Solutions for Math 300 2009 Midterm

PROBLEM 1: Use the Method of Characteristics to solve

Uy, = —3t%, —oo < x < oo, t >0,

u(x,0) = tanh (z), —oo <z < 0.

Solution. Observe that the initial data is specified along the z-axis. The
characteristic equations are given by

dx 2t .

gk subject to z|,_, = o € R,
which implies

du

i —3t* subject to ul,_, = tanh (zo).
The solution to the characteristic equations is given by

dxidt:>/zd£2/t £ e
71+t2 xg B 0 1+§2

:>x—x0:1n(1+t2)=>x:x0+1n(1+t2)

ﬁxozx—ln(l—i—tz),
and Y .
du = -3t dt = d§:—3/ &2 de
0

tanh(zo)
— u = —t* + tanh (z)
= u(z,t) = —t° + tanh [z — In (1 + ¢*)] .
Below, u (z,t) is graphed for ¢t = 0, 1.5, 1.75 and 2, respectively.
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PROBLEM 2: Compute the Fourier Series (FS) for
flx)y=1—lz|,for —1<ax <1

Solution. Observe that f (x) is an even function for z € [-1,1], i.e., f (—x) =
f(z). Thus, the FS contains only the “cos” terms. The FS for an arbitrary
function f (z) on the interval [—L, L] is given by

f (:L‘) =ag + Z Qay COS (me/L) + bn sin (mrac/L) ’
n=1
where

1 L
ag = i/_[]f(l‘) dCL',
and forn =1,2,3, ...

L L
Gy, = %/_Lf(x) cos (nmx/L) dx, b, = %/_Lf(x) sin (nmz/L) dx.

Here L =1, so that the FS is

f(x)=ap+ i an cos (nmx) + by, sin (nrx),

n=1

where

1
by, = /71 f (z)sin (n7wz) de =0,

since f (x) is an even function, and

1 1 2
aO:—/ f(x)dx:/lfxdx:xfx—
2 ), ) 2

and forn =1,2,3, ...

1

1
0 2’

an = /_11 f(x) cos (nmzx) dx = 2/01 (1 — z)cos (nmz) dz

2 [ dsin (nmz) 2 . 1 b
= /. (1-2x) — dx = — [(1 — ) sin (n7x)|, —|—/0 sin (nmx) dx}
———— cos (nz)|§ = 2[1- (_21) ] = 5 if n is odd and 0 otherwise.
n) (nm) (nm
So the FS is
1 4 S cos[(2n+ 1) ma]
B ==y —a T
f)=3 w?% (2n+1)°



Let us define the nth partial sum as

4 Y. cos [(2n + 1) 7]
5 —_—

—~  (2n+1)

F (x) Fso ()

PROBLEM 3: Using Separation of Variables, solve the initial-boundary-value
problem
Ut —Uge =0, 0 < x < 1,1 >0,

w(0,t) =uy (1,¢) =0, ¢t > 0,
u(z,0) =sin (7z/2) and u; (z,0) =sin (37z/2), 0 <z < 1.

Solution. Introduce the decomposition u (x,t) = G (t) ® (x). Substitution into
the PDE leads to
G// @// 9
—_— = — = —)\ y
G o
so that
D"+ X0 =0, ®(0) =P (1) = 0.

The general solution is given by
® (z) = Dsin (A\x) + C cos (A\x),

where A and B are free amplitude constants. Application of the boundary
conditions lead to
o (0)=C=0,

and
' (1)=0=DAcos(\) = A=\, =(2n+1)7/2 forn=0,1,2,...

Hence
@2n+1)mx

®,, () = D, sin [ 5

] , forn=0,1,2,...,



where D, is a free amplitude constant. The orthogonality condition associated

with the eigenfunctions is given by

1
/ sin {(Qn +21)7r:c] sin {(szl)mc] dr — cSn_m
0

The associated time problem is

G+ [L’;l)”rc —0,

(2n+ 1) 7t

2

= G, (t) = A, sin [ 5

] +Bncos[

(2n 4 1) 7t

|\

where A, and B,, are free amplitude constants. Thus, the general solution for
u (z,t) that satisfies the boundary conditions can be written in the form

oo
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2

n=0

where the D,, coefficient has been “absorbed” into the A,, and B,, coefficients.

Application of the initial condition wu (x,0) = sin (7z/2) implies

sin (12/2) = i B, sin [M] ,

n=0

2
which implies that
Bp=1land B,=0forn=1,2,3,...

Application of the initial condition wu; (x,0) = sin (37z/2) implies

sin (372 /2) = Z A, (2n J; 13Ky sin [(Qn +21) 7T,§C:| 7

n=0

which implies that

2
Ay =—and A, =0forn=0,2,3,...
3T

Hence the solution is given by simply

(z,t) = ﬂ-_t(ﬂ)+£@3ﬂ-_x
u(z,t) = cos (7 | sin (3 5o sin (- ) sin{ =

o ] o 5o 2] o

)

3m(x+1)

2

I}



The solution is periodic in time with period 4 time units. The solution is shown
below for t =0, 1.5, 3 and 4, respectively.
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