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Abstract

This paper is concerned with a reaction-diffusion-advection model for vector-borne disease with general
boundary conditions and general incidences. Due to the boundary conditions, we first apply the eigen-
value theory of elliptic system to prove the existence and uniqueness of steady state for the model. The
well-posedness of the model is established using an induction argument. By overcoming the difficulty of
the associated elliptic eigenvalue problem, we originally derive the variational expression of the basic re-
production ratio R. The asymptotic profiles and monotonicity of R with respect to the mobility and
advection rates are investigated following the variational characterization of ‘R¢. Furthermore, the spatial
dynamics of the model with Robin type boundary condition are categorized via classifying the level set
of Rg. This work provides new clues for further research on the spread of epidemics in open advective
environments.
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1. Introduction

Vector-borne diseases (VBDs) are illnesses caused by parasites, viruses or bacteria, and spread
between people and people, people and animals, animals and animals [20]. Considering the ran-
dom mobility of the host and vector, numerous reaction-diffusion compartment models were
applied to probe the spread of VBDs (see, e.g., [2,29,30,33,38] and references therein). Besides
random movement, in some cases, individuals can move directionally to more favorable habitats
based on their own needs [3,27], or they also have biased movement in a specific direction due to
the impact of external environments such as water flow and wind [28]. This process can usually
be characterized by incorporating chemotactic or advection term(s) into the model. Recently,
Wang et al. [28] studied a reaction-diffusion-advection vector-borne disease model with spatial
heterogeneity as follows

She = D1 Shax — qnShx + H(x) — BIBAGD) g (), 0<x <L, t>0,

Int = Dadpxx — qnlne + % — @) +yn()NIp, 0<x <L, 1>0,

Rpt = D3Rpxx — qnRinx + ya(X) I — dp(x) Ry, O<x<L,t>0,

St = DaSurx — quSux + V (x) = BURLEI) _ g, )5, 0<x<L.t>0, (L)
Lyp = Dslyxy — ol + BZEORLEI _ g, ()1, 0<x<L,t>0,

D1Shx — qnSh = D2Inx — qndn = D3Rpx — qn R, =0, x=0,L, t>0,

D4Syx — qvSy = Dslyx — gy, =0, x=0,L, t>0,

where Sy, (x,t) and Ij(x,t) (Sy(x,t) and I,,(x, 1)), respectively, stand for the spatial density of
susceptible and infected hosts (vectors) at position x and time # in the bounded interval [0, L];
Rp(x,t) is the spatial density of recovered hosts at x and #; L accounts for the size of habitat,
and x = 0 and x = L denote the upstream and downstream end, respectively; The diffusion
rates of hosts and vectors are denoted by D1, Dy, D3, D4 and Ds respectively, and are positive;
The advection rates g, and g, are nonnegative; The recruitment of hosts and vectors at x are
represented by H (x) and V (x) respectively; The terms £ ‘(S’;)f’}fjr(;hl” and ﬁZ(X)SS wS200Th) are the
infection forces; d;(x) and d,(x) are the death rates of hosts and vectors at x, respectlvely,
The recovery rate of infected hosts is represented by y(x) at x. Other parameters of (1.1) are
Hélder continuous functions in C”(€2), ¥ € (0, 1). The authors in [28] explored the asymptotic
profiles of basic reproduction ratio Rg of (1.1) with respect to (w.r.t) diffusion rates (D>, Ds)
and advection rates (gj, g,), and found that there are unique critical surfaces in the spaces g, —
(D3, Ds) and g, — (D3, Ds) to completely separate the dynamics of (1.1) via classifying the
level set of Rg. Moreover, the aggregation phenomena of endemic equilibrium (EE) were also
discussed. Nevertheless, the variational characterization of R for (1.1) has not been derived
theoretically. In addition, the monotonicity of Rg on g, and ¢, remained unclear in [28], which
is speculated that it is affected by the downstream habitat environment.

Note that model (1.1) at the upstream end x = 0 and downstream end x = L is imposed by
the no-flux type boundary condition, which means that there are no hosts and vectors across
the boundaries x = 0, L, namely, both hosts and vectors live in a closed environment. However,
the environment may be open so that individuals do not return to the habitat after leaving the
downstream end due to diffusive or biased movements, resulting in loss of population [15,18]. On
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the other hand, susceptible and infected individuals may have distinct advection rates because of
physical effects. One naturally wonders, therefore, how this open advective environment affects
the extinction and persistence of VBDs. It is believed that exploring this issue not only have
practical implications but also produce intriguing phenomena.

Accordingly, the above considerations lead us to propose the following model with more
general boundary conditions:

Sht = D1Spxx —apSpy + H(x) — g1(x, Sp, Iy) —dp(x)Sp, O<x <L, t>0,

Int = Dodpxx — qnlpx + g1(x, Sp, Iy) — 8 (X) I, O<x<L, >0,

Svt = DaSpxx — apSux + V(X) — g2(x, Sy, In) —dy(x)Sy,  O0<x <L, >0,

Ly = Dslyxx — qulvx + g2(x, Sy, In) — dy(x) Iy, O<x<L,t>0,
DiSpx(0,1) —anSp(0,1) = DaIpx (0, 1) — gn 1 (0,1) =0, t>0,

D4Syx(0,1) —aySy(0,t) = D51, (0,1) — gy 1,(0,1) =0, t >0, (1.2)
DiSpx(L,t) —apSp(L,t) = —viapSy(L, 1), t>0,

Dolpx(L,t) —qnln(L, 1) = —vignln(L, 1), t>0,

D4Syx(L,t) —aySy(L,t) = —vya,Sy(L, 1), t>0,

Dshyx(L,1) —quly(L,t) = —v2qu Iy (L, 1), t>0,

wherein 6, () :=dp(-) + yn(-), and g1 (-, Sy, I,) and g2 (-, Sy, 1) signify the disease transmission
functions, a; and g; (j = h, v) stand for the advection rates of hosts and vectors, respectively, and
other parameters of model (1.2) share the same meaning as model (1.1). Since the recovered term
Ry, in (1.2) is decoupled from other equations, we omit it for simplicity. Inspired by the literature
[18], vi > 0 and v, > 0, respectively, determine the magnitude of hosts and vectors loss at the
downstream end caused by wind or water flow. The downstream biological environment can be
characterized by different values of v; and v, which correspond mathematically to different
boundary conditions at x = L. More specifically, for i € {1, 2},

(i) v; = 0 indicates that hosts or vectors will not lose at the downstream end, which has the
same boundary conditions as the upstream end. In this case, the environment is closed (see,
e.g., [28]);

(i) 0 < v; < 1 reveals that some of hosts or vectors will be lost due to wind or water flow (see,
e.g., [34,42]);

(i) v; = 1 implies that the wind or water flow will cause the complete loss of hosts or vectors
at the downstream end. In biology, this is called the “free-flow” boundary condition, which
corresponds mathematically to the homogeneous Neumann type boundary condition (see,
e.g., [15]);

(iv) 1 < v; < oo shows that both diffusive and biased movements (advection) of hosts or vectors
lead to loss at the downstream end, which in fact reflects that the downstream environment
is unfavorable for individual survival, and mathematically corresponds to the Robin type
boundary condition (see, e.g., [36]);

(v) v; = oo means that the downstream environment is extremely harsh, which mathematically
can regard it as the Dirichlet type boundary condition (see, e.g., [34,42]), i.e., Sp(L,t) =
In(L,t)=8,(L,t)=1,(L,t)=0,t>0.
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Lately, there are many investigations on various boundaries in the open or closed advective
environments, and readers can refer to [5-7,12,14,16,17,23,24,35] and references therein. Never-
theless, so far, very few studies focused on spatial dynamics of VBDs in advective environments.
Since case (i) has been explored in [28], this work will continue to probe the remaining cases (ii)-
(v). In other words, we intend to consider the system (1.2) with vy, vy € (0, 00) and the following
Dirichlet type problem (i.e., vi = vy = 00):

Sht = D1 Spxx — apSpy + H(x) — g1(x, Sp, Iy) —dp(x)Sp, O<x <L, t>0,

Int = Dalpxx — qnlnx + g1(x, Sn, Iy) — 8p(X) I, O<x<L,t>0,
Svt = DaSyxx — aySux + V(x) — g2(x, Sy, Ip) — dy(x) Sy, O<x<L,t>0,
Iyt = Dslyxx — qulux + 82(x, Sy, In) — dy(x) 1, O<x<L,1>0, (1.3)

DSy (0, 1) —anSp(0, 1) = DIy (0, 1) — gn1n(0, 1) =0, t>0,
D4va(07t) _avSv(Os t) = DSIUX(O7 [) _CIUIU(OJ) =0, >0,

To facilitate the analysis and presentation, we suppose the initial values of systems (1.2) and (1.3)
satisfy

Sp(x,0) :=8(x) >0, I4(x,0):=1"(x) >0,#0, 0<x<L,

Sp(x,0) :=8%(x) >0, I(x,0):=1%x)>0,#£0, O<x<L, (14)

and impose the following basic hypotheses:

(F1) The H(x), V(x), dn(x), dy(x) and y,(x) are positive in [0, L]; The g;(x, S, I) is posi-
tive in C2((0, L) x Ry x Ry); gi(x, S, 1) =0 if and only if ST =0; dsg;(x,S,1) >0,
drgi(x, S, 1) >0, d%gi(x,S,I) <0 and 37g;(x,S,1) <0 for all x € (0,L), S, I >0,
i=1,2.

(F2) The diffusion rates (D>, Ds) and advection rates (g, g,) fulfill o := g5 /D2 = g/ Ds.

(F3) The death rates (dj, (x), d,(x)) of (1.2) satisfy dj,(x), d,(x) € C'*7 ([0, L]) and d;(x)=0
and d},(x) > 0in [0, L], where ' =d/dx.

Remark 1.1. Biologically, the assumption (F3) suggests that the closer the host and vector are to
the downstream, the higher the mortality rate, which also indicates that the downstream environ-
ment is not conducive to individual survival.

In what follows, we state the main contributions of this paper. Due to the general incidence,
general boundary condition and different diffusion coefficients, it is nontrivial to study the well-
posedness of models (1.2) and (1.3). To be more specific, we first discuss the existence and
uniqueness of positive steady state for an elliptic system (2.1), and then apply a well-known
induction argument (see, e.g., [13,39]) to gain the well-posedness results. The previous studies
on basic reproduction ratio Ry of vector-borne disease models with spatial heterogeneity mostly
concentrated on qualitative analysis (see, e.g., [4,19]). Fortunately, the variational expressions
of Ro for models (1.2) and (1.3) are derived with the help of the variational method [32] under
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suitable conditions (see Lemma 3.1). The variational formula is useful for discussing the relevant
properties of R, which to our knowledge seems to be the first attempt to obtain the principal
eigenvalue formula of the elliptic eigenvalue problem containing two equations. More precisely,
the asymptotic profiles of Ry in respect of diffusion rates (D, Ds) and advection rates (g, qv)
are investigated by employing the variational formula (see Proposition 4.2). Moreover, we prove
the monotonicity of Ry w.r.t g5 and g, in the case of vy, vy € [1/2, c0] (see Proposition 4.1).
This is in sharp contrast to the results in [28], which suggests that the downstream environment
has a significant impact on disease transmission. In particular, we probe the classification of
dynamics of (1.2) in high- and low-risk areas, respectively. Specifically, in spaces g5 — (D2, Ds)
and g, — (D», Ds), there are unique critical surfaces to completely separate the dynamics, that is,
the disease-free equilibrium (DFE) is stable on one side of the surface and unstable on the other
side, which means that the disease will disappear on one side, but break out on the other side
(see Theorems 5.1 and 5.2). It should be pointed out that (i) when the habitat is a high-risk area,
even if the downstream end is also located in a high-risk site (see [28, Fig. 1 (b)]), the disease
will eventually be eliminated as long as the advection rates are sufficiently large relative to the
diffusion rates, which is in sharp contrast to [28, Theorem 4.1]; (ii) when the habitat is a low-risk
area, although the downstream end belongs to a high-risk site, there are two critical surfaces, so
that the stability of DFE changes at least twice when the advection rates are within the critical
surfaces, which is different from [28, Theorem 4.2 (I)].

The rest of this paper is organized as follows. Sections 2 and 3 analyze the well-posedness
and threshold dynamics of systems (1.2) and (1.3). The asymptotic profiles and monotonicity of
basic reproduction ratio are examined in Section 4. The spatial dynamics of (1.2) are classified
in Section 5. Section 6 gives a brief discussion to conclude the article.

2. Well-posedness

Before statlng the well- posedness results, we first study the DFE of (1. 2) (resp. (1 3). A
solution (Sh(x) Iy (%), Sy (x), I, (x)) of (1.2) (resp. (1. 3)) is called the DFE if Sj(x), Sy(x) > 0
and I;,(x) = I, (x) =0 for x € (0, L), and the EE if S),(x), 8, (x), I, (x), I,(x) > 0 for x € (0, L).

Consider two elliptic type boundary value problems as follows

DSyx —qSx+alx) —ux)§=0, O<x<L,
DS (0) —¢S(0) =0, 2.1
DS (L) —qS(L) =—vqS(L),

and

DSy —qSxy+a(x)—ux)S=0, O<x<L,

DS (0) —gS(0)=0, S(L)=0, (2.2)

where D, g > 0, a(x) € L*°([0, L]), u(x) € C?([0, L]) and v € (0, 00). Hence, there are the
following conclusions.
Proposition 2.1. Assume a(x), u(x) >0, x € [0, L]. Then
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(1) If W' (x) =0, x € [0, L], then system (2.1) admits a unique positive steady state S*(x), x €
0, L);
(ii) System (2.2) admits a unique positive steady state S*(x), x € (0, L).

Proof. Consider two elliptic eigenvalue problems

DYy —q¥x — )y +Ay =0, O<x<L,
Dy (0) — g (0) =0, (2.3)
Dy (L) — g (L) = —vqy (L),

for v € (0, o0), and

D¢, (0) —g¢(0) =0, ¢(L) =0. (2.4)

{ Doyx —q¢x —pn(x)¢p+x$p=0, O<x<L,
Following the Krein-Rutman theorem [ 1 1] that systems (2.3) and (2.4) have principal eigenvalues
A1 and k1, respectively, and the corresponding positive eigenfunctions are denoted as v and ¢y,
respectively. To describe more clearly, we let A1 := A1 (D, g, u) and k1 :=k1(D, g, ) to indicate
the eigenvalues depend the parameters D, ¢ and ju. Set | = e?*/P W and ¢ = ¢?*/P P . By a
simple calculation, systems (2.3) and (2.4) are transformed into

DWiyy +qW¥ix —pn(x)¥ +2¥1 =0, O<x<L,
2.5
W1,(0)=0, DY (L) +vg¥ (L) =0, (2.5)
and
D®iyy +qP1x —pu(x)P; +x1P1=0, O<x<L,
2.6
®,(0) =0, ®;(L)=0. (2.6)

According to the proof of Proposition 2.1 in [42], A1 (D, g, i) is strictly monotonically increasing
function of g provided that 1/ (x) > 0. By [34, Proposition 2.1], x1(D, g, w) is strictly monoton-
ically increasing function of ¢. It is easy to see that A;(D, 0, ) > 0 owing to wu(-) > 0 for any
D > 0. Moreover, one has «1(D, 0, 1) > 0 for any D > 0 in light of Theorem 3.1 in [41]. Thus,
M (D, g, p) and k1 (D, g, n) are positive for any D > 0 and g > 0.

Let S = ¢4*/P§ in systems (2.1) and (2.2). Then

Dgxx +q3‘x +a(x)e_%x — /L(x)S' =0, O<x<lL,

5 . . 2.7)
Sx(0)=0, DS, (L) +vgS(L) =0,
for v € (0, 0), and
DSex + 8 +ax)e ¥ —p(x)§=0, 0<x<L,
(2.8)

$:(0) =0, S(L)=0.
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Choose

. max{a(x)e ¥ : 0<x <L} -
S = - ) S2 = 8‘1}1\1}1’
minf{u(x): 0<x <L}

and
33 = 31, 3‘4 =09,P1,

wherein 0 < 8y, < Al_l min{a()c)e_%)‘\lfl_1 :0<x<L}and0 < é¢, < Kl_l min{a()c)e_%"(Dl_l :
0 < x < L}. Through the definition of sub- and super-solutions for elliptic systems, it is not dif-
ficult to verify that 31, 3'2 and 3'3, 3‘4 are a pair of super- and sub-solution of (2.7) and (2.8),
respectively. Hence, systems (2.7) and (2.8) admit at least one positive solution, respectively.

Furthermore, assume $* and $** are two positive solutions of (2.7). Then U := S — S¥*
fulfills

DUyx + qU, — u(x)U =0, 0O<x<L,
U, (0) =0, DU, (L) + vqU(L) =0.

Therefore, by Theorem 6.31 in [8], the above system admits a unique solution and so U =0 in
[0, L]. We can similarly deal with the case of v = co. This completes the proof. O

Remark 2.1. Thanks to Proposition 2.1, system (1.2) if (F3) holds and system (1.3) have a unique
DFE, denoted by Eq := (P(x),0, A(x), 0), respectively. Here, P(-) is the unique positive solu-
tionof (2.1) and (2.2) in (0, L) where D = D1, g = aj, u(-) =dp(-) and v = vy > 0, respectively,
and A(-) is the unique positive solution of (2.1) and (2.2) in (0, L) where D = D4, q = ay,
w(-) =dy(-) and v = vy > 0, respectively. Moreover, similar to the arguments of [37, Lemma
2.1], one obtains that P(-) and A(-) are global attractive in C ([0, L], R).

For simplicity, let

w(-) := (S0, 1P (), S2(), I2(), u(:, -5 up) i= (Sp(-, ), In e, ), Su ey ), Iy (-, ),

and || - || :== |l - llzeo0,L))> kT :=max{k(x) : 0 <x <L}, k~ :=min{k(x) : 0 <x < L}, here
k(x) denotes the coefficients of (1. 2) (resp. (1.3)). Applying the standard parabolic system the-
ory yields that if ug(-) € C([0, L], R4 1), then system (1.2) (resp. (1.3)) has a unique nonnegative
classical solution u(-, ¢; ug) € c* 1([0, L] x (0, T,)) where 0 < T, < o0 is the maximum exis-
tence time of the solution. Moreover, u(:, ¢; ug) is positive in (0, L) x (0, T,) by (1.4). In what
follows, we explore the global existence and ultimate boundedness.

Theorem 2.1. For any ug € C([0, L], R? 1) satisfying (1.4), system (1.2) (resp. (1.3)) possesses a
unique nonnegative solution u(-, t; up) on (0, L) x (0, 00). Furthermore, if vi > 1, i =1, 2, then

u(-, t; ug) is ultimately bounded, i.e., there exists a constant C1 > 0 independent of initial data
such that

lithUP[”Sh(’J)” + M CON+ 1S GO+ LG DIT < Cr. (2.9
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Moreover, the solution semiflow T1(t)ug :=u(-, t; ug) has a global compact attractor.

Proof. By adding the first two equations of (1.2) and integrating it over (0, L), we obtain

L L

d _

T f(Sh + Ip)dx < —viapSp(L,t) —vignln (L, 1) + H — d); /(Sh + Ip)dx
0 0

L L
gl:l—dh_/(Sh+Ih)dx, H::fH(x)dx.
0 0

Utilizing the Gronwall’s inequality yields

L L _
/(Sh + Ipydx <e ! /[S,?(x) + 10 (x)]dx + ;(1 —e Iy,
h
0 0

In a similar fashion,

L L _ L
/(s,, + I)dx <e 4! /[Sf}(x) + 10(x))dx + dl_(l —e !, V= / V(x)dx.
0 0 v 0

In view of [13, Theorem 1], there is a constant C; > 0, depending on 1}?(-) and 19(~), such
that || I, (-, || + | L, (-, 1) || < Ca, t € [0, T,)). Note that there exist two constants C3 = || P(-)|| and
Cs=|A()| such that || Sy (-, )| < Cz and ||Sy (-, 1)|| < C4,t €0, T,), from Remark 2.1. Hence,
the solution of (1.2) exists globally on [0, L] x [0, 00).

To achieve (2.9), we use the well-known induction method to show the following Claim.

Claim. For any positive integer m, there exists a constant Cs5 := Cs(m) > 0, such that
limsup[[|Sx (-, Dllzm0,)) + Hr G Dllzmo,)) + 1Su G, Dllzm o,y + I (-, DllLmo,0)] = Cs.
11— 00
(2.10)
From the above arguments, (2.10) is true for m = 1. Suppose (2.10) holds for m — 1, i.e.,
limsup[[| Sy (-, )l Lm-1(0,y) + a5 Dl Lm-1((0,1)
—00
+ 1S DMl pm=1(0,1y) + Mo DIl pm=1(0,))] = Ceé,

for some C¢ := Cg(m) > 0.

Through multiplying the first equation of (1.2) by SZ‘*] and then performing an integral in

(0, L), one has
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Since
L
/s;y*lsmdx =S L D) Sha (L 1) — S0, S (0,1) — (m — 1>/S;Z”*2513xdx7
0
and
L
[ sisdx =Sy - sp 0.0 = 00— 1) [ 570,
0

it follows that

S|
Q—-lg_

L L
1

/ s x+(m—1)1)1/5,;"—25,3xdx+ah (1——> S0, 1)
m

0 0

L L
1
=ay, (1 — v = n—1> ST(L, 1) + / SUH (x) — diy(x) Sy 1dx — / S g1 (x, Sp, I,)dx.
0 0

Recalling that vi > 1 and m > 1, we have

S|~
Q—|Q_

L L L
/ /SZ" '[H ) - dh(x)Sh]dx<H+/S,§”‘1dx—d,;/s;,"dx. @2.11)
0 0 0

Similarly, multiplying the second, third and fourth equations of (1.2) by I[l”_l, S,’J"_1 and
Il’)"’], respectively, and then integrating it over (0, L) to give

L L

L
/1,;"c1x 5/1;"*‘g1(x,sh,1,,)dx—d,j/l,;" : (2.12)
0

0 0

Q—'Q_

1
m at

3=

L L L L

d

5fs,’;’dxgfsl'?—l[voc) — dy(x)Sp]dx < V+/S;"—1dx—d,jfsg"dx, (2.13)
0 0 0 0

and
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L L

L
/I;”dx 5/1;"—1g2(x,sv,1h)dx —d;/l,;"dx. (2.14)
0 0 0

S|
Q-|Q_

t

Denote M := S}" + I} + S} + I'. By adding the inequalities (2.11)-(2.14), one obtains

L L L I L
1d
ZE/M‘”‘ 5H+/szn_ldx—dh_/S?dx+/1},’"1g1(x,5h,1v)dx—dh‘/l;l"dx
0 0 0 0 0
L L L I
+V+/55’de—dJ/SZ"dx+/13171g2(x,3v,1h)dx—d;/[é”dx,

Thus, by the hypothesis (F1) and above discussions, we have

81(x, Sy, Iy) < max{dy,g1(x,C3,0): 0 <x < L}, := g} I,
and

82(x, Sy, Iy) < max{dy, g2(x, C4,0): 0 <x < L}, := g5, In.

Accordingly, it follows from the Young’s inequality that

L L L
fl;f”lvdx 551/1,;"dx+c€1(m)/1;"dx and
0 0 0

L L L

/Ihlg"*ldx Sez/lg"dercgz(m)/I;"dx,

0 0 0

for any ¢; > 0 and some positive constant Cy, (), i =1, 2. Then

L L L L L
%%/de §H+/SZ”_ldx+V+/Sl’,"_ldx—d;/(SZ’+Ih’")dx—d;/(Sl’f'+Il’,")dx
0 0 0 0 0
L L
+g1+,u/1;l"*]1de+g2+,h/Iy—llhdx
0 0
L L L L
§H+/S,’l"_ldx+V+/SL"’1dx—dh_/SZ’dx—dv’/Sl’j’dx
0 0 0 0

L L
+ P m + + - m
+(g11v£1 +g21h82 dh )/Ih dx+[g”vC€|(m) +g2IhC€2(m) d, ]/IU dx.
0 0
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Choosing suitable ¢;, i = 1,2, such that gr[vsl + g;}hsg —d, < —d% and g{",ng1 (m) +
g;',h Ce,(m) —d; < —d%. Therefore,

L L L L
/de<H+/s’" 1dx+V+/Sm 'dx —d; fShdx d—/sg"dx
0 0

L L

_i/ _d_v/
2 2

0 0
§H+/S’” 1dx+v+/ ——/de

0 0

where 1 := min{d, ,d, }. Combining the assumption for m — 1 and utilizing the Gronwall’s
inequality imply that (2.10) is valid for any positive integer m.

Consequently, by using the assertions in [13, Theorem 1], (2.9) holds which indicates that
the solution of (1.2) with v; € [1, 00) is ultimately bounded. In a similar fashion, we can prove
the global existence and ultimate boundedness of (1.3). Since system (1.2) (resp. (1.3)) is point
dissipative and the semiflow II(#) is compact, it follows that I1(#) admits a compact global
attractor with the help of [9, Theorem 3.4.8]. This ends the proof. O

Remark 2.2. In fact, for some specific incidence functions, such as g; (-, S, I) = ki ()S)I 75 ki (),

pi(-) >0, i =1, 2, the ultimate boundedness of solutions when v; € (0, co] can be directly ob-
tained based on the classical comparison principle.

3. Threshold dynamics
In this section, we investigate the global dynamics of models (1.2) and (1.3).
3.1. Basic reproduction ratio

Linearizing systems (1.2) and (1.3) at Ey, respectively, to get

Ini = Dadyyx — qnlne + ki (x, PYI, — 8, (x) 1, O<x<L,t>0,

Lt = Dslyyy — golox + ko(x, A) I, — dy(x) 1, O<x<L,t>0,
DaIx(0,) — qn1n(0,1) = DsIyx (0, 1) — quI,(0,1) =0, >0, 3.1)
DIy (L, 1) — quin(L, 1) = —vignIn (L, 1), t>0,

Dslyx(L,t) — quly (L, 1) = —vaqu Iy (L, 1), t>0,

and
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Ini = Doljex — qunlpy + ki (x, PYI, — 8,,(x) I, O<x<L, t>0,

Lyt = Dslyex — qulyx +ka(x, A) Iy — dy(0) ], O<x<L,t>0,

Daling (0.1) = quin(0.1) = DsFye(0.1) — qul, (0.1) =0, 10, (3-2)
In(L,t)=1,(L,t)=0, t>0,

wherein ki (-, P) :=97,81(-, P,0) and k2(-, A) := 97, 82(-, A, 0). Define the two operators F, B :
C(10, L], R*) — C([0, L], R?) by

(0 k(P _ ( D207 — qndx — 8n () 0
o= ( ka (-, A) 0 ) » —H0= ( 0 D58§ — qux —dy(") > ’

where 0, and 8)% are the first and second partial derivatives w.r.t x, respectively. Let

£lv](x) :=/f(x)f(t)u(x)dt,
0

here v(x) is assumed to be the initial density distribution of infected hosts and vectors at location
x, and T'(r) be the semigroup generated by du/df = —Bu subject to the boundary conditions of
(3.1) (resp. (3.2)). In light of [28], the basic reproduction ratio for system (1.2) (resp. (1.3)) is
defined by the spectral radius of £, i.e.,

RO(D21 D5’ qh, qv) 27(2) = Sup{|Q|v o€ 0(2)}1

where o (£) represents the spectral set of £. For convenience, denote Rq := Ro(D2, D5, qn, qv)-
Consider two elliptic eigenvalue problems

—Dy@oyx + qnwoy + Sp(x)@ = 0k (x, P)ws, 0<x<L,
—Ds5wsyx + qusy + dy(x)ws = gka(x, A)wo, O<x<lL,
— D@2, (0) + gn@2(0) = —Dsws,(0) + qyws(0) =0, (3.3)

—Drw, (L) + groo (L) = vigrmo (L),
—Dswsy (L) + qyws(L) = v2qyws(L),

and

—Dor@oxy + qnwoy + 0p (X)) = 0k1(x, P)ws, O<x<L,
—Dswsyey + quosy +dy(X)ws = oka(x, A)wr, O<x<L,
—Dr@2,(0) + grw2(0) = —D5ws,(0) + g, @5(0) =0,

@y (L) = ws(L) = 0.

(3.4)

Lemma 3.1. Suppose (F1)-(F3) hold. Let oo := 00(D2, Ds, qn, qv) be the positive eigenvalue of
(3.3) (resp. (3.4)) with positive eigenfunction. Then gq is unique and Ro = 1/0¢. Furthermore,
ifk1(-, P)=ko(-, A) in (0, L), then Rq of (1.2) is given by
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Ro= sup {\/@1(%,(/)5)@2((/?2,(/?5)}, (3.5)
92.95€H'((0,1))
0270, 9570
and Ry of (1.3) is given by
(3.6)

{\/63(902, ©5)O4(¢2, (Ps)} ,

Ro = sup
@2,95€H((0,L1))
9270, ps#0
where
L @
[ ki(x, P)eP2" grps5dx
0
® , = ,
1(@2, ¢5) wr AP T w
vigheP2"@5(L) + Dy [eP2" ¢35 dx + [ 8(x)eP2" p3dx
0 0
L @,
[ ka(x, A)ePs” prpsdx
O2(p2, ¢s) 1= 0 ,
bsL 2 Ty i b5x 2
vaguePs @5 (L) + Ds [ ePs” g5 dx + [ dy(x)ePs” p5dx
0 0
and
L qix
[ ki(x, P)eP2" prpsdx
. 0
O3(¢2, ¢5) 1= — P 7 " ,
D; [eP2" g3 dx + [ 85(x)eP2" p3dx
0 0
L w
[ ka(x, A)ePs” prpsdx
0
O4(92, ¢5) 1= — ;

v L v
Ds feDS)C(pgxdx —i—fdv(x)e[)ﬁx(pgdx
0 0

Proof. Similar to the arguments of [28, Lemma 2.1], [39, Lemma 2] and [31, Theorem 3.2 and

Remark 3.1], one obtains that ¢ is unique and Ry = 1/9.
Let (@7, ws) be the positive eigenfunction corresponding to g, and set (@3, ws) =

e“* (¢, ¢5) in (3.3). Through a simple calculation, one gets

—Do@oxx — qneax + 81 (X)@2 = gok1(x, P)gs, O<x<L,
O0<x<L,

—Ds5@sxx — quesx + dy(X)ps = goka(x, A) g,
3.7

D2x 0) = ©D5x (O) =0,
D@25 (L) +v1gn@2(L) = Ds@sc (L) + vaques(L) = 0.

Multiplying the two equations of (3.7) by e9+*/P2 and ¢9+*/Ps respectively, we have
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an an 1 an
—Da(eP2" py)x + Sp(x)e P2 ¢2=R—k1(x,P)e”2 ps, O0<x<L,
0

9 qu 1 9
—Ds(eD5" s )x + dy(x)ePs ps = ol x, AePs gy, 0<x<L,
0

02 (0) = 95, (0) =0,
D@2 (L) +v1gne2(L) = Ds@sy (L) + v2ques(L) = 0.

Next, multiplying the two equations of above system by ¢, and @5 respectively and then inte-
grating by parts over (0, L) to give

L L L
n an . 1 an
vigne 3 LgA(L) + Dy / e P g2 dx + / on e g = = / ki Gx, PYe D5 gapsds,
0 0 0
L L ] L
qu qu. qu. qu.
vzqveDSstz(L)+D5/6"5x<ﬂ52xdx+fdv(X)e[’5x<P52dx=R—O/k2(x,A)e[’5x<pz<psdx.
0 0 0

As a result, by the variational methods of [32, Corollary of Theorem 2.3], the formula (3.5) is
derived by multiplying the above two equalities and the definition of R¢. Similarly, we can prove
the formula (3.6). This completes the proof. O

Furthermore, we consider two elliptic eigenvalue problems as follows

Dousxx — gnuax +ki(x, Pus —Sp(x)uz +ouzs =0, 0<x <L,

Dsusyy — quutsy +ka(x, A)uz — dy(x)us + ous =0, O0<x <L,

Drury (0) — gpu2(0) = Dsusx (0) — gyus(0) =0, O<x<L, (3.8)
Dousy (L) — qpua(L) = —vigpua(L),

Dsusy (L) — qyus(L) = —vaqyus(L),

and

Dounyx — qruay +ki(x, P)us —8p(x)us +0our =0, O<x <L,
Dsusyx — quutsy +ka(x, Ayuz —dy(x)us +ous =0, 0<x <L,
Druzx(0) — gru2(0) = Dsus, (0) — gyus(0) =0, 0<x<L,
ur(L) =us(L) =0.

(3.9)

Thanks to the transformation (u2, us) = ¢** (w;, ws), systems (3.8) and (3.9) are rewritten as
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Downyy + qpway +ki(x, P)ws —dp(x)wz +ow2 =0, O<x <L,
Dswsyx + gywsy +k2(x’ A)wy — dv(x)wS +ows = 0, O<x<L,

3.10
w2 (0) = ws, (0) = 0, (3.10)
Downy (L) + vigrwa (L) = Dswsy (L) + vagyws(L) =0,
and
Downoyy + qpway +ki(x, P)ws —dp(x)wy +ow2 =0, O<x <L,
Dswsyx + quwsy +ka(x, A)wz —dy(x)ws +ows =0, O<x <L, (3.11)

w2, (0) = w5 (0) =0, wa(L) =ws(L) =0.

The Krein-Rutman theorem [11] illustrates that system (3.10) (resp. (3.11)) possesses a unique
principal eigenvalue o1 := 01(D2, Ds, g1, gv). There are the following results with regard to the
relationship between R and o1, and the proof resembles the Theorem 3.1 in [31], so is omitted.

Lemma 3.2. Suppose (F1)-(F3) hold and D; > 0, q, >0, j =2,5, b € {h,v}. Then 1 — Ry
share the same sign as 01, i.e., sign(l —Rg) =sign(o1).

3.2. Stability of disease-free equilibrium

This subsection is devoted to discuss the global stability of DFE for (1.2) (resp. (1.3)), and fix
v>1,i=1,2.

Lemma 3.3. Let u = (S, Iy, Sy, Iy) be the solution of (1.2) (resp. (1.3)) satisfying ug €
C([0, L], RY).

(i) Ifthere exist some ty > 0, such that I,(-, ty) # 0 and I,(-, f) # 0 in (0, L), then I;,(x,t) > 0
and I,(x,t) > 0, forany x € (0, L) and t > ty;
(i) For anyug € C([0, L], Ri), then Sp(x,t) >0, Sy(x,t) > 0 and

liminf Sy (x, ) > liminf Sy (x, 1) > uniformly for x € (0, L),
—>00 —00

a7’

1

+
d, p)

where B :=max{ds, g1(x,S,,C1):0<x <L,0=<S, <C1} and By := max{9ds,g2(x, Sy,
C1):0<x<L,0<S8,<Cy}, here Cy is given by Theorem 2.1.

Proof. From [39, Lemma 4], one can easily prove (i). According to Theorem 2.1, there exists a
point * large enough, such that |l (x, )| + |I,(x, )] < C; for any x € [0, L] and 7 > t*. By the
first equation of (1.2), we have

Sht = DiShxx —anSpx + H- — (B +d;1)Sp,  0<x <L, t >t
D15px(0,1) —apSp(0,1) =0, t>t,
DiSpx(L,t) —apSp(L,t) = —viapSp(L, ), t >t
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Then the comparison principle yields that

litm inf S, (x,1) > uniformly for x € (0, L).
— 00

1+d;:_

In a similar fashion, one can deduce the estimate of S, in system (1.2) and deal with the system
(1.3). This ends the proof. O

Lemma 3.4. Suppose (F1)-(F3) hold. If Ry < 1, then Eq of (1.2) (resp. (1.3)) is globally attrac-
tive, namely,

ll_i)ngo(Sh(xv t)v Ih(xv t)s Sv(x» t)v Iv(xv t)) = (P()C), 07 A()C), 0)
uniformly for x € [0, L].

Proof. We first cope with the model (1.2). By Theorem 2.1, there is a constant C7 > 0 such that
IT(tH)ug C 2, where Q :={u e C([0, L] x [0, 00), ]Rj_)|0 < Sn, I, Sy, I, < C7}. To show that
In(C, 1), I,(-, 1)) = (0,0) as t — oo uniformly in [0, L] when R < 1 via applying the methods
of [25, Theorem 5.1].

Define

Ih(-xat) Iv(xat)
c(t;u):=max{ max ——, max ——— ¢, >0,
xe[0,L] e~ @1 yy(x) xef0,L] e @1 us(x)

where uw = (Sp,, I, Sy, I) and o1 is the principal eigenvalue of (3.8) with positive eigen-
function (u2, us). Note that (uo, us) = e**(wy, ws), here (wy, ws) is the solution of (3.10).
Then o1 > 0 owing to Lemma 3.2. From Lemma 3.3, if there exists a fo > 0, such that
In(-, 7o) # 0 and I,(-, %) # O, then I(x,t) > 0 and I,(x,t) > 0, for any ¢ > 7y, x € [0, L].
Since Sp(x,t) < P(x) and Sy(x,1) < A(x),t > 0, x € [0, L], it follows from the hypothesis (F1)
that

Ine < Dodpxx — qnlpx +k1(x, P)Iy —8,(x)1p, O<x <L, t>0,
Iyt < Dslyxx — qulyx +ky(x,A)I —dy(x),, O<x<L,t>0.

Moreover, we can verify that (c(f;; we @ us(x), c(f;; w)e @' us(x)) is a positive solution
of the linearized system (3.1) for any 7#; > #y. Then, the strong maximum principle implies
that

In(x, 1) < c(ti;we M us(x), Iy(x,1) <c(i;we @ us(x),

forany t > 11 > fy, x € (0, L),

which indicates that

In(x,t) < (i w), Iy(x,1)

—_— —— 7 <c(f;;u), foranyt >f; > 1y, x € (0, L).
e Qlys(x) eCllys(x) Y
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Then c(t; u) < c(f1; u) for ¢t > 1, which gives that c(¢; u) is strictly decreasing in ¢. For o1 > 0
(i.e., Rog < 1), it is obvious that (I (x,t), I, (x, 1)) — (0,0) as t — oo.

To prove (15, (-, t), I, (-, 1)) = (0,0) ast — oo as o1 =0 (i.e., Rg = 1). Combining c(¢; u) > 0
and the monotonicity of c(f;u) w.r.t t, we get lim;,_, o c(f; u) = c, for some constant c, >
0. Suppose ¢y > 0. Then, there is a subsequence f; meeting f; — oo when k — oo such
that

u('s t + tk) = (S/’l('v t + tk)v Ih('s t + tk)v SU('! l + tk)s IU('? t + tk)) - u*('s t) as k - OO,
wherein u*(-, 1) := (S‘;l‘(-,t),f;(-,t),Sj(-,t),i,j‘(-,t)), and IN,’;(-,t) or I*(-,t) is not identi-
cally zero, and Sj(-,#) < P(-) and Si(-,t) < A(-) in [0, L], for all ¢ > 0. Through simi-
lar arguments, we can show that c(¢;u*) is strictly decreasing for all sufficiently large ¢.
On the other side, c(t; u*) = limg_, oo c(f + #; ) = ¢, which contradicts the monotonicity
of ¢(¢t;u*) and so ¢, = 0. Hence, I,(-,t) — 0 and I,(-,7) — 0 as t — oo in (0, L) when
Ro=1.

In addition, resembling the proof in [39, Theorem 2], one has (S, (-, ¢), Sy (-, 1)) = (P(-), A(-))
as t — oo uniformly in [0, L] with the aid of the internally chain transitive set theory [40] and

Lemma 3.3. Thus, Ej is globally attractive. Similar arguments can be used to substantiate the
global attractivity of Ey for (1.3). This completes the proof. O

As a result, the main conclusions of this part are as follows:

Theorem 3.1. Suppose (F1)-(F3) hold. If Ro < 1, then Ey of (1.2) (resp. (1.3)) is globally asymp-
totically stable (GAS).

Proof. In view of [31, Theorem 3.1], Eg is asymptotically stable if Ry < 1. The global stability
follows Lemma 3.4. O

3.3. Uniform persistence

In this subsection, we discuss the uniform persistence of (1.2) (resp. (1.3)) when Rg > 1, and
fixv,>1,i=1,2.

Lemma 3.5. Suppose (F1)-(F3) hold. If Ro > 1, there exists a constant €y > 0, such that the
solution of (1.2) (resp. (1.3)) fulfills

liminf Sy, (x, 1) > €g, liminf I, (x, t) > €p, liminf Sy, (x, t) > €g, liminf I, (x,1) > ¢y  (3.12)
11— 00 11— 00 11— 00 11— 00

uniformly for x € (0, L).

Proof. For system (1.2), let

(Sh(xa')’lh(xv‘)’sv(xa')7Iv(x7'))
h oy~ 9n  ~ ay o~ Qv ~
- (eDh‘xSm, 9, €D T, ), €5, (x, ), €55 T ~>) '
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Then (S, (x, ), In(x, ), Sy(x, ), I, (x, -)) satisfies

Sht = D1 Snxx + anSpx + Hi(x) — g11(x, Sy, L) — dip (x) Sy, O<x<L, t>0,
Ine = Dadpx + qnlnx + g12(x, Sp, L) — 85, (x) I, O<x<L, t>0,
Sut = DaSyxx + aySux + Vi(x) — g21(x, Sy, In) — dy(x) Sy, 0<x<L,t>0,
Lt = Dslyxx + qulox + g22(x, Sy, In) — dy () I, 0O<x<L,t>0,
Spx (0, 1) = Inx (0, 1) = Sy (0, 1) = Ix (0, 1) =0, t>0,
D1 Spe(L, 1) +viapSy(L, 1) = Doy (L, 1) +vignly(L, 1) =0, >0,
D4Syx(L, 1) +12a,Sy (L, 1) = DsIyx(L, 1) + 20 L, (L, 1) =0, >0,

(3.13)
where H, (x) := e~ %*/PVH(x), Vi (x) := e~ @*/P4V (x) and

ap ap qu qh ap qv
o FN._ —Dprx DEX G bex F o FN._ DX X G Dex 7
gll(-xvshslv) =€ Dl gl(xse 1 Sh,e S IU)» glz(xsshvlv) =e 2 gl(-xve 1 Shve 5 Iv),
and
P —x rx g %ix~ P —x xg z)—hX"‘
821(x, Sy, Ip) :=e P4+ ga(x,eP4" Sy, eP27 Iy), gao(x, Sy, In) =€ P57 ga(x,eP4” Sy, eP27 1).

From Remark 2.1, it follows that system (3.13) has a unique DEF Eg := (P(x), 0, A(x),0),
where P(x) = e~ */P1 P(x) and A(x) = e~®*/P4 A(x). We first show there is a constant &y > 0
such that

liminf S, (-, 1) > &, liminf I, (-, 1) > &, liminf Sy (-, 1) > &, liminf I, (-, 1) > &  (3.14)
11— 00 11— 00 11— 00 11— o0

uniformly in [0, L]. Denote o := (Su, In, Sy, I,,) and 1 := (89, i,?, 5’8, il?). Then (59, I;?, 5’8, i,?)
= (emW¥/Di1§Y o=anx/D2 D o=avx/Dig0 o=aux/Ds [0y By Theorem 2.1, the solution of (3.13)
lies in set E, where E := { € C ([0, L] x [0, 00), Ri)|0 < S‘h, ih, S’v, iv < Cg} for some Cg > 0.

Let
Ao:= {0 BT} #0and 1) £ 0}, 080:= a0 cEI]f =00r I) =0},

It is not difficult to see that E = Ag U d A, where Ag and d A are open convex and closed sets of
E, respectively. Let [1(r)lip = 1 be the unique solution of (3.13) satisfying ug € E, # > 0. Thus,
by using Theorem 2.1 and the strong maximum principle, I1(r) has the global compact attractor
and T1(t)Ag C Ag. Denote Z; represent the maximum positively invariant set of I1(z) in 9 Ao,
that is, Zy = {ip € E | T1(t)lip € dA¢}. Then Zy = {lip € E| I = I? = 0}. We let w(iip) be the
omega limit set of @p in E and 23 = Uﬁer ) w(tp). To end the proof, we prove the following
claims.

Claim 1. Zy = {E).

62



K. Wang, H. Wang and H. Zhao Journal of Differential Equations 386 (2024) 45-79

In fact, for any @g € Zj, by the definition of Zj, one has In(x, 1) = I(x,1) = 0 for any
x €[0, L] and ¢ > 0. Substituting it into (3.13) yields

Sht = D1Shxx + anShx + Hi(x) — dp(x) Sy, O<x<L,t>0,
sz=D4~§vxx +av§vx+vl(x)_dv(x)§u, O<x<UL,t>0,
Shx(0,1) = 8, (0,1) =0, >0,

DSy (L, 1) +vianSp(L, 1) = DaSyy(L, 1) +v2a,Sy(L, 1) =0, > 0.

1§y employipg Remark 2.1, f’(') and A(o) are global attractive, i.e., S’h(o,t) — f’(-) and
Sp(-, 1) = A() as t — o0 uniformly~in (0, L) which i_mplies Claim 1 holds and {Eg} is an
isolated and compact invariant set for I1(¢) restricted in Zj.

Claim 2. There is a constant € > 0, which does not depend on initial values, such that
litminfllfl(t)ﬁo —(P(-),0,A(-),0)|| > ¢; uniformly in [0, L].
—> 00

Arguing by contradiction, for any €; > 0, there is Gy = (3'2, I B , 3‘8 , f,?) such that

liminf | FT(1)do — (P(-),0, A(), 0] < &1, (3.15)

where ﬁ(t)ﬁo = (S‘h(~, 1), fh(-, t), S'v(-, t), fv(~, t)). For any fixed €3 > 0 small enough, let Q? =
01(Da, Ds, qn, qy, €2) be the principal eigenvalue of problem

Dawnex + qrwax +ki(x, P — e)ws — §4(x)wz + 0Pwr =0, 0<x <L,
Dswsyx + quwsy +ka(x, A — €)wy — dy(x)ws +0Pws =0, 0<x <L,
w2, (0) = wsx (0) =0,

Dowoy (L) + vignwa(L) = Dswsy (L) + vagyws(L) =0,

with positive eigenfunction (w;, ws), wherein

~ ~ h o o~ ~ ~ ay .

ki(x, P —€) = 9j g1(x,eP1 (P — ), ) and ka(x, A — &) = 3 g2(x,eP" (A — &), €2).
Recalling that Rg > 1, we have g1 < 0. Since Qiz — 01 as €3 — 0, it follows that there is a
sufficiently small € such that Qiz < 0. Without loss of generality, choose €| = ¢;. From (3.15),

there is a 7y > 0 such that 8, (-, 1) > P(-) — €2, Sy (-, 1) > A() — €2, Iy (-, 1) < € and I, (-, 1) < e,
for any x € [0, L] and ¢ > f. Therefore,

AA Shoyo o~ ~ A ~ A
g2(x, S, L) = 9; g1(x, P (P — ), )y = ki (x, P — &)1y,
and
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A av o ~ ~ ~ A
822(x, Sy, In) = 9, g2(x, e P+ " (A — €2), &) I = ka(x, A — €2) I

By appealing to Theorem 2.1 and strong maximum principle, there is constant o > 0 such that
Ih (x, o) = Low>(x) and I (x, o) = Lows(x) for any x € [0, L]. It is straightforward that (Ih, I, v)
is a super-solution of the following system

Ine = Dalpyx + qulne +ki(x, P — )L, — 84, (x) I, O<x<L,t>f
Lyt = Dslyyx + qulye + ka(x, A — &) I — dy (x) I, 0<x <L, t>,
Inx(0,1) = ¢ (0,1) =0, t > fo,
Dolpe(L, 1) + vignn(L,t) = Dslyc (L, 1) + vaquly(L, 1) =0, >,
In(x, fo) = cowa (x), I (x, o) = Lows (x), 0<x<L.
(3.16)

Noting that ({06_912 (t—io) wo, {03_912 (t—io) ws) is a solution of (3.16), so the comparison principle
implies that

e, 1) = goe 0" 0y (), Ty(x, 1) = Goe @ 0 ws(x), 1>y, x €[0, L.

Then ih(x, t) — oo and fv(x, t) — 00, t — 00, because of Qiz < 0, which contradicts (3.15)
and thereby deduces Claim 2. Hence, {Eo} is an isolated invariant set for I1(¢) restricted
in E, and WS({Ep}) N Ag = @, where WS({Ep)) represents the stable set of {Eo} wrt
I1(z).

By Claims 1-2 and Theorem 1.3.1 in [40], I1(z) is uniformly persistent for (E, d Ag). There-
fore, we complete the proof of (3.14), and so (3.12) is valid. Similarly, the conclusions of
Lemma 3.5 hold for system (1.3). This finishes the proof. O

Theorem 3.2. Suppose (F1)-(F3) hold. If Ro > 1, there exists a constant €3 > 0, such that the
solution of (1.2) (resp. (1.3)) fulfills

liminf Sy (x, 1) > €3, liminfS,(x,1) > €3, (3.17)
11— 00 =0
and
liminf 7, v, 1) > SLE €0 pingn oy = 5263 €0 (3.18)
t—00 52‘ t—00 dl‘)"

uniformly for x € (0, L), where 8 (€3, €0) :=min{g; (x,€3,€0) : 0<x <L}, i =1,2. Further-
more, system (1.2) (resp. (1.3)) has at least one EE.
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Proof. For system (1.2), by Lemma 3.5, the inequality (3.17) is obvious and there exists a point
ty > 0, such that |I(x,t)| > €o and |1, (x, t)| > ¢¢ for any x € [0, L] and ¢ > t>. Thus, from the
second and fourth equations of (1.2) and (F1), one gets

Int = Dadpxx — qnlnx + 81(x, €3, €0) — 8p(xX) I, O<x<L,t>n,
Ly > Dslyxx — qulvx + 82(x, €3, €0) — dy(x) I, O<x<L,t>n,
DoIpx(0,8) — gnlp(0,1) = Dslyx (0, 1) — gy 1,(0,1) =0, 1> 1,
Dolpy(L,t) — gnin(L,t) = —vignln(L, 1), t>1,
Dslyx (L, 1) — quly(L, 1) = —vagyly(L, 1), t>1.

Then utilizing the comparison principle yields that (3.18) holds. Moreover, system (1.2) admits
at least one endemic steady state when Rg > 1 thanks to [40, Theorem 1.3.7]. One can similarly
deal with system (1.3). This completes the proof. O

4. Monotonicity and asymptotic profiles of basic reproduction ratio

The monotonicity of Rg for systems (1.2) and (1.3) w.r.t the advection rates g5, and g, is as
follows:

Proposition 4.1. Suppose the conditions of Lemma 3.1 hold and v; > 1/2, i =1, 2. For any fixed
Dy > 0 and Ds > 0, Ry is strictly monotonically decreasing w.r.t q, and q, respectively.

Proof. Similar to the arguments of [1, Proposition 2.20] and [10, Lemma 15.1], Ry and the
eigenfunction (w3, @ws) of (3.3) are differentiable w.r.t ¢;, and ¢, respectively. Since (@3, w5) =
e“* (2, s), it follows that (¢, ¢s) is differentiable w.r.t gj, and g,, respectively. Differentiating
system (3.7) w.r.t gj, to yield

. . . Ro 1 .
—Da¢ocx — @21 — qn@ax + 8n(X)g2 = ——ki(x, P)gs + ——ki(x, P)¢s, O<x <L,
R; Ro
. . . Ro 1 .
—D5¢5cx — quse +do(X)95s = ——5ka(x, A)gz + ——ka(x, A)¢2, 0<x<lL,
R Ro

@2 (0) = ¢5,(0) =0,
Do, (L) + vi@a(L) + vign@a (L) = Ds@s, (L) + vagu@s(L) =0,

4.1)
where " denotes the derivative w.r.t g;. By multiplying the first and second equations of (4.1) by
e/ D25 and e9¥/Ps s, and integrating the resulting equation in (0, L), we obtain
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L L

L
qn

D2/€”2x¢2x¢2de+/ by 5h(X)¢2¢2dx+ﬁ 602 " p3dx

0

0 0

1 g 5 4n 1, . 1 5
+ V=3 eP27 gy (L) + vigpe 2 <P2(L)§02(L)+§§02(0)

. L L
R an 1 an
= __gfeszkl(x,P)(ﬁz(pst+—fel’th(x,P)(pszsdx,
R; Ro
0

4.2)
L L
L x . Qv . Uiy .
D5/€DS wsstxder/eDs dy(x)ps@sdx + vagyePs " os(L)gs(L)
0 0
L L

R m 1 a )
= ——g/eszkz(x,AWz(Psdx-i-—/€D5xk2(X,A)§02<ﬂ5dx~
RG Ro

Similarly, multiplying the first and second equations of (3.7) by e9*/P2g, and ¢?*/Psps, and
then integrating the resulting equation over (0, L) to give

L /I . L dh y . LIy .
Dy [eP2" o, oydx + [ D278, (x)pagadx + vigpe P2 gp(L)@2(L)
0 0

L
! 5k (x, P)gagsd
= — 2
Ro./e 1(x, P)prgsdx,
0
L Qv x . L v x . Qv g, . (4.3)
Ds [ ePs” gsy@scdx + [ eP5" dy(x)@s@sdx + vague s~ gs(L)gs(L)
0 0

L

1 Hex .
= R es" ky(x, A)pagsdx.
0

Subtracting (4.2) from (4.3) to get
» L . L
0 9h qn g,
R_(z)/eD2xk1 (x, P)prpsdx = — (vl — 5) eD2 <p2(L) goz (0) 2D eDz go%dx
0

L
1 4n . .
o f Bk (x, P (@agss — gags)dx,

. L

RO v 1 v . .
_zfeDSsz(x,A)wswzdx = —/eszkz(x,A)(wzws — @2¢5)dx.
Ry Ro

By adding the above two equalities, one has
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1,5l 2 12 o 7o o
(vi—3)e™ ¢Z(L)+§g02(0)+mfe 2" pydx
Ro=—R3 4

<0

L gy
[eD2[ki(x, P) + ka(x, A)]pagsdx
0

which is owing to the assumption (F2) and k1 (-, P) = k>(-, A) in (0, L), v > 1/2. Therefore, R
is a strictly monotone decreasing function of gj,. Through the similar arguments, Ry is a strictly
monotone decreasing function of g,. In a similar fashion, we can show the monotonicity of R
for system (1.3). This ends the proof. O

Remark 4.1. In biology, the condition v; > 1/2 indicates that only when the infected loss of
the host or vector at the downstream end has to be at least half of the advective effect, so as to
guarantee the monotonicity of Rg w.r.t g, or qy.
In what follows, we study the asymptotic profiles of R of systems (1.2) and (1.3).
Proposition 4.2. Suppose the conditions of Lemma 3.1 hold. Then, fori =1, 2,
(i) Foreach D> >0, Ds > 0 and v; € [1/2, 00], Ry — 0 as g, — 00 or g, — o0;

(ii) Foreach qn >0, g, > 0andv; € [1/2,00], Ry — 0 as Dy — 0 or D5 — 0;
(iii) Foreachqy, >0, g, > 0and v; € (0,0), Ro = \/R{Rj as D — oo and Ds — oo, where

L L
[ ki(x, P)dx [ ka(x, A)dx
0 0
{ = B — RS = —
vign + [ 8n(x)dx Vg + [ dy(x)dx
0 0

@iv) For each Dy > 0, D5 > 0 and v; € (0, 0], Ro — 730 as qn — 0 and g, — 0, where ﬁo
denotes the basic reproduction ratio of (1.2) for g, = q, = 0 which is given by

Ro=  sup {/@?<¢z,<ps>@8<¢z,¢s>}, (44)
¢2.05€H'((0.L))
9270, 9570
where
L L
[ ki(x, Po)grgsdx [ ka(x, Ag)prgsdx
~ 0 ~ 0
O (g2, ¢5) == — - . (@2, 95) 1= — - :
D; [ @3 dx + [ 85 (x)p3dx Ds [ @2 dx + [ dy(x)g2dx
0 0 0 0

and Py (resp. Ag) is the unique positive steady state of (2.1) for D = D1, u(x) = dp(x)
(resp. D = Dg4, u(x) =dy(x)) and g = 0.
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Proof. For v; € (0,00),i =1,2. By (3.5), one has

RG = sup {(O1(p2, ©5)O2(¢2, @5)}

@2.95€H' ((0,L))
0270, 9570

L a L @,
[ ki(x, P)eP2"dx [ka(x, A)eDs " dx
0 0

WL fo ) B L ¢ fx
vighe2" + [Sp(x)eP2 dx | [ vaguePs T + [dy(x)ePs” dx 4.5)
0 0

L L
fkl(x, P)dxfkg(x, A)dx
0 0

v

qv

(P4 4oL 7 7
e 22D g + [ Sp(x)dx ) | vagy + [ dy(x)dx
0 0

which is owing to the fact that ¢?*/P2 > | and e?*/P5 > 1, x € [0, L]. Then Ry is bounded
below for sufficiently large g or g, or sufficiently small D; or Ds. Inspired by the arguments
in [15, Lemma 4.9], letting (¢2(x), ¢5(x)) = e~/ 2(¢o(x), p5(x)) in (3.5), where o = qn/ D> =
¢v/ Ds, and with the aid of the hypothesis v; > 1/2,i =1, 2, one gets

L L

h 9h 9h
vlqheD2L<p%(L)+DZ/e"Zx(p%xdx—i—/Sh(x)eDngo%dx
0 0
L , L
o
=V1qh¢%(L)+D2/(_§¢2+¢2x) dx+/5h(x)¢%dx
0 0
L L L L
q,f 2 2 2
=V161h¢%(14)+m/¢2dx—Qh/¢2¢2xdx+D2/¢2xdx+/5h(x)¢2dx
0 0 0 0

L

L L
1 2
- (m - 5) L)+ G930+ / $2dx + Dy / o2 dx + / 81 (x)pdx,
0 0

0
‘I% L 2
2(@4‘5;,)/(152(1&
0

and

L L
v v v
vague Ps “g2(L) + Ds f eP5" g3 dx + / dy(x)e s pldx
0 0
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L L L
1 q 4
=(v2—5 ) aud3(L) + =93 - | ¢3dx + Ds / ¢35, dx + / dy () p3dx
2 2 4Ds
0 0 0
q 2
(413 +d,; ) /¢5 dx.
In addition, by means of the Cauchy-Schwarz inequality, we have
1 1
L L L 2 L 2
an
[ e gmpsar = [, Prgagsax <t | [oax | | [dar)
0 0 0 0
and
1 1
L L 2 /L 2
qu
/ ka(x, A)e?s” papsdx < kF / ¢7dx / ¢3dx
0 0 0
As a consequence,
1 ) 1
ey = inf
Ry ereser'(0,L) | O1(92, 95)O2(92, ¢5)
©270,057#0

4 —\ (% T T
(ﬁ +5h>(ﬁ +dv_)bf¢2dx{¢5dx

> inf 4.6
$2.$5€H ' ((0,L)) it b B, (46)
9272045720 k{ky [ ¢3dx [ p5dx
0 0
a2 -
= T+ ‘
kl k2

In light of (4.5)-(4.6), we see that (i) and (ii) hold when v; < oo, i = 1, 2. Similarly, one can
show (i) and (ii) when v; =00, i =1, 2.
Since

1

1
3 inf { }
Ry ereseH' (0,0) | O1(92, ¢5)O2(92, ¢5)
©27#0,057#0

s

ay L .
vigheP2" + [§p(x)eP2 dx | | vague bs +fd (x)eDS Tdx
0

<

’

L a L w
fk] (x, P)eP dxsz(x, A)ePs dx
0 0
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it follows that 1/7R is uniformly bounded in terms of D; and D5 large enough. Thus, passing
to a sequence if necessary, there is a finite constant R > 0 such that Ro — R when Dy — 00
and Ds — oo. Let (w2, ws) be a positive eigenfunction corresponding to 1/Rq of (3.3). As-
sume [z + [|@s|| = 1. Together with L estimate and the discussion of [26], |@2 [l w2.r((0,1))
and ||@4lly2.p((,1)) are uniformly bounded for any p > 1. And, thereby @2 ¢1.¢(¢,1)) and
sl c1s 0,1y are uniformly bounded for any 0 < ¢ < 1, by inspection of the Sobolev embed-
ding theorem (see [8]). Then @ (-) — wj’f in C1([0, L) for some wj’f >0,j=2,5as Dy —>
and D5 — o0o. The elliptic regularity estimate deduces that o is a constant, j = 2, 5. Therefore,
through integrating (3.3) over (0, L) and letting D, — oo and Ds — co, one obtains

L L
* * _ ZD—;<
ighw, + @5 | Sp(x)dx = = | ki(x, P)dx,
7?’()
0 0
L L
%
* * _ 2P
Vg, w35 + w5 /dv(x)dx = ﬁ/kz(x, A)dx.
0
0 0

Then (iii) holds. For (iv), it is obvious and so we omit the details. This ends the proof. O

Remark 4.2. From Proposition 4.2 (i)-(ii), we can see that when the advection rate of infected
hosts or vectors is dominant relative to their diffusion rates, the basic reproduction ratio of (1.2)
(resp. (1.3)) tends to zero. Biologically, since the downstream environment is unfavorable for
individual survival when v; > 1/2, i = 1, 2, the infected hosts or vectors will be lost at the
downstream end x = L as g, or gy, is large relative to D, or Ds. In this circumstance, the vector-
borne disease will fade.

5. Classification on the dynamics of model (1.2)

Define
Ryy = yRERY. R3, = |RYRE,
where
L L L L
fk] (x, Pp)dx sz(x, Ag)dx fk] (x, P)dx sz(x, A)dx
h._ 0 hv._ 0 h._0 hv. 0
Ry = Rl = LR = Rl =
[ 8n(x)dx [ dy(x)dx [ 8n(x)dx [ dy(x)dx
0 0 0 0

We adopt the terminology analogous to that in [28]. The habitat is said to be a high-risk area if
R§; > 1, and be a low-risk area if R{j; < 1. In the following, we always fix v; > 1/2,i =1,2.

5.1. Classtfication on the dynamics in high-risk domain

In this subsection, we explore the level set classification of R for (1.2) w.r.t the diffusion
rates (D3, Ds) and advection rates (gp, g,) in high-risk area.
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Lemma 5.1. Suppose the conditions of Lemma 3.1 hold, and Ry is defined by (3.5). If Ry, > 1,
then for each D > 0 and Ds > 0, there exist unique points q; = q; (D2, Ds) and q; =
qy (D>, Ds) such that

(i) If0 < gn < qj or 0 < qy < q;, then Ro(D2, Ds) > 1;
(i) If gn > q;, or qv > q;, then Ro(D2, Ds) < 1.

Proof. By appealing to Proposition 4.2, for any D, > 0 and D5 > 0, we have

lim  Ro(Da, Ds, qn, qv) = Ro(Da, Ds),
qn—>0,qy—0

and

lim Ro(D2, Ds,qn,qy) =0, lim Ro(D2, Ds, gy, qy) =0.
qv—)OO

qp—> 00

Thanks to ’Rf‘)l > 1 and [28, Lemma 3.1], one has ﬁo(Dz, Ds) > 1. It then follows that there are
at least two points g, = q; (D2, Ds) and q; = q;;(D2, Ds) such that Ro(g;, ;) = 1. Moreover,
noting that Ry is strictly monotonically decreasing w.r.t g5 and g,, respectively, in Proposi-
tion 4.1, hence (g;;, g;) is unique. This completes the proof. O

Remark 5.1. By inspection of Lemma 5.1, it is straightforward to see that there are unique func-
tions g5 = x1(D2, Ds) and gy = x2(D2, Ds) such that Ro(D2, Ds, x1(D2, Ds), x2(D2, Ds)) =
1. In the sequel, we analyze the properties of x;,i =1, 2.

Lemma 5.2. Suppose the conditions of Lemma 3.1 hold. If min{R{,, R{,} > 1, then for each
D> > 0 and D5 > 0, there exist unique functions x1(Da2, Ds) and x2(D», Ds): (0, oo)2 —
(0, 00) such that

lim . Xxi (D2, Ds) =0, b lim xi(D2, Ds) = 91-*, i=1,2,
0

Dy—0t, Ds— h—00, Ds—00
where 0] and 6 satisfy 0] / D> = 05/ Ds, and 67 is the unique positive solution of the equation

L L L

L
v10+/5h(x)dx sz5D2_19+/dv(x)dx —/kl(x, P)dx/kz(x,A)dxzo.
0 0 0 0

Proof. Passing to a subsequence if necessary, we assume that there exist two constants p; €
[0, oo] such that x;(D, Ds) — pi, i = 1,2, as D, — 0% and Ds — 0%, If p; = pr = o0,
then there is a sufficiently small constant a; > 0 and a sufficiently large constant a; > 0 such
that max{ (D2, Ds), x2(D2, Ds5)} > a; when min{D;, Ds} < a,. Hence, according to Proposi-
tion 4.2 (i), for fixed min{D,, Ds} < a5, we have

lim Ro(D2, Ds, x1(D2, Ds), x2(D2, D5)) =0,
Xx1(D2,Ds5)—00, x2(D2,Ds)—00
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which contradicts Ro(D2, Ds, x1(D2, Ds), x2(D2, Ds)) = 1 and thus p; € [0,00), i = 1,2. If
p1, p2 > 0, then Proposition 4.2 (ii) yields that

lim Ro(D2, Ds, x1(D2, Ds), x2(D2, Ds)) =0,
Dy;—0%,D5—0%, x1(D2,D5)— p1, x2(D2,D5)— p>

which contradicts Ro(D», Ds, x1(D2, Ds), x2(D2, D5)) =1 and so p; = p» =0.

Similarly, supposing that there are two constants 6 € [0, o] such that x; (D2, Ds) — 67,
i=1,2,a8 Dy — oo and D5 — oo. If 6 = 9;‘ = 00, then there are sufficiently large positive
constants ;1 and aj» such that max{y;(D;, Ds), x2(D2, Ds)} > aj» when max{D;, Ds} > a;;.
Hence, by Proposition 4.2 (i), for fixed max{D;, Ds} > a;1, one gets

lim Ro(D3, Ds, x1(D2, Ds), x2(D2, Ds)) =0,
Xx1(D2,Ds5)—00, x2(D2,D5)—>00

which also contradicts Ro(D2, Ds, x1(D2, Ds), x2(D2, Ds)) =1 and then 67 € [0, 00),i =1, 2.
To illustrate 6 > 0, i = 1,2. Let (¢35, ¢3) be the positive eigenfunction corresponding to

Ro(D», Ds, x1(D2, Ds), x2(D2, D5)) = 1 (i.e., oo = 1) of problem (3.7) satisfying ||(p§|| +

% = 1. Multiplying the two equations of (3.7) by eX1(D2.D5)x/ D> qnd ¢Xx2(D2.Ds5)x/Ds give

)(1(172,05))C N XI(DZ‘D5)X . .
—Dyle ™ o | =€ P2 [—0n(xX)@5 +ki(x, P)p3], O<x <L,
X

Xz(DzyDj)x XZ(DZ’DS)X
—Ds |:e Ds (pg‘x} =e U5 T[=dy(x)¢5 +ka(x, A)p3]l, O<x<L,
x

@5, (0) = ¢35 (0) =0,
Dy¢5 (L) +vigne; (L) = Ds¢5, (L) + v2qup5 (L) = 0.

By integrating the above equality on (0, L), we obtain

L
x1D2.Ds) o . x1(Pp.Ds) . x1(Dp.Ds) .
vix1(Da, Ds)e P2 fﬂz(L)-i-/e 2 5h(x)§02dx—/e P2 ki (x, P)gsdx =0,
0 0
L
Xz(Dszs)L X2(Dzst)x Xz(Dz,Ds)x
v2x2(D2, Ds)e s (ﬂ;(LH-/e Ds dv(x)wg‘dx—/e Ds™ Tka(x, A)psdx =0.
0 0

(5.1
With the aid of the standard elliptic regularity estimate, there exist positive constants ¢35 and @3
satisfying [|@5 || + [[@2 || = 1 such that (¢3, ¢I) — (@3, @2) as Dy — oo and D5 — oo. Taking a
limit by letting D, — 0o and D5 — oo in (5.1), it follows that

L L
V107 + [Sn(x)dx  — [ki(x, P)dx
0 0
L L
— [ka(x, A)dx 205 + [ 8 (x)dx
0 0
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Since @i" and q‘);“ are constants, the determinant of matrix C vanishes, that is,

L L L

L
v19f+/8h(x)dx v20§k+/8h(x)dx —/kl(x, P)dx/kz(x,A)dsz.
0 0 0 0

From the assumption (F2), we get 0]/ Dy = 65/ Ds and thus

L L L

L
v19i“+/8h(x)dx uzDsD;19f+/dU(x)dx —/kl(x,P)dx/kz(x,A)dxzo. (5.2)
0 0 0

By R§, > 1, itis easy to verify that (5.2) admits a unique root ] > 0. This ends the proof. O
Then we have the following main conclusions.

Theorem 5.1. Suppose the conditions of Lemma 3.1 hold. If min{Rg,, Rf,} > 1, then for each
Dy > 0 and Ds > 0, then there are unique surfaces

Q1 = {(gn, x1(D2, Ds)) : Ro(D2, Ds, x1(D2, Ds)) = 1, (D2, Ds) € (0, 0)%},
and

Q2 = {(qv. X2(D2. D5)) : Ro(D2. Ds. xa(D2, Ds)) = 1, (D2, Ds) € (0, 00)°},
in spaces qn — (D3, Ds) and q, — (D3, Ds), respectively, such that system (1.2) is uniformly
persistent and admits at least one EE for any 0 < g, < x1(D2, Ds) or 0 < gy < x2(Da2, Ds),
and Eq is GAS for any qn > x1(D2, Ds) or qy > x2(D2, Ds). Furthermore, x1(D3, Ds) and
x2(D2, Ds): (0, 00)? — (0, 00) fulfill

lim  x;(D2, Ds) =0, lim xi(D2, Ds) =067, i=1,2,
0

D;—0t, Ds— Dy— 00, D5s—00

where 0] and 05 satisfy 0) | D, = 05/ Ds, and 6 is the unique positive solution of the equation

L L L L
v16 + / Sp(x)dx v2D5D519 +/dv(x)dx — /kl(x, P)dx/kz(x, A)dx =0.
0 0 0 0
Remark 5.2. Define

M, ={(D2, Ds,q;) : Ro(D2, Ds,q)) < 1, Rf; > 1, Ry > 1},
and
ngj ={(D2, Ds,q;) : Ro(D2, Ds, q;) > 1, Ry, > 1, Ry, > 1}, j € {h,v}.
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Fig. 1. Dynamic classification of model (1.2) in Theorem 5.1. The direction of red and blue arrows denotes the
areas 1'[;]9]_ and l'Iqu, respectively. Namely, ng ={(D2,Ds,qj) : qj > xi(D2, Ds), D > 0, D5 > 0} and l'[tl]]j =
{(D2,D5,qj):0<q; < xi(D3,Ds5), Dy >0,D5 >0}, i =1,2, j € {h,v}. (a) In space g, — (D2, Ds), Ep is GAS
when (D3, D5, qp) € th which means that the disease extinction happens, while system (1.2) is uniformly persistent
when (D», D5, qp) € nflljh which implies that the disease will surge; (b) In space g, — (D3, Ds), Eqg is GAS when

(Dy, Ds, qy) € H;;U, while system (1.2) is uniformly persistent when (D7, Ds, qy) € Hf{v. (For interpretation of the
colors in the figure(s), the reader is referred to the web version of this article.)

The illustrations of Theorem 5.1 are given by Fig. 1.

The conclusions of Theorem 5.1 show that when min{Rf‘)1 , RSZ} > 1, there are two thresholds
w.r.t advection rates, such that when the advection rate of infected hosts or vectors exceeds the
threshold, the disease will go extinct, but when it falls below the threshold, the disease will break
out. Biologically, in open advective environments, when the advection rate of hosts or vectors is
large enough, the hosts or vectors will be washed out from the habitat, resulting in the extinction
of the disease.

5.2. Classification on the dynamics in low-risk domain
In the following, we discuss the level set classification of R in low-risk areas.

Lemma 5.3. Suppose the conditions of Lemma 3.1 hold, and Ry is defined by (3.5). If R§, < 1,
and ki(x, Po)ka(x, Ag) — 8n(x)dy(x) changes sign in (0, L), then there exist two positive con-
stants D and D3, which is the unique root of the equation ﬁo(Dz, Ds) =1, such the following
assertions hold:

(i) For Dy € (0, D3) and Ds € (0, DY), there exist unique points q;* = q;* (D2, Ds) and
qy* = q;* (D2, Ds), such that Ro(D2, Ds) > 1 for any 0 < q, < q;;* or 0 < q, < q;*, and
Ro(D3, Ds) < 1 for any g > q;:* orqy > qr*;

(ii) For Dy € [D%, o0) and Ds € [ D%, 00), Ro(D3, Ds) < 1 for any q;, > 0 and ¢, > 0.

Proof. It follows from Proposition 4.2 that

lim Ro(D2, Ds,qn,qv) =0, lim Ro(D2, Ds, gn, gy) =0.
qh%OO qU—MX)
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Since Rgl < 1 and kq(x, Po)kz(x Ag) — p(x)dy(x) changes sign in (0, L), the Lemma 3.1 in
[28] 1mplles that the equation RO(DZ, Ds) =1 possesses a unique posmve root pair (D3, D)
such that RO(DZ, Ds) > 1 for Dy € (0, D3) and Ds € (0, D), and RO(DQ, Ds) <1 for Dy €
[D}, 00) and Ds € [DZ, 00). Thus, in light of the monotonicity of R w.r.t g5 and g,, and the
fact

lim  Ro(D2, Ds, gn, qv) = Ro(D2, Ds),
gn—0, gy—0
we obtain that when D5 € (0, D7) and Ds € (0, D5), there exist the unique points g;* and ¢;*
such that Ro(D2, Ds, qn, qv) > 1 for g, € (0, ;) or g, € (0, ¢5*) and Ro(D2, D5, g, qy) < 1
for g, € (g;,*, 00) or gy € (g;*, 00); when D; € [ D}, 00) and Ds € [ D%, 00), Ro(D2, Ds, qn, qv) <
1forany g, >0andg, >0. O

Remark 5.3. In view of Lemma 5.3, there exist unique functions g, = x3(D2, Ds) and ¢, =
x4(D2, Ds) such that Ro(D2, Ds, x3(D2, Ds), x4(D2, Ds)) = 1 when D, € (0, D3) and Ds €
(O, D;‘). Furthermore, x; has the following properties, i = 3, 4.

Lemma 5.4. Suppose the conditions of Lemma 3.1 hold. If Ry, < 1, and ki (x, Po)ka(x, Ao) —
05 (x)dy(x) changes sign on (0, L), then there exist unique functions y3(D2, Ds) and x4(D2, Ds):
(0, D3) x (0, D?) — (0, 00) such that

lim xi(D2, Ds) =0, lim Xxi(D2,Ds) =0, i=3,4.
Dy—0F, Ds—0F Dy—D}~, Ds— D}~

Proof. Similar to arguments of Lemma 5.2, one has x; (D, Ds) — 0as Dy — 0% and D5 — 07,
i =3,4.Toshow x; (D2, Ds) — Oas Dy — D3~ and Ds — D™, i =3, 4. Assume that there are
some positive constants ¢y < 0o and ¢; < oo such that y3(D>, D5) — co and y4(D>, D5) — ¢
as Dy — D3~ and Ds — D;_. To substantiate that cg and c; are finite. Suppose not. Then
Ro(D2, Ds, x3(D2, Ds), xa(D2, Ds)) — 0 as Dy — D;~ and Ds — DI~ due to Proposi-
tion 4.2 which contradicts Ro(D2, Ds, x3(D2, Ds), x4(D2, Ds)) = 1. By the monotonicity of
Ro w.rt gp and gy, 1 = Ro(D3, D3, co, c1) < Ro(D3, D5, 0,0) = 1 which is a contradiction.
Hence, co = 0 and ¢y = 0. This completes the proof. O

Consequently, we obtain the main results.

Theorem 5.2. Suppose the conditions of Lemma 3.1 hold. If R, < 1 and ky(x, Po)kz(x, Ag) —
0n(x)dy(x) changes sign in (0, L), then there exist two positive constants D; and D;“ , which is
the unique root of the equation Ro(D2, Ds) = 1, such the following properties hold:

(i) For Dy € (0, D3) and Ds € (0, D), there exist unique surfaces
Q3 = {(gn, x3(D2, Ds)) : Ro(D2, Ds, x3(D2, Ds)) = 1, (D2, Ds) € (0, D3) x (0, D)},
and
Q4 = {(qv, x4(D2, Ds)) : Ro(D2, Ds, x4(D2, Ds)) = 1, (D2, Ds) € (0, D) x (0, D)},

75



K. Wang, H. Wang and H. Zhao Journal of Differential Equations 386 (2024) 45-79

qh qv
S

I IT,
ik S
"I = 1:(D,, D)\ II]I /I"I = 2.(D,.D,) I ]I

y /’"Iil'l"”” """" X *iiff*"‘l/iﬂ‘ilfi"‘ .

Fig. 2. Dynamic classification of model (1.2) in Theorem 5.2. The direction of red and blue arrows represents the
regions 1'[3_ and l'IU , respectively. In other words, I'Igj = ng_l U 1'[;?}.—2 where Zgj_l ={(D2,Ds5,qj) : qj >
Xxj (D2, Ds). (Dg.Ds) € (0,D3) x (0, DY)} and T2 = {(D2, Ds,q;) : 4j > 0, (Dy, Ds) € [D}, 00) x [DE, %0},
and l'If/j_ ={(D2,Ds5,9j) : 0 < qj < xi(D2, Ds), (D2, Ds) € (0, D3) x (0, D)}, i =3,4, j € {h,v}. (2) In space
qn — (D2, Ds), Eg is GAS when (D3, Ds, gj) € I'Igh which implies that the disease will disappear, while system (1.2)
is uniformly persistent when (D, Ds, qp) € Hzl/h which means that the disease will surge; (b) In space g, — (D3, Ds),
E( is GAS when (D3, Ds, qy) € Hgv , while system (1.2) is uniformly persistent when (D7, Ds, qy) € H,l]]v

in spaces qy, — (D2, Ds) and q, — (D2, Ds), respectively, such that system (1.2) is uniformly
persistent and admits at least one EE for any 0 < q, < x3(D2, Ds) or 0 < gy < x4(D2, Ds),
and Eq is GAS for any qn > x3(Da2, Ds) or qy, > xa(D2, Ds). Furthermore, x;(Dy,dy) :
(0, D3) x (0, DY) — (0, 00) fulfills

lim xi(D2, Ds) =0, lim xi(D2,Ds5)=0, i=3,4.
D,—0%, Ds—0F Dz—)Dzi,DsﬁDgﬂi

(i) For Dy € [D}, 00) and Ds € [ D%, 00), Eq is GAS for any g, > 0 and g, > 0.
Remark 5.4. Define

My, ={(D2, Ds, q;): Ro(Da2, Ds,q)) < 1, Rfy <1},

and

My, ={(D2, Ds,q;): Ro(D2, Ds,q;) > 1, Ry <1}, j € {h, v},

The descriptions of Theorem 5.2 are illustrated as in Fig. 2.

Let x; :=max{x; (D2, Ds) : (D2, Ds) € [0, D}] x [0, D*]} i =3,4. Theorem 5.2 (i) implies
that: As long as the advection rate is large enough to make g, > X5 (or g, > X4), no matter what
the dispersal rate is, the disease will fade. Note that the stability of Eg will change at least twice
with the increase of Dy and Ds if 0 < g, < x5 (or 0 < g, < x4) is fixed. That is to say, Ej is
GAS when D; and Ds are small or large enough, but system (1.2) is uniformly persistent when
D, and Ds are between some intermediate values. In biology, for sufficiently small diffusion,
advection effects convey hosts or vectors to a disadvantageous place since the hosts or vectors
will be washed out from the habitat at the downstream end. For sufficiently large diffusion,
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recalling that the habit is a low-risk site, the disease will also be eliminated. It can be observed
from Theorems 5.1 and 5.2 that the use of open advective environment in vector-borne disease
modeling will produce novel and interesting disease dynamics.

6. Conclusion and discussion

As a continuation of reference [28], this paper further studied a spatial vector-borne disease
model with general incidences and general boundary conditions. Owing to the boundary condi-
tions, we first applied the eigenvalue theory of elliptic system to investigate the existence of DFE
(Proposition 2.1), which allows us to discuss the global existence and ultimate boundedness with
the help of the classical induction method (Theorem 2.1). Moreover, the threshold dynamics were
also investigated, i.e., DFE is GAS when Ry < 1| and the systems (1.2) and (1.3) are uniformly
persistent and admit at least one EE provided that R > 1, respectively.

One of the highlights of this work is that, under certain conditions, we seem to derive for
the first time the variational expression of R for vector-borne disease models by means of the
variational method [32]. With the aid of the variational formula, we examined the asymptotic
behaviors of R w.r.t the diffusion and advection rates (Proposition 4.2). In particular, we found
that when the diffusion rates (D, D5) go arbitrarily small or the advection rates (g, gy) g0
arbitrarily large, even if the downstream end is a high-risk site, the disease will eventually be
eradicated. Biologically, this is mainly due to the fact that the downstream environment is not
conducive to the survival of hosts and vectors, which is in contrast to Theorem 3.1 in [28].
Furthermore, we discussed the monotonicity of Rg w.r.t g, and g,. When v; € [1/2,00],i =1, 2,
Ro is a monotone decreasing function of g, and g,, respectively. However, the monotonicity is
not necessarily valid (see [28, Remark 4.3]) when the boundary conditions are selected as no-
flux type (i.e., vi = v = 0). Then, we classified the dynamics of (1.2), and obtained interesting
and important phenomena (Theorems 5.1 and 5.2). When the habitat locates in a high-risk area
and Rf‘)z > 1, there are unique surfaces x1(D3, Ds) and x2(D3, Ds), such that DFE is GAS as
qn > x1(D2, Ds) or q, > x2(D2, Ds), and system (1.2) is uniformly persistent and has at least
one EE as 0 < g5, < x1(D3, Ds) or 0 < g, < x2(D2, D5). When the habitat locates in a low-risk
area and ki (x, Po)ka(x, Ag) — 8, (x)dy(x) changes sign in (0, L), there are unique critical points
Dj and Dz, such that when (D, Ds) € (0, D3) x (0, D3), there are unique surfaces x3(D2, Ds)
and x4(D», Ds) such that DFE is GAS as g, > x3(D», Ds) or g, > x4(D3, Ds), and system (1.2)
is uniformly persistent and has at least one EE as 0 < g, < x3(D2, Ds) or 0 < gy < xa(D», Ds);
When (D, Ds) € (D%, 00) x (D%, 00), DFE is always GAS for any g, g, > 0. It should be
pointed out that k1 (-, P) = ka(-, A) is mathematically a technical condition that makes F(-) a
symmetric matrix. In addition, since the asymptotic profile of R for system (1.3) with Dirichlet
type boundary conditions remains unclear in Proposition 4.2 (iii), the dynamic classification of
(1.3) is not conclusive, which is reserved for future investigation.

This paper supplements and promotes the relevant results in [28]. In some circumstances, the
downstream environment has different effects on the survival of hosts and vectors (mathemat-
ically, the downstream corresponds to hybrid boundary conditions). Therefore, it is interesting
and necessary to study the influence of advection effect on vector-borne disease transmission un-
der hybrid boundary conditions. On the other hand, one simplification of our model is constant
diffusion and advection coefficients. Nevertheless, the movement strategies of hosts and vectors
depend on the spatial heterogeneity of the habitat and should follow the general model deriva-
tions in [21,22]. We will also explore the spatial dynamics of models (1.2) and (1.3) under the
heterogeneous diffusion and advection.
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