
Solutions for Math 300 2009 Midterm

PROBLEM 1: Use the Method of Characteristics to solve

ut +
2t

1 + t2
ux = −3t

2, −∞ < x <∞, t > 0,

u (x, 0) = tanh (x) , −∞ < x <∞.

Solution. Observe that the initial data is specified along the x-axis. The
characteristic equations are given by

dx

dt
=

2t

1 + t2
subject to x|

t=0 = x0 ∈ R,

which implies
du

dt
= −3t2 subject to u|

t=0 = tanh (x0) .

The solution to the characteristic equations is given by

dx =
2t

1 + t2
dt =⇒

∫
x

x0

dξ = 2

∫
t

0

ξ

1 + ξ2
dξ

=⇒ x− x0 = ln
(
1 + t2

)
=⇒ x = x0 + ln

(
1 + t2

)

=⇒ x0 = x− ln
(
1 + t2

)
,

and

du = −3t2 dt =⇒

∫ u

tanh(x0)

dξ = −3

∫ t

0

ξ2 dξ

=⇒ u = −t3 + tanh (x0)

=⇒ u (x, t) = −t3 + tanh
[
x− ln

(
1 + t2

)]
.

Below, u (x, t) is graphed for t = 0, 1.5, 1.75 and 2, respectively.
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PROBLEM 2: Compute the Fourier Series (FS) for

f (x) = 1− |x| , for − 1 ≤ x ≤ 1.

Solution. Observe that f (x) is an even function for x ∈ [−1, 1], i.e., f (−x) =
f (x). Thus, the FS contains only the “cos” terms. The FS for an arbitrary
function f (x) on the interval [−L,L] is given by

f (x) = a0 +
∞∑

n=1

an cos (nπx/L) + bn sin (nπx/L) ,

where

a0 =
1

2L

∫
L

−L

f (x) dx,

and for n = 1, 2, 3, ...

an =
1

L

∫
L

−L

f (x) cos (nπx/L) dx, bn =
1

L

∫
L

−L

f (x) sin (nπx/L) dx.

Here L = 1, so that the FS is

f (x) = a0 +
∞∑

n=1

an cos (nπx) + bn sin (nπx) ,

where

bn =

∫ 1

−1

f (x) sin (nπx) dx = 0,

since f (x) is an even function, and

a0 =
1

2

∫ 1

−1

f (x) dx =

∫ 1

0

1− xdx = x−
x2

2

∣∣∣∣

1

0

=
1

2
,

and for n = 1, 2, 3, ...

an =

∫ 1

−1

f (x) cos (nπx) dx = 2

∫ 1

0

(1− x) cos (nπx) dx

=
2

nπ

∫ 1

0

(1− x)
d sin (nπx)

dx
dx =

2

nπ

[
(1− x) sin (nπx)|10 +

∫ 1

0

sin (nπx) dx

]

= −
2

(nπ)2
cos (nx)|

π

0 =
2 [1− (−1)n]

(nπ)2
=

4

(nπ)2
if n is odd and 0 otherwise.

So the FS is

f (x) =
1

2
+
4

π2

∞∑

n=0

cos [(2n+ 1)πx]

(2n+ 1)2
.
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Let us define the nth partial sum as

FN (x) =
1

2
+
4

π2

N∑

n=0

cos [(2n+ 1)πx]

(2n+ 1)2
.

Below, we show F2 (x) and F50 (x).
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PROBLEM 3: Using Separation of Variables, solve the initial-boundary-value
problem

utt − uxx = 0, 0 < x < 1, t > 0,

u (0, t) = ux (1, t) = 0, t > 0,

u (x, 0) = sin (πx/2) and ut (x, 0) = sin (3πx/2) , 0 < x < 1.

Solution. Introduce the decomposition u (x, t) = G (t)Φ (x). Substitution into
the PDE leads to

G′′

G
=
Φ′′

Φ
= −λ2,

so that
Φ′′ + λ2Φ = 0, Φ(0) = Φ′ (1) = 0.

The general solution is given by

Φ(x) = D sin (λx) +C cos (λx) ,

where A and B are free amplitude constants. Application of the boundary
conditions lead to

Φ(0) = C = 0,

and

Φ′ (1) = 0 = Dλ cos (λ) =⇒ λ = λn ≡ (2n+ 1)π/2 for n = 0, 1, 2, ...

Hence

Φn (x) = Dn sin

[
(2n+ 1)πx

2

]
, for n = 0, 1, 2, ...,
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where Dn is a free amplitude constant. The orthogonality condition associated
with the eigenfunctions is given by

∫ 1

0

sin

[
(2n+ 1)πx

2

]
sin

[
(2m+ 1) πx

2

]
dx =

δnm
2
.

The associated time problem is

G′′ +

[
(2n+ 1)π

2

]2
G = 0,

=⇒ Gn (t) = An sin

[
(2n+ 1)πt

2

]
+Bn cos

[
(2n+ 1)πt

2

]
,

where An and Bn are free amplitude constants. Thus, the general solution for
u (x, t) that satisfies the boundary conditions can be written in the form

u (x, t) =
∞∑

n=0

{
An sin

[
(2n+ 1)πt

2

]
+Bn cos

[
(2n+ 1) πt

2

]}
sin

[
(2n+ 1)πx

2

]
,

where the Dn coefficient has been “absorbed” into the An and Bn coefficients.
Application of the initial condition u (x, 0) = sin (πx/2) implies

sin (πx/2) =
∞∑

n=0

Bn sin

[
(2n+ 1)πx

2

]
,

which implies that

B0 = 1 and Bn = 0 for n = 1, 2, 3, ...

Application of the initial condition ut (x, 0) = sin (3πx/2) implies

sin (3πx/2) =
∞∑

n=0

An
(2n+ 1)π

2
sin

[
(2n+ 1)πx

2

]
,

which implies that

A1 =
2

3π
and An = 0 for n = 0, 2, 3, ...

Hence the solution is given by simply

u (x, t) = cos

(
πt

2

)
sin
(πx
2

)
+
2

3π
sin

(
3πt

2

)
sin

(
3πx

2

)

=
1

2

{
sin

[
π (x− t)

2

]
+ sin

[
π (x+ t)

2

]}
+
1

3π

{
cos

[
3π (x− t)

2

]
− cos

[
3π (x+ t)

2

]}
.
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The solution is periodic in time with period 4 time units. The solution is shown
below for t = 0, 1.5, 3 and 4, respectively.
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