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Plants in arid environments have evolved many strategies to resist drought. Among them, the developed water
storage tissue is an essential characteristic of xerophytes. To clarify the role of water storage capacity in plant
performance, we originally formulate a stoichiometric model to describe the interaction between plants and
water with explicit water storage. Via an ecological reproductive index, we explore the effects of precipitation
and water storage capacity on plant dynamics. The model possesses saddle-node bifurcation and forward or

backward bifurcation, and the latter may lead to the emergence of alternative stable states between a stable
survival state and a stable extinction state. Numerical simulations illustrate the persistence and resilience of
plants regulated by soil conditions, precipitation and water storage capacity. Our findings contribute to the
botanical theory in the perspectives of environmental change and plant water storage traits.

1. Introduction

Arid and semi-arid regions are one of the most vulnerable re-
gions in the world’s ecosystems and water resource systems, as well
as regions with the greatest variability in precipitation [1,2]. Plants
growing in this environment often encounter temporary or permanent
drought stress, which severely restricts plant growth and distribu-
tion compared to other environmental factors, resulting in substantial
productivity losses [2,3]. In particular, in recent years, the increas-
ing climate change has seriously affected the survival, growth, and
evolution of plants, posing severe challenges to regional ecological
construction and improvement of vegetation functions [4].

Plants growing in arid and semi-arid environments generally have
good adaptability to drought stress. They respond to drought to a
certain extent, which is not caused by a single factor, but a com-
prehensive response generated by the interaction of multiple factors,
mainly involving plant growth and development, morphological struc-
ture, drought stress signal transduction and drought stress gene expres-
sion regulation and other characteristics [5]. These characteristics of
plants are often referred to as drought resistance. Plants with strong
drought resistance have some morphological or physiological charac-
teristics, and the drought resistance of the same plant will change
with season and age [5,6]. In general, the adaptability of plants to
the arid environments is mainly manifested as developed root systems,
small leaf areas, developed water storage tissue, and high protoplasmic
osmotic pressure [6].
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It is generally known that plants need four suitable environmental
factors for growth and reproduction: light, water, temperature, and nu-
trients. Stomata are the channels through which plants exchange gases
with the outside world, expelling water and oxygen and absorbing car-
bon dioxide. Stomata shrink when plants sense drought stress, leading
to reduced transpiration and slowing water loss. This in turn affects the
absorption and transportation of nutrients by the roots, thus limiting
nutrient uptake and reducing nutrient concentrations in the cells [7].
Recently, some researchers have developed mathematical models to
study the dynamics of nutrient cycles such as carbon, nitrogen [8],
and phosphorus [9] in drylands. Despite various reports on the effects
of nutrient supply on the plant growth, it is generally accepted that,
under drought conditions, increasing nutrient supply does not improve
plant growth if sufficient nutrients are already in the soil [10,11]. On
the contrary, soil water availability has been recognized as one of the
main limiting factors for plant growth in arid regions [12], which is
affected by precipitation, infiltration, evaporation, transpiration, and
soil drainage [13], and can also affect the occurrence and intensity of
plant drought stress, and has an important impact on the net primary
production capacity of the ecosystem [13].

Plants growing in arid environments generally have the ability to
store a large amount of water in their bodies through various special
tissues to maximize water retention and maintain their morphology.
Compared with the water in the soil, the proportion of water in plants
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is also quite large [14]. Vacuoles are the water storage tissues of
plants. The water storage capacity of plants varies with plant species,
environmental conditions, age, etc. Different types of plants, as well as
the same plant under different environmental conditions, different ages,
and different organs have great differences in water content. For exam-
ple, plants growing in hidden, moist environments have higher water
content than those growing in sunny, dry environments; the active parts
of plant life also have higher water content. This water source, that is,
the water in plants is protected by plants and will not be affected by soil
evaporation and competition for water between plants. Plants consume
stored water through transpiration and replenish water storage through
root absorption [15]. Transpiration demand and soil water availability
jointly determine the storage and release mode of the water in plants.
When transpiration demand is low and soil water availability is high, it
is beneficial to water absorption and storage; With the increase in tran-
spiration demand and the decrease in soil water availability, the water
removal rate of leaves is higher than that of roots, so more stored water
needs to be released to maintain transpiration. Under this strategy,
plants can be supplied with water more stably, delaying the occurrence
of drought stress and the corresponding closure of stomata. Hartzell
et al. [16] investigated a resistance-capacitance model, and they found
that plant water storage may strongly affect plant growth performance
by increasing carbon assimilation during the peak period of evaporation
water demand and reducing plant water stress. It follows that water
storage capacity of plants can play an important role in the plant
performance in a water-limited ecosystem.

Under the condition that other factors are suitable, if water re-
sources are sufficient and plant vacuoles are filled with water to fully
swell, then the growth and development of plants are in the best state.
If the water content of the vacuole is lower than that when it is fully
expanded, there is a certain degree of water deficit and the plants will
consume water from the soil, and if the plants cannot absorb water
from the soil, they will start to consume the water previously stored
in the plant tissues, if there has been no precipitation supplement,
the plants will gradually stop growing or even wilt. Motivated by the
idea of ecological stoichiometry [17-19], an approach that analyzes
the constraints and consequences of mass balance of multiple chemical
elements in ecological interactions, we mechanistically introduce a new
variable (the water content in plants) and the Droop approach (different
from the Monod approach in the literature) to explicitly describe the
water storage in plants and the internal water-based growth following
the same logic in Wang et al. [20] that provided comprehensive com-
parisons and modeling guidance in using Monod and Droop forms. Our
results show that for different types of soil, plants respond differently
to the changes of environmental factors and plants’ traits. Particularly,
in sandy soils, plants are resilient to precipitation and water storage
capacity.

The remaining parts of this paper are organized as follows. In Sec-
tion 2, we propose a mathematical model with water storage capacity to
describe the dynamics of soil water, water in plants, and plant density.
The well-posedness of the model, and the qualitative analysis including
the existence and stability of equilibria and related bifurcation analysis,
are discussed in Section 3. Subsequently, we carry out some numerical
simulations to illustrate the impacts of precipitation and water storage
capacity on the plant dynamics. Finally, we present some biological
implications of our results.

2. Model formulation

In this section, we formulate a coupled plant-water model to capture
the growth dynamics of plants. We mainly focus on plants living in arid
regions, where the solar radiation and mineral nutrients needed for the
plant growth are assumed to be abundant, and the water is the only
element limiting the growth of plants due to the particular climatic
characteristics.
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There are five categories for soil water: runway water, gravitational
water, hygroscopic water, chemically combined water and capillary
water. Among them only the capillary water is available to plants,
which is the water that exists in the gaps between soil particles and
can flow along the soil gaps. Plants absorb capillary water from the
soil into the root xylem through root hairs during various processes
such as respiration, transpiration, and infiltration. Noting that the dry
weight of most organisms is mainly carbon (C), we use carbon content
to characterize the plant density.

Three variables are introduced to describe the interaction between
water and plants: the soil water content (W, kg HZO/mz), the wa-
ter/carbon ratio in plants (Q, kg H,0/kg C), and the plant carbon
density (P, kg C/m?). Here, the soil water is specifically referred to the
water available to plants in the soil. In what follows, we will formulate
our model by discussing the change rate of the three variables.

We first describe the change of the water/carbon ratio in plants.
As noted, plants absorb water mainly through their roots, which are
affected by root pressure and transpiration pull, as well as by external
environmental factors such as the available water in the soil, soil
aeration, and soil temperature. Also, plants capture carbon dioxide
from the atmosphere for photosynthesis and loses water through tran-
spiration. These biological processes work together to maintain the
water balance in plants to meet the needs of plant survival and growth.
Otherwise, plant water shortage may lead to leaf wilting, stomatal
closure, photosynthesis reduction and protoplasm disorder.

According to ecological stoichiometry, we denote the minimum
and maximum water/carbon ratio in plants respectively by O, and
Omax: at the level O = Q,.., the water available to the growth and
development of plants is sufficient, in this case, the plants have the
largest growth rate; at the level O = Q,;,, the plants suffer from severe
water shortage and thus the growth may cease. Therefore, it can be
seen that the water absorption by the plants depends on the soil water
content W, the water/carbon ratio Q, and the water holding capacity
Omax — Omin» and we assume that it takes the form

w0 W
ax Qmax_Qmin W+C’

where p,... is the maximum water absorption rate of vegetation and the
W

plant growth function for water takes the Monod form -, where
C is the half-saturation constant. On the other hand, plants consume
the water inside them through photosynthesis and convert it into the
energy needed for growth [21]. The per capita growth rate of plants
is assumed to subject to the Droop form [20], which is an increasing
function of the water/carbon ratio in plants Q:
Qmin

Hmax (1 - 7 )7

where ... is the maximum growth rate. Then the decreased wa-
ter/carbon ratio caused by the plant growth is s, (1 — %)Q and

(2.1)

(2.2)

the growth rate of plants is s, (1 — %)P.

For the soil water, it is affected by precipitation (the only source
of soil water), evaporation, and the absorption by the plant roots. The
rainfall infiltrates into the soil and the infiltration rate of water I de-
pends on the plant biomass and the soil conditions. In fact, there exists
an infiltration feedback mechanism between plants and water [22-24],
and the infiltration rate 7 can be chosen as

P+Bf

“PyB’
where B measures a plant carbon density reference value beyond which
the infiltration rate I approaches its maximum value a. f € [0,1]
characterizes the infiltration contrast for a specific soil: the smaller f
the higher the infiltration contrast. For example, for sandy soils (f = 0.1
in Gilad et al. [24]), the infiltration contrast between the bare soil and
the position where plants grow is large, whereas for clay soils (f = 0.9
in Gilad et al. [24]), the infiltration contrast is small. Specifically, when
f = 1, no infiltration feedback exists. The decrease of the soil water

(2.3)
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Table 1
State variables of model (2.4).
Variable Description Units
w Soil water content kg H,0/m?
Q Water/carbon ratio in plants kg H,0/kg C
P Plant carbon density kg C/m?

content includes two aspects: evaporation with a constant rate L and
water absorption by the plant roots. The absorption rate of water by
plants, as argued above, which depends on the soil water content, the
water potential difference inside and outside the roots of the plants and
the plant density, has the form of (2.1).

For plants, they mainly absorb water, minerals and inorganic sub-
stances in the soil through their roots, and absorb carbon dioxide
through their leaves. Through a series of life activities such as pho-
tosynthesis and respiration, the absorbed nutrients are converted into
organic matter and stored in plants, and then continuous transforma-
tion and accumulation of organic matter enables plant cells to grow,
divide, and finally achieve the growth of plants. In addition, more
and more studies show that drought causes a large number of plant
deaths worldwide [25,26]. Climate change may make droughts more
frequent and severe, and one concern is whether droughts will become
more likely to induce the collapse of forest ecosystems. It is generally
believed that the combined effects of drought and secondary disasters
lead to large-scale tree death, and intraspecific competition is a very
important factor. Here, we describe this loss of plants by crowding
effect (quadratic mortality) and the mortality rate is assumed to be
S. Disturbances other than water stress, such as storms, fires, pests or
pathogens, can also cause plant mortality. We might as well call this
mortality background mortality and assume the mortality rate to be
M.

Assume the average daily precipitation is a constant A. Then, sum-
marizing above, the mathematical model studied in this paper has the
following form

dw Onx—Q WP
o= 14 - Lw Pr gy e
t N—— N~ Qmax - Qmin W+
precipitation infiltration  evaporation and drainage
soil water loss due to plant absorption
do =y Qmax -0 w U (1 Qmin )Q
— Pmax - max - >
dt Onax = Omin W+ C Q
—_—
plant water absorption from soil water loss in a single plant due to plant growth
dpP O
i ymax(l—ﬂ)P - MP - SP
dt (0] —— ——
———— background mortality  crowding effect

plant growth limited by water

2.4

The state variables of model (2.4) are shown in Table 1. The values,
interpretations, units and sources of parameters appearing in (2.4)
are shown in Table 2. The parameter values are justified for shrub
species and taken or deduced from Gilad et al. [24],Rietkerk et al.
[27],HilleRisLambers et al. [28]. Some parameters depend on the local
climate conditions, and therefore are assumed to be constant. For
example, the precipitation parameter A and the evaporation rate of
soil water L. This approximation is valid for some species, such as
woody shrubs, whose growth timescales are much larger than those of
precipitation and evapotranspiration variability Gilad et al. [24].

Model (2.4) is an ordinary differential equations describing the
evolution of soil water content, the water/carbon ratio in plants and the
plant carbon density. Considering the biological significance of these
variables, we will discuss the solutions of model (2.4) with initial values
satisfying

W(0) 2 0, Qi < Q(0) < Oy, P(0) 2 0. (2.5)
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To facilitate mathematical analysis, we use the scaling listed in
Table 3 to transform model (2.4)-(2.5) into the following nondimen-
sionalized form

do a’;%{ — 1w =76 = )= =y

L= -~ clg = 1) 1= b, q.p), 26)
(;—]; = 0(1 - é)p—p— sp? = hy(w, q, p)

with initial values

w(0) 20, 1<4(0) <4, p0)=0, 2.7)

where we still use 7 by replacing . For the simplification of notation,
denote

G:=R, X[L,5]xR,. (2.8)

Obviously, (w(0), g(0), p(0)) € G if and only if it satisfies (2.7). Thus we
need only to consider model (2.6) with initial values in G.

Notice that plants can survive successfully in bare soil only if their
growth rate exceeds the loss rate; otherwise they will die. Therefore, in
this paper, we always assume that y,,, > M in model (2.4), i.e., ¢ > 1
in model (2.6).

3. Model dynamics
3.1. Feasible domain

Our first theorem states the well-posedness of model (2.6).

Theorem 3.1. Any solution of model (2.6) starting from G remains in it
for all t > 0. Moreover, they are uniformly ultimately bounded.

Proof. We first show that G is positively invariant for model (2.6).
Obviously, the vector valued function (4, h,, h3) defined in model (2.6)
is continuous and local Lipschizian with respect to (w, g, p) in G. Notice
from the third equation of p in model (2.6) that p = 0 is a solution
of model (2.6). According to the existence and uniqueness theorem of
solutions for ordinary differential equations, any solution starting from
G cannot leave it by crossing the coordinate plane p = 0. It then follows
from the first equation of w in model (2.6) that

dw _ pt+f

om0 = @ >0 (3.1)

p+1 ’
which means that any solution starting from ¢ with w(0) = 0 will enter
the interior of G. Notice further from the second equation of g in model
(2.6) that
dg w
— =p06-1
ar lg=1 B )
Thus we can conclude that for any solution of model (2.6) starting with
the initial value in ¢, it will remain in the region.

Now we are in a position to prove that all solutions starting from ¢
are uniformly ultimately bounded. Define

>0 and %
w+1 dt lg=6

=—c(6-1)<0. (3.2)

N = pq + gw. (3-3)

Then we can compute that

dN , L app+f)
=X = _IN+( - 1)pg — sp*q+ ———22
o ( )pq — sp°q Yo+ D)
S—lN+(I—1)pq—sp2q+%
—_1\2
<oy U=Da ab
4s y
2
s—1N+M+@,

4s y
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Table 2
Parameters in model (2.4).
Parameter Description Value (range) Units Sources
a Proportion of surface water available 0.1 - Gilad et al. [24]
for infiltration
A Average precipitation rate [0, 2.74] kg H,0/m?/day Gilad et al. [24]
B Plant carbon density reference value beyond which 0.05 kg C/m? Gilad et al. [24]
the infiltration rate approaches its maximum value
f Infiltration contrast between bare soil [0, 1] - HilleRisLambers et al. [28]
and vegetated soil
L Soil water evaporation rate 0.1 day! Rietkerk et al. [27]
Prmax Maximum soil water consumption rate per carbon 0.05 kg H,0/kg C/day HilleRisLambers et al. [28]
Ohnax Maximal water content per carbon [0.15, 1] kg H,0/kg C Default
at which the water uptake ceases
Omin Minimal water content per carbon [0.01, 0.1] kg H,0/kg C Default
at which the plant growth ceases
c Half saturation constant of specific 3 kg H,0/m? HilleRisLambers et al. [28]
plant growth and water uptake
Hinax Maximum plant specific production rate 0.5 day~! HilleRisLambers et al. [28]
M Background mortality rate of plants 0.2 day! HilleRisLambers et al. [28]
N Specific loss rate of plants due to intraspecific 0.3 m?/kg C/day Gilad et al. [24]
competition
Table 3 R 1= Qumin ) 1 3.7
: : : s . . 0 = Hmax ~ v ( . )
Relations between variables and parameters in model (2.4) and their non-dimensional 0 M
ones in (2.6).
where
Quantity  Scaling Non-dimensional description Value (range)
Onmax + Q .
w . ~ Pmax [e) -0 Hmax € min
w = Soil water content 0= max —% min
CQ afA
io i P
q o Water/carbon ratio in plants Hinax + ﬁ =7 AL
p . 'max ~&min T+C
P 3 Plant carbon density
/ Mt Time is the water/carbon ratio at the ‘no-vegetation’ equilibrium state (“{A,
~ 1. .
B ZL Water storage capacity of plants  [1.5, 100] 0,0); 4~ is the average life span of plants.
a % Precipitation [0, 0.4567]
. . .1 .
’ cm"fu Soil water consumption rate [0.00004209, 0.00833] Remarl.( 3.2 7.2.0 can be obtame.d b}.l analyzmg the stability of ‘no-
. . vegetation’ equilibrium state, which is shown in Appendix A. From
B Loy Soil water absorption rate [0.02525, 50] . . A
MO, (6-D) (3.6), we can see that increasing water storage capacity of plants § or
¢ o Plant specific production rate 25 precipitation a, improving the soil condition f, and reducing the loss
s =2 Specific loss rate of plants due to  0.075 rate of soil water / can enhance the colonized rate of plants in the bare
crowding effect soils.
i ﬁ Evaporation rate of soil water 0.5

which implies that

—1)2
limsup N (1) < u + %.

>0 4ls ly 34

Thus, combining (3.2), we know that all solutions of model (2.6) with
initial values in G are ultimately bounded and therefore exist globally
forallt>0. O

Denote

TS
4 u+ﬁ}. (3.5)

Q= N —w<

{(wqp)egpq+yw s Iy
Then Q is a globally attracting region of model (2.6) with initial values
in G.

3.2. Ecological reproductive index

Biologically, the ecological reproductive index [29] characterizes
the average amount of new plants produced by one unit plants during
the average life span of plants. The viability of plants can be described
by the ecological reproductive index, which is defined for model (2.6)
by

_ Peaf(6-1)

O Béaf +caf +cl’
In terms of the original parameters in model (2.4), R, can be written
as

(3.6)

3.3. Existence and stability of equilibria

Notice from (3.5) that all the equilibria of model (2.6) should lie in
the region @ and can be determined by solving

ptf wp

ap+1—lw—y(5—q)w+1—0, (3.8)

PG —g) = —elg= D=0, (3.9)

c(l—l)p—p—sp2=0. (3.10)
q

Clearly, model (2.6) always possesses a ‘no-vegetation’ equilibrium
E°%u®, ¢°,0), where

Baf(6-1)
lc+(f+c)af’
In the following, we try to find other nonnegative equilibria with p # 0.
Notice from (3.10) that if 0 < p < %, we have

o_af 0

w = — qg =1+ (311)

C

. (3.12)
c—1-sp

q=

Substituting (3.12) into (3.9), we obtain that if § > % and 0 < p <
~ ._ Pélc=1)—Pc—c
Pi= then,

c(1+ sp)

T Boc—1—-sp) —pc—c(l+sp)

It is easy to check that p < ‘3;1 Thus, we only need to pay our attention

w (3.13)

:= (0, p) under conditions & > B+l and ¢ > 1.

to the range p € I )
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By substituting (3.12) and (3.13) into (3.8), we obtain the following
equality:
alp+ f) Ic cyp

T+ pU+sp  Boc—T=sp—pe—citsp  pe-1-sp P

For the convenience of analysis, we denote the expressions on the
left and right sides of (3.14) respectively as F(p) and G(p). Then the
positive roots of (3.14) can be determined by looking for the possible
intersections of function curves of F(p) and G(p) in the range p € I.

For the function F(p), its derivative has the form

a(—spz—Zsfp+1—f(s+l))
P2+ (s+Dp+1)2

F'(p)=

Obviously, when f > HLI, F'(p) < 0 for all p > 0. But when f <

direct computation shows that there exists a positive number

L 2sf = VA= DGSf =D
p:

£
s+1’

such that F'(p) =0, and F’'(p) > 0 for 0 < p < p and F'(p) <0 for p > p.

Furthermore, we can compute the second derivative of F(p) as

—Za(s(p+f) +(=sp?=2sfp+1—f(s+1)Q2sp+s+ 1))
(sp>+(s+ p+1)3 '

F'(p)=

It is easy to check that F”'(p) < 0 when 0 < p < j, which indicates that
F(p) is concave and increasing on the interval 0 < p < jp.

Similarly, we can compute the first and second derivatives of func-
tion G(p) as

cls(Bs + ¢) ye(c—1)
o= (B8(c — 1= sp) = pec — (1 +sp))’ T = 1= @19
and
G"(p) = 2les?(f6 + ¢)? 2cys(c—1) . (3.16)
(ﬂé(c—1—sp)—ﬁc—c(l+sp))3 Ble = 1= spy’

We can easily check that G'(p) > 0 and G”(p) > 0 for p € I. This
indicates that G(p) is convex and increasing for p € I. Notice also that

Ic

F(0) = af, JLTOF(p) Boc—1)—fe—c

=0, G(0) = >0, }Jirr;?G(p) =

(3.17)

Combining the characteristics of curves F(p) and G(p), we can obtain
the following results:

. e c(f+1) Ic
@ Iff< +1, 5> D and ¢ > 1, then when a > TFRe= Do)’ cf
the curves F(p) and G(p) have a unique intersection in I; while

le

when a < T pee)’ the two curves may have none, one or

two 1ntersect1ons in I;
G Iff>—,6> ‘iﬂ“) and ¢ > 1, then when a > % the
curves F(p) and G(p) have a unique intersection in /; while when

Ic
< f Tyt the two curves have no intersections in I.

Notice the expression of R defined in (3.6). Then, summarizing,
we obtain the following theorem about the existence of equilibria of

model (2.6).

Theorem 3.3. For model (2.6), there always exists a ‘no-vegetation’
equilibrium E°(u®, ¢°,0) with
o_af 0 _ paf(6—1)
w=——, q = _
I le+(f+c)af

ﬂ
l)ﬂ

(1) when R, > 1, then model (2.6) has a unique positive equilibrium;
(2) when R, < 1, then model (2.6) has none, one or two positive
equilibria.
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We now begin to study the stability of equilibria. The Jacobi matrix
at an equilibrium E(w, g, p) of model (2.6) is given by

_] — r=ap ywp ald—f) _ yé-qguw
(w+1)2 w+1 (p+1)? w+1
IE=| G T 0
0 % c(1— é)— 1-2sp (3.18)
ap app a3

=] ay axp 0
0 a3 a3

At the boundary equilibrium E%(uw?, ¢°,0), the eigenvalues of Jacobi
matrix J(E) are

paf

=10 = —e <0 =R~ 1. (3.19)
Thus E°(w?, ¢°, 0) is locally asymptotically stable if R, < 1 and unstable
if Ry > 1.

Notice that R < 1 implies that 1 < < = baltal ¥l gor which EO is
locally asymptotically stable. In fact, we can further have the following
global stability result for E° (see Appendix B for the proof).

Lemma 3.4. Assume that 1 < § < Ll and ¢ > 1. Then for model
(2.6), the ‘no-vegetation’ equilibrium E°(u?, ¢°, 0) is globally asymptotically
stable.

At the positive equilibrium E*(w*, ¢*, p*), if exists, its characteristic
equation is

A3 = TrgA%? = hgA — Det, = 0, (3.20)
where
_ y@é—-qp*  puw* .
To=~I= iy " w1 TP <0
h =_sp*(l+—7(5_q*)p*+—ﬁw* +c)
0 W+ 12w +1
* —_ ¥ *
—1( Bw +c>_70(5 q)p ’
w* + 1 (w* + 1)2

Detg = — sp* ( (wﬁ*+1 +c)+

+ acp(l — )6 — ¢*)p"
q*Z(w* + 1)2(p* + 1)2

re(d —g*)p* ) _ cBr(6 —q")prw*
(w* + 1)2 q*Z(w* + 1)3

and
y(6 —q")p*
Trohy + Dety =s *1(1+—+s )
0”0 0 =sp (w + 1) p
ys( — ¢*)p* (1 L Y@t puwt )
(w* + 1) w*+ 1?2  w*+1
C ] Jw* 5 — a*)p*
+(ﬂs,pw + sep* + plw +cl+—yc( q)p)
41 w* +1 (w* +1)2

r(6 —g")p* Bw” )
(w*+1)2 w+1
Py —a Pp'w  ach = N6 =" _
q*Z(w* + 1)3 q*Z(w* + 1)2(1)* + 1)2
Then Hurwitz criteria [30] implies that all the roots of (3.20) have
negative real parts if

X (l+c+sp*+

Det, <0, (3.21)

and (3.20) has at least one root with positive real part if (3.21) is
violated.

Summarizing above, we have the following conclusion about the
stability of equilibria.

Theorem 3.5. Assume that ¢ > 1. For the equilibria of model (2.6), we
have the following results.

(1) The boundary equilibrium E°(u?, 4% 0) is locally asymptotically
stable provided R, < 1 and unstable provided R > 1. In particular,
when 1 <6< cch’ it is globally asymptotically stable.
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(2) Any positive equilibrium E*(w*, g%, p*), if exists, is locally asymp-
totically stable provided Det, < 0 and unstable provided Det, >
0.

3.4. Bifurcation analysis

It follows from Theorems 3.3 and 3.5 that when R, < 1, model
(2.6) may show the coexistence between a boundary equilibrium and
two positive equilibria. To identify this dynamic property, we explore
possible bifurcations that model (2.6) may undergo. For the conve-
nience, we denote the variables w, ¢, p in model (2.6) by x;, x,, x3,
and H = (hy, hy, h3). The dimensionless precipitation a is taken as the
bifurcation parameter.

We first prove the existence of a transcritical bifurcation by using
Theorem 4.1 in [31].

Theorem 3.6. If a =a* m ie, Ry = 1, then model (2.6)
undergoes a transcritical bifurcation at E°(w°,¢°,0), which is backward
provided m; > 0 and forward bifurcation provided m, < 0, where

_2(f8(c—1)—Bc—c) 2splf(c = D(BS(c —1) = e —¢)
- B8 — 1) e(fr(Bé(c = 1) = fe =) + pl(c = D(f = 1))
(3.22)

Proof. It follows from R, = 1 that a = g*. From (3.19), it is easy
to see that when a = ao*, the Jacobi matrix at (w°,4° 0) has a zero
simple eigenvalue. For the zero eigenvalue, a right eigenvector is y =
(1, uy, u3)T where the superscript T denotes the transpose of a vector
and
_ (B8(c — 1) = fc — c)?
© fele—126-1
_ Blf(c=D(Ps(c—1)=pc—c)

e(S7pse = 1) = e =)+ pic = 1 = 1))

and a left eigenvector is

=
%)
|

v=(v,Vp,v3) = (0,0, L)
H3

Now we examine the signs of two quantities m; and m,, where

2 k'u' 0x; 0(1

Due to the left eigenvector v, we just need to calculate the second
derivatives of h;. Simple calculations show that

0*h 0%h
== =2 =2, (3.24)
0x0x3 1w0.4°.0) 42 0x§ (w?,6°,0)

3

my = 2 Vk”z”]
kij=1 9x a

(3.23)

and the rest of the second derivatives in (3.23) are all zero. Therefore,

2(c = 1)%u,
my = - —2sp3
_ 2(p6(c —1)—=Pc—c) 2splf(c — 1)(Ppé(c —1)— fc—c)
- Bc2(5— 1) e(fy(Boc — 1) = fc — ¢) + pilc = D(f = 1))’

"o = Bflc = D5 —q)

27 (@af + (B + c)af +cl)
Based on Theorem 4.1 in [31], we immediately obtain that the bifur-
cation at R, = 1 (a = a*) is backward when m; > 0 and forward when
m; <0. O

According to (3.20), it is easy to check that Jacobi matrix J at the
positive equilibrium E*(w*, ¢*, p*) has a simple zero eigenvalue A = 0
when Det, = 0, i.e., when

e Y@ D sl (B Owt Ot + D), PG — gw?
‘= B ﬁ(l—f)( cy(6 —q*) tsgTe w* + 1 )
(3.25)
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The following theorem shows that a saddle-node bifurcation occurs
when a crosses the value a**

‘(ﬁ“ﬁ) and ¢ > 1, and E*(w*, ¢*, p*) is a
positive equilibrium of model (2.6). If a = a** and 2] # 0, then model (2.6)
undergoes a saddle-node bifurcation at E*(w*, g*, p*).

Theorem 3.7. Assume that § >

Proof. Let U and V be a right and left eigenvector of Jacobi matrix J
corresponding to A = 0. Direct calculation yields to

U=U,Uy, Uy = <<ﬂw* + c(w* + D)w* +1) Lc )T’

B —q*) T sq?
V=V’

_ (1 W+ 1)’ +y(6 - g " a1 -f) _ y@-q)w* )T
’ (6 —q%) Tspr(pr+ 12 spr(wr + 1)
Also, we have
o o _ (DTS T
H,(E*.da") = (p*+1’0’0) ,
and then
VT H, (E*,a") = +f (3.26)

We now need to compute D>H (E*, a*)(U,U), which has the form
2B+ 2w +c(f+c) 2¢2(1—s) >T

DH(E*,a*)(U,U) = (@

B —q*) T sgr
where
_2rp*((B+ ow* +¢)* | 2yp*((B+ w* +0) _ 2e7((B+ 0w +0)
B p*(6 - q) P26 — g*)(w* + 1) Bsq*(w* + 1)

2cyw*
sq¥2(w* + 1)
It then follows that

231 - )
S2q*4(p* + 1)3 :

(W* + 1) +7(5 = g)p")(=2(8 + ¢)*w* + c(f +¢))

VT D*H(E*,a*)(U,U) =6 +

B2 — q*)?
2%1-s5)/ a*(1-f) yG-qIw'y\  _~
* sq** (sp*(p* +1)? T sprwr + 1) ) =0

It then follows from Sotomayors theorem [32] that system (2.6) un-
dergoes a saddle-node bifurcation at E*(w*,q*,p*) when a crosses

a**. D
4. Numerical simulations

Soil texture is crucial to the availability of soil water for plants. In
general, sandy soil has large gaps and permeability, but poor water
retention, low nutrient content, and poor fertility. In contrast, clay soil
has small gaps, poor permeability, strong water and fertilizer retention,
more organic matter. These soil properties will affect the absorption
of water by plants and the transmission and consumption of water in
plants to a certain extent. In this paper, we focus on these two soil
conditions by setting f = 0.1 as sandy soils and f = 0.9 as clay
soils, and study the impacts of plant trait (water storage capacity,
§) and climatic factor (precipitation, a) on the growth of plants. The
following numerical results are obtained by using the continuation
software MatCont in Matlab.

Water storage capacity is one of the typical characteristics of drought
resistance in dryland plants, and to some extent it can represent a
particular species of plant. The impacts of water storage capacity of
plants 6 on the soil water, the water/carbon ratio in plants, and the
plant growth are shown in Figs. 1 and 2 by bifurcation analysis. If plants
are supported by sandy soil (f = 0.1, see Fig. 1), model (2.6) undergoes
a saddle-node bifurcation at 6 = 209840 := §, and a backward
bifurcation at § = 86.6007 := §,, respectively. When 6 < 6;, model (2.6)
only has a ‘no-vegetation’ state E°, which is globally asymptotically
stable. When 8, < 8 < §,, model (2.6) has a ‘no-vegetation’ state E® and
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Fig. 1. Bifurcation diagrams of model (2.6) with respect to water storage capacity 6 for sandy soil (f = 0.1): (a) soil water content, (b) water/carbon ratio in plants, (¢) plant
carbon density. The other parameters except 6 and f are taken as a = 0.2, / = 0.5, y = 0.00008503, = 0.5102, ¢ = 2.5, and s = 0.075. The red/black curves denote the stable/unstable
equilibria, respectively. The label ‘SN’ denotes the saddle-node bifurcation and ‘BP’ the transcritical bifurcation point.
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Fig. 2. Bifurcation diagrams of model (2.6) with respect to water storage capacity & for clay soil (f = 0.9): (a) soil water content, (b) water/carbon ratio in plants, (c) plant
carbon density. The other parameters except 6 and f are taken as a = 0.2, / = 0.5, y = 0.00008503, # = 0.5102, ¢ = 2.5, and s = 0.075. The color of the curves and the labels have

the same meaning as in Fig. 1.

two vegetated states E} and E; with p; <p;-In this situation, model
(2.6) shows a bistability (alternative stable states) between a stable
‘no-vegetation’ equilibrium and a stable positive equilibrium. When
5 > 6,, the ‘no-vegetation’ state becomes unstable, and model (2.6)
has a unique stable vegetated state. If plants are supported by clay soil
(f = 0.9, see Fig. 2), the dynamics of model (2.6) is quite different from
the previous case. Only the forward bifurcation occurs. The bifurcation
value of 6 is at 6 = 14.007506 := 6;. When 6 < 65, model (2.6) only
has a ‘no-vegetation’ state E°, which is globally asymptotically stable.
When § > 65, the ‘no-vegetation’ state becomes unstable, and a unique
vegetated state emerges, which is a global attractor.

Figs. 1 and 2 are obtained with a precipitation level of a« = 0.2,
which means that the plants are living in a relatively dry environment.
These results show that the water storage capacity of plants has an
important impact on the survival of plants in arid environments, mainly
in the following three aspects:

« For plants with weak water storage capacity, due to the relative
lack of water resources in arid environments, it is impossible to
meet the normal growth needs of plants. Therefore, no matter in
sand or clay soil, plants cannot survive, and the plant population
will collapse. There is no change in the soil water content in the
equilibrium state (see Figs. 1(a) and 2(a)), because it is assumed
that the precipitation is a fixed value, while in the equilibrium
state, the plants die, and the soil water will not be consumed.

There is a critical value of plant water storage capacity in both
types of soil, and when the water storage capacity exceeds this
critical value, plants begin to have the ability to survive in arid
environments. If plants are supported by sandy soil, then in a
suitable range of water storage capacity system (2.6) may exhibit
a bistable phenomenon. The final plant biomass depends on the

initial plant biomass: if the initial vegetation is sparse, then the
plants will die out, while if the initial vegetation is luxuriant,
then the plants can survive. If plants are supported by clay soil,
the bistable behavior does not occur. These indicate that it is
very sensitive to different soils if the plant biomass is low. Due
to the low water retention rate of sandy soil, when the biomass
is small, it is difficult for plants to absorb enough water from
the soil to sustain their growth and development. Under these
conditions, plants are highly susceptible to death. Clay soil, on
the other hand, has a high water retention rate and it is easier
for plants to absorb water from the soil to sustain their growth
and development.

For plants with strong water storage capacity, the growth rate
of plants in sandy and clay soils will not make much difference
due to their strong drought resistance. However, for the water
in the soil, the equilibrium density in the sandy soil will not
change with the change of water storage capacity, while in the
clay, the equilibrium density will decrease with the increase of
water storage capacity.

The effect of precipitation on plant growth and development has
always been an important topic in plant research. For plants with
different water storage capacity, the effect of precipitation may be quite
different. Here, we conduct some numerical simulations for the level
of water storage capacity of plants § = 20 to explore the influence
of precipitation on plants. The corresponding results are shown in
Figs. 3 and 4. It can be seen that the dynamics of model (2.6) are
similar to those shown in Figs. 1 and 2. In extremely dry conditions
(i.e., precipitation is very few), plants cannot survive and the plant
population collapses. As precipitation gradually increases, the amount
of the soil water also increases accordingly. It is not until the soil water
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Fig. 3. Bifurcation diagrams of model (2.6) with respect to the precipitation a for sandy soil (f = 0.1): (a) soil water content, (b) water/carbon ratio in plants, (c) plant carbon
density. The other parameters except a and f are taken as § = 20, / = 0.5, y = 0.0002193, § = 1.3158, ¢ = 2.5 and s = 0.075. The color of the curves and the labels have the same
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content reaches a certain level that plants can survive in this particu-
lar environment. We mainly consider precipitation as an indicator to
describe the role of precipitation in plant growth. As can be seen from
Fig. 3, the precipitation threshold can be determined by the tipping
point of model (2.6) where the model has a ‘no-vegetation’ equilibrium
and a positive equilibrium with multiplicity 2. When precipitation is
greater than this threshold, the plants survive, otherwise the plants will
go extinct. When the climate is relatively humid, the phenomenon of
alternative stable states appears. Similar to the impact of water storage
capacity, we find that the low plant biomass is very sensitive to the
soil types in this humid environment. Compared with sandy soil, clay
soil is more favorable for plant colonization for low initial biomass.
When the climate is very humid, the plant biomass increases with
precipitation, until the plant biomass reaches a certain amount and no
longer increases. At this time, precipitation is no longer a limiting factor
for plant growth.

5. Discussion

In order to survive in arid environments, plants have developed
some drought resistance strategies, including developed root system
and developed water storage tissues, etc. In this paper, we use the
method of mathematical modeling to explore the influence of water
storage capacity of plant on its growth and development in arid en-
vironments. Specifically, we characterize the water storage capacity
of plants as the ratio of the maximum and minimum water/carbon
ratio in plants. Based on this, a three-variable model describing the
dynamics of soil water, water/carbon ratio in plants, and plant carbon
density is proposed. We have investigated the existence and stability
of equilibria, and proved that the model may undergo a forward or
backward bifurcation and a saddle-node bifurcation.

The bifurcation diagrams illustrate that the soil conditions can sig-
nificantly affect successful colonization of plants. For plants supported
in clay soil, the ecological reproductive index R can be seen as an
indicator that the plants can be colonized successfully in the bare
areas (see Figs. 2 and 4). According to the formula R, = 1, the
critical values of climatic conditions (for example, precipitation) or
plant traits (for example, water storage capacity) for plant survival
can be determined. In this case, the plant biomass does not change
abruptly with precipitation changes. For plants supported in sandy soil,
it is obvious that R, = 1 is not the indicator that the plants can be
colonized successfully in the bare areas. The true indicator is domi-
nated by the saddle-node bifurcation point, which is smaller than that
determined by R, = 1. This bifurcation point is also called a tipping
point. In addition, it is interesting to note that the plant community
is resilient to precipitation and water storage capacity for the sandy
soil. The result about precipitation is consistent to that in [27]. In
appropriate parameter ranges, the phenomenon of alternative stable
states may emerge, and the initial plant biomass determines the final
plant size. In particular, if the initial biomass of plants is sparse, then
they may become extinct. In Ecology, this phenomenon is called Allee
effect [33,34].

In natural ecosystems, especially in arid ecosystems, alternative sta-
ble states and tipping points are not uncommon [35-38]. Some studies
show that these phenomena are closely related to the degradation and
restoration of ecosystems. As the parameter approaches the tipping
points, the original stable ecosystem may undergo unpredictable rapid
degradation or even collapse in a short time, and the degraded system
state also has high stability and is often difficult to recover. On the
other hand, these phenomena also can explain some irrational facts
in nature, such as the increase of surface runoff in the Sahel region
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after a long-term severe drought from 1970 to 1994 [39]. In fact,
the numerical simulations in Wendling et al. [39] revealed that the
vegetation eco-hydrological system oscillated around the vegetation
state on the eve of the severe drought of 1970-1994 due to changes
in precipitation. During the drought, it started to shift to a degraded
(low vegetation/high runoff) state, where it remained despite the slight
precipitation recovery that followed. In the mechanisms causing these
phenomena, drought may be an important factor in arid environ-
ments [27,35,37]. Moreover, Rietkerk et al. [27] showed that the
site-specific properties such as nutrients or soil water availability is
very important for the resilience of vegetation change. In this paper,
it is interesting to note that plant traits such as water storage capacity
also can induce the occurrence of these phenomena. Unfortunately,
our model only combines empirical data and does not provide more
convincing numerical analysis based on actual data. In fact, if actual
data can be considered, then based on the plant characteristics of a
certain species in a certain region, some predictions can be made about
future plant growth trends. To some extent, this finding may provide a
theoretical framework for early warning of critical phase transitions in
real ecosystems.

As noted, the water storage capacity of different types of plants and
their seasonal changes are quite different. Since most plants growing in
arid regions have the ability to obtain water from deep soil, and their
hydraulics are very complex, determining the dynamics of the water
storage capacity of plants in arid environments remains challenging
in current plant research. In this paper, we do not directly model the
water storage capacity of plants as a state variable, but describe it
by the water/carbon ratio in plants. It is shown that a decrease in
water storage capacity might cause the emergence of alternative stable
states and even induce the occurrence of low biomass vegetation states
(see Fig. 1(c)), which again proves that the water storage capacity
plays a very important role in the drought resistance strategies of
plants. Moreover, recent researches have indicated that the response
of plants to drought has a lag effect [40-43]. When the drought stress
is over, although the water and soil conditions have been restored to
the conditions suitable for plant growth, the plant functions and various
growth indicators cannot be restored immediately, that is, some effects
of stress on plants will last for a period of time. Therefore, considering
this lag effect in the process of describing the interaction between
plants and water will make the model more consistent with the real
growth law of plants. We will further consider this in future research.
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Appendix A. Computation of R,

According to (3.19), we know that the eigenvalues of Jacobi matrix
J(E®) are
paf Peaf(6—1)

<0, Jy=—ltedlCZ D
af+1 € 37 Béaf +caf +cl

It is obvious that the stability of E%(w,q,,0) is determined by A;.
Define

}.1:—1<0, 12:—

_ Peaf6-1)
07 Bsaf +caf +cl’

Then R, is the ecological reproductive index of plants for model (2.6).

Appendix B. Proof of Lemma 3.4

Proof. The condition 1 < ¢ < § implies that

= o(e(1-1)-1-m) (1) 1)

It then follows that when 1 < § < i, we have lim,_, , p(t) = 0 for any
initial value p(0) > 0. Accordingly, we have the limiting equation of
w(t) in (2.6) as
i—f =af —lw,
from which we know that for any initial value w(0) > 0, lim,_,, w(f) =

%. Similarly, we obtain the limiting equation for g as

dg _ paf . ( paf

T s+t (af+l ”)q’

from which we immediately have that
paf6—-1) _

a0 = v oar 1

The proof is thus completed. []
References

[1] L. Xu, C. Zheng, Y. Ma, Variations in precipitation extremes in the arid and
semi-arid regions of China, Int. J. Climatol. 41 (3) (2021) 1542-1554, http:
//dx.doi.org/10.1002/joc.6884.

[2] C.D. Allen, D.D. Breshears, N.G. McDowell, On underestimation of global
vulnerability to tree mortality and forest die-off from hotter drought in the
anthropocene, Ecosphere 6 (8) (2015) 1-55, http://dx.doi.org/10.1890/ES15-
00203.1.

[3] C.D. Allen, AK. Macalady, H. Chenchouni, D. Bachelet, N. McDowell, M.
Vennetier, T. Kitzberger, A. Rigling, D.D. Breshears, E.T. Hogg, et al., A global
overview of drought and heat-induced tree mortality reveals emerging climate
change risks for forests, Forest Ecol. Manag. 259 (4) (2010) 660-684, http:
//dx.doi.org/10.1016/j.foreco.2009.09.001.

[4] E.J. Gustafson, B.R. Sturtevant, Modeling forest mortality caused by drought
stress: implications for climate change, Ecosystems 16 (1) (2013) 60-74, http:
//dx.doi.org/10.1007/s10021-012-9596-1.

[5] Z. Wei, Y. Wang, Responses of Plants to Drought Stress, Science Press, China,
2015.

[6] P. D’Odorico, A. Porporato, C. Runyan, Ecohydrology of arid and semiarid
ecosystems: an introduction, in: P. D’Odorico, A. Porporato, C. Runyan (Eds.),
Dryland Ecohydrology, second ed., Springer Nature Switzerland AG, Switzerland,
2019, pp. 1-27, http://dx.doi.org/10.1007/978-3-030-23269-6_1.

[7] D.K. Singh, P.W. Sale, Growth and potential conductivity of white clover roots
in dry soil with increasing phosphorus supply and defoliation frequency, Agron.
J. 92 (5) (2000) 868-874, http://dx.doi.org/10.2134/agronj2000.925868x.

[8] S. Manzoni, M.H. Ahmed, A. Porporato, Ecohydrological and stoichiometric
controls on soil carbon and nitrogen dynamics in drylands, in: P. D’Odorico,
A. Porporato, C. Runyan (Eds.), Dryland Ecohydrology, second ed., Springer
Nature Switzerland AG, Switzerland, 2019, pp. 279-307, http://dx.doi.org/10.
1007/978-3-030-23269-6_11.


http://dx.doi.org/10.1002/joc.6884
http://dx.doi.org/10.1002/joc.6884
http://dx.doi.org/10.1002/joc.6884
http://dx.doi.org/10.1890/ES15-00203.1
http://dx.doi.org/10.1890/ES15-00203.1
http://dx.doi.org/10.1890/ES15-00203.1
http://dx.doi.org/10.1016/j.foreco.2009.09.001
http://dx.doi.org/10.1016/j.foreco.2009.09.001
http://dx.doi.org/10.1016/j.foreco.2009.09.001
http://dx.doi.org/10.1007/s10021-012-9596-1
http://dx.doi.org/10.1007/s10021-012-9596-1
http://dx.doi.org/10.1007/s10021-012-9596-1
http://refhub.elsevier.com/S0025-5564(24)00007-5/sb5
http://refhub.elsevier.com/S0025-5564(24)00007-5/sb5
http://refhub.elsevier.com/S0025-5564(24)00007-5/sb5
http://dx.doi.org/10.1007/978-3-030-23269-6_1
http://dx.doi.org/10.2134/agronj2000.925868x
http://dx.doi.org/10.1007/978-3-030-23269-6_11
http://dx.doi.org/10.1007/978-3-030-23269-6_11
http://dx.doi.org/10.1007/978-3-030-23269-6_11

C. Wang et al.

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

C.W. Runyan, P. D’Odorico, Modeling of phosphorus dynamics in dryland ecosys-
tems, in: P. D’Odorico, A. Porporato, C. Runyan (Eds.), Dryland Ecohydrology,
second ed., Springer Nature Switzerland AG, Switzerland, 2019, pp. 309-333,
http://dx.doi.org/10.1007/978-3-030-23269-6_12.

M.A. Ahanger, N. Morad-Talab, E.F. Abd-Allah, P. Ahmad, R. Hajiboland, Plant
growth under drought stress: significance of mineral nutrients, in: P. Ahmad
(Ed.), Water Stress and Crop Plants: A Sustainable Approach, Vol. 2, John Wiley
& Sons, 2016, pp. 649-668, http://dx.doi.org/10.1002/9781119054450.ch37.
Y. Hu, U. Schmidhalter, Drought and salinity: a comparison of their effects on
mineral nutrition of plants, J. Plant Nutrition Soil Sci. 168 (4) (2005) 541-549,
http://dx.doi.org/10.1002/jpln.200420516.

K. Snyder, S. Tartowski, Multi-scale temporal variation in water availability:
implications for vegetation dynamics in arid and semi-arid ecosystems, J. Arid
Environ. 65 (2) (2006) 219-234, http://dx.doi.org/10.1016/j.jaridenv.2005.06.
023.

J. Yin, P. D’Odorico, A. Porporato, Soil moisture dynamics in water-limited
ecosystems, in: P. D’Odorico, A. Porporato, C. Runyan (Eds.), Dryland Ecohy-
drology, second ed., Springer Nature Switzerland AG, Switzerland, 2019, pp.
31-48, http://dx.doi.org/10.1007/978-3-030-23269-6_2.

R.H. Waring, S.W. Running, Sapwood water storage: its contribution to tran-
spiration and effect upon water conductance through the stems of old-growth
Douglas-fir, Plant, Cell Environ. 1 (2) (1978) 131-140, http://dx.doi.org/10.
1111/j.1365-3040.1978.tb00754.x.

J. Cermdk, J. Kulera, W.L. Bauerle, N. Phillips, T.M. Hinckley, Tree water
storage and its diurnal dynamics related to sap flow and changes in stem
volume in old-growth Douglas-fir trees, Tree Physiol. 27 (2) (2007) 181-198,
http://dx.doi.org/10.1093/treephys/27.2.181.

S. Hartzell, M.S. Bartlett, A. Porporato, The role of plant water storage and
hydraulic strategies in relation to soil moisture availability, Plant Soil 419 (1)
(2017) 503-521, http://dx.doi.org/10.1007/s11104-017-3341-7.

1. Loladze, Y. Kuang, J.J. Elser, Stoichiometry in producer-grazer systems: linking
energy flow with element cycling, Bull. Math. Biol. 62 (6) (2000) 1137-1162,
http://dx.doi.org/10.1006/bulm.2000.0201.

R.W. Sterner, J.J. Elser, Ecological Stoichiometry: The Biology of Elements from
Molecules to the Biosphere, Princeton University Press, 2003.

H. Wang, H.L. Smith, Y. Kuang, J.J. Elser, Dynamics of stoichiometric bacteria-
algae interactions in the epilimnion, SIAM J. Appl. Math. 68 (2) (2007) 503-522,
http://dx.doi.org/10.1137/060665919.

H. Wang, P.V. Garcia, S. Ahmed, C.M. Heggerud, Mathematical comparison and
empirical review of the monod and droop forms for resource-based popula-
tion dynamics, Ecol. Model. 466 (2022) 109887, http://dx.doi.org/10.1016/j.
ecolmodel.2022.109887.

N.C. Turner, G.J. Bruch, The role of water in plants, in: M.P. Iwan Teare (Ed.),
Crop-Water Relations, John Wiley & Sons, 1983, pp. 73-126.

E. Gilad, J. von Hardenberg, A. Provenzale, M. Shachak, E. Meron, Ecosystem
engineers: from pattern formation to habitat creation, Phys. Rev. Lett. 93 (9)
(2004) 98105, http://dx.doi.org/10.1103/PhysRevLett.93.098105.

M. Rietkerk, M.C. Boerlijst, F. van Langevelde, R. HilleRisLambers, J. de Koppel,
L. van Kumar, H.H.T. Prins, A.M. de Roos, Self-organization of vegetation in
arid ecosystems, Amer. Nat. 160 (4) (2002) 524-530, http://dx.doi.org/10.1086/
342078.

E. Gilad, J. von Hardenberg, A. Provenzale, M. Shachak, E. Meron, A mathe-
matical model of plants as ecosystem engineers, J. Theoret. Biol. 244 (4) (2007)
680-691, http://dx.doi.org/10.1016/}.jtbi.2006.08.006.

N. McDowell, W.T. Pockman, C.D. Allen, D.D. Breshears, N. Cobb, T. Kolb, J.
Plaut, J. Sperry, A. West, D.G. Williams, et al., Mechanisms of plant survival
and mortality during drought: why do some plants survive while others succumb
to drought? New Phytol. 178 (4) (2008) 719-739, http://dx.doi.org/10.1111/j.
1469-8137.2008.02436.x.

10

[26]

[27]

[28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

Mathematical Biosciences 369 (2024) 109147

O.L. Phillips, G. Van Der Heijden, S.L. Lewis, G. Lopez-Gonzalez, L.E. Aragdo,
J. Lloyd, Y. Malhi, A. Monteagudo, S. Almeida, E.A. Davila, et al., Drought—
mortality relationships for tropical forests, New Phytol. 187 (3) (2010) 631-646,
http://dx.doi.org/10.1111/j.1469-8137.2010.03359.x.

M. Rietkerk, F. van den Bosch, J. van de Koppel, Site-specific properties and
irreversible vegetation changes in semi-arid grazing systems, Oikos 80 (1997)
241-252., http://dx.doi.org/10.2307/3546592.

R. HilleRisLambers, M. Rietkerk, F. van den Bosch, H.H. Prins T., H. de Kroon,
Vegetation pattern formation in semi-arid grazing systems, Ecology 82 (1) (2001)
50-61, http://dx.doi.org/10.1890/0012-9658(2001)082[0050:VPFISA]2.0.CO;2.
M. Chen, M. Fan, R. Liu, X. Wang, X. Yuan, H. Zhu, The dynamics of temperature
and light on the growth of phytoplankton, J. Theoret. Biol. 385 (2015) 8-19,
http://dx.doi.org/10.1016/j.jtbi.2015.07.039.

J.D. Murray, Mathematical Biology: I. An Introduction, third ed., Springer-Verlag,
New York, 2002.

C. Castillo-Chavez, B. Song, Dynamical models of tuberculosis and their applica-
tions, Math. Biosci. Eng. 1 (2) (2004) 361, http://dx.doi.org/10.3934/mbe.2004.
1.361.

L. Perko, Differential Equations and Dynamical Systems, Springer, New York,
1996.

M.J. Groom, Allee effects limit population viability of an annual plant, Amer.
Nat. 151 (6) (1998) 487-496, http://dx.doi.org/10.1086,/286135.

K.J. Duffy, K.L. Patrick, S.D. Johnson, Does the likelihood of an Allee effect
on plant fecundity depend on the type of pollinator? J. Ecol. 101 (4) (2013)
953-962, http://dx.doi.org/10.1111/1365-2745.12104.

E.H. Van Nes, M. Hirota, M. Holmgren, M. Scheffer, Tipping points in tropical
tree cover: linking theory to data, Global Change Biol. 20 (3) (2014) 1016-1021,
http://dx.doi.org/10.1111/gcb.12398.

C. Xu, H. Wang, Q. Liu, B. Wang, Alternative stable states and tipping points
of ecosystems, Biodivers. Sci. 28 (11) (2020) 1417, http://dx.doi.org/10.17520/
biods.2020233.

M. Hirota, M. Holmgren, E.H. Van Nes, M. Scheffer, Global resilience of tropical
forest and savanna to critical transitions, Science 334 (6053) (2011) 232-235,
http://dx.doi.org/10.1126/science.1210657.

M. Scheffer, S. Carpenter, J.A. Foley, C. Folke, B. Walker, Catastrophic shifts
in ecosystems, Nature 413 (6856) (2001) 591-596, http://dx.doi.org/10.1038/
35098000.

V. Wendling, C. Peugeot, A.G. Mayor, P. Hiernaux, E. Mougin, M. Grippa,
L. Kergoat, R. Walcker, S. Galle, T. Lebel, Drought-induced regime shift and
resilience of a Sahelian ecohydrosystem, Environ. Res. Lett. 14 (10) (2019)
105005, http://dx.doi.org/10.1088/1748-9326/ab3dde.

B.C. Rundquist, J.A. Harrington, The effects of climatic factors on vegetation
dynamics of tallgrass and shortgrass cover, Geocarto Int. 15 (3) (2000) 33-38,
http://dx.doi.org/10.1080/10106040008542161.

D. Wu, X. Zhao, S. Liang, T. Zhou, K. Huang, B. Tang, W. Zhao, Time-lag effects
of global vegetation responses to climate change, Global Change Biol. 21 (9)
(2015) 3520-3531, http://dx.doi.org/10.1111/gcb.12945.

S. Tong, Y. Bao, R. Te, Q. Ma, S. Ha, A. Lusi, Analysis of drought characteristics
in Xilingol grassland of Northern China based on SPEI and its impact on
vegetation, Math. Probl. Eng. 2017 (2017) 5209173, http://dx.doi.org/10.1155/
2017/5209173.

B. Choubin, F. Soleimani, A. Pirnia, F. Sajedi-Hosseini, H. Alilou, O. Rahmati,
AM. Melesse, V.P. Singh, H. Shahabi, Effects of drought on vegetative cover
changes: investigating spatiotemporal patterns, in: Extreme Hydrology and
Climate Variability, 2019, pp. 213-222, http://dx.doi.org/10.1016/B978-0-12-
815998-9.00017-8.


http://dx.doi.org/10.1007/978-3-030-23269-6_12
http://dx.doi.org/10.1002/9781119054450.ch37
http://dx.doi.org/10.1002/jpln.200420516
http://dx.doi.org/10.1016/j.jaridenv.2005.06.023
http://dx.doi.org/10.1016/j.jaridenv.2005.06.023
http://dx.doi.org/10.1016/j.jaridenv.2005.06.023
http://dx.doi.org/10.1007/978-3-030-23269-6_2
http://dx.doi.org/10.1111/j.1365-3040.1978.tb00754.x
http://dx.doi.org/10.1111/j.1365-3040.1978.tb00754.x
http://dx.doi.org/10.1111/j.1365-3040.1978.tb00754.x
http://dx.doi.org/10.1093/treephys/27.2.181
http://dx.doi.org/10.1007/s11104-017-3341-7
http://dx.doi.org/10.1006/bulm.2000.0201
http://refhub.elsevier.com/S0025-5564(24)00007-5/sb18
http://refhub.elsevier.com/S0025-5564(24)00007-5/sb18
http://refhub.elsevier.com/S0025-5564(24)00007-5/sb18
http://dx.doi.org/10.1137/060665919
http://dx.doi.org/10.1016/j.ecolmodel.2022.109887
http://dx.doi.org/10.1016/j.ecolmodel.2022.109887
http://dx.doi.org/10.1016/j.ecolmodel.2022.109887
http://refhub.elsevier.com/S0025-5564(24)00007-5/sb21
http://refhub.elsevier.com/S0025-5564(24)00007-5/sb21
http://refhub.elsevier.com/S0025-5564(24)00007-5/sb21
http://dx.doi.org/10.1103/PhysRevLett.93.098105
http://dx.doi.org/10.1086/342078
http://dx.doi.org/10.1086/342078
http://dx.doi.org/10.1086/342078
http://dx.doi.org/10.1016/j.jtbi.2006.08.006
http://dx.doi.org/10.1111/j.1469-8137.2008.02436.x
http://dx.doi.org/10.1111/j.1469-8137.2008.02436.x
http://dx.doi.org/10.1111/j.1469-8137.2008.02436.x
http://dx.doi.org/10.1111/j.1469-8137.2010.03359.x
http://dx.doi.org/10.2307/3546592
http://dx.doi.org/10.1890/0012-9658(2001)082[0050:VPFISA]2.0.CO;2
http://dx.doi.org/10.1016/j.jtbi.2015.07.039
http://refhub.elsevier.com/S0025-5564(24)00007-5/sb30
http://refhub.elsevier.com/S0025-5564(24)00007-5/sb30
http://refhub.elsevier.com/S0025-5564(24)00007-5/sb30
http://dx.doi.org/10.3934/mbe.2004.1.361
http://dx.doi.org/10.3934/mbe.2004.1.361
http://dx.doi.org/10.3934/mbe.2004.1.361
http://refhub.elsevier.com/S0025-5564(24)00007-5/sb32
http://refhub.elsevier.com/S0025-5564(24)00007-5/sb32
http://refhub.elsevier.com/S0025-5564(24)00007-5/sb32
http://dx.doi.org/10.1086/286135
http://dx.doi.org/10.1111/1365-2745.12104
http://dx.doi.org/10.1111/gcb.12398
http://dx.doi.org/10.17520/biods.2020233
http://dx.doi.org/10.17520/biods.2020233
http://dx.doi.org/10.17520/biods.2020233
http://dx.doi.org/10.1126/science.1210657
http://dx.doi.org/10.1038/35098000
http://dx.doi.org/10.1038/35098000
http://dx.doi.org/10.1038/35098000
http://dx.doi.org/10.1088/1748-9326/ab3dde
http://dx.doi.org/10.1080/10106040008542161
http://dx.doi.org/10.1111/gcb.12945
http://dx.doi.org/10.1155/2017/5209173
http://dx.doi.org/10.1155/2017/5209173
http://dx.doi.org/10.1155/2017/5209173
http://dx.doi.org/10.1016/B978-0-12-815998-9.00017-8
http://dx.doi.org/10.1016/B978-0-12-815998-9.00017-8
http://dx.doi.org/10.1016/B978-0-12-815998-9.00017-8

	The impact of water storage capacity on plant dynamics in arid environments: A stoichiometric modeling approach
	Introduction
	Model Formulation
	Model dynamics
	Feasible domain
	Ecological reproductive index
	Existence and stability of equilibria
	Bifurcation analysis

	Numerical simulations
	Discussion
	CRediT authorship contribution statement
	Declaration of competing interest
	Data availability
	Acknowledgments
	Appendix A. Computation of R0
	Appendix B. Proof of Lemma 3.4
	References


