modeling the MID is
that the human innate immune system is capable of eliminating low levels
of pathogens and staving off disease [19]. The innate immunity of individu-
als varies, but we assume all population members possess the same ”average
immunity”. Assuming the contact rate to the reservoir is identical for ev-
ery individual, the minimum infectious dose can be re-scaled as a threshold
pathogen density for infection. If the in-reservoir pathogen density is above the
MID, susceptible individuals contact more pathogens than the infectious dose
and become infected. We assume that infected individuals shed the pathogens
back to the reservoir at a fixed rate, increasing the possibility that susceptible
individuals contract the disease. Let S, I, and R be the numbers of the suscep-
tible, the infected, and the recovered, respectively. We denote B as pathogen
density in a reservoir. Our model can be described by a set of differential

equations:

as _
dt
dr
dt
dR

— =61 — uR 3
o 0 (3)
dB

= =

—a(B)S — S + uN (1)

a(B)S —pul =461 (2)

m(B) +¢l (4)

The definitions of all parameters are explained in Table 1. Since dS/dt+dI /dt+
dR/dt = 0, the total population of human, denoted as N, is conserved. Thus

R =N —S—1, and we can focus on S, I and B. Below, we describe the



functional terms, a(B) and 7(B), corresponding to human-pathogen contact

and in-reservoir pathogen dynamics, respectively.

Parameter Description Dimension

S Number of the susceptible
1 Number of the infected
R Number of the recovered
N Total population
B Pathogen density in a reservoir cell liter—!

a(B Transmittability day~!

m(B Pathogen growth rate cell liter—*day~*
I Per capita human birth or death rate day~!
) Recovery rate day~!
£ Pathogen shed rate cell liter—*day !
a Maximum rate of infection day—!
c Threshold pathogen density for infection cell liter—!
r Maximum per capita pathogen growth efficiency day*
K Pathogen carrying capacity cell liter—!
H Half-saturation pathogen density cell liter—!

Table 1

Model parameters

A key difference between this iSIR model and other SIR or indirect disease

models is the explicit incorporation of a MID. For obvious reasons, higher

pathogen density increases the chance that a susceptible individual becomes

infected, so the transmittability of the disease, a(B), is an increasing function

of B. We define the threshold via the pathogen density ¢ by requiring that

a(B) =0 for B < ¢. The value ¢ reflects a combination of immunological and

ecological factors. We consider the natural family of transmittability responses



0 (B <c)

a(B—c)™
e (B =),

where n is a positive integer. The Holling’s type II and III functional re-
sponses [20] correspond to cases of n = 1 and n = 2, respectively. Eq. (5) is an
extension of Holling’s type III response and represents the generalized form
of contact kinetics [21]. In this section we analyze the threshold model with

Holling’s type II functional response

0 (B <c)

(g(i)_j)ﬁr (B =)

and in Appendix A, we extend our analysis to the full family of threshold

models.

The growth rate of pathogen density, m(B), is the natural in-reservoir growth
rate of pathogens in the absence of human hosts. Pathogens might be free-
living or exist on a variety of zoonotic hosts. The prevalence of pathogens in
reservoirs suggests that there are stable steady states with positive pathogen
densities but no infected individuals. We assume that pathogens exhibit logis-
tic growth, m(B) = rB(1 — B/K) [18]. Without human hosts, the pathogen
density will reach a constant level in the environment, generally referred to as

the organism’s carrying capacity.

The non-dimensionalized versions of Eqs. (1-4) is:
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Fig. 2. Dynamics of Z and B when Z or B is are perturbed suddenly at two dis-
tinct times, 7 = 0.1 and 7 = 0.5. (a) An outbreak induced by pathogen density
fluctuation in the reservoir. B was increased suddenly at 7 = 0.1 and 7 = 0.5. (b)
An outbreak initiated by the introduction of infected individuals. Z was increased
suddenly at 7 = 0.1 and 7 = 0.5. Parameters are A = 100, C = 2, p = 10, ¢ = 450,
R =20, and A = 1.

flf:—a(zs)s—3+ 1 (7)
2 _a(B)s 1 0
flf _RB(1 - B) + T, ()

where § = S/N,Z = I/N,B = B/K,7 = ut,A = a/u, C = ¢/K, p =
(u+0)/ 1, q=EN/uK, R=r/p, A= H/K and

0 (B<C)
a(B) = : (10)
o (B=C)

Note that Z can increase in two ways: (i) pathogen density becomes higher than
the threshold for infection, then, subsequently there is a chance of transmission
for each contact with the reservoir (Fig. 2(a)) (ii) introduction of infected

individuals into the community, then pathogen density becomes higher due
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to shedding from infected individuals. If the fraction of infected individuals is
sufficiently high, then shedding can cause B to become greater than C, which
can cause further infection of the susceptible (Fig. 2(b)). In this case, the basic
reproductive number, Ry, would be less than 1, even though the number of
infected individuals increases after a period of initial decline. Thus, we need
alternative measures other than Ry to determine if there will be an outbreak

and the extent of such outbreaks when they occur.

3 Analysis of the model

3.1 EQUILIBRIUM POINTS AND ASYMPTOTIC BEHAVIOR

Recall that C is the ratio of the re-scaled minimum infectious dose to the
reservoir carrying capacity. We will now show that if C < 1 there are two
equilibrium points, and if C > 1, there are either two, three, or four equilib-
rium points. The case of C < 1 implies that the in-reservoir carrying capacity

exceeds the rescaled MID, and C > 1 denotes the opposite.

Let (8*,Z*, B*) be an equilibrium point for the system in Eqs. (7-9). Eq. (10)
shows that @(B) is positive only when B > C. Thus, if the pathogen density
B is above the threshold C, susceptible individuals become infected; otherwise
there is no further infection. We first consider both cases separately and then

combine them to obtain Proposition II1.2.

For | B* <C |, @(B*) = 0, and thus §* = 1 and Z* = 0. From Eq. (9), B*

corresponds to the roots of the quadratic equation

RB*(B* —1) = 0. (11)
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The root B* = 0 corresponds to the equilibrium point (1,0, 0), and, provided
C > 1, the root B* = 1, corresponds to the equilibrium point (1,0,1),. The
equilibrium point (1,0,0), is a saddle, and (1,0, 1), is stable. Thus, for C < 1
there is a single unstable equilibrium point (1,0,0),, and for C > 1, there are
two equilibrium points: (1,0,0), and (1,0, 1)s. There are no infected individ-

uals corresponding to either equilibrium point.
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Fig. 3. (a) Bifurcation diagram for A = 100 and A = 1. For C > 1, the saddle
node bifurcation locus separates the parameter space into two components. (b)
Relationship between nontrivial steady state pathogen density and C for various (.
For sufficiently small {, there is no saddle node bifurcation by changing C.

5 5 5
4 4 4
3 3 3
Q «Q o]
2 2 o 2
1 l‘q 1
% 0.5 T 1 % 0.5 T 1 GO 0.5 T 1
(a) Region I (b) Region IT (¢) Region III

Fig. 4. Schematic diagram of phase portraits projected into the ZB plane. Note
that the trajectories can cross in the projected representation. Stable equilibria are
marked as e, while o represents an unstable equilibrium. (a) RegionI: C < 1 (C = 0.8
and ¢ = 4.5). For almost every solution, the number of infected individuals does
not go to zero. (b) Region II: C > 1 and sufficiently large ¢ (C = 2 and ¢ = 4.5).
The system becomes bistable with two stable equilibrium points, and asymptotic
behavior is determined by initial conditions. (c) Region III: ¢ > 1 and small ¢
(C = 2 and ¢ = 0.5). The number of the infected goes to zero as t — oo. The
parameter ( is defined as ¢/pR.
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For| B* > C |, Egs. (7-9) at equilibrium yield

. B —CHA
s A+ DB =C)+ N\’ (12)

71 (( A(B* - C) ) (13)

o

A+1)(B*—=C)+ A
:7;5'*(3* —1). (14)

Egs. (13-14) can be combined as

B (B — 1) (B*— <C—AA+1>> _ AilﬁB*_C)’ (15)

where ( = ¢/pR. The number of roots of the cubic equation Eq. (15) depends
of the values of (, A, A\ and C. One can easily analyze the roots by graphing

the left and right sides of the equation and counting intersection points.

If C < 1, there is one root B* > C, that corresponds to a attracting equilibrium

pOiIlt (So,fo,lgo)s with fo > 0.

If C > 1, there are either zero, one, or two roots with B* > C. The existence of
additional equilibrium points depends on the choice of parameters: the relation
between ¢ and C is crucial (see Fig. 4(a)). For sufficiently small ¢ there are
no additional equilibrium points, and as ( increases, there is a saddle-node
bifurcation [22] that creates a saddle equilibrium point (Sy,Zy, By), and an
attracting equilibrium point (SQ,fQ, 82)3 with Z, > Z; > 0 . In Appendix B,

we derive the exact algebraic conditions for the bifurcation.
Definition 1 For a given initial condition, a disease is endemic if I (co) > 0.

We now combine and summarize these calculation on the existence and sta-
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bility of equilibrium points.

Proposition 2 (Equilibrium Points and Asymptotic Behavior of Solutions)

(1)

(2)

If C < 1, there are two equilibrium points: (1,0,0), is a saddle and
(So,fo, Bo)s 18 attracting with fo > 0. It follows that the solution for al-
most every initial condition converges to (SAO,IAO,BO)S. Hence, for almost

all initial conditions, the disease becomes endemic.

If C > 1, the equilibrium point (1,0,0),, is a saddle, (1,0,1)4 is attracting,
and there exist up to two additional equilibrium points. For sufficiently
small C, there are no additional equilibrium points, and the solution for
almost every initial condition converges to (1,0,1)s. Thus, I(c0) = 0,

and the population becomes asymptotically disease free.

If there are two additional equilibrium points, (S’l,fl,l;’l)u 1S a sad-
dle, and (32,f2,32)s is attracting with Ty > Z; > 0 . In this case, the
solution for almost every initial condition converges to one of the two
attracting equilibrium points, and asymptotically the population becomes
either disease free or the disease becomes endemic (depending on initial

conditions).

Corollary 3 (Zero threshold case) The special case where there is no threshold

occurs when C = 0. It follows from the the Proposition 3.2 that for almost all

imatial conditions, the disease becomes endemic.

Remark 4 (Biological interpretation of ) In the original variables,  can be

written as

()
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Fig. 5. Phase portrait for C > 1 and large (. There are two stable equilibrium points
that attract almost all solutions and asymptotic behaviors depend on the choices
of initial conditions. (a) The surface represents the boundary of two attracting
basins. (b) Trajectories in the phase space with attracting equilibrium points. Stable
equilibria are marked as e, while o represents a unstable equilibrium. Parameters
are A=10%,C=2,p=10,¢=10% R =30, and A\ = 1.

From Eq. (4), N is the pathogen shed rate when all individuals are infected
and 1/(p+ ) is the average duration of infection. The first term, EN/(u+96),
represents the total number of pathogens shed into the reservoir during the av-
erage period of infectiousness assuming all individuals were infected and there
were no feedback. The term rK is the in-reservoir pathogen birth rate in the
absence of shedding and 1/ is the average life-span of a susceptible individual.
Hence, we interpret this dimensionless number as the ratio of two factors: (i)
the average number of pathogens shed over the time course of infection if all
individuals were infected; (i) the average number of pathogens reproduced in
the reservoir over the time course of an uninfected individual. We term this
the pathogen enhancement ratio and expect that endemic outbreaks rather than

epidemic outbreaks will be favored for increasing values of (.
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3.2 EPIDEMICS

We use following definition of an epidemic, deviating slightly from the standard

definition in mathematical epidemiology.

Definition 5 For an initial condition, an epidemic occurs if dI/dt(ty) > 0
at some time tg, i.e., the number of infected individuals is increasing at some

time tg > 0.

As is the case for SIR models, an initial condition can lead to a disease that

is both epidemic and endemic.

In our model, an epidemic or endemic can result from the introduction of
infected individuals into the population or sufficiently large fluctuations of
pathogen density in the reservoir. Thus, unlike most disease models, pathogens
are able to maintain a foot-hold in a reservoir and persist stably without caus-
ing infections. Starting with the disease free equilibrium with the pathogen
density in the reservoir at its carrying capacity, (1,0,1)s, we represent the
density fluctuation of pathogens within the reservoir by (1,0,1)s — (1,0, By),
and the introduction of infected individuals into the population by (1,0,1)s —
(1—=Zy,Zy,1). If By > C, the number of new infected individuals starts increas-

ing.

How then can we determine the criterion for when an epidemic does or does
not occur? If Zy is sufficiently large, there exists 79 > 0 such that B(ry) = C.

If the pathogen density is increasing at this instant, i.e.,

—(B() =C) >0, (17)
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then B will increase and more susceptible individuals will become infected.

From Eq. (9), this can be written as

RC(C — 1)

I(To) = Ig€_p7—0 > q

(18)

For the pathogen density to increase over its threshold requires that dBB/dr () >
0, which implies @(7) > 0 immediately after 75, and thus some susceptible indi-
viduals start getting infected. It follows that Eq. (18) is a necessary condition
for an infection. It is not a sufficient condition because the first term on the
RHS of Eq. (8) could be larger than the second term. However, if the product
of the recovery rate and the number of infected individuals is small, then this
necessary condition is close to being sufficient. We cannot yet prove this result,

but it holds for the cases we’ve considered.

3.8 TWO MEASURES OF DISTANCE TO AN EPIDEMIC

We use the observations in the previous subsection to define two new measures
of how likely it is that a disease-free equilibrium subject to perturbations will
exhibit endemic or epidemic behavior. Since an epidemic or endemic can result
from either an introduction of infected individuals or a density fluctuation of

pathogens within the reservoir, we must account for both components.

The first measure is AB, the minimum magnitude of pathogen density fluctu-
ations required to initiate an epidemic, starting at the disease free equilibrium
with the pathogen density in the reservoir at its carrying capacity. The fluctua-
tion of pathogen density can be represented as (1,0, 1+08y), and if 68, > AB,

an epidemic will occur. It immediately follows from Eq. (10) that

17



AB=C-1. (19)

The second measure is AZ, the minimum proportion of infected individuals
required to initiate an epidemic, starting at the disease free equilibrium with
the pathogen density in the reservoir at its carrying capacity. The addition of
infected individuals can be represented as (1 — 0Z,6Z,1). If 6Z > AZ, then

there will be an epidemic, otherwise the disease will die out asymptotically.

Often, the time scale of epidemiological dynamics is considerably slower than
the average duration of infection[23], that is, the number of infected individuals
changes slowly relative to the pathogen generation time. In this case we make
the approximate that dZ/dt = 0, and thus from Eq. (18), AZ can be written

as

RC(C —1)
—

There will be an epidemic if the proportion of added infected individuals is

greater than AZ.

Above we only considered two types of changes to the initial conditions. Of
course, one can perturb the equilibrium state (1,0,1); by changing both the
number of infected individuals and pathogen density. Taken together, AZ and
AB provide significant insight into opportunities for control and prevention
of disease outbreaks. If the minimum ratio of infected individuals to cause
an epidemic or endemic condition is small, then emphasis should be place on
minimizing new infected cases. Public education and quick diagnosis would be
important to suppress disease transmission. Further, variation in the disease

threshold due to heterogeneity in innate immune systems may also play a key

18



Epidemic

Fig. 6. Graphic representation of AZ and AB. Each point on the plane represents an
initial condition given as (S,Z,B) = (1 — I(0),1(0), B(0)) and there is an epidemic
if dZ/dr > 0. Parameters are same as Fig. 5.

Disease number of pathogens infectious dose typical
shed by an infected/day concentration
(pathogen/day) (pathogen) (pathogen/liter)
cholera 10M — 102 [2] 10 —10% [9, 10] 10 — 10® [24]
cryptosporidiosis 108 100 — 300 [25] 1—5 [26]
giardiasis 108 — 10° [27] 10 — 100 [27] 1 —5 [26]
rotavirus disease 102 — 10" [28] 100 10 — 1000 [29]
Disease AB AT
cholera 10 — 100 0.001 —1
cryptosporidiosis 20 — 300 0.01 —1
giardiasis 1—-100 0.01—-0.1
rotavirus disease < 10 NA
Table 2

Order of magnitude estimations of AB and AZ for waterborne diseases. Estimation
of parameters is given in Appendix C.

role in facilitating movement of pathogens from reservoirs to humans. On the
other hand, if the minimum pathogen density fluctuation to cause an epidemic

or endemic is small, maintaining or lowering in- reservoir pathogen density will
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prevent the disease. For diseases with non-human alternative hosts, controlling
alternative zoonotic hosts for pathogens can be an effective approach. For
bacterial diseases, introducing phage into bacterially contaminated reservoirs
might regulate bacterial density at lower levels [18]. Given sufficient resources,
multiple modes of control are likely to be most effective. The point of the two

measures, AZ and AB is to provide additional context for prioritization.

Table 2 shows the estimation of AB and Al for waterborne diseases. We pref-
ace any such discussion of quantitative comparisons with the caveat that ad-
ditional research on MID and carrying capacities would dramatically improve
these estimates. Nonetheless, we estimate that the infectious dose for giardiasis
is slightly higher than the typical density in natural water reservoirs [27, 26].
The MID would be much lower for the immunocompromised, thus lower than
the density in aquatic reservoirs. Giardiasis is known for several epidemic
outbreaks as well as an endemic for the immunocompromised [30], which is

consistent with our model prediction.

Depending on the pathogen, we find that Al may be very small for some
cases, but even sudden immigration and/or infection of 1% of total population
does not happen often. In contrast, pathogen/parasite density often varies
several orders of magnitude, and thus would be responsible for the majority of
outbreaks. This analysis suggests that control of pathogen density in reservoirs
would be more effective than minimizing the number of infected individuals

for indirectly transmitted infectious diseases.
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4 Discussion

Preventive methods for a disease are usually focused on the dynamics of hu-
man populations and emphasize minimizing transmission via direct contacts
and prompt diagnosis upon detectable signs of illness. However, ecological
dynamics of human pathogens within natural reservoirs also play an impor-
tant role for many types of diseases. The dynamics of human pathogens are
closely linked to climate pattern [31] and the typical concentration of hu-
man pathogens varies substantially with seasonality. In addition, rapid climate
change by global warming is altering the ecosystem of microorganisms and re-
gions with an endemic or epidemic might shift drastically [32]. The study of
emergence of infectious diseases are likely to become increasingly important
with increases in human and livestock population [1] and increasing stress

placed on aquatic reservoirs [33].

Here we presented a family of iSIR models which couple in-reservoir pathogen
dynamics to epidemiological dynamics. For environmentally mediated dis-
eases, the minimal infectious dose is crucial for disease transmission. The
likelihood of becoming an epidemic or endemic can be expressed in terms of
two dimensionless parameters: AZ, the minimum ratio of infected individuals,
and AB, the minimum pathogen density fluctuation to initiate an epidemic
or endemic. The relative magnitude of AZ and AB can serve as guidelines in
disease risk assessments and the need to implement control measures. Further,
when an outbreak does occur, we defined an addition measure, the pathogen
enhancement ratio, that determines whether the outbreak leads to an epidemic
or endemic disease state. Note that our pathogen enhancement ratio is similar

to Ry of Hartley et al. [17]
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The iSIR model presented in this paper is generalizable and can be applied
to diseases other than cholera. The model can be modified with short or no
memory infection-derived immunity for parasitic diseases and share many of
the qualitative features. Also, the model can describe diseases with indirect
transmission via reservoirs, but without feedback from infected individuals.
The dynamics of such models reflect strict source-sink dynamics of pathogens.
Examples include legionellosis [34] by bacteria Lagionella pneumophila and
hantavirus pulmonary syndrome [35]. In such cases pathogen dynamics are
largely decoupled from within-human dynamics, thus the control of pathogen

density within the reservoirs is central to their prevention.

There are many challenges to confront in this and related model of indirect
transmission. The basic assumption of the model is one of homogeneity in the
immunological state of susceptible individuals and in the distribution of en-
vironmental pathogens. In reality, pathogens are distributed heterogeneously
and some highly contaminated reservoirs may be responsible for most inci-
dences of infection. Also, the average number of contacts with contaminated
reservoirs as well as the minimum infectious dose differs between individuals.
Additionally, there are uncertainty to determine AZ and AB. It is necessary
to understand the dynamics of free-living stages and alternative hosts as well
as to develop accurate detection schemes to measure the pathogen density in
reservoirs. Here we used a logistic growth model of in-reservoir pathogen dy-
namics for simplicity, but the model can be improved by using more realistic
behaviors of pathogen dynamics. Vector-borne models in which the vector is
known and can be monitored have been of exceptional utility, as in studies
of links between mosquito densities and malaria dynamics [36]. However, for
diseases in which pathogen densities are undetectable because the zoonotic

host is unknown, or for cases in which pathogens possess a free-living stage,
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the present framework is likely to be highly relevant. Further, by explicitly
incorporating an immunological threshold, we are able to show how low lev-
els of environmental pathogens can, given suitably large fluctuations, lead to

occasional emergence of epidemic and endemic disease.

A Analysis for generalized functional responses
A.1 Linear response

A linear functional response, known as Holling’s type I response with threshold

can be written as

0 (B <c)

a(B—c¢) (B>c)

Then Eq. (15) becomes

B (B-1) (B* - (c - ;)) — (B —0), (A.2)

where A = aK/p and all other constants are defined as before. Hence, the

asymptotic behavior is identical to the type II response.

A.2  General responses

The more general form of «a(B) is given by
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0 (B <c)

a(B—c)™
T (B> 0)

where n is a positive integer. Holling’s type II and III functional responses
correspond to n = 1 and n = 2, respectively. Eq. (A.3) is an extension of
Holling’s type III response and is a generalized form of Michaelis-Menton

enzyme kinetics. In this case, Eq. (15) becomes

B (B — 1)((A+1)(B = C)" + 1) = CA(B* — C)", (A.4)

which is easily shown to have two solution for sufficiently large (. Thus, the
asymptotic behavior is unchanged. Large n implies that the functional re-
sponse is changing sharply depending on the pathogen density. As n increases,
the transmittability near the threshold becomes smaller, thus dZ/dr becomes
smaller. Therefore, to induce an epidemic, a higher ratio of the infected is

necessary and AZ becomes larger for higher n (see Fig. A.1).

B Condition for bifurcation

Let f(B*) = CA(B*—C)/(A+1) and g(B*) = B*(B*-1) (B* — (C — (1/A+ 1)),
representing the LHS and RHS of Eq. (15). Then, a saddle node bifurcation
occurs when there is a point B* satisfying f(B*) = g(B*) and f'(B*) = ¢'(B*).

Note that there is a point where

dg(B*)  df(B")
B dB*

(B.1)
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Fig. A.1. Comparison of AZ and AB for Holling’s three types of functional responses.
Note that AT is larger for type III functional response than type I or II functions.
Parameters are same as Fig. 5.

Let the value of B* satisfying Eq. (B.1) be B'. Then B' can be expressed in

terms of other parameters as

1 1+C
Bt =—
A+ 3
V2+A=2(A+1)C+ (A+1)2(1—C+C? +3(57)
+ ) (B.2)
3(A+1)
Since dg(B*)/dB* is an increasing function when B* > C, B' > C if
A
"B*=C)< f'=(—"—. B.
q'( )< f A+l (B.3)
Therefore two conditions for saddle-node bifurcation become
A+1
——4JB*=C
C>=9 ( )
A+1 2 1
=S (e (o 1) e o) B.A
Yl G A+l At 1 (B4)
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f(Bh) = g(B"). (B.5)

C Estimation of AZ

In the non-rescaled variables, AZ is expressed as

rcc— K

The average daily intake of water varies in the order of 1-10 liters, but much of
it is via food and heated before intake. Therefore, we assume the average daily
intake of untreated water is 1 liter; i.e. the amount of water taken directly from
aquatic reservoirs. A susceptible individual becomes infected if the number of
pathogens within 1 liter exceeds the minimum infectious dose. Therefore, the

threshold pathogen density for infection, ¢, becomes

_infectious dose
N 1 liter

(C.2)

The growth rate, r, is known for cholera as 0.3 — 14.3/day [23]. For other
diseases, it is not known because the pathogen(parasite) density is regulated
by non-human hosts and the time scale of density regulation would be smaller
than that of free-living bacteria. Thus, we set r = 0.1/day for other diseases,

which is lower than growth rate of cholera.

Let n be the total number of pathogens shed by an infected individual per day
and V,.; be the total volume of the reservoir. Then we can estimate the shed

rate, £, as
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=1 (C.3)

We assume the volume of the reservoir, V,.,, would be proportional to the total
population, N. A estimation would be that the reservoir typically contains
enough water for 100 days and a person would utilize about 100 liter /day via

drinking, food processing, washing, etc. Thus, we can assume

‘jv ~ 10* liter . (C.4)

Combing all these estimations, Eq. (C.1) can be rewritten as

- K)
AT = 10*(liter /day) x =)
(liter /day) % K
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