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Abstract

This paper presents Part I of a two-part series on studying the long-term coexistence states of stochas-
tic generalized Kolmogorov systems with small diffusion. Part I establishes a mathematical framework
for approximating the invariant probability measures (IPMs) and density functions (IPDFs) of these sys-
tems, while Part II will focus on analyzing their non-autonomous periodic counterparts. Compared with
the existing approximation methods available only for systems with non-degenerate linear diffusion, this
paper introduces two new and easily implementable approximation methods, the log-normal approxima-
tion (LNA) and updated normal approximation (uNA), which can be used for systems with not only
non-degenerate but also degenerate diffusion. Moreover, we utilize the Kolmogorov-Fokker-Planck (KFP)
operator and matrix algebra to develop algorithms for calculating the associated covariance matrix and ver-
ifying its positive definiteness. Our new approximation methods exhibit good accuracy in approximating
the IPM and IPDF at both local and global levels, and significantly relaxes the minimal criteria for positive
definiteness of the solution of the continuous-type Lyapunov equation. We demonstrate the utility of our
methods in several application examples from biology and ecology.
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1. Introduction

Kolmogorov systems are a class of deterministic systems to characterize the dynamics of in-
teracting populations and have been widely employed in biological and ecological modeling [1].
However, most real processes are subject to small noise perturbations from environmental factors
or intrinsic uncertainties, and it is shown that such small perturbations could have a great impact
on the dynamics of these processes [13—16,56]. Thus, investigating stochastic Kolmogorov sys-
tems with small perturbations is significant to capture the asymptotic behavior of the underlying
process. A general form of an n-dimensional stochastic Kolmogorov system of 1t6 type can be
expressed as follows:

dx;(t) = x; ()b (x1(t), ..., x,®))dt + x; (t)o; (x1(2), ..., x, (£))dW;(t), i=1,...n, (1.1)

where W1(-), ..., W, (-) is n independent real-valued Brownian motions. The formulation in (1.1)
covers some common dynamical systems in the literature, such as phytoplankton-zooplankton
models, Lotka-Volterra population models, and vegetation models [23,60], etc.

A long-standing central issue pertaining to Kolmogorov system is: Under what conditions
can interacting populations coexist stably [2]? For deterministic models, it can be well addressed
through asymptotic stability of the positive equilibrium state. However, such positive equilibrium
may not exist in stochastic settings [11]. Instead, analyzing asymptotic stability in distribution
(ASD) [3] is relatively applicable in stochastic systems, including the existence and uniqueness
of an invariant probability measure (IPM) [12]. Two common approaches to investigate ASD
are: (i) Lyapunov functional method [4—7] and (ii) a combination of Lyapunov exponents and
the tightness of random occupation measures [8—10]. In recent decades, variants of Kolmogorov
systems with regard to ASD have been also studied, such as chemostat models [2,61], nutrient-
plankton systems [74], and epidemic models [64—67].

In this paper, we consider a generalized stochastic Kolmogorov system with small noise per-
turbations as follows:

N

dXei(t) = fi(Xe())dt +/eXei (1) 3 gijXe)dW; (1), i=1,..,n, (12)
j=1 :

Xe(0) =x0

taking values in (0, 00)" := R’} , where X (1) = (X¢,1(), ..., Xe,,,(t));LO (the superscript “T”
stands for the transpose), € > 0 is a small parameter, and (W1 (¢), ..., Wy (t)) T := W(z) is an N-
dimensional standard Brownian motions. f = (f;) is a vector field on R” , called the drift field;
G = (x;g;j) is an n x N matrix-valued function on R”, called the Kolmogorov noise matrix.

In addition to the existence of I[PMs, a complete characterization of the coexistence state in
practice also necessitates its invariant probability density function (IPDF), which is the funda-
mental solution of the stationary Kolmogorov—Fokker—Planck (KFP) equation. In particular, the
KFP equation of the IPDF W, (-) associated with system (1.2) is
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0== L a(f0%00) +3 1 3 (g0 %)
i= i j=

=2V (x), VxeRY, (1.3)
W (x) >0, fR’i U (x)dx =1,
where 9; = 8%’ 8:'21' = ax—?;xjs (8 Inxn = G.G/ is the diffusion matrix, and .%, is the KFP

operator.

To understand quantitatively the impact of noises on coexistence behavior of stochastic mod-
els, the IPMs and KFP equations, especially with small diffusion, have attracted much attention
in the past decades. The associated analysis is carried out through several aspects including ex-
istence [21], noise-vanishing behavior (e.g., [17,18]) and quantification of concentration (e.g.,
[19,20]), etc. However, there have been virtually no investigations concerning the explicit ex-
pression of IPDF in the literature yet. This is likely due to the lack of available techniques and
systematic treatments for solving KFP equations. There are a few exceptions, such as the study
of one-dimensional ecological models [22-24] and Gibbs density of gradient system [25,26], but
these models are relatively simple. In fact, most stochastic systems (in particular, Kolmogorov
type) modeled by the continuous-time processes are complex and highly nonlinear [27], mak-
ing the solving of KFP equations challenging. Therefore, numerical schemes or approximation
techniques are often used as viable alternatives.

A few numerical schemes for IPMs have been proposed such as the truncated Euler—
Maruyama (EM) method [28,29] for diffusion systems, Wong—Zakai approximation [30] for
dissipative periodic equations, and the newly modified EM scheme [31,32] for switching dif-
fusion systems. Although these numerical schemes have shown their abilities to approximate the
IPMs, one limitation is that the approximate expressions of their IPDFs cannot be obtained. Re-
cently, resurgent effort has been devoted to solving KFP equations by Monte Carlo simulation
and numerical PDE method [33-35,40,50]. However, such techniques are almost unavailable for
(1.2) due to two reasons. First, (1.2) is defined on R’} (i.e., an unbounded domain) and does not
satisfy the usual “dissipation” conditions [44]; thus, the boundary condition of a discretized KFP
equation is not determined. Second, computing the eigenfunction of the KFP operator is quite
challenging. Unlike the aforementioned numerical approaches, an interesting new routine is to
consider special continuous probability distributions to approximate IPMs [15], and the follow-
ing expressions of IPDFs can then be explicitly approximated. Our study in this paper adopts this
idea.

Inspired by the analysis of gradient systems, a classical assumption is that IPM of (1.2) can
be approximated by a Gibbs measure, i.e., the [IPDF W, (x) satisfies

1 _ow
Ee €, XGRZ’F,

VY, (x) =

where Q(x) represents the quasi-potential function [26,36,37], and K = fR’i e o dx. How-

ever, this assumption is difficult to verify due to the high regularity requirements of Q(x), even
in some simple cases [38,39]. Li et al. [56] reinitiated the study by adding small perturbations
to a biochemical system with a unique stable equilibrium x*. They suggested that under non-
degenerate diffusion (i.e., the diffusion matrix N is positive definite), the IPM near x* may be
approximately normally distributed, and the covariance matrix X satisfies the continuous-type
Lyapunov equation 3w | + w2 + R = O (3.(Z, w, R) = O for short), where O denotes zero
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matrix. Zhou et al. [41] further developed their work and proposed a newly developed normal
approximation method. Then approximate expressions of the local IPDFs for some low dimen-
sions (< 5) stochastic epidemic models have been obtained [42,45-48]. These studies rely on the
analysis of the “standard Lg-algebraic equation”, see [41, Lemma 3] and [46, Lemma 3.1]. Then
by superposition principle, the explicit form of ¥ and its positive definiteness can be determined.

It should be noted that the associated study from special epidemic models to that of system
(1.2) requires a big leap. Specifically,

(a) By Routh—Hurwitz criterion, a well-known result for Lyaunov equation J.(2, @, R) = O is
that ¥ is positive definite if all eigenvalues of @w are of negative real part and R is pos-
itive definite [49]. However, such property of ¥ is unknown under degenerate diffusion
(i.e., N is positive semi-definite). Moreover, degenerate diffusion is ubiquitous in stochastic
modeling such as distributed delays [5,51-53], dependent Brownian motions [57-59] and
Ornstein—Uhlenbeck processes [54,55,62]. Thus in this case, when using the existing nor-
mal approximation method, ¥ should be required to be positive definite to obtain an explicit
approximate form for the joint marginal density of some subpopulations. In fact, existing
works on normal approximations are only established under non-degenerate diffusion.

(b) Although the newly developed normal approximation method has some potential to verify
the positive definiteness of ¥ under degenerate diffusion, there are two main restrictions
to its application. Firstly, the analysis of standard Lg-algebraic equation is limited to the
positive definiteness of solutions, which is computed directly (e.g., [46, Appendix B]) and
can become increasingly challenging as the equation’s dimension increases. The complete
characterization of the solution of n-dimensional standard Lg-algebraic equation remains
a challenging issue. Secondly, this normal approximation method requires that at least one
Lyapunov sub-equation can be transformed into standard L-algebraic equation. Otherwise,
additional conditions are needed to verify the positive definiteness of X (see [45,47,48]).

(c) The current normal approximation methods provide only local approximations for IPDF
around a quasi-positive equilibrium, and the approximation accuracy is unknown. A natural
extension is to investigate whether it has a good global fitting ability for IPDF. Furthermore,
the corresponding error estimates and approximate level for KFP equation have not been
explored yet.

(d) In some stochastic risk-adjusted volatility models, IPM exhibits long right tails, as shown
in [28, Fig. 4]. According to the Freidlin-Wentzell theory [40], the tails of the probability
distribution are non-negligible, which implies that normal approximation methods are not
applicable. Therefore, new approximation methods and techniques are required to analyze
skewed IPMs.

These challenges motivate our current work. Our aim is to provide unified approximation
algorithms for the IPM of stochastic generalized Kolmogorov system (i.e., (1.2)) and to derive
an approximate expression for the IPDF. To address the issue of degenerate diffusion, we need
to focus on the fundamental properties of the general standard Lg-algebraic equation, including
the structure of the eigenpolynomial and the positive definiteness of the solution. The relevant
analysis is highly challenging as the eigenvalues have to be treated in a complex field. We try to
solve it with the help of both the residue theorem and ideas from linear control theory. Although
the generalized Kolmogorov-type equation (1.2) is more general and realistic, the study of large-
scale approximations for IPDF is much more challenging. To obtain the positive definiteness
of the covariance matrix in approximation algorithms under degenerate diffusion, we need to
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transform each sub-equation into an equivalent form with a higher-dimensional standard L-
algebraic equation structure.
Our main contributions are as follows:

e We develop two easily implementable explicit approaches for approximating the IPM and
IPDF of system (1.2) in both local and global horizons: (i) log-normal approximation (LNA)
for right-skewed measure, and (ii) updated normal approximation (uNA) for roughly sym-
metrical measure. Combining Lyapunov functional method, convergence results in the mean
sense are established, and the asymptotic behavior of (1.2) around the positive equilibrium
of f is studied.

e New theoretical algorithms for calculating the expression of the covariance matrix of LNA
(or uNA) are derived. A novelty of these algorithms is that its positive definiteness can be
verified simultaneously. Moreover, two modified approximation algorithms are provided un-
der slightly complex diffusions. It should be mentioned that the matrix transformations we
adopted are different from those of the classical command “lyap(-, -)” in MATLAB software
[43], and have some excellent features such as wider applicability and cheaper computational
cost; see Remark 3.

e A complete characterization for general standard Lg-algebraic equation is presented. The
maximal error bounds of the difference between the IPDF of (1.2) and the approximate form
obtained from our algorithms in the sense of the KFP equation are calculated.

e As corollaries of our main theorems, the classical conditions for ensuring positive defi-
niteness of the solution of general Lyapunov equation I (X, w, ®) = O by using Routh—
Hurwitz criterion are substantially relaxed. Furthermore, we demonstrate the utility in several
application examples arising in biology and ecology.

The rest of the paper is organized as follows. Section 2 is a preliminary section, where we
present mathematical definitions, notations as well as important properties for standard Lg-
algebraic equations. Section 3 gives a complete framework of LNA approach for the IPM and
IPDF of (1.2), including basic formulation, explicit theoretical algorithms, and the approximate
effect in local and large-scale ranges. The corresponding framework of uNA approach is devel-
oped in Section 4. Section 5 provides several applications of our main results. Finally, we present
the proofs of some key auxiliary lemmas and propositions in the Appendix.

2. Preliminaries

Throughout this paper, let {2, %, {%;};>0, P} be a complete filtered probability space with
{Z:};>0 satisfying the usual conditions (i.e., it is right continuous and increasing while .%, con-
tains all P-null sets) [63], and E denotes the expectation corresponding to P; W(z) is adapted to
{Z:}1>0. A glossary of notations used in this paper is shown in Table 1.

Below we introduce the Routh—Hurwitz criterion (Lemma 2.1) and a simple conclusion for
the Lyapunov equation (Lemma 2.2).

Lemma 2.1. ([49]) Let yra(X) = Al + Zgzl ai X'~ (with A defined in complex field), then A €
RH()) if and only if L%‘j’(f\” > 0 for any k € S¥, where H 4 is the l-dimensional Hurwitz matrix
defined by
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Table 1

A glossary of symbols and notations.

C2 (R" ; ﬁ+)b

[

L

()

InX

all)

Afl

AT

I

At (or a(k))
Alk]

(O)l,q (or Op)*
Sko
A>B
A>B
RH()
(1)
U
Uy (D)
Yal)
Eam

Je(Z,w,8) =0

€

B
L x

set of all R'i—valued nonnegative functions V (x) which are continuously twice differentiable
inx
the Euclidean norm (or determinant of a matrix)
the classical It6’s operator
the Dirac measure
==(nXq,...,In X)) T, where X = (X1, ..., X)) T
subvector formed by the first / part of vector a
inverse matrix of A
transpose of A
[-dimensional identity matrix
submatrix formed by the first k x k part of matrix A (or the kth element of vector a)
submatirx of the first k row of matrix A
[ x g (orl x [)-dimensional zero matrix
index set {(k+ 1,k+2,....1} (-1 <k <)
A — B is a positive definite matrix
A — B is positive definite or positive semidefinite matrix
={Ae R! ><[| A has eigenvalues with all negative real components}
set of all /-dimensional standard k; matrices in Definition 2.1
set of all /-dimensional nonsingular upper triangular matrices
set of all /-dimensional upper Hurwitz—Hessenberg matrices in Definition 2.2
the eigenpolynomial of matrix A
[-dimensional Hurwitz matrix (see Lemma 2.1) of ¥4 (-)
the continuous-type Lyapunov equation Tw ! +wE+R8=0, where X is real symmetric
=(1,0,0,..,0T eR
:=(0,0,..,0,1) e R
:= diag(0,0, ...,0, 1,0, ..., 0} € R/*!
—_——

k—1 term

& 1f there is no ambiguity in theoretical derivation, Qy 4 (or @) can be simplified as Q.
b Rl =(0,00) i={(x1. .. xp) T €Rl[x; >0, Vi e SP} Ry =[0,00): S} = ; Rl :=RI*1.

ay as as --- ay-3 az-—|
1 a a4 --- ay-4 ayo
0 a a3 - ay-s ay-3

Ha=10 1 a - aye au-
0o 0 O aj_y aj

witha; =01if j > L

Lemma 2.2. ([49]) For any given matrix A € R

XL if all the eigenvalues s; of A satisfy si +

si#O0 Vi, je S?), then for any D € R'¥! there is a unique matrix B satisfying the equation

S.(B, A, D)= 0.

To obtain the desired results, two necessary mathematical definitions are shown.

Definition 2.1. D is called an /-dimensional standard k; matrix if D € RH(/) and it takes the

form
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—d-=n g
D= ",
I (@)
where d = (dy, d>, ..., d)).

Definition 2.2. C = (c;j);x; is called an /-dimensional upper Hurwitz—Hessenberg matrix if C €
RH(!) and it satisfies cit1,i Z0and ¢j; =0 forany i € S?fl; Jj € S;H.

Remark 1. By Lemma 2.1 and Definition 2.1, a consequence of D € .#(I) is that dT e ]RL. If
I =1, then D € /(1) if and only if D = (—d;) with d{ > 0. Thus, U, (1) = 7 (1).

In fact, standard Lg-algebraic equation is a special class of Lyapunov equation J.(%, o, 8) =
O withae € (k) and R =1 1 (k=1,2,...).

Proposition 2.1. Consider the following l-dimensional standard Lo-algebraic equation
SC(E[,A,H[’I)ZO, (21)
where A € L (l). Then

(1) (Positive definiteness) &; is unique and £; > Q.
(i) (Expression) E; is of the following form:

01 0 -6 0 03

0 6 0 —03
-6, 0 03 - 0
g = . , 2.2)
0o -6z - . 0 -6
03 e o 0 611 0

0 -0 0 o1

where (01, —63, ..., (—1)[’1191)—r := 0 is determined by equation 7 A0 = %el, and 6 € ]Rl+.
In particular, if all the roots Aj (j € S?) of equation 4 (A) = 0 are simple, then

)L2(l k)

_ —k 0
O = (—1) ZWA(A)W( ment Vkesy. (2.3)

(iii) (Determinant)

—%* — foroddl,

, forevenl,
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where a; = Y 4(0), aj—1 =¥/, (0), and

0, (_1)[%]*9[,__1]*
2
(p()lz . .', 3 k)
ity T
-6, (—1)[%]*“9@]*
2
(pel: E ", : k)
Lx
(=DM L (D6

with [-1* denoting the bracket function.

Proposition 2.2. For any matrix C € Uy (1), let M = ((8,C*NHT,(B,C'=2)T, ..., B]), then
M eU(l) and MCM~" € 7(I).

The proofs of the above propositions are collected in Appendices A and B.
We impose the following assumptions for system (1.2).

Assumption 2.1. The following conditions hold:

(1) For any xg € R, and € > 0, system (1.2) has a unique solution Xc(¢) on ¢ > 0 and the
solution will remain in R’} with probability 1 (a.s.).

(2) There exists €y > 0 such that for each € € (0, €), system (1.2) has a unique IPM pe on R7,
with its IPDF W, (-) determined by (1.3).

Assumption 2.2. Some of the following conditions hold:

(a) The matrix (g;;(X))uxn (&ij (x))nX y = O for any x € R"}. Furthermore, there is 61 > O such
that for any € € [0, €1), equations F(x) = 0 have a unique solution X (X6 Ir oo )—r
R’ , and the matrix (aa(ﬁgc ))nxn at x = X belongs to RH(n), where F(x) = (F1 x), ...,

F,(x))" with

F,‘<x)=m —Z g ().

(b) There is an a > 0 and a function V() € C>(R"; R ) satisfying

LV (Xc(0) < —a|Xe (@) — X + (), (2.4)

where X* is the unique root of f(x) =0on R’} , x(¢) > 0 is a continuous function satisfying
lirrb k(€)=0
€—>
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(c) The diffusion matrix GCGCT > O for any x € R}.. In addition, the matrix (%{’;;‘)) Ynxn at
x = X* belongs to RH(n).

Remark 2. Assumption 2.2(b) ensures that the solution of (1.2) will oscillate around X* under
some small diffusions. In particular, if further the function V is positive-definite decrescent ra-
dially unbounded, then X* is stochastically asymptotically stable in the large; see [63]. We need
Assumption 2.2(a) (resp., (c)) to guarantee that our LNA (resp., uNA) method can be carried out
for approximating the IPM u. and its IPDF W, (-). Both Assumptions 2.2(a) and (c) imply that
our approximation methods can work in non-degenerate diffusion.

3. Log-normal approximation (LNA) for IPDF
This section is devoted to providing a LNA method to approximate pt. and W (-).
3.1. Main transformations of (1.2)

We first consider the logarithmic transformation of (1.2), i.e.,

N
d(InXc;(1) = FiXe))dt + /€ Y gijXe(0)dW;(t), i€S),
=1

iz 3.1

X (0) =x € R",

Under Assumption 2.2(a), we can define a quasi-positive equilibrium i:, which uniquely satis-
fies the equation F(x) = 0. By calculation,

X' = X*. (3.2)

This implies that X: is biologically reasonable assumptions involved in the stochasticity. Then
the linearized equation of the solution In X, (¢) of (3.1) around In i: is as follows:

0F; (%)
3(Inx;)
=B Y (t)dt + /eOAW(), (3.3)

YD) =(35) | g Ye(Odt + V(g (RD)uxnd W)

where the initial value Y. (0) =Inxy — In X:
Let )»2' (k e Sg) be all the nonzero eigenvalues of ® @J . As in Assumption 2.2(a), we have

)»,‘: >0,Vke Sg. Thus, there exists an orthogonal matrix G, such that
&
Ge(BO0G] = M1, 4, (3.4)
k=1
where | <¢; <¢; <n,Vi < j.Obviously, £ = rank(0.0,).
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3.2. Local approximation-1
Let ¢ = {d)ls LA ¢E} and A€ = geBeggl

Theorem 3.1. Under Assumptions 2.1 and 2.2(a), the IPM . around X: is approximated by a
log-normal distribution LN, (In i:, Se) (with ®(-) denoting its density), where

T =€G) (i‘x S ) Ger (3.5)
k=1

with ¥, ¢ obtained by Algorithm 1. Moreover, for any constant vector X = (X1, ..., X,,)T e R”,
the following assertion holds:

;
XTE.X > pe Z(Y¢k + Z(Hf;k)] ) (3.6)

k=1 j=2

where Y = GX = (Y1,...Y)", pe > 0 is defined in (3.35), and Hy, ; =
[]_[l]:_(} (Q;kl’i)TP(bk,i]J,ka, with ni, Jg,, Pg,.i and Qg, i shown in Algorithm 1.

Proof. It is readily seen that system (3.3) has a unique explicit solution
Y (1) = eB'Y (0) + JE/ B0 dW(7).

Note that ® is a constant matrix, by a standard argument [63,68], /€ fot B =10 dW(1)
follows a Gaussian distribution N, (0, X(¢)) with

t
(1) =e/eBe“*f)@e@JeB?(’*”dr.
0

That is, system (3.3) admits a trﬂlsient distribution N, (e<'Y(0), £(r)) at time ¢. Under As-
sumption 2.2(a), we have B € RH(n), and

o
lim ¢PIY(0)=0, lim B() = / eB10.0] P ldr £ 3. 3.7)
0

Hence, the process {Y¢(#)};>0 has a unique IPM N, (0, ).
Based on the relationship between (3.3) around lnX and (1.2), we determine that In Xe (t) ( =

InXc () —In XG) around X, (7)) = X6 can be approximated by Y, (?), i.e., the probability measure
e of (1.2) near Y: is approximately a log-normal distribution LN, (In ij, Ye).
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Algorithm 1: Algorithm for obtaining ¥y, .

Input: A¢, ¢y (or ¢).
Output: g, Ly, « =

1, 1—L¢ i) 2rm ng—1 -1 nr—1 14T
(Hik v,\f)l)[ ¢k,rik(Hiio Oopye.i Poy.i) Iy 1 Am«nk{[Mtﬁk.nk(Hiio Qi Ppy.i) g 171 *

1 (Initialization): n; = 1;

2 (Order transformation): Z(qu 1= Jg AeJ ¢_k 1 ;
3 fori=1:n—1do

o | ey IH(—L"’k )2 Z 0 then

5 g =1;

6 break;

7 else

8 Choose a “suitable® “vy;y € S’ such thataw)k ” ;ﬁO

9 (Rotation transformation): A¢k’ i =Py, ,A¢k’ i ¢k’ i ;

10 (Elimination transformation): Z@{, i+1:= Qgy, iA\¢k, i Q;kl,itsupc;
11 end

12 Ni++;

13 end

-1 .
Pk’
15 Consider a standard L-algebraic equation J¢(E¢, - Ainé;z, Ly, 1) =05

14 (Standardized transformation): A ¢, = Mg, 5 Ag, n, M.

16 return ng, Sg s Sy e

a E}}J (or EH) denotes the ith element of the jth row of Z(.). Jg;, and My, p  are called the order and standardized

@k-Ac matrices, respectively. Py, ; (resp., Oy, ;) is called the ith rotation (resp., elimination) ¢y -A¢ matrix.

L¢1< 0J

Specifically, a =1land Py, ;= Qg 1 =1In, where [ € {0, n — 1}. Furthermore,

ﬂr]k (A(Wk) )r]]‘—l

M [0} (7ll\k;7k -2 o ! 0
k=
M¢kvﬂk = ( (O;?k I, , ) s Mnk = ﬂ'lk(A(f)k nk) s ‘I¢k = I¢k—1 (@) O s
Mk o (0] O In o
B
- o I (©) (O I @) 0)
Agpeme = < u%nk ©) ) Pyi=|O 0 biti-ug | Qp.i=| O 1 o |
O Iy;-1-i O O Gp-1-i Li—i-i
where £ ,_1_; = M ] (Allf"z llJ, . ,Ar&d’lk IJ)T [The paraphrase ofaLﬂ. is the same as au ]

Gigli
b The aim of “suitable” is that the choice of Vi (i) is helpful to prove X¢ > @. More details refer to Sections 5.1-5.4.

¢ Py, i and Qg ; are determined by vi (). Eg, p, is shown in (3.20).

Below we combine the superposition principle to derive the specific form of .. As similarly
in (A.2), X, can be determined by the Lyapunov equation

Sc(Ze, Be, €00/ ) = 0. (3.8)
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In view of (3.4) and A, Eq. (3.8) is equivalently transformed into

§
%C(EQGEEGZ, A, Zx,ju,,,d,k) =0. (3.9)

k=1

Consider the following algebraic equations

Se(Sgper A, Uy ) =0, YkeSY, (3.10)

where X4,  is the same as in Algorithm 1.
Combining (3.9) and (3.10) yields

§
GeZe Gl =€) 2 Tg e
k=1

Then (3.5) is obtained by the orthogonality of G..

Inspired by the Gaussian elimination method, we divide the remaining proof of Theorem 3.1
into three steps. The first is to solve Eq. (3. 10) (i.e., Xg;,e) by Algorithm 1. The second is to
obtain an important property of Hy, j, V j € Snk’ and the third is to verify (3.6).

Step 1. For any k € SE’ let A¢k,1 = J¢kA€J¢k .Itis clear that Jg, L1, 4, J(;k =11, 1, and (3.10)
can then be equivalently transformed into

3¢((Q.0 P07 Byc (Qg.0 Poy05) | A1, 1) = O. (3.11)
Based on the definition of n; in Algorithm 1, we have n; > 1, and
(1-i) Z @ £0, viesd | @) @™ =0, vjiespt @2
j=i+1

L¢k i] .

where each @ a; is obtained by the following iterative scheme:

A¢kl—P¢k1A¢k1 ¢ku

. (3.13)
A¢kl+1 _Q¢’klA¢le¢ i’ Vi eggk‘

We first illustrate (3.12) for two special cases

(@) =1, (2h) n=n.

Under (&), (3.12) is simplified as condition (1-ii), whereas it is simplified as (1-1) if (%) holds.
Combining (3.12), (3.13), and the forms of Py, ; and Qg, ; yields that

E!ﬂ’kﬂ?u —L¢'k lJ(;é 0) and (ll'd)k Mk J O VieS™

i+1,i vk() i 77k 1’ ] € S; (314)

Moreover, Eq. (3.11) is equivalent to
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36<(<’7ﬁ1 Q¢k,iP«pk,i)Jm)Em,e((nﬁl Q¢k,iP¢k,t)J¢k)TfZ¢k,nk» Uml) =0. @I
i=0

i=0

In the display above, we have used

ni—1 nk—1
[(H Q¢k:P¢kz)J¢k] [(H Q. zP¢k:)J¢k] =M1
i=0 i=0
— )

Using (3.14) and Definition 2.2, we get A, - m € Uy (). Combined with Proposition 2.2, we can
determine a matrix M,, € U (nx):

—(k) —1
ﬂnk(Aqﬁg»nk)nk
—(m 5
My, = ﬂnk(A¢k»ﬂk)nk
Bu

which forces MnkAglkLan’kl € . (nx). A similar argument in (B.2), (B.3) coupled with (3.14)
leads to

nk7
—(nk) _1\(1 _
(B, g )Y = TT a2y #o. (3.16)
i=0

By Algorithm 1, let

n—=nk

M ©) = -1
Mgy = ( @nk I ) o Asgr = My Ay M¢k "
Combining (3.16) and Definition 2.1, one has

ne—1
M¢kq'lk ]-[n 1 M¢k m (l—[ —5?{)]]&) n,1s (3.17)

and there is a vector “;l;k = (Ol 15 s Agme) | € R7F satisfying

A(’]k) glk ! ey, i €. (n). (3.18)
s | S [0)

Consider an ng-dimensional algebraic equation
e (g AT 1, 1) = 0. (3.19)
By (3.18) and Proposition 2.1, we determine that 24, ,, > O and
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G 0 - 0 g3
0 & 0 -3
Egeme = e 0 0 , (3.20)
0 -4 - - 0 —fp—
;3 0 Cnp—1 0

0 — &1 0 Sk

where (¢1, =02, (D" g) T = 30 e

5 S,‘bk
To proceed, we define

- n—1 n—1 T

Lpr.e = [( I1 Q¢k,iP¢k,i>J¢k]E¢k,e[( I1 Q¢k,iP¢k,i)J¢k] :

i=0 i=0
Using (3.17), Eq. (3.15) is equivalent to
~ M1 2
?sc(M(,,k,,,k 2¢k’EM;“nk, As i (]‘[ a}.‘ij_kizfd) Hn,1) =0, (3.21)
j=0

after which the related analysis can be divided into the following two conditions:
() meSy_y, () m=n.

Case 1. Under (<7)), it follows from (3.14) that Z@“,}k takes the form

. — (k)
Appme = (A%ﬂk %;,ﬂk) (3.22)
—=> 1k

with A, , € R *(1=nk) | For simplicity, we assume that

ST
~ ) £
e = Py € , (3.23)
bk.€ ( £1T £2>

where £; is real symmetric.
Below we need to prove £; = O for any i = 1, 2. Applying (3.22) and (3.23) to Eq. (3.21) yields

- ni—1 2
(M Sl (T )

e’ J+LJ
j:
+Mﬂkél,nk (Mﬂkfl)T + Mﬂk£1 (Mﬂkél,nk)T) = (O)’ (324)
(k)
Ast](]};kM’lkf] + MW‘;EIA;—J?/( + Mnkél,nk£2 = (O)’

Sc(£2,4,,,,0) = 0.
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In view of Agzkzik € RH(nk) we get Ay m € RH(n — nk). Then by (A.2) and the third equality of

(3.24), one has £, = Q. Thus,

ni—1 2
M) A 4T 4210 — Pk ]
\SC<M,,,(2¢,( LML AT (HO alm ) L, 1
Jj=

My Ay My )T+ Mnkﬁ(MnkAl,,,k)T) -0, 32
A My €1+ My £1A], = 0.
Since %4, ¢ is unique, the solution (Eg’ki, £1, 0) of (3.24) is unique. Let f := Ai"(;])c/\/l,,kf 1, we
obtain from (3.25) that M, £1A] = —F i, My £1=(A"S) "1 F =—F (A], )~!. Then,

A +1AY, =0.

Below we prove f = M,, £ by reductio ad absurdum. If M;le # £1, we consider an ng-

dimensional algebraic equation of Z[F I
K1 Aq (1) — L. T T
Se <M'7k T eM 77k’ Avnqik’ (H Hflnfk ) et TMu Ay My Ay y,) ) =0.

Using Lemma 2.2, ngl exists and is unique. This leads to a contradiction that there are two
different solutions (Z;"k)e,;El O) and (E( /\/l F O) satisfying Eq. (3.24). Hence, £] =
M,’le, which means

k. €’
A 1 F =0 3.26
(A —In)F =0. (3.26)
As in (3.18), we calculate
Nk
A% T | = (D™ (14 Y etgri) #0.
i=1

According to (3.26), one has f = O and £; = O. Then (3.21) can be equivalently transformed
into

ne—1
~ — Lk, ) ) AT 4 )
JC(( 1_[ a (Q(lnjk ) Moy, EtﬁzkéMﬂk’ Avné;k’ H’“ﬁl) =0.
Jj=0
This together with Proposition 2.1 and Eq. (3.19) implies that

nk—1

— | P,k ) AT _ =
(l_[ J+k n]k ) Moy EtﬁzkeMnk = B¢y >~ O.
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Thus,

soc=(([em))” (5 §)I(([Temwro) ")

i=0 i=0
n—1 2 n—1 1
=(TT@%™ ) (Mo (TT Qoci Povi) o)
Jj=0 i=0
e —19T
A¢kv’7k|:(M¢kJ7k(l_[ Qm,iPm,i)Jd)k) ] , (3.27)
i=0

where Ay, ,, is the same as in Algorithm 1.
Case 2. Under (szz/), by Mg, n» = M, and A4, € . (n), we can equivalently transform
Eq. (3.21) into

n—1 n—1
-2
~ —[x,n]
‘SC<(1_[aj+k1t1j) <M¢ks”(1_[ Qm,ipm,i)quk)ﬁqsk,e
=0 i=0
n—1 T
x (M¢k’n<l_[ Q¢k’iP¢k’i)J¢k) s As. s Un,l) =0.
i=0
Using Lemma 2.2 and (3.19), we have
n—1 L | ) n—1 1 n—1 a7
—L %, -
Soe = (TT3%") (Moen (TT Qo Pori ) o0 ) Boun| (Moin (T Coni Povi)Jar) | -
Jj=0 i=0 i=0
(3.28)

Combining (3.27) and (3.28), the expression of Xy, . in Algorithm 1 is derived, and Xy, > O,
Vke Sg. In this sense, ¥, can be determined by (3.5).
Step 2. To verify (3.6), for any n; > 2, we show an important assertion of Hy, ; below.

Uy _ g J
H; ', =H; ;. Vmes) . (3.29)
By Algorithm 1, it is clear that
L O (@) ‘
Q0" =10 1 ¢, | «)0"Py)=(L 0),
O O In—l—i

which implies
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() _ -1 \T )
Hg i =[(Qg,.,) Por.j)How.j]
—1 T /1 U
:[((Qtﬁk,j) P¢k,./') Hd%j] :qui{,j’ VJESW 1

Then by a natural result (Hf;:clll)(f ) = (Hf’; 62 DYV ce siH,

(e=1)\{J) (c=2) ()
(Hy ') = (Mg )" (3.30)
Using (3.30) recursively, we obtain

Y

. m

T ) :
= my )Y =Hg) )Y =Hy .

Therefore, the desired assertion follows.
Step 3. In view of (3.5), (3.14), (3.27)-(3.29) and the definition of Y, we obtain

§
X S X =XT[eG] (Y Toe)Ge X

k=1

§
>¢ min {)LJ“} [Z (GeX) T2y, e (geX)]

keS E
nk—1 .2 n—1 —1
Z€ ml%{’\+<l_[ Etf(k)llj) }{ZY <M¢k ﬂk(l_[ Q¢k1P¢kl)‘]¢k)
keSg i=0 =0
nk—1 —19T
XA¢kaﬂk|:<M¢kﬂ7k<H Q¢k,iP¢k»i)J¢k> i| Y}
i=0
& ni—1 _NT qT
—mnlot (T2 o [(((TT @i n) ) Y]
— e

nk—1

X (M¢k ﬂkA¢k "k(MdlA nk )[((( l_[ Q‘l’k 'P¢k 1>J¢k> 1>TYi| } (3.31)

Intuitively,

1 I\ T
Mo B M) ©>. (3.32)

-1 -1
M¢k’71kA¢k’77k(M¢kJ7k) - ( @) 0)

Let i be the minimal eigenvalue of Mn_kl Egr.m (./\/l;kl)—r, an application of Eg, , > O for
(3.32) implies that Xk > 0 and

L, O
M¢k i Db (M¢k ﬂk) = T < 0 @) (3.33)
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Note that J ! T and Pd;(l Pl

o = J o or.i» WE determine that

nk—1

<<( [ Q"’k’ip%l‘)%k)I)TY=H¢k,nk- (3.34)
i=0

Applying (3.29), (3.33) and (3.34) to (3.31) leads to

o

nk—1

T + —¢k,i] £y Tyyp(me)
X ZXze nellgn{)» (l_[ avk(z) l) }Z)”k (/3 nk) H¢k Nk
i=0 k=1

Tk

ZPe Z Z( ;jk)ﬂlk)z

k=1 j=1

= Z Z(Hf,,’k), (3.35)

k=1 j=1
where

nk—1
Pe = Elimsn{)\k)f( 1_[ at‘ﬁ")’ﬂ) } > 0.
3

The assertion (3.6) easily follows from (3.35) and H<(1)1k)1 = Yy, . This completes the proof. O

Remark 3. It should be mentioned that throughout the above proof, only the existence of the
IPM . is required for Theorem 3.1, not its uniqueness. In other words, the conditions of The-
orem 3.1 can be reduced to Assumptions 2.1(1) and 2.2(a) as well as the existence of stationary
distribution of (1.2). However, if the IPM p is not unique, the local approximation accuracy of
the distribution LN, (In Yj, Ye) (resp., De(-)) on pe (resp., We(-)) around X cannot be verified
by computer simulations; see Remark 8 and Example 5.5 for details.

By Theorem 3.1, we provide a local approximation LN, (In Xz, 3¢) for the IPM p, around
Y: and also obtain the expression and positive definiteness of X¢. As in (3.7), X, has an explicit
form [~ eB'0.0 ¢B< ' dr. However, this method still has some limitations: (i) It is difficult to
compute matrix integral as it requires an accurate result of e’ for any ¢ > 0 (ii) Only X, > O
can be derived under Assumption 2.2(a) (i.e., ©, (**)6T > O), but X > O is unknown. Hence, we
consider studying X, from a matrix equation perspective; see Eq. (3.8). An effective approach
for solving Lyapunov equation 3J.(%, @, R) is to obtain a simple canonical form of w (called
% r(w)) by matrix transformations, thereby simplifying calculations and deriving implementable
iteration schemes.

Bartels—Stewart method [43] is currently the most popular algorithm along this line and
has been widely adopted, the associated command “lyap(:, -)” in MATLAB is thus developed
[82]. This numerical method is based on Schur factorization, i.e., find an orthogonal matrix Q
satisfying Q_lw 0 =%y(w):=R elU(-), then I (X, w,R) is equivalently transformed into
3.(0T=0, R, 0TRQ), which is easily treated. By now, using different matrix factorizations,
several modified Bartels—Stewart methods have been developed including (i) Hessenberg—Schur
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method [69], where €y (w) is an upper Hessenberg matrix, and (ii) Hammarling method [70-72],
where the condition R > O is required.

In the study of LNA method for locally approximating the IPM ., we develop a novel nu-
merical framework for solving the Lyapunov equation, as shown in Algorithm 1. A key idea is
to introduce a new canonical form .#(-) and combine similarity transformations such that

Cr(w®)e s k), Vo eRH(),

where k € S?.
The aim of Algorithm 1 is to obtain the expression of ¥, in (3.8). To highlight, our main
advantages here are as follows:

e (Simpler Computational Routine): Based on the superposition principle and (3.4), our first
step is to transform Eq. (3.8) into the equations I.(Zg, e, Ac, Ly4,) = O for all k € Sg,
i.e., Eq. (3.10). Unlike the aforementioned algorithms that focus mainly on the factorization
of B, our method only requires the computation of large 1, € SS that satisfy €y (Ai”“ ) €
< (nr). This is achieved using a Gaussian-like elimination method (see (3.11)-(3.13)), which
is simpler and more effective than Householder transformation method. The computational
routine of our method is thus easier to understand and implement. Moreover, for each k,
Eq. (3.10) can be equivalent to an n;-dimensional standard L algebraic equation, except for
the zero matrix equations. Then by Proposition 2.1, the expression of X is easily derived.
Compared with existing numerical methods that use complex iterative schemes for ©.0_
and factorization of B, our Algorithm | has a lower computational cost.

e (Characterization of Positive Definiteness): Although Bartels—Stewart method and its vari-
ants can be used to solve (3.8), the positive definiteness of X, cannot be verified. Instead,
this question is positively addressed by Algorithm 1. Specifically, combining Gaussian-like
elimination method and Proposition 2.2, for any k € S?, we determine a sequence {Hyg, i }?i >

which records the form and minimal rank (i.e., nx) of all column components of X, . Then

(3.6), a criterion for analyzing ¥, > O, is derived. To be specific, for each j € Sok, there is

a vector hgy, ; such that Hfb]k)l = hy,,;Y, where GY = X. To prove . > O, it is sufficient

to verify that X" £.X = 0 holds if and only if Y = 0.

e (General Applicability) The existing theories approximating IPDFs can be at most applied to
five-dimensional stochastic models established in non-degenerate diffusion; see Zhou et al.
[73]. Our results (i.e., (3.6) and Algorithm 1) will cover, improve and generalize the relevant
theories, and can work on stochastic systems with arbitrary dimension setting and degenerate
diffusion.

As was mentioned, we obtain a criterion (3.6) for verifying X, > Q. However, under a special
case, where the diffusion matrix &, @J of (3.3) is complicated and its drift term Be is “simple”
in the sense that approaching the canonical form .(-), we can further simplify the analysis of
¢ > O by introducing a modified criterion as follows.

Using Assumption 2.2(a), there are a constant Ag > 0and aset ¢° := {¢7, ..., qbgo} - SS such
that

g
0.0 = Af Z Ll o (3.36)
k=1
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where ¢; < ¢;, Vi < j. In particular, we stipulate )\;' =1 if ¢° ={. In view of (3.4), one has
£°<§.
Theorem 3.2. Under Assumptions 2.1 and 2.2(a), the following result is true:
g0
XT5.X > p? Z(x2 + Z(H‘” 2), (3.37)

k=1

where X is the same as in Theorem 3.1, p2 > 0 is shown in (3.41), and ﬂ(ﬁ;’j =
[T1/20 (25 )T Pyg il X (G € Sy, with R, Jy. Py and
in Algorlthm 2.

. 0 K
gqb,f,i (i €S;_,) determined

Algorithm 2: Algorithm for obtaining {H o -}] |-

Input: B, ¢k (or ¢°).
o Jj—
Output: Hyo ; =[3"/7, (_¢0 Ny Pye i1 go X",
1 (Initialization): "k =1, B¢;: 1= _¢£ B€_¢O ;
’ k

2 (Technical framework): By a FOR loop similar to Algorithm I, we can determine the values of 7 and some
suitable vP ;) € S}, which yield
i) n

O+l
3 (21)bL¢k J;,éoa VIES o (211)bl¢k o vjeshit!
4 where each bﬁ? IJ is obtained by the iterative scheme:
~ . — —1a & ._ o -1 .
5 Bypoi=PypiBegiPyo " Bogiv1 =L ;BypiQyo ;3

6 return g, Jyo, Pyo i Qo ; (i € SS}Z—‘)'

_¢o _¢ ;and Q o ; have the same formas Jg, , Py, ; and Qg, ; (see Algorithm 1) by replacing

. ~dg.i) AL¢ ]
Dk Vi ot —i) Wit @ V] o) Byt —i)s Where &y = —oar (by 577 o b, 1) T [ The
i+1,i
paraphrase of bU (resp., bL J) is the same as al ] ; (resp., @ ab J) ] In addition, we stipulate that bw)k J =1and
£¢k~,1_2¢ _I,,,VkeSEo, €{0,n—1}.
Proof. Consider an n-dimensional algebraic equation
£°
~ [ v+ o 0T 1+ _
sc<z _B.. e(()e()e — Zu,,,q);)) — 0. (3.38)

k=1

Similar to (A.2) and (A.3), it follows from Lemma 2.2 and (3.36) that

o0 EO
>h=e¢ f er’<(~)e(~)j —AF Zun,(,,;)e’f’dz > 0.
k=1
0
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We construct the following auxiliary Lyapunov equations:
Se(Zgp.er B Ungp) =0, Yk €S, (3.39)

By a slight modiﬁcationNOf (3.11)-(3.35), an application of (3.10) and Algorithm 2 for (3.39)
yields that there exists a k; > 0 such that

£° 1
XT (35 Y e o)X = 2555 min {(T 22" ”) }ZZ HJ )% G40
k=1 keSL 1Ny MO k=1 j=1
Let
" g
= A+A+ min l( b ok ) } 3.41
pe =€ o 1_[ i (3.41)

Combining H, H'! )1 =Xy, Vke S?

go> (3.40) is then simplified as

£° 02
T(,+ ) 2
X (xe ;;,,;’E)Xz : Z(X¢o +Z(H ) (3.42)
In view of (3.8), (3.38) and (3.39), we have
SO
Se=ehf ) Zgp  + T (3.43)
k=1

This coupled with (3.42) completes the proof. O

Applying Theorems 3.1 and 3.2, we present some special cases ensuring . > O, which are
stated as in the following Corollary.

Corollary 3.1. Under Assumptions 2.1 and 2.2(a), if one of the following four conditions holds:
(1-a) £=n, (1-b) ;i =n, k1 €S{, (1-c) £2=n, (1-d) ng, =n, Tk €S.
Then % > O.
Proof. If case (1-a) is satisfied, it is easily seen that ¢; = j, V j € Sg. Using (3.6),
n
XT2X = pe ) Vi =pelYP,
k=1

implying that X" £, X = 0 if and only if Y = 0. Then by Remark 3, £, > O.
If case (1-b) holds, by (3.6),
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Mk
T () 2
X XX 2pc (Y¢k + Z(H¢k 2J )

=Pe Z(H((p]k)l ,n)z = ,06|H¢k1 N |27

where in the first equality, we have used (3.29). In view of Hg, ., = [I—[Z”;O] (Q;k] Y Py, ,i]J(pkl Y,
: ;

we deduce that X" £.X = 0 if and only if Y = 0. Using case (1-a), then =, > Q.
As for case (1-c) or (1-d), the desired results can be similarly concluded from (3.37), and are
omitted. O

Remark 4. To supplement, we first show another proof for X, > O in case (1-b). A consequence
of (3.20) and (3.28) under (1-b) is that E%,e > ©. Combining (3.5) and X4, = O (VI e

Sg \ {k1}) yields X, > O. Now consider a special diffusion of (1.2):

G.G! =diag{o?X o X2, (3.44)

el" ~ 0y

which is known as linear diffusion [75,76], and is a well-established way of introducing stochas-
ticity into biologically realistic dynamic models. In this case, we have ©, @ET = diag{olz, - 0,12}.
If oiz #0,Vie Sg, i.e., £ =n, we obtain X, > O, which substantially eases the cumbersome
proofs for examining the positive definiteness of some covariance matrices in the literature (e.g.,
[41,45-48,73,81]). In particular for a stochastic SICA-type HIV/AIDS infection model [45], the

condition w # a +d + —+ — =2 is not required in their Theorem 5.4. To summarize, Corollary 3.1
is a generalization of ex1st1ng results. Moreover, it should be noted that similar to Remark 3, the
uniqueness of the IPM pi¢ is not required for Theorem 3.2 and Corollary 3.1.

3.3. Global approximation-1

By Theorem 3.1, we determine that the density function ®.(-) of the distribution LN, (In Xj,

3¢) is a local approximation for the IPDF W.(-) near X: This section is further devoted to
studying the fitting effect of such approximation in global horizon.

Theorem 3.3. Under Assumptions 2.1 and 2.2(a)-(b), for sufficiently small €,

(i) The IPM e (resp., IPDF W.(-)) can be globally approximated by the distribution
]LN,,(lnX Ye) (resp., (1)) If Ze = O, then

n -1 <k _ <+
® (X (1)) = (zn)—’émd—é(l_lxm) o= LI X X)) T = (X, ~InX) (3.45)
i=1

(ii) For any y € (0, 2], one has

lim / |y = X*|"|We(y) — @ (y)|dy =0.
e—0
R
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(iii) UnderNZinear diffusion (3.44) and T, = O, then £, O, (X:) = 0. If there further exist con-
stants K > 0, o € (0, 1) and a vector y such that

n
>( fix) |+ i) = Re i yxe e, (3.46)
: Xi
i=1
Then
sup | Z @ (x)] < p1(e), (3.47)
xeR%
where lime_ ¢ 591(6) =0.

Proof. We divide the proof into three steps.
Step 1. (Proof of (i)): By Assumption 2.2(b) and the Itd’s formula, we obtain

VX V(X (0
( ;(I)) ( :( ) _ /|x€( ) — X*2ds + k(e). (3.48)
Applying the expectation on (3.48) yields
EVX 1 t
t
limsupM <-—a limsupIE(— /‘Xé(s) — X*|2)ds + Kk (e),
t—00 t t—00 t
which implies
t
/c(e)
hmsup]E( ’X (s) — | )ds <— (3.49)
t—00 a

0

Under Assumption 2.1(2), it follows from (3.49) and the dominated convergence theorem that

/ ly — X*[* W, (y)dy =E</ ly — X* lzws(y)dy)
R R",
t—)OO

hm f|x (s) — X*| )ds <9 "(6) (3.50)

Let M, be the random variable of W, (-), by (3.50), then
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1e(OX*, ) NRY) =1 — P(|Mc — X*| > ¢)

1
>1— = [ |y — X*|* e (dy)

dist(y,X*)>¢

1 )
21—? ly = X*| " We (y)dy
B!

219 forae >0,
as

where O(X*, ¢) :={z € R" : |z — X*| < ¢}. Thus, fte(x) — §*(x — X*) as € — 0.
In addition, let ¢ = /k (¢). By Fatou’s lemma, we obtain

t

fim 1fP(|XE(s) —X*| < Vr(@)ds = 1> ';(e). (3.51)

t—>oo t

0

This means that, the solution X (¢) is distributed in O(X*, /k (¢)) in a large probability for some
small €. —x
In view of (3.3) and (3.7), we determine that the process {eY¢(®)+InXc }t>0 has a unique IPM

LN(X, =), where e+ X, . (er-‘(’)HnY:I, . er«"(’)H“Y:")T. Then

o1
lim —
t—>oo t

, (3.52)

t . n
/ jYe@rinXe X |%ds = / y =X focmdy= Y [ScG. j)
0 R” ij=l

+

where X, (i, j) is the ith element of the jth row of X.. Using (3.2) and (3.5), we have
]LN(X?, ¥e) = §*(x — X*) as € — 0. Thus,

pe() > LNX., =), ase— 0. (3.53)

Intuitively, such weak convergence is established in the sense of the Dirac measure. To this end,
we should further focus on the approximate degree of u(-) and ]LN(X:, %) in terms of curve
shape when € — 0.

By (3.50) and (3.52), there holds

t t
1 < 1
lim sup — /|XE (5) — e¥eOHX 206 <3limsup — /|XE (s) — X*[*ds
11— 00 t 11— 00 t
0 0

t
1 —
+3 lim -f|xj —X;ds
t—>00 t
0
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+3 lim /|er<é>+1“X —X;ds

t—o0 t

(K(6)+}X* X|? + Z|2 )

i,j=1
=K (€). (3.54)

Clearly, lime_. ¢k (¢) = 0. Hence, the difference of two solutions in the mean sense is small for
sufficiently small €. Combined with (3.51), (3.53) and (3.54), the desired result (i) is obtained.

Step 2. (Proof of (ii)): For any y € (0, 2], an application of Holder inequality for (3.50) and
(3.52) yields

/’y _X*‘V‘WG(Y) - q)e(Y)’dy
Ky

< /|y—X*|V\Ife(y)dy+/Iy—izlzd%(y)dy

R" R"
=([ly-xPwway) + )+ (fw-x] 0. )dy)”
R" R™
= ()" + (Sl
ij=I

Then by (3.5) and Assumption 2.2(b), we obtain the assertion (ii).
Step 3. (Proof of (iii)): Denote

7;7—23 (fi®)Pe(x)), =§ Z 5 (gl (0P (x), VxeR.
i=1 i,j=1

Under (3.44), by (1.3) and (3.45), one has

Zaf(z@ (X) + 4x;8; D (X) + 1202 De (X)),
i=1

(Pe@)d; i (X) + f; (X)3; Pe (%))

1

M=N|m

i

This yields

|$®€(X)| =|7:1 - 7}2|

— Z((eaf — 0 fi(X))Dc(X) + (2€02xi — £i(X));

i=1

3al2lq> (x))‘
(3.55)
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To proceed, let Z;l = (m;j)nxn- By direct calculation,

n

n —1 - _ <k

9 e (x) =(2n)‘7|26|‘%[—x;1(| |x,<) ¢~ 2(nx-InXO) TI¢ ! (nx—1nX)
i=1

n

o~ 1 I mgi(nxg —In X, )
Linx—InX))T = (Inxe —InX, )(1—[ ) Z ki k €.k }
—e -2 € € xl
i=1 .

X,
k=1 !

__ %™ (1 T Xn:mki (Inx; — 1an,k)). (3.56)

X
! k=1

Then by (3.56),

3i2i®€(x) _ 8i<¢x(x)( +kal ]nxk —th )))

! k=1

@ " — \2 n _
= egx [(1+kai(lnxk—lnX:k)) +<1+kai(lnxk—lnxzk))—ml-,-:|

Xi k=1 k=1

~

1

® n . n - 2
= ggx) |:(2—m,-i)+32mki(lnxk—lnX:k)—i-(kai(lnxk—lnX:k)) }

X

1 k:l k:l
(3.57)
For simplicity, let
dp i (x. X)) = myi(Inx; —InX, ;).
k=1
Inserting (3.56) and (3.57) into (3.55) leads to
d 2ealx; — fi(%) -
| L0 (%) =D (x) ;[(65[.2 — 0 £ (%) — x—i(l +dp(x, X))
O () + 34, 0 ) + & (0, K
+ (@ ma +3di XD+, x.XD) |
_ Sfik) eatmi
—<1>e(x>’§( L)
+ZdL,( X )(fl(x) (dlLl(x X' — 1))‘ (3.58)

i=1

Intuitively, (3.8) under X, > O is equivalent to
Bl +27'B. 2. = —ex]'0.0],
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and hence
1 T 2
—trace(X, OO, ) =— (trace(B ) + trace(X_ B p )) = —trace(B¢).
€
As in (3.44), we have O, @J = diag{o] . } ie., trace(E;l@6 @ET) =y, O’izm,','. Using
Assumption 2.2(a) and 9; f;(X) = ]_—1 ad(ﬁ(;)), V j €SP, then

trace(B,) = — 2":( fix(-X) — aifi(x)) ix:i

i=1

which implies

no. 2
Z(ﬁf‘) = i) =0 (3.59)

i=1

Thus, %, . (i:) =0. By (3.2), (3.3) and Assumption 2.2(a), there holds

hm @ @T (glj(X*))nXN(gl/(X ))an z @

o F; (X* _
lim B, = ( ( )) € RH(n). (constant matrix)
e—0 d(In xj)

Combining (3.5) and (3.8) yields that, for any i, j € Sg and u > 0,

hme "2, j)l =uj <oo, and lime |2 (i, j)| = oo (or 0). (3.60)

e—0

By virtue of (3.46) and (3.58)-(3.60), we determine that there are constants ¢p € (0, minkesg Y: ©)
and mg > 0 such that

1
lim(— sup [ZDP(x)|)=0, (3.61)
E—)O(Gz Xeo(i:,go)i €re |>

and

|->2ﬂe D, (X)| <P (x)

n
mo(l + Zdi,i(X, X:)) I?ee‘l"llnx_y'lz‘
i=1

_ . s

~ . A+ Zf’:l d]% (x, X*))e€_°‘|lnx_y1| -

=moK 2m)" 2 — l(lnl"flni*,)sz—l(fnxflni*) - . VxeR1\OX, ).
|EE|2€2 € € e szl_xj

(3.62)
Using (3.60), we obtain
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(3.63)

% 1 —y. |2

(1 (4 X, x Xe ™71

fim €2 Sup L Linx—1nXH T2 (Inx—1n X5) 17 =0.
|Zel2e2 el e Tz x;

TONET X eRNOX, . 60)
Then the desired result (iii) follows from (3.61)-(3.63). O
Remark 5. Two remarks on Theorem 3.3 are shown as follows.

e Throughout the rest of the paper, let ug(Xg,kl, ..., Xe k) be the marginal measure of
e with respect to the variables Xc g, ..., X¢k, and its probability density is denoted
by \IJS(XEJCI, ooy Xe iy). Similarly, we define QQ(Xkl, ..., X,) as the marginal density of
}LN,,(lnX:, Y¢) involving the components (X, ..., Xi,). In this sense, we combine The-
orem 3.3 to obtain that, for sufficiently small € > 0, the measure uﬁ (Xe¢,;) approximately
has a log-normal density function ®? (X, ;), which takes the form

1 (nX ;~InXy ;)

DX )=—————e ., VieS",

Xeiv2m 5 (i, 1)

where X, > O is required.
e Under linear diffusion, (3.47) is equivalent to

{|_ché(x)| =pi(e), VxeRY, (3.64)

Pc(x) 20, [gn Pe(®)dx=1.

Then in practical terms, ®.(-) can be regarded as the numerical solution of (1.3) if g (€) is
in the allowed error range. That is, ®.(-) is relatively close to W¢(-) in the sense of KFP
equation. Clearly, such property can be generalized to slightly complex diffusion settings
(e.g. GeGl = (0ij X2 Jnxn)-

4. Updated normal approximation (uNA) for IPDF

Section 3 provides a LNA method for the IPM ¢ (or IPDF W (+)) of (1.2) in local and global
horizons. Inspired by the idea, an updated version of the existing normal approximation for W, (-)
is presented in this section.

4.1. Local approximation-I1

By Taylor expansion, the linearized equation of (1.2) near X* is

afi
a2 = () | i+ EG ey dWD)
j nxn

1= Clo)ZLc(t)dt + JerdW(t),
Z.(0) =xp — X*.

A.1)

Under Assumption 2.2(b), by a similar argument in (3.4), we can find an orthogonal matrix H o
and a set ¢ := {¢, ..., ¢§} - Sg such that
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Hio)(PT YHL, = Z,\k (4.2)

where X,—: (k e Sg) are all the positive eigenvalues of I'T"", and ¢ i > ¢;, Y j >i. Clearly,
E:rank(l"]"—r).

To proceed, let

—1
Afo) = Hio1Cro1 Hyy) -

Then we can mimic the proof of Theorem 3.1 to obtain the uNA method for wu(-) in local
horizon, which is stated as in the following Theorem.

Theorem 4.1. Under Assumptions 2.1 and 2.2(c), the IPM p¢ near X* can be approximately by
a normal distribution N (X*, Z[s1e) (with @1 (+) denoting its density), where

£
.
Store =M (DT B g ) o 4.3)
k=1

with 2[0]5 ¢ Shown in Algorithm 3. In addition, let Z = HoX and GE,{,/' =
Z (Q— )T o161 101, L then

vre|

i
T 2 G 2
XTSieX 2 0 3 (25 +) (65, ): (44)
]:

k=1

where X is the same as in (3.6), oc > 0 is determined later, and 7, J[0]$k’ P[O]ak,i and
Q[D]ak,i ~Mie S%k) are defined in Algorithm 3.

Proof. System (4.1) has an explicit solution
1
Z.(t) = e Z(0) + /€ f eC D Paw ().

Based on Assumption 2.2(c), we have Cj,) € RH(n). Using a similar argument in (3.7) yields
that, the solution process {Z¢(?)};>0 of (4.1) has a unique stationary distribution N, (0, Z[c),
where

o
Ylole =e/eC["]’FFTeC[E]tdt. 4.5)
0

As a consequence of (4.2), (4.5), (A.2) and (A.3), Z[,1c > O and it satisfies
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Algorithm 3: Algorithm for obtaining ¥,z

Input: Ap,), ¢y (or @).
Output: 7, X [o]p.€ = l_[nk 1_55:2?1; lJ) X
(Mo, m(n‘—o ot Froige o) Mot Miogs . TT0 Qo Plof ) i~ T
1 (Initialization): 7, =1, [0] Bl = [o]$kA[0] Jl;J%k;
2 fori=1:n—1do

3 if Z] H_1(_]L-[I-U]¢k’”)2 =0 then
4 nk = l
5 break;
6 else
7 Choose a “suitable?” ¥ S’ h th atlo1ii]
k@) € such that a i i #0;
8 Let Ay, i = Ploggy.i Aorgy.i D [0]¢k i A 1= Qg Aol lQ[oiqbk i
9 end
10 Np++;
11 end
12 Let Ay 5 = Moz, 5 Aol i Mot .

13 Obtain a standard L-algebraic equation JL.(_‘[O]% e E{'Z]k‘)(Zs L 1) =0;
' k

14 return 7y, Elf’@kﬁk’ 2[01$k;€.

[01dp.i and Q[ olgy.i A€ called the order, standardized, the ith rotation and elimination $k-A[0]

1, —L[0]¢k 0]
Vk(()) 0

P[O]ak ; and Q[O]@ PGS S, 71) have the same form as Jy, , Py, ; and Qg ; by

a — .
T Mg B
matrices, respectively, Vi € Sﬁ_k . Similar to Algorithm

{0,n —1}), and J,

=1, P[O]@J = Q[O]@J =In (Vl €

lo]gk
replacing (dk, Vi(iys Lk.n—1—i) With (Px, Vi) e[o]kn 1—i), where
- ~[[0] ~|[o] . .
Lotk n—1—i = Auoﬂlk,ij (a}_&qzk lJ, ey IE? 3 lJ)T. Moreover, & Eloigem 1 shown in (4.10), and
4itl,i

(']k) nr—1
o By (4 E(?M;k ’7k) o
_ ( Miom, | B @’ 2 _ [ e
Mot = ( @) Ly ) Miopy, = e [0]¢>k Mk - Dlolgrii = O@k nk o/

B Mk

Y The choice of V(i) is conducive to verifying X1 > O. More details refer to Section 5.5.

Se(Zioge. Crop- €IeI.") = O, (4.6)

or equivalently,

me

~ (] —+
\sc(;H[o]z[o]GH[,], A, Y7 ”n,$k> = 0. 4.7)

k=1
Let X, B (k € Sg) be the solutions of the following algebraic equations, respectively:
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50(2[0]5,(,6’ Ao Hn’(pk) = Q0. 4.8)

The assertion (4.3) can follows from (4.7), (4.8) and the superposition principle.

In view of (4.6), and the relationship between (4.1) near X* and (1.2), we obtain that the
solution X, (#) near X* is approximated by Z(¢) + X*, i.e., the distribution N, (X*, 1) can
be a local approximation for . around X*. Therefore, the first part of Theorem 4.1 is proved.

According to the theoretical schemes in Algorithm 3, for any k € Sg, we construct an 7);-

dimensional Lyapunov equation

~ (= _ @) _ _
\sc(u[om,m, ATV Ly, 1) 0. 4.9)

Then we can mir_nic the analysis of (3.10)-(3.20) to prove that (4.9) is a standard Lg-algebraic
equation, i.e., AT ¢ (M) and

[o]s, ¢
Z 0 -2 0 {3
0 ¢ 0 —3
. - 0 g3 e . 0
Slolgy T — 0 73 .- 0 _Eﬁk—l > O, (4.10)
3 ’ 0 Ci1 0
0 _Eﬁk—l 0 S

where @1, Lo, (DT T =37 ) e
K ols, bk
Also by proceeding a complex procedure similar to (3.20)-(3.30), we derive

GY)' —gW VjeSgk;meS%k, (4.11)

Gr.m k#j’

and

7 —1 (olFoi] 2 7 —1 -1
_ — —LL01Pg 1 _ _ _ _
X0l —< [1a ) (M[o]m,ﬁk(n Q[a]m,ip[o]qsk,t)J[o]m)
i=0

i=0
. @ ﬁk,] —1qT
Slolgrn = @ @ b,
X( o @)[(M[om,nk(n Q[Owk‘ip["]‘l’k’i)]["”k) } '
i=0

Thus, E[ B in Algorithm 3 is verified.

4.12)

To Aproceed, let 24 be the minimal eigenvalue of M[_O}ﬁk g olBeT (M [_oiﬁk)T. Using (4.10), we
have A; > 0 and
My, ML =Wl 4.13)

ik Lol 7ix 7 o]y

Combining (4.3), (4.11)-(4.13) and the definition of Z yields
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3
XTE[UKX:XT[ [O](Z ak’e)H[ol]X
N T —1 L[]¢ . x—1 _NT 17T
. rw —| o l
e (T V) [((TT s o)) 7
keS¢ i=0 k=1
M —1 _NT
_1 _ _ _ _
My Aot Mg, 70 [(((1_!) Otoigi Prtii) Yo, ) Z]]
=
el
_ . e —LLo|Py 1
_Ezfglsré{k" <E)a”k<i>’i ) }
3 1 T
Z Gl Mot Blolg, (M[o]nk) 0 G- -
ik (D) o) Prs Tk
k=1
—1
N ey 1.1 ) 2
zeml%{ k)‘k(l_[ ”ku)f ) }ZZ(G¢k”)
keSg i=0 =1 j=1
£ T 0
S » I
k=1 j=1
3 i 0
— 2 J) N2
=0 ) (25, + 3.6 ).
k=1 =2
where g, = € min, ESg {Xﬁk(]_[?i 61 _‘L)k( )¢f ZJ)2} In the display above, we have used the fact

Me—1 NnNT
O _ 5 B o 0
G@,,l - Z¢k’ and ((( 1_[ Q[0]¢>k i [oly, t)Jo ¢k) ) = G¢kﬁk’ Vke S?'

Thus we obtain (4.4). This completes the proof. O

It should be mentioned that in the case of complex diffusion I'T"T, if the drift term Cjy)
of (4.1) is “simple” in the sense that approaching the canonical form .(-), the criterion (4.4)
may be tedious for verifying ¥, > O. To this end, another available criterion is supplemented
below.

Analogous to (3.36), if Assumption 2.2(c) holds, we can determine a set EQ = {5?, s Egz} C

SS (including EO ={)) and a constant X; > ( satisfying
+ £
T, =
=g y U, 5o, (4.14)
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where 57 > $}>, Vi < j.By (4.2), we obtain gz =3

Theorem 4.2. Under Assumptions 2.1 and 2.2(c), the following assertion is true:

=<

§

XX = 02 ) (X2 + Z(G(’) 7). 4.15)

k=1

_ TPy 1 P
where G ; = [ —O(Q[o]a° D' Proge (1o X With T3 Iy yiges Proggo ; and Qoo 0b-

tained in Algorithm 4, V i € SQ_l. Furthermore, X is the same as in (3.6), and o¢ > 0 can be
similarly determined like oc.

Algorithm 4: Algorithm for obtaining {Gge j}j": -

Input: Cp), 5;

Output: G o [ZJ 0(Q —o X4 V]GS_<>

[o]¢ R 2[0]@: l] [0]¢k
1 (Inltlallzatlon). nk =1,C (01621 —_MEZ C[O]_[O]EZ’
2 (Technical framework): By a FOR loop similar to Algorithm 2, we determine the values of ﬁz and some

suitable U}t(i) € Si, which satisfies

7O =0 =0
+1
s @ f“"]_"’k,- Yo viesh, | @i )*”"]‘.”k M o, v jesptla
4 where each ¢ _L[0]¢k 'J is determined by the iterative scheme:
_ _ -1 a7 _ o A -1 .
s [o]¢Zz‘£[o]¢kz Clogg i ol#.i Clowgp.i+t = Liogg.i Cloigt. i Lioige i°
6 return 7y, J Lioge _[”]d’k ; Q[”]d)k ;e S,<> -

- have the same form as Jy, , Py, ; and Qg, ; by replacing

. — —1 »TL[H]¢ )il ,\L[a]d) ilNT
Dk, Vie(i)s Lk,n—1-i) With (¢k’Vk(i)’ﬁ[t)]k,nflfi)’Whereﬁ[o]k,nflfi:A“(,Jd,k 7 (‘i+2,ik v Cp T

Citl,i

a .
The matrices J[ ]¢ _[0]¢Z ; and Q[(]¢

[The paraphrase of cLJ (resp., ¢ e J) is the same as a“ (resp., a ab J) ] Analogously, _L[0]¢k0 01, =1and
Vk(0)®

—@:,Z Z%Zsl =1,,Vlie{0,n— 1} ke Sgo

Proof. For any k € Sgo, let 2[0]52 . be the solution of the following algebraic equation:

Se(Z), 50 .+ Clop, I =) = 0. (4.16)

[olgy . €’ n,$Z)

Using (4.6), (4.14) and (4.16), there holds

£
=t
E[n]e > €Ay 2:2[0]ﬂ>
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The remainder of the proof is similar to that of (3.39)-(3.42), and is omitted. O

Below we show some sufficient conditions for Xy > O (with the motivation originating
from the study on the local approximation for the IPDFs of existing ecological and biological
models).

Corollary 4.1. Under Assumptions 2.1 and 2.2(c), if one of the following four conditions holds:
2-a) E=n, (2-b) Gy =n, Ikz € Sg, 2-c) & =n, 2-d) 7, =n, ke Sgo.
Then Xjp)e > O.

Proof. This is a direct corollary of (4.4) and (4.15); see a standard argument in Corollary 3.1. O

Remark 6. Most theoretical results regarding the positive definiteness of covariance matrices
(Z[01e > O) are established only under case (2-b) or non-degenerate linear diffusion (a special
case of (2-a)), based on existing normal approximation methods; see [41,45-48,79-82]. Then,
some models based on the Ornstein—Uhlenbeck process, such as those in Yang et al. [62] and
Zhou et al. [90], cannot verify X, > O using these methods. However, our method can ad-
dress this issue. Although these models do not fall into the general setting of Corollary 4.1, the
desired result Xy > O can still be obtained from Theorems 4.1 and 4.2. The relevant analysis
is left for the reader. Our uNA method will advance and outperform existing results of normal
approximation for IPDFs. Furthermore, it should be mentioned that similar to Remark 3, the
uniqueness of the IPM pi¢ is not required for Theorems 4.1, 4.2 and Corollary 4.1.

4.2. Global approximation-I1

Combined with Assumption 2.2(b), by a standard argument in Theorem 3.3, we have the
following results of the uNA method for u, in global horizon.

Theorem 4.3. Under Assumptions 2.1 and 2.2(b)-(c), for sufficiently small €,

(i) The IPM ¢ (resp., IPDF W (-)) can be globally approximated by the distribution
N, (X*, Zio1e) (resp., Pio1e(+)) limited on R’ If Tipje > O, then

n 1 * —1 *
Dpore Xe (1)) = 27) ™3 [ Spgpe] 2o~ 7 XX Zgj XX 4.17)
and
eligg)/ly—X*lee(y) — Pie(y)|dy=0, Yy e(0,2]
R

(ii) Under (3.44) and X1 > O, if there further exist constants K> 0, a1 € (0, 1) and a vector
Yo such that
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n

S|+ 3 i) < Redt 7Py x e e, 4.18)
i=1
Then
sup |-Ze Ppo1e (¥)| < g2 (), (4.19)
xe]R'jr

where lim¢_, MT(:) =0.

Remark 7.Similar to Remark 5, we let dD?O] Xk, ..., Xg,) be the marginal density of
N, (X*, Ep1¢) with respect to the components (X, , ..., X,), where 1 <kj <--- <k; <n. Then
by Theorem 4.3, for sufficiently small €, if X[,}c > O, then the measure MQ(X ¢.i) approximately
has a normal probability density

1 _ (Xei—xP?
D (Xei) = e kD VieSY
o 2 S G, 1) "

which is limited on R”,.

The LNA method is considered to be a more biologically reasonable approximation for the
IPDF W, (-) of (1.2) compared with the uNA method. Most generalized Kolmogorov systems
are modeled to describe the dynamics of interacting populations that are required to be nonneg-
ative. This requirement is in accordance with the result P(X¢ € R’} ) = 1 under the distribution
]LNn(lnij, X¢). But if the distribution N, (X*, X,]¢) is considered as a global approximation
for pie, it causes a unreasonable result P (X, € R” \ R’}) > 0. Fortunately, such probability is
negligible for sufficiently small €. In this case, the distribution N, (X*, £[y)c) limited on R’
becomes a viable approximation for 1., as shown before in part (i) of Theorem 4.3.

5. Applications

This section presents a number of applications of our theoretical results. Our main aim is to
approximately characterize the relevant IPMs and IPDFs by the LNA (or uNA) method.

Remark 8. Before proceeding further, let us make the following remarks.

e As is well known, the IPM u. denotes a long-time, stochastic, positive steady state of the
generalized Kolmogorov system (1.2), and is a distribution function defined on ¢+ — oco. The
existence and form of p. cannot be directly determined due to the finite number of iterations
of computer simulation. By a standard argument in [8,13,79], for any finite time interval
[0, Tp], if Assumption 2.1(2) holds, system (1.2) will have an empirical normalized occu-
pation measure . (7, -) that relies on Tp. In addition, the measure 1. (7p, -) will converge
weakly to u(-) in the sense that for every continuous and bounded function A(-),

Tlim /h(x)ﬁe(To,dx)z/h(x)u(dx).
’ R" R’
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This implies that for sufficiently large Ty > 0, (7o, -) can reflect most of the dynamic
behavior and statistical properties of .. Thus, unless specifically stated, we use the empir-
ical measure 1, (7p, -) with a large enough time interval and sufficient iterations as a viable
alternative for u.. Accordingly, let W (Tp, -) be the empirical density function of . (Tp, -).

Combined with Remark 5, the notations ﬁg (To, -) and @2 (Ty, ) can be similarly understood.

e Ineach application example, W (X¢) should be specifically written as W ((X¢ 1, ..., X E,,,)T).
For convenience, a short notation W¢(Xc 1, ..., X¢,) is used. Without causing ambigu-
ity, we will adopt such abbreviation throughout Section 5. [Similarly, \Dg(Xe,kl, vy Xeky),
D (Xe 1, ey Xen) and Ppp1e(Xe 1, ..., Xe ) are well defined. ]

5.1. Stochastic SIR epidemic models

Compartmental models, introduced first by Kermack and McKendrick [77,78], are an effec-
tive way to describe the transmission dynamics of infectious diseases such as avian influenza,
cholera and syphilis. The main idea of these models is to subdivide a host population into several
epidemiological distinct types of individuals (or called compartments), and the SIR (Susceptible-
Infected-Recovered) model is one of the basic building blocks along this line [1], from which
many epidemic systems are established. To begin, we consider the following stochastic equation
with degenerate diffusion, which in the absence of /¢ was studied in [57,33]:

dSe(t) = [A — aSe() (1) — pSe()]dt + Jeo1Se ()W (1),

5.1
dIe(1) = [aSc(DIe(t) — (p +a + y)e(D]dt + Jeor [ (NdW (1), G-

where S¢(t) and I (¢) denote the population of susceptible and infected humans, respectively, at
time ¢. A is the intrinsic recruitment rate; a is the incidence rate; p and « are the natural death
rate and disease-induced mortality rate, respectively; y denotes the recovery rate of infected
individuals. All of the above parameters are positive. Normally the recovered individuals R (f)
have no influence on the underlying properties of infectious diseases, thus only the dynamics of
individuals S¢(¢) and I, (¢) are considered in (5.1).

By a similar argument in [57,83], one can conclude that Assumptions 2.1 and 2.2(b) are sat-
isfied by system (5.1) if the following conditions hold:

al
%’g = > 1, p>ec712, p+(x+y>6022.

,€ 2
p(p+a+y+)

(5.2)

Before applying Theorem 3.1, the procedures in Assumptlon 2 Z(a) and (3.1)-(3.3) corresponding
to system (5.1) should be provided. Denote %’ = - , and let
r+ DD (praty+ D)
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2
_ 9
If %fe > 1, the solution of above equations is unique on R2, and it is S: = %, 1: =
602 o
(p+=0)( & —1) .
pz%. Then by calculation, we have

g1 a2

A -k
—-= —al, o2 oo ol+o3 ol+o}
T 102
B€=<_5§ ),@E@E=< ! , Ge= ‘/ézz _‘/lmz

2
0 0107 o2
2 \/0124-022 \/0'12+522

This yields that Ge(0.0])G] = (67 + o})111 1, and

A — 1 an  ap
¢ o240 \au an)’

where
UIZA —x —x% [ea] O'2A 25 2o*
ayl = ——— +ao02(S, —1,.), ap=———+a(o;l,+05S,),
€ €
o100 A 2¢F | 27 o3 A 7_5
ay =—————aloj S, +oy1,), an=———+aoci0o(l, —S,).
€ €

By Algorithm 1, we consider the algebraic equation
30(21,9 A67 ]—[2,1) =0.

Clearly, J1 = I,. Note that ap; # 0, then vy(;) =2 and n; = 2. Using Theorem 3.1, we can
construct a matrix M » such that M1,221,€M1T2 = A12> O, where

) ) E_: 0
M1,2: oj+o3 o;+o3 , AI,ZZ 2(1)\ 1 .
0 1 2a2 AT,
Hence,
6“%1 Ta—1 —1\T
Ee =ﬁg€ M12A1’2(M1 2) gg > 0. (53)
oy —{—02 ’ ’

Combining Theorem 3.3, (5.2) and .%’IS =< %g » We obtain

(®-1) If %156 >1, p> 60'12 and p+oa+y > 60’22, then the unique IPM p, of (5.1) around
(E:, Tj)T is approximated by the distribution ]LNz(ln(Ej, 7:)T, Ye), with X, shown in
(5.3). Moreover, for sufficiently small €, the IPDF W, (S, /) can be globally approxi-

mated by

_Lln 3e 1ndeys—1(n 3¢ 1n lenT
1 . 2(ln§:,ln7§)26 (1n§:,1n72)
2N/ |2 | Sele

177

D (Se, Ie) =
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To demonstrate, a numerical example is provided.

Example 5.1. Consider (5.1) with parameters A = 0.2, a =0.65, p =02, «a =0.1, y =
0.2, o1 =0.05, 0o = 0.1 and initial Value (S<(0), I, (0)) = (0.8, 0.1). By choosing € = 10 2
we then compute %S =1.2998, p — eol >019, p+a+y— 60'2 = 0.4999, (S ) =
(0.7693, 0.0922), and

s [ 71184 —9.9990
Ze =10 ><(—9.9990 190 )

Thus,

454.9527 —7602(ln )2 290. 6696(ln )2 817.05031n 3¢ In L&
q)E(Sev IE)_ S _e Se 15 ,
€ete

with two marginal densities (MDs):

472978 _7028(1n 1355 )? 91524 _263.158(1n o

07693 ( I.) = 0.0522)2.

Se Sl

®)(Se) =

We first plot the empirical marginal measures (MMs) 1. (To, Se¢) and (To, I¢) at itera-
tion time Tp = 30000 (i.e., the frequency histograms of S and I of the empmcal measure
(30000, S¢, Ic)), as shown in the right-hand column of Fig. 1. Intuitively, their outlines are
close to the type of log-normal or normal distribution. To verify (®-1), we use the command
“ksdensity(-, -)” in MATLAB (MathWorks, 2022b) to plot the empirical density W, (Tp, S, I.) of
(5.1)in 2D setting at Tp = 10000, 20000 and 30000, respectively in Fig. 2(a)-(c). Fig. 2(d) shows
the function ®(-) in 2D setting. It is easily seen that these four density pictures are very similar.
To further support the similarity, Fig. 3 depicts the empirical MDs @g(To, Se) and ES(TO, 1)
(i.e., the frequency histogram fitting curves of S¢ and I¢) at 7o = 10000, 20000 and 30000, each
in a different color. In this figure, d>§ (S¢) and <I>§ (I¢) both almost coincide with the correspond-
ing three fitting curves. To illustrate this quantitatively, we use the Kolmogorov—Smirnov test [84]
to test the alternative hypothesis that dDS (Se) (resp., CDQ (I.)) and @f(To, Se) (resp., Eg(To, 1))
are from different distributions against the null hypothesis that they are from the same distribution
for each component, where Ty € {10000, 20000, 30000}. With 5% significance level, the relevant
Kolmogorov—Smirnov tests imply that we cannot reject the null hypothesis. Thus, the log-normal
density &, (Se, I) approximates the IPDF W, (S, I.) very well, which verifies (®-1).

5.2. Stochastic delayed chemostat models

The chemostat is a laboratory apparatus used for the continuous culture of microorganisms.
The researchers continuously add fresh substrate while simultaneously removing culture liquid
at the same rate, including metabolic end products and leftover nutrients, to maintain a constant
culture volume [27]. Chemostat models are considered to be the best idealization for biological
systems [2], and are widely used in fermentation processes, wastewater treatment, and microbial
dynamics research [96]. It has been discovered that there is a delay between the time nutrients
are consumed and the time they are converted to available energy. Remarkably, chemostat exper-
iments have fully confirmed the hypothesis that an infinite (distributed) delay with the general
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7230000, 5,)
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Se
T (30000, 1)

0
0075 0.08 008 009 0095 01 0105 0.1

€

Fig. 1. The left-hand column presents the trajectories of Se¢(¢) and I¢(¢) of (5.1), and of its deterministic system on
t € [0, 1000]. The right-hand column shows the empirical MMs EQ(TO, Se) and H?(TO, I¢) of (5.1) on the iteration

interval [0, 30000]. All the iteration step sizes are At = 1073.

» (10000,
! 6000
0.1
4000
™ 0.00
2000
0.08
0
0.74
S(
(30000, -
0.1
6000
0.1
4000
-
0.09
2000
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0
0.74
S(

0.11
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0.1
4000
™ 0.0
2000
0.08
0
074 076 078 08
0.11 .
0.1
4000
~
0.09
2000
0.08

0.74 0.76 0.78 0.8
S<

Fig. 2. (a)-(c) The empirical density We(Tp, Se, I¢) of (5.1) in 2D setting at iteration time Ty equals to 10000, 20000
and 30000, respectively; (d) The function @ (-) in 2D setting. All of the parameter values and step size are the same as
in Fig. 1. (For interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)

concept of a response time kernel can reflect the cumulative effect of past states [85]. There-
fore, in this study, we focus on a class of chemostat models that incorporate delay in uptake
conversion, which was first proposed in [86] without /€. Precisely,
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() (b)
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S I

Fig. 3. The blue, green and black lines represent the empirical MDs Ef (T, Se) and @2 (Ty, I¢) of (5.1) at iteration time
Tp = 10000, 20000 and 30000, respectively. The purple lines denote the MDs of ®¢(S¢, I¢) (i.e., <I>2 (S¢) and <I>2(I€)).
All of the parameter values and step size are the same as in Fig. 1.

_[s0 _ _ X
ds.0)=[ (8" = 5.0)D h(tse(t))]dt+ﬁaS€(t)dW(t),
(5.4)
dxet) = [~(D +0)x (1) + [ et Ptora o],

where S¢(¢) and x.(¢) are the concentrations of substrate and microbial species, respectively, at
time ¢. D is the dilution rate (or equivalently, % is the mean residence time), SV is the input
concentration of nutrient, and 6 is the specific death rate of microorganism. Due to the outflow in
the chemostat, x(t)e P~ stands for the biomass of x. that consumes nutrient at time ¢ — 7
and survives so that it can complete the conversion process of the substrate at time ¢. The kernel
I'(-) depicts the distribution of time delay involved in the conversion of nutrient to viable cells,
and is usually simulated by a Gamma distribution [52], i.e.,

M am—H et
ro)y=————, vVi=0, (5.5)
m!
where m is a nonnegative integer, and the constant « > 0 denotes the decay rate. Two common
types of (5.5) in the literature are: (i) The weak kernel (m = 0) (ii) The strong kernel (m = 1).
Wl&) denotes the nutrient consumption capacity, and the function fi(-) € C>(Ry; R) is generally
assumed to satisfy

1
h'(s) <0, o) <c and A(s)s> <mgy, Vs>0, (5.6)
sh(s

where ¢ > 0 and m( are two constants.

In what follows, we mainly analyze the case of the weak kernel. Clearly, system (5.4) does
not have the exact form as in (1.2). To this end, we give an equivalent transformation for (5.4) by
means of the linear chain trick [87]. Let

t

_ Xe(®)  _pe-oyp,
Ue(t)_fh(Se(t))e 't —1)dr.

—00

Then (5.4) is equivalent to
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o 0 _ _ Xe ()
ds.(0) =[(s° = S.)D e (t))]dt + Jea S (HdW (1),
dxe(t) =[—(D + 0)xe(t) + Ue (1) ]dt, (5.7)
U0 =| ;gg;) — (D+)Ue(n)|dr,

which falls into our general setting. Thus, we need only to discuss the IPDF of (5.7). Denote

N o N o
‘%2,6 1 <0 ‘%3,6 = 1 %02 o’
(D +a)(D+0)h((1 + 53 ) 50y (D +a)(D + 0 + L=T)R(S9)
where cl = maX{O, MW}

A summary of the theoretical results in [83,86] indicates that Assumptions 2.1 and 2.2(b)
are satisfied by (5.7) if 9?35 . > 1. Taking steps along the procedures in Assumption 2.2(a) and

(3.1)-(3.3), we define a quasi-positive equilibrium (§:, xi, U;“) € ]R%r by

50 x: eo?
S, S A(S,) 2
7k
U€
—(D+0)+ ==0,
oax; ‘
—— —(D+a)=
U h(S )
By calculation, the equilibrium (S U ) exists and is unique when %’ZS > 1. In this case, we

have @e@J :aleg,l, G =1, )»T =02, and

—a;y —app 0

Ae=Be=| 0 —an axn |, (5.8)
as] ass —dassz
where aj; = (D + €5) — 208D S 0, qpp = e ay =D 46, ay = — LEIEI 5

n2(S%) ’ 5 h(S ) (S
and a3z =D + «.
In view of

VB (M) =A> + (a11 + axn + a33)A?> + a1 (ax + a33)r + annanaz
=23+ a1A2 + arA + az,

we compute |,%”3(IB)€| =a; >0,

2
€0
|45, | > an(anass — apnas) = (D + o) (D + 7) >0,

and |74 p,| = as| 43 | > 0. Thus, B, € RH(3).
Consider the algebraic equatlon
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Sc(zl,e’ A€7 H3,1) =0

where A is shown in (5.8). By Algorithm 1 and (3.18), we determine that Q1,1 =I5 and

- o O

1 0
Pi1=1]0 1 (ie., via) =3).
0 0

Then, n; =3 and Zl,z € U, (3). Combined with Corollary 3.1 and Theorem 3.1, one has

@ 0 1
27,5, | 21,3, | =2
0 1 0 ' ﬂ3é1,2
Az= 2,51 >0, Miz=| ;A1 |-
1 EaA B3
215, 2|7, |
and Xy = (a2a31)*(M13P1,1) " A1 3[(My 3P1,1) 7' 1. Therefore,
Te = e(apaz10)? (M 3Py 1) ' A [(My 3P ~T > O. (5.9

In summary, we conclude

(®-2) If minj—3{Z7,} > 1, then the distribution LN3(In(S, X}, U,) ", Zc) is a local approx-

imation for the unique IPM s, of (5.7) around (S,,%*,U,)", where X is given in (5.9).
Moreover, for sufficiently small €, the IPDF W, (S, x., U) is globally approximated by

L Se 10 Ue \sv—1 (11, S Ue \T
: 1 e—z(ln é,ln;—z,ln U_E)EE (lnﬁ,ln ;—%,ln U_E‘) '
(2m)2 /1 Ze|Sexe Ue

Below we provide a numerical example for illustration.

D (Se, xe, Ue) =

Example 5.2. Let the consumption capacity h(]T) be the Michaelis—Menten response type [88],

ie., 7 (1S y = ;"Cgf , where the constants a, m, > 0, then condition (5.6) is satisfied. According to

[88], we choose initial value (Se(0), x¢(0), Uc(0)) = (0.4,0.3,0.6) and the following parame-
ters:

=1, D=12, m.=15,a=2,6=04, a =3, 0 =0.5.

By letting € =2 x 1072, we obtain %5 . = 2.2290 and %5, = 2.2252. In view of (®-2),

D (Se, xe, Ue) (resp., ]LNg(ln(SE, o U )T %)) is a good global fit for W¢ (Se, x¢, Ue) (resp.,
/,Le) To venfy this, the relevant MDs of D (Se, xe, Ue) are first presented in Table 2, where
(SG, U ) =(0.3511, 0.3472,0.5556).

Below by a similar argument in Example 5.1, we provide the empirical MMs Eg(To, Se),
ﬁf(To, Xx¢) and EE(TO, U¢) at Ty = 20000; see the right-hand column of Fig. 4. Obviously, it
is quite possible to use some log-normal or normal distributions to approximate the theoretical
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Table 2
List of some MDs <1>2(-) of ®¢(Se, xe, Ue) in Example 5.2.
MDs Mean Variance Correlation coefficient
®(Se,xe)  (In0.3511,In0.3472)  (0.8799,0.3914) x 1073 —0.0976 x 1073
@9 (Se) 1n0.3511 0.8799 x 1073 ——
®? (xe) 1n0.3472 0.3914 x 1073 —
@9 (Ue) 1n0.5556 0.6093 x 103 —

7220000, 5,)

40

Stochastic solution
— — — — Deterministic solution

201

0 200 400 600 800 1000

. 0.34 0.36 0.38 0.4 0.42
Time t Se
‘ ‘ ‘ ‘ " ;7‘;"(20000, zs)
0.36 j
ot e et ak b o ey T 1A t
0.34) ! 40
0.32 : Stochastic solution 201
| - Determumstlc solution
03t - - 0 s .
0 200 400 600 800 1000 0.28 0.3 0.32 0.34 0.36 0.38
Time t T,
(20000, U,
% 7 ( U)

~o 200 400 600 800 1000 .
Time t Ue

Fig. 4. The left-hand column shows the sample paths of Se (), x¢ (¢) and U (t) of (5. 7) and of its deterministic system
ont € [0, 1000]. The right-hand column presents the empirical MMs 1! (20000 Se), It (20000, xe) and ﬁg (20000, U¢)
of (5.7). All the iteration step sizes are At =10~ 3.

MDs of \IJS (Se, xe, Ue). Fig. 5(a)-(c) depicts the empirical MD Wg (Ty, Se, x¢) of (5.7) (or equiv-
alently, the empirical density W (Ty, Se, xc) of (5.4)) in 2D setting at iteration time 7y equals
to 5000, 10000 and 20000, respectively, and the function d>2 (Se, x¢) in 2D setting is shown in
Fig. 5(d). Clearly, the four density pictures are very similar. [In fact, U (¢) is only an accompa-
niment to the transformed equation (5. 7) our main focus is the dynamics of S¢(¢) and x.(¢) in
(5.4), and that is why we only study ‘-IJ (To, S¢, x¢c) and 498(55, Xe). Such idea is also adopted in
Example .4 later.] Furthermore, Fig. 6 presents the empirical MDs \IJ (To, Se), \IJ (To, xc) and

\If€ (To, Ue)) at Ty = 10000, 20000 and 30000, each in a different color. It is clear that CDS(SE),
CD? (x¢) and CIDS(UE) in Table 2 all almost coincide with the corresponding three density curves.
Using the Kolmogorov—Smirnov test, for any 7 € {10000, 20000, 30000} and » € {S, x,, Uc},
we determine that the null hypothesis that CI>2(>) and Gﬁ (To, ») are from the same distribution
will be accepted at 2% significance level.

To summarize, the similarity between ®, (S, x¢, Uc) and the IPDF W, (S, x¢, U¢) is signifi-
cant. Thus, (®-2) is well verified.
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(a) T2 (5000, S, z.) ’ (10000, S., z.)
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Fig. 5. (a)-(c) The empirical MD Eg (Tp, Se, x¢) of (5.7) in 2D setting at iteration time 7 = 5000, 10000 and 20000;
(d) The function d>2 (Se, x¢) in 2D setting. All of the parameter values and step size are the same as in Fig. 4.

T @) T T T 60 U U ) T T 30 T ©

40

T (5000,07,)
T (10000,01)
T (20000,0,)
—— (1)

———T,(5000,5,) 0,2,)
(10000, 8,) 000, 2,)
(20000, 5,) ) ——,(20000,,)
— )

30

#(z)

20

s, z. U,

Fig. 6. The blue, green and black lines represent the empirical MDs @2 (Tp, Se), @2(%, Xe) and @2 (To, Ue) of (5.7) at
iteration time 7( equals to 5000, 10000 and 20000, respectively. The purple lines denote the one-dimensional MDs of
D¢ (Se, xe, Ue). All of the parameter values and iteration step size are the same as in Fig. 4.

Remark 9. Combining Sections 5.1 and 5.2 yields that, if rank(®, @T) =1,i.e., & =1,then the
unique approach for verifying X, > O is to obtain 1y = n, which means {v(1), ..., Vi) } =
According to (3.6) and the expression of Qy, i, a feasible practice to choose vy(;) is to ensure
that the form of Z(pl’i.i.l is close to .¥(n). Thus, we present the first rule for the word ‘suitable”
mentioned in Algorithm 1.

Rule 1: If £ =1, for any i > 1, the choice of v;(;) can maximize the following formula

Z l{ezf)l =0y

JESn—2-i
where 1, is the indicator function.
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To proceed, we will introduce the other two rules for the word ‘suitable” in Algorithm 1. Let-
ting X'Z.X=0,we easily deduce from (3.6) that (¥Y;)rep = 0. Combining this with Remark 3,
an equivalent result of X, > O is that (¥}) 1eSO\p = 0. In view of the sequence {Hy, ; }:ﬁ | and the
definition of £ ,_1—;, we have

(i+1) ) . 0
Hy ")) = Yiowu + Z ¢ i Yijenr YiES) |, (5.10)
0

jESn—l—i
where [j ~ vi(;)] denotes the subscript value dependent on vi(;y. Then we conclude:

Rule2: If & € (%, n], i.e., there are many random fluctuations, for any i € Sgk—l , the choice of
Vk(;y 1s based on two restrictions including (i) [0 ~ vi)] € Sg \ ¢, and (ii) the following formula

Z 1{(,_(/) —0)

) o Kon—2—i
[j~vii+1)1eSH\@

should be small.
In the case of & € (1, %], based on the relationship among the components of X, (¢) of (1.2) in
practical terms, and the one-to-one match between Y; and X ;, VI € SS, we first divide (Y[)iegg

into & chains “(Yg,, \/;‘;iso Y, Vike Sg, where \/‘;iso denotes a index set dependent on ¢y,
asso asso

satisfying: (i) every Y; (j € \/¢k ) is strongly associated with Y, , and (ii) {\/¢k }keSg is a

finite covering of Sg \ ¢. Then,
Rule 3: If & € (1, 5], for any chain (Yg,, \/f;(so Y,) andi € Sgk_l, the choice of vk(;) requires
the condition [0 ~ vy € (S0 \ ¢) N \/35150, Ye=i, i+ 1.

5.3. Stochastic Lotka—Volterra predator—prey models

Competition, predation and cooperation, as three primary interactions among species in
ecosystems, affect largely the structure of animal and plant communities, as well as the evo-
lution process of population dynamics. Traditionally, these interactions are modeled by a class of
systems of ordinary differential equations known as the Lotka—Volterra models. To better char-
acterize the underlying asymptotic dynamics of interacting species, the impact of some abiotic
factors (e.g., random noise, seasonal variation, age structure) on the original systems has been
widely studied [87,89,91,92]. This section, together with the next one, will further derive explicit
approximations for the IPDFs of Lotka—Volterra models. Consider a stochastic Lotka—Volterra
prey-predator system with one prey and two competing predators:

dXe1(1) = Xe1(O[r1 — b1 Xe1(t) — b1aXe2(1) — b13Xe 3(0)]dr,
dXep(1) = Xe2(D)[—r2+b21Xe 1 (1) — bnaXe2(t) — bsXe3(1)|dt + Jeo1 Xe 2 (A W1 (D),
dXe3(t) =X 3(0)[—r3 + b31Xe, 1 (1) — b3p Xe 2 (t) — b33 Xe 3(0) |dt + Jeor X 3(1)dWa (1),
(5.11)
where X, ;(t) (j € Sg) denotes the population density of prey and two predators, respectively,
at time ¢. r; > O is the growth rate of prey X 1, and b;; > 0 is the intraspecific competition
coefficient, V i € Sg. r1, b1y, byp > 0 are the natural death rate, capture rate and food conversion
rate of predator X, respectively, [ = 2, 3. ba3, b3p > 0 depict the interspecific competitions

185



B. Zhou, H. Wang, T. Wang et al. Journal of Differential Equations 382 (2024) 141-210

of two predators. According to Connell [93], we assume that the intraspecific competitions are
stronger than the interactions among different species, i.e.,

bii > Y bij, Viesy. (5.12)
J#

Unlike the similar model in [53], (5.11) is established under the degenerate setting whereby the
intensity of random fluctuations of prey is 0. The motivation stems from the argument in Benaim
et al. [76]. Biologically, this assumption implies that the sources of environmental randomness
have negligible effects on the prey population under strong competition between predators.

For simplicity, let

Va=boir1 —biira, Vs =bzir1 —b11r3, Ve =0by1b3z — bazb31, V7 =br1b3 — bypbsi,

bir b1z bi3 b 682
Vo= |—ba bxn by|, Vg=|=by -1 le
—b31 b3 b33 —by -1y 2

Moreover, V; (resp., Vi) is defined by only replacing the ith column of Vy with vector
2
(r1, —r, —;'3)—r (resp., (0O, %, %)T), Vie Sg. Next, by a similar procedure in Assump-

tion 2.2(a) and (3.1)-(3.3), we first define an equilibrium X, = (X 1, X, ,, X, ;) ", which satis-
fies:

— —x —x
ri—bnuX.; —bnX., —bi3sX.;=0,
2

€0y —x —% —x
—(r2+7) +b2Xe ) —bnX.,—b3X, 3=0, (5.13)
60'22 —% —x% —%
—(}’3 + T) +b31X6,1 — b32X6’2 — b33XE’3 =0.
It follows from Cramer’s rule that Eq. (5.13) has a unique positive solution XZ = (vlv_o Vi VZV_O V2

—V3V_OV3) if Vo>0and V; > V;, Vie Sg. Then we have

. 0 0 0 —ayy —app —aps
060/ =0 o2 0|, Ac=Bc=| an —an -—ax |,
0 0 o3 azyi  —azx  —as

*

ejr Vi, J € Sg. By calculation,

where ajj = b,’jY

Vg, (W) =23 + (a11 + axn + a33)A’ + [a11(ax + a33) + apazy + azas; + (anazs — axaz)lr
+ ay1(axnazz — axzazn) + azi(anass — ajzazy) + azi(azan — ajaz;s)

=23 +a1k2 + arA + a3.

Clearly, |<%”3f2€| =a; >0and a3 = Y:lyzzfjj > 0. By (5.12), we obtain ax a3z — azazy =
(baob33 — b23b32)Y:2Y:3 > (. Thus,
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2 2
|=%'§f3)€| > azaziaz + apaxpaz >0, |4 .| =a3|3f§f13)€| >0,

implying that B, € RH(3).

Below we will study two algebraic equations (X, Ac, U3;) = O, i =2,3. In view of
Rule 2 and G, = I3, an equivalent result of ¥, > O is that XT%.X = 0 holds if and only if
X1 =0. Thus, we need to choose a v;(2) such that [0 ~ v;2)] = 1. In other words, the position of
X1 should be transformed to before X ; by similarity transformation when solving the equation
Sc(Zie, Ae, U3 ;) = O, where {i, j} = Sg. More specifically,

Step 1. For the Lyapunov equation

Se(Zoe, Ae, U32) =0

According to Algorithm 1 and the form of Be, we let vi(1) =2, and

01 0 1 0 0
h=10 0], 0oi=[0 1 o0
0 0 1 0 —%@2 |

a2

Obviously, Hgi = X5, and H;Z; =X+ %Xg. Hence, 11 > 2.
Step 2. Consider the Lyapunov equation

Se(B3,e, Ae, 113 3) =0

By the similar argument in Step 1, we choose vy(1) =2 and

00 1 1 0 o0
s=l100], 0su=|0 1 0
01 0 —

Then, Hgl)l = X3 H% =X+ %Xz and 1y > 2. Using Theorem 3.1, we determine that

XTEX 0 YY)

k=1 j=1

> e [x2 + HD)? + X3+ HD) ]

= [ X3+ X5+ (X1 + "ﬁx3)2 +(x1+ @Xz) |
an ais
It is clear that {X € R3|XT £.X =0} = {0}. Thus, =, > O. The special expression of X can be
obtained by further analysis in Steps 1 and 2, and is then omitted.
By slightly modifying the proofs of [53, Theorem 2.1 (iv), Lemma 3.11] and [62, Theorem
5.1], we have if (5.12) and the following conditions are satisfied,

2
€0
(i) Vi>0,VieSg!, (11) >1 and (i) bgx > S_l,k=2,3, (5.14)
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then Assumptions 2.1 and 2.2(b) corresponding to system (5.11) hold, and its solution
(Xe1(2), Xea(t), X€’3(t))—r is globally attractive. Combining Theorems 3.1 and 3.3 yields that,

(®-3) Under (5.14), ®c(Xe 1, Xe2, Xe3) (resp., LN3(In(X, |, X, ,, X, 3) . Ze)) is a local
approximation for the IPDF W, (X 1, X¢ 2, X¢3) (resp., IPM ) of (5.11) around
(X.1.X.5.X_3)", where ¢ = 0. Such approximation has a significant global fitting
effect for sufficiently small €.

We present a numerical example for verification.

Example 5.3. Consider (5.11) with the same initial values and parameters as in [53], i.e.,

(Xe1(0), Xc2(0), X 3(0)) = (0.6,0.1,0.05), r1 =1.2, r, =0.15, r3=0.01, b;; = 1.6,
bip=1.2,

b13 =0.3, by1 =0.85, byp =1.9, b3 =0.6, b31 =04, by =1, b33 =2.1, 01 =0.2, 0 =0.2.

We choose € = 2 x 1072, Direct calculation shows that Vo = 7.251, Vi =4.3995, V, =
1.3441, V3 = 0.1634, V4 = 0728 Vs = 0.464, V6 = 1.545, V7 = 0.09, V5 = 1.264 x
1074, gz 206.3131, by — - = 1.8996, b33 — = = 2.0996 and (X, |, X., X.3) =
(0.6069, 0.1852, 0.0224). Condltlon (5.14) holds and hence D (X 1, Xe,2, Xe3) has a global
approximation for the IPDF W, (X, 1, X¢ 2, X¢,3). To support this deeply, we first provide in
Table 3 the MDs of ®.(Xc 1, Xc2, Xc3). Inspired by the ideas in Examples 5.1 and 5.2,
Fig. 7 presents all the empirical MMs ﬁ? (30000, X, ;) of (5.11). Furthermore, all the MDs
of ®(Xc 1, Xc2, Xe3) and W, (T, Xe1, Xe2, Xe3) under different large iteration time Tp
are shown in Figs. 8 and 9. Obviously, the similarity between the corresponding MDs (or
MMs) is significant. Based on the Kolmogorov—Smirnov test, for each i € Sg and Ty €
{10000, 20000, 30000}, we further consider the hypothesis testing problem with its null hy-
pothesis H; 0 that dDa(Xe ;) and Ea (To, X¢,;) are from the same distribution. It is shown that the
hypothesis H, O cannot be rejected with 2% significance level, Vi € SO More quantitative results
are shown in Table 3. Hence, these greatly verify (®-3) and Theorem 3.3 from the side.

5.4. Stochastic delayed Lotka—Volterra cooperative models

Our aim in this section is to keep studying the Lotka—Volterra models, with a focus on co-
operative interactions in ecosystems. Let X 1(f) and X 2(f) be the population size of two
cooperation species at time 7, which satisfy the following delayed equations:
dXe1(1) = Xe1(D[r1 +ar fioo T1(t = 5)Xe2(s)ds — an Xe,1(1)]dr

+«/—Xe 1(1) Z o1:dW; (1),
dXeo(t) = Xe2(0)[r2 + an f Fz(l —9)Xe1(5)ds —anXe2(1)]dt
+€Xc2(1) Z 02:dWi(1),
i=1

(5.15)
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Table 3
List of the MDs of ®¢ (X 1, X¢ 2, X¢,3) in Example 5.3.

MDs Mean Variance Correlation coefficient

®d(Xc1,Xen)  (In0.6069,1n0.1852)  (0.32329,9.5390) x 1074 —1.4497 x 10~*
®(Xe 1. Xe3)  (In0.6069,In0.0224)  (3.2329 x 107°,0.0122)  1.2419 x 104

OV (Xen, Xe3)  (In0.1852,1n0.0224)  (9.5390 x 1074,0.0122)  —7.8217 x 10~#

dd (X 1)? 1n0.6069 3.2329 x 1077 —

(X, 2)* 1n0.1852 9.5390 x 107 ——

@ (X, 3)" 1n0.0224 0.0122 —

4 Let piHTO be the minimum significance level that can reject the above hypothesis Hi0 at iteration

time 7Tj. In fact, the hypothesis Hio is equivalent to the one that there is no difference between the
distributions ﬁ?(TO, X i) and LN(In Y:i, e (i,1)). Using several Kolmogorov—Smirnov tests, we
have pi'z < 1.51%, pj'y < 0.69%, pil < 1.72%, ¥ Ty € {10000, 20000, 30000}. The relevant

analysis of other numerical examples in Section 5 is exactly carried out along this line.

722(30000, X, 1)

T T T T T

Stochastic solution 1001
— — — — Deterministic solution
501
0 . ‘ ‘ .
0 200 400 600 800 1000 058 059 06 061 062 063 0.64 0.65 0.66
Time t Xet

72230000, X, »)

] 40t

><J 0.15 Stochastic solution
— — — — Deterministic solution 201
0.1 L L L L 0 . . .
0 200 400 600 800 1000 0.1 0.12 0.14 0.16 0.18 0.2 0.22
Time t Xea
7%(30000, X3
0.06 T T T . 200 . p‘c'( U ) i
\ Stochastic solution
= 0,041 — — — — Deterministic solution
¢ 0.041 1 1001
o \
\\
oo2p T VWV T VLS T 0 ‘ ‘
0 200 400 600 800 1000 0.01 0.02 0.03 0.04 0.05 0.06
Time t X3

Fig. 7. The left-hand column depicts the variation trends of X ; (¢) (i € Sg) of (5.11), and of its deterministic system
ont € [0, 1000]. The right-hand column shows the empirical MMs ﬁg (30000, X¢, ;) (j € Sg) of (5.11). All the iteration
step sizes are At = 1073,

where r; > 0 and a;; > 0 are the growth rate and intraspecific competition rate of species X ;,
respectively, i = 1,2; aja, az1 > 0 represent the natural interspecific cooperation rates. As stated
before in Section 5.2, the cumulative cooperation effect of the past state of X ; on the current
species X ;(¢) is described by the distributed delay function fi oo Li(t — 5)Xe j(s)ds, where
{i,j}= Sg, and the response kernel T'; () is simulated by the general Gamma distribution, which
has the same form as (5.5) by replacing (m, o) with (m;, o;), i.e.,
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(a) ¥/ (30000, X1, Xe.)
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Fig. 8. (), (c), (e): The empirical MDs W° (T, X 1, X 2), U2 (Tp, Xe.1, Xe.3) and W (Ty, X¢.2, X¢.3) of (5.11) in 2D
setting at iteration time T = 30000; (b), (d), (f): The functions ®? (X 1, X¢ 2), D2 (X 1, X¢ 3) and & (X, 2, X, 3) in
2D setting. All of the parameter values and step size are the same as in Fig. 7.

(a) (b) (c)

120 80 200
(10000, X, ;) (10000, X, ) (10000, X 5)
100 (20000, X, ) (20000, X, )
% 60 ——— (30000, X. ) 150 00, Xc3)
A Y(Xe2)
60 40 100
40
20 50
20
0 0 [}
0.58 0.6 0.62 0.64 0.66 0.1 0.12 0.14 0.16 0.18 0.2 0.22 0.01 0.02 0.03 0.04 0.05 0.06
X1 Xeo Xes

Fig. 9. The blue, green and black lines represent the empirical MDs ES(TO, Xei) (i € Sg) of (5.11) at iteration time
Tp = 10000, 20000 and 30000, respectively. The purple lines denote the one-dimensional MDs of ®¢ (X¢ 1, X¢ 2, X¢ 3).
All of the parameter values and iteration step size are the same as in Fig. 7.

tn1;a;"i+le—ait
()= —————

m,'! ’
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To the best of our knowledge, no studies concerning the impact of generally distributed delay on
cooperative interactions have been reported yet. To this end, we will do some work to fill this
gap. It is worth noting that (5.15) does not fall into our general setting (1.2). By letting

! (l‘ _ S)k—lalzce—az(t—s)
Mé,k(t): k —1)! Xs,l(s)ds VkEsz_H,

—00

(I—S)l 10[{8 oy (t—s)
Ue’[(l‘) = / (l — 1)' XG,Z(S)dS v k € Sm1+17

system (5.15) can then be transformed into the following equivalent (m + m 4 4)-dimensional
equations

2
dXe1(t) = Xe,1(O[r1 — ai1Xe1(t) + a12ve m+1(1) |dt + JeXe 1 (1) Y o1:d Wi (1),

i=1
due1(t) = a1 (Xe,1() — ue1(1))dt,
duc j (1) = oy (ue j—1(t) —ue j(1))dt, Vje Sm2+1’

2
dXep(t) = Xe2(D[r2 — anXe2(t) + azitte myr1 (D ]dt + J€Xc 2 (1) Y- 02:d Wi (1),
i=1

dve 1 (1) = az(Xea(t) — ve,1(1))dt,
dve j (1) = @2 (ve j1(1) — v j(D))dt, V€S, .,

(5.16)
In this sense, we mainly analyze the IPM and IPDF of (5.16). Consider the following conditions
2 2 2 2
e(of, +o €(oy; + 0
ajjax > apazy, ry> ¥ r > % (5.17)

It is shown that Assumptions 2.1 and 2.2(b) corresponding to (5.16) are satisfied under (5.17).
The proof can refer to [94, Theorems 2.1 and 2.4] and [51, Lemmas 3.2 and 4.5] with a slight
modification, and is thus omitted.

Repeating the procedures in Assumption 2.2(a) and (3.1)-(3.3), we define an equilibrium
¥ —x oF —x
(Xl,e’ u, X2,e’ Ve) by

e(of, +o0 —

(}”1 ( 1 12)) _allxj,l +a126:’m1+1 =0,

(xl(Xe,l - ” ) =

(g ~ ):0 V€S (5.18)
€(0? +O’ 5) ’

(rz - % _‘122X62 +a21u€m T =0,

(X, —%,) =0,

az(v:j—l _6:,1) =0, Vje Sm1+1’

where U} = W7 g5 s ﬁ:mﬁ]) and vV} = (VF 15 s v:,mwl)' In fact, if (5.17) holds, the solution

of Eq. (5.18) is unique, positive, and it is
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2 2
=« an(r— M) +an(rn — 76(021;”’22))
uc; =X 1= ) VlESm_H,
’ ' ajlax — apasi 2
2 2
e =+ an(n— M) +ani(ry — —(0”;012)) w0
Ue.:XE2: , V]ESm+1
! ’ ajiax — apnay| 1
Then we have
_pn . (Kt K2
Ac = Be = <K21 Ky )’ (5.19)
where
—aii X,
o; —0j;
K[]_(aljxeéﬂm,-i-Z) Kii: o —0;
o; —0;
with {i, j} = S(z) . Clearly, K;; € Uy (m j + 2). By calculation,
2 2
. ‘ 3
Ve () = 1_[()L + a”XG,i)()‘ + al')ml—H —apazl 1—[ €, :n " (5.20)

i=1 il

Below we prove B, € ﬁ(ml + my + 4). Using the contradiction method, it is assumed that
B¢ has at least an eigenvalue Ay with positive real component, i.e., Ao :=a + bi (a > 0). By
fundamental theorem of algebra, Ao = a — bi is a root of equation ¥ (A) =0 (Gf b =0, then
Ao =Ag). Asa consequence of (5.20),

2 Ao Ao\mitl apa

11+ —2)(1+22)"

i=1 aii X, ; o Canan’

2 Xo ro\mitl apay

Mi+—2)(1+2)" = .
i=1 a;;i X o apjaz

This leads to the contradiction

2 — p—
A A Ao\ i+1 Ao\ i+l
(alml) :]_[<1+ _0* )(1+ 0 )(1+—0) (1+—°)
araxn i i aii X ; o o
2 2a\mi+1
]_[<1+ (1+;) ~1.
- i

e,i
Hence, B, € RH(m| + my + 4).
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Based on the LNA method, we need to obtain the special expression and positive definiteness
of ¥¢ in Eq. (3.8) corresponding to (5.16). The former can be derived by Algorithm 1. Then for
the latter, let )»a' be the minimal eigenvalue of the following matrix

( 0121 +0122 011021 +012022> =
2 2 -— .
011021 + 012022 03] + 05

If 011022 > 012021, then Yy > O, which implies )L(J)r > (0 and

O« @: = )\3_ (Hm1+mz+4,l + Um1+m2+4,m2+3)-
By virtue of Algorithm 2, we consider the following algebraic equations:
sc(ziév Be, H2m+4,1) =0
Sc(zfnz_g,ey Be, Hm1+m2+4,m2+3) =0

Asin (5.19), one has B, € Uy (m| + my +4). Note that ¢7 = 1, we obtain vi’()zi—l—landll =

0, =nysmpsa. Vi €S That is, n§ =my +m; +4 and H{) = X;, ¥ j € S
1 2 m1+m2+3 1 J
Applylng Theorem 3.2 and 55 > 1 leads to

my+my+4°

2m—+4
X2 X 2 02 (X3, + X3 + Z(H(’) DEV DI
j=2 j=

where p2 > 0 is a constant dependent on )Lg . Thus, 2, > O.
To summarize, using Theorems 3.1-3.3, we have the following result:

(®-4) Under (5.17) and 011022 > 012021, Pe(Xe 1, Ue, Xe 2, Ve) (resp., ]LNm.+m2+2(ln(7f,€,
ul, Y;E, v) T, Z¢)) is alocal approximation for the unique IPDF W, (-) (resp., IPM w.) of

(5.16) around (X} ., W, X5 ., V)T, where Z¢ > O, Uc(t) = (ue,1 (1), ..oy temy41(1))r20
and Ve (1) = (ve,1(t), ..., Ve,m;+1(1))r=>0. In addition, the fitting effect of such approxima-
tion is global for sufficiently small €.

To demonstrate this, we present a numerical example. We adopt the weak kernels to describe the
cumulative cooperation effect in (5.15) for simplicity, i.e., m; =0,Vi=1,2.

Example 5.4. Let the initial value (X, 1(0), u¢.1(0), Xc 2(0), ve,1(0)) = (0.5,0.4,0.6, 0.5). Fol-
lowing Qi et al. [51], we consider
r1 =0.295, rn =0.3, a;; =0.75, a;p =0.05, ax; =0.05, axp =0.65,
=0.1, ap =0.2, (o11,012,021,022) =(0.3,0.2,0.1,0.2).

By choosing € =2 x 1072, we compute 011022 — 012021 = 0.4, ajjax — appaz; =0.485, rp —
2 2 2 2
LONEOR) — 0.2937, ry — SPXTR) — 02995, (X} |, X, ) = (0.4245,0.4934), and

€1
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Fig. 10. The left-hand column presents the sample paths of X 1(t), ue 1(t), Xeo(t) and v 1(2) of (5.16),
and of its deterministic model on ¢ € [0, 1000]. The right-hand column shows all the one-dimensional MMs of
e (40000, X¢ 1, ue 1, Xe 2, Ve, 1)- All the iteration step sizes are At = 1073,

0.0042 0.0010 0.0022 8.9853 x 10~*
0.0010 0.0010 5.8685 x 1074 6.9074 x 10~
0.0022 5.8685 x 1074 0.0016 6.4184 x 10~
8.9853 x 107* 6.9074 x 10~* 6.4184 x 107* 6.4184 x 1074

Ye =

According to (®-4), the IPDF W (Xc 1, uc 1, Xc2,ve,1) can be globally approximated by
D (Xe 1, ue 1, Xe 2, Ve,1). To verify this, by a standard argument in Example 5.2, we mainly

focus on the similarities between: (i) Gg(To, Xe1, Xe2) and ®(X, 1, X 2), (ii) all the corre-

sponding one-dimensional MDs of ®.(-) and @3 (Ty, -), at large iteration time Tp. As shown
in Figs. 10-12, these corresponding density curves are very similar. Moreover, using several
Kolmogorov—Smirnov tests with 5% significance level, the similarities regarding (ii) are signifi-
cant. Thus, (®-4) and Theorem 3.3 are well verified.

5.5. Stochastic HIV/AIDS infection models

In Sections 5.1-5.4, we use the LNA method to approximate the IPDFs of some common
biomathematical models with small diffusion in the literature. Certainly, the relevant analysis of
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Fig. 11. (a), (b): The empirical MD W? (To, Xe,1, Xe2) of (5.16) (or equivalently, the empirical density
W, (Ty, Xe, 1, Xe,2) of (5.15)) in 2D and 3D settings at iteration time Ty = 40000; (c), (d): The function <I>2 (Xe, 1, Xe2)
in 2D and 3D settings. All of the parameter values and step size are the same as in Fig. 10.

a b
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10 ——— (40000, X,.,) | 201 7 (40000, 1)
— ®(X.,) 2 (ucr)
5¢ ] 10r
0 . ‘ . 0
0.3 0.35 0.4 0.45 0.5 0.55 0.6 0.35 0.4 0.45 0.5
Xet Ue,1
C
20 T ( > T T 5 40 T
——— T7(10000, X, ,)
15t (20000, X,.) | 30+
T (40000, X, »)
10+t (X, 2) 4 20t
5p 1 10F
0 ! . 0 . . A
0.4 0.45 0.5 0.55 0.6 04 042 044 046 048 0.5 0.52 054 0.56
Xeo Ve,1

Fig. 12. The blue, green and black lines represent the empirical MDs W?(TO, Xe1)s WS(TO, Ue 1), Eg(TO, X¢,2) and

W?(TO, ve,1) of (5.16) at iteration time T = 10000, 20000 and 40000, respectively. The purple lines denote the one-
dimensional MDs of ®¢(X¢ 1, ¢ 1, Xe 2, Ve 1). All of the parameter values and iteration step size are the same as in
Fig. 10.
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the uNA method can be similarly carried out. To supplement, we provide a new application of
the uNA method in this section, where a detailed account of how to use Algorithm 3 and (4.4) to
study the normal approximation is mainly presented.

Similar to [67], we focus on a high-dimensional stochastic HIV/AIDS infection model that
takes into account virus carrier screening and the active search for treatment by infected in-
dividuals. Inspired by the idea of the SIR model, the population at time ¢ is divided into six
compartments, which include susceptible individuals S.(¢), infectious and symptomatic primary
HIV-infected individuals /. (¢), asymptomatic and disease carriers C¢ (f), randomly screened dis-
ease carriers Cg ¢ (¢), individuals under treatment 7 (¢) and individuals with full-blown AIDS
L¢(t). The corresponding infection dynamics can be described by

dSe(t) =[A — ko(a1le(t) +a2Ce(t) + a3Te(t) + asLe (1)) Se(t) — pSe(1)1dt
+ €a1S(1)dWi (1),
dle(t) = lko(aile(t) + arCe (1) + a3Te(t) + asLe(t))Se (1) — (p + 0 + D1 + y)le(1)]dt,
dCe(t) =[01c(t) — (p+ 92+ a5)Ce(n)]dr,
dCse(t) = [asCe(t) — (p + U3 + y2) Cs.e (1)]1d1,
dTe(t) = [y11e(t) + 12Cs.e () — (p + 9 Te(D]dt + Jeor Te (1)dWa (1),
dLe(t) =[011e(t) + 02Ce(t) + 03Cse (1) + 04Tc(t) — (p+y3 + p1)Le(0)]dt,

5.21)
where A is the recruitment rate, and the average number of sexual partners kg measures risk
behavior. p and p; are the natural death rate and disease-induced mortality rate, respectively.
The infection probabilities for different infectious individuals I (¢), Cc(¢), Tc(¢) and L. (¢) are
a; (ie Sg) in sequence. The individuals . (¢), Cc(t), Cs.e(t) and T, (¢) become AIDS patients
L(t) at the rate of ¥; (i € Sg), respectively. y; (j € Sg) are the rates at which the infected
seek treatment, o stands for the rate from the infected individuals I (¢) to carriers C¢(t), and
o is the rate at which carriers are screened. Similar to the idea of (5.11), it is assumed that the
environmental randomness mainly affects the individuals S¢(¢) and T, ().

Taking steps along the procedures in Assumption 2.2(c) and (4.1), we first consider the pos-
itive equilibrium X3, = (§*,I*,C*,Cy, T*, L*)T of the deterministic counterpart of (5.21),
which satisfies

A—ko(aI* +arC* +a3T* +a4L*)S* — pS* =0,

ko(a1I* + axC* +a3T* + ay L*)S* — (p+ 0 + % + y)I* =0,
ol*—(p+92+a,)C* =0,

asC* — (p+93+)CF=0,

yil* +ynCi—(p+9)T",

V1 I1* 4+ 9C* +CF+04T* — (p+y3+ p1)L*=0.

Denote
Ako(ar + aywi + azw3 + aswa) _ Ako(ar + axw + azws + agy)

S
%(): N %4,6 = 5(72
(p+-")p+o+d1+y)

3

p(p+o+91+y1)

where
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o Wi Y1+ w2 P 4+ thw + F3wy + Faw3
wW=———— wp=——, Ww3= , W= .
p+ v+ p+Hr+is p+sa p+yi+pi
~ Yityw O+ Dw + F3wy + P43
Wy = ————p, W= .
p+ s+ F Ptys+p

We have the following Lemma.

Lemma 5.1. For any initial value (Se(0), Ic(0), Cc(0), Cy,e(0), Te(0), Le(0) T == X 4(0) €
RG
+

o If By > 1, then the equilibrium X}, = (§*,I*,C* C}, T, L™ exists and is unique on

hiv

6 _ A _ A(Hy—1) _ _ _ _
R_,_, Where S* = m, *__Wg'ﬂl‘ﬂ/l)’ C* = U)]I*, C;k = wzl*, T* = U)3I* and L>'< =
w4l*. Moreover, Af,) € RH(6), where

—ayy —app —ai3 0 —ais —ap
a1 —ax az 0 as  ax
A[o] _ C[o] _ 0 asn —das3 0 0 0
0 0 a3 —a44 0 0 ’
0 asy 0 as4 —ass 0
0 aey  ag3  Ge4  des  —age

withaj = p+ko(a I* +axC*+a3T*+a4L*), a;p = koa1 S*, ajz = koar S*, a1s = koazS™,
a6 = koasS*, a1 = ko(a1 1™ + axC* + a3T* + a4 L), axp = p + o + ¥ + y1 — koa1 §¥,
a=ay; (i=3,56),an=0,a3=p+0+o;, a3=0d5;, ass=p+3+y,as2=y1,
asq = y2, ass = p + 4, aga = V1, ag3 = V2, aes = V3, ags = ¥4 and age = p + y3 + p1.

o System (5.21) has a unique solution X¢ ;(t) ont > 0 and it will remain in ]Rf_ a.s. If%f’e > 1,
then (5.21) has at least one IPM [ic j,(-) supported on Ri.

The proof can completely refer to [67, Section 2.2 and Theorem 4.1] with a slight modifica-
tion.
We consider the linearized system of (5.21) around X}, :

dZe,s(t) = A[o]Ze,s(t)dt + \/EFdes (t)’ (5 22)
Ze,s (0) = Xe,h(o) - X:liv’
where I T," = diag{(015%)%,0,0, (027%)%,0,0} and W(t) = (W;(t), Wo(¢))". In view of
Lemma 5.1, (5.22) has a unique IPM Ng(0, Xy1¢) if Zo > 1, where X[, is determined by
equation I¢(Zole, Aol erFST) = 0. Although Assumption 2.1(2) corresponding to (5 .%1) is
difficult to verify currently, Algorithm 3 and (4.4) can be still used to treat Xj,)c. Clearly, § =2
and ¢ = {1, 5}. Using Rule 3, we choose \/{**° ={1,2,3,4} and \/{>*° = {5, 6, 1}. Then,
Step 1. Consider the algebraic equation

Se(Zpojte: Afo), Ue,1) = O.
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By Algorithm 3 and the chain (Y;, \/{**°Y,), we determine Vy(j) = 2 and Q[oy1,1 = Ig. Thus,
G% = X». Moreover, we select V(o) =3 and

I, O O
Q2= 0 1 (O
O fonsz Is

_ _asp a2\ T
where £[,11,3 = (0, et asz) . In this sense,

a
GY=x; + X5+£X6

By further letting Ty (3 = 4 and £[,]1 4 = (_a5251a3323a:;155) i asz(a33+a6(;)3-;-2532a65+a32a63 )T then

asy(asz — ass) Xs + ae2(ass + aee) + asrass + azeaes X

4
Gl = X4+
’ aszza43 azzda43

6
which implies 77; > 4.
Step 2. Consider the algebraic equation

Se(Zpos.e. Afo), Ue,s5) = O

In view of the chain (Ys, \/5° Y,), we let V(1) = 6 and £[pp.4 = (Zé: ZZ 0,0) . That means

azs
X1 + —Xz

a6 aes

@ _
GS 2

Hence, 17, > 2.
Combining the above two steps with (4.4), we obtain

2

Mk
T 2 ) 2
X" X zec Y5, + Z_I(Gak,j) )

k=1

ol 3) ¢ (0 )

a 2
=QE{X%+ 2+X5+(X3+—X5+—X6) + (X = X1+ 22 x,)
azn asn aes aes
asp(azy —a aex(a3s + age) + asaaes + azna 2
+[X4+ s2(as3 55)X5+ 62(a33 + aee) + asxaes + azz 63X6] }
azzaqs aznaqs

Clearly, {X € RS|XT 2. X = 0} = {0}. Thus, Z,)c > Q. The explicit form of %[y} can be further
derived by Algorithm 3 and (4.3).

For convenience, let ®pyc s(-) and Py n(-) be the density functions of the distributions
Ng(0, Zp1e) and Ng(X7. |, ole), respectively. Then by Theorem 4.1 and Remark 6, we de-
termine:

hiv>
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Table 4

List of values of biological parameters of (5.21).
Parameters ~ Value (Unit: year_l) Source Parameters Value (Unit: year_l) Source
A 25000 people [67,95] Y1 0.2 [67,95]
ko 1.2 [67,95] p) 0.09 [67,95]
a 0.8 x 1073 [67] o 0.2 [67,95]
a» 0.6 x 1073 [67] 3 0.4 [67,95]
a3 0.4 x 1072 [67] y2 0.15 [67,95]
as 0.7 x 1073 [67] D4 0.2 [95]
P 0.015 [67],CSZ data  y3 0.3 [67,95]
o 0.2 [95] Pl 0.33 [67,95]
a1 0.001 Estimated o; (i=1,2) 05 [67]

(®-5) If %y > 1, system (5.22) has a unique IPDF ®(jc ;(Zc s). Moreover, the probability den-
sity of e 5 (+) of (5.21) around X;‘”.v can be approximated by ®[,e, 1 (Xe 1), which is given
by

1 1 _wk Tyl W
q)[(]]e,h(Xe,h)Z(Zn)_3|2[0]6|_7€ 2(Xs,h Xhiv) E[{)]G(Xf’h Xhiv)_

Although the uniqueness of (¢ ,(-) is unknown, we can numerically study whether the distri-
bution Ng (X;‘liv, Yiole) (xesp., Prote,n (Xe,x)) limited on Ri can well approximate the empirical
probability measure (resp., density function) of (5.21) under small diffusion and large iteration
time.

Example 5.5. Based on the actual data from [67,95] and the Central Statistical Office of Zim-
babwe (CSZ), the corresponding values of the biological parameters in (5.21) are shown in Ta-
ble 4. We choose € = 10~3 and initial value X7 (0) = (350000, 6000, 7500, 8500, 12000, 7500)T
(unit: people), it is calculated that %“f’é =96.927, XZiv =10*x (1.7050, 5.9481, 3.9004, 1.3807,

6.4964,3.4241)T and

0.04117  0.004262 —0.007024 —0.002498 —0.18918 —0.058545
0.004262  0.081447 0.026892  0.005528  0.096841  0.021921
—0.007024 0.026892 0.017634  0.005325  0.049126  0.018898
—0.002498 0.005528 0.005325  0.001885 0.014376  0.006524
—0.18918 0.096841 0.049126  0.014376 2.5538 0.61208
—0.058545 0.021921 0.018898  0.006524  0.61208 0.19651

E[o]e = 106 X

For simplicity, the empirical marginal measure and density function of (5.21) at large itera-
tion time Ty are denoted by eMMc (T, -) and eMDc (Ty, -), respectively. Fig. 13 shows the six
one-dimensional eMMc (Tp, -) at Ty = 6 years. Furthermore, we plot the curves eMD, (Tp, -) of
different types of individuals at iteration time Ty =4, 6 and 8 years, each in a different color. It
is clear that every one-dimensional function dD?O] <. (+) almost coincides with the corresponding
three density curves; see Fig. 14. Such significant similarity can be quantitatively verified by
several Kolmogorov—Smirnov tests with 5% significance level, where the null hypothesis is set
the same as in Examples 5.1-5.4. Thus, the function ® (¢, ; (X, ;) limited on Ri is a good global
fit for the eMD, (T, -) of (5.21) under large iteration time.
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X 1078 eMM., (6 years, S,) is %103 eMM., (6 years, I.)
1
it
0.5F
0 - L 0 .
1.6 1.65 1.7 1.75 1.8 1.85 1.9 5.8 5.9 6 6.1 6.2
S, x10* I x10*
%103 eMM, (6 years, C.) eMM., (6 years, Cs )
3 T T T 0.01 T
0.0051
0
3.8 3.85 3.9 3.95 4 4.05 4.1 1.35 1.4 1.45
Ce x10* Cie x10*
3 X 10 eMM (6 years, T;) | %1073 eMM, (6 years, L)
0.5F
| 0 ‘ .
56 5.8 6 62 64 66 638 7 7.2 3.2 3.3 3.4 3.5 3.6 3.7 3.8
T x10% Le x10*

Fig. 13. The diagrams represent the eMM¢ (Tp, -) of different types of individuals in (5.21) at Ty = 6 years. The iteration
step size is At = 103 years.

Remark 10. Based on Figs. 13 and 14, we propose a conjecture that the IPM i 5, (+) is unique. To
investigate this conjecture, we performed several computer simulations of the one-dimensional
eMMc (T, -) using MATLAB R2022b software, varying the initial values and iteration times. The
numerical results obtained provide support for this conjecture. However, to establish it rigorously,
we plan to explore more theoretical approaches in future work.
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T. x10%

L. x10*

Fig. 14. The blue, green and black lines represent the curves eMDe(Tp, Se), eMDe(Tp, Ie), eMDe(Ty, Ce),
eMD¢ (Ty, Cs,e), eMD¢ (Tp, Te) and eMDe¢ (T, Le) of (5.21) at iteration time T = 4, 6 and 8 years, respectively. The
purple lines denote the one-dimensional MDs of ®[41¢  (Xe 1) All of the parameter values and iteration step size are
the same as in Fig. 13.

Appendix A. Proof of Proposition 2.1

Throughout this appendix, let ¥4 (1) = Zfzo a;\'=" (ap = 1). Using Definition 2.1, Lem-
ma 2.1 and A € .7 (1), we determine that (ay,...,a;) | :=a' € Rﬂr and

_ql-n
_ a aj
A_< L 0 ) (A.1)
Moreover, let A; (i € S?) be the roots of equation 4 () = 0. Below we divide the proof of
Proposition 2.1 into three steps.
Step 1. (Proof of (i) in Proposition 2.1): It is clear that Re(A;) < 0 and XA ; 4+ Ax # 0 for any

J.ke S?. This together with Lemma 2.2 yields that &; is unique. We define two matrices C and
D by

o
c:/eAf W eA'"dr, D= (LIM,ALIU,...,AI’ILI“).
0

Note that C = CT and

201



B. Zhou, H. Wang, T. Wang et al. Journal of Differential Equations 382 (2024) 141-210

o0
AC+CAT = /(AeA’ S R A P
0

d

~

o
d
—_ / (M e Ydr=—11p, . (A2)
0

Thus, B = fooo eA 1 eAltdr. By direct calculation, we have D = (;1, O11-1,¢5, 0141, ..,
¢, @1,1_1), where the R**!-valued vectors ¢;(Je S?) satisty

l a1 ar o3 -+ o
0 1 a a -+ a2
0O 0 1 o - a-3
(12w 8)=10 0 0 1 - a4l
o o0 o o -- 1
with o (k € S?fl) determined by the iterative scheme oy = — Zf: 1aicg—; (ag =1). Clearly,

1(£1.¢2. ... 8;) | =1, then rank(D) =1.
For any X € R/, by ;1 = LILLIH, one has

o0
.
XTa,xzfxTeAf ;1 L} e "Xdr
0
o0

= / U/ et X2t > 0. (A3)
0

Thus, &; > O. Below we verify E; > O by a contradiction argument. Suppose that there is a
X, € R\ {0} such that x; E/X, =0, then

U e* Xy =0, V120, (A.4)
Consider a function S¢ (1) = Ul—l,—l ATt X defined on [0, 00). Using (A.4), we determine

d*S,(0)

5 = (A" ) "X =0, VEk=0,1,... (A.5)

By Cayley—Hamilton theorem [98], (A.5) is equivalent to
X, (AL ) =0T, Ykes |,

ie., X;—D =0T, Using rank(D) = yields Xy = 0, which leads to a contradiction. Hence, &; >
0.
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Step 2. (Proof of (ii) in Proposition 2.1): Let &; = (0j;);x;, combining (A.1) and Eq. (2.1),

l(l 1)

we obtain the following equalities:

1—225{:1 a;ojq =0,
ork+1 =0, Vke S?—l’

. (A.6)
Oj—1,1 — le=1 a;oji =O, Vie Sl,
Opg=0q-1,pr1, Yqg>p+1
Consider an algebraic equation
1
40 = ~ey, (A7)

2

where 0 = (01, —65, ..., (—1)/716,) . Applying the first and third sets of equalities in (A.6) to
the second and fourth sets of equalities yields that o;; = 6; for any i € SY, and &, takes the form
as (2.2).

To summarize, all the properties of E; are determined by 6. To this end, some results of 6 are
shown below. By Lemma 2.1 and Cramer’s rule, we have |5 4| > 0 and

£ ;
TT Al g
where %’fA (1, j) is the matrix obtained by crossing out the first row and j-th column of 777 4.

By a standard argument in [97, Theorem 2], we can obtain |JffA (1,k)| > Oforany k € S?. Thus,
6 > 0.

Furthermore, if all the roots of equation ¥4 (1) = 0 are simple, i.e., A, #A;, ¥V p # j, we
consider a closed path I'g in the complex plane:

I'r £ [Lg + Cgl,

where Lg is the directed segment from (0, —Ri) to (0, Ri), and Cp is a semicircle line with

analytical formula z = Rei’, te [%, 37”], see Fig. 15 in detail.

Since Re(A;) <0, V j € SO, we can determine a sufficiently large Rg such that each A lies
in the interior of I'g when R > Rg. Now we construct some complex integrals by

—  k —1 : R > Ryp. A.
2m/ wA(zm( o KESuR>Ro (&.8)

Clearly, Y4 (—=A;) #0, V j € S?. Combining Cauchy’s residue theorem,

k

1 z
Wy _2_711 X ZNIZRCSAJ- (7¢A(Z)¢A(_Z)>

j=I
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Cr

Lg

Fig. 15. The graph of closed path T'g.

l ) Zk l )\‘k
Y hm oy
Py Va@va—2) o vy )W( A5
Furthermore, applying Cauchy integral theorem to (A.8) yields

1 e any b 1 s any b

o wA<z>wA<—z)+2_mC Va@WA(—2)

W2p4+1 =

1 2p+1dZ
lim _
" omi RHOOC Ya(@va(—2)

1 ) (Reit)2p+1Rieit

=—— [ lim - —dt, VpeSl:ll

271 )] R—oo Ya(Re)Yp(—Rel)

[SIE]

Note that

iy (REDPHIRiel (—DY, forp=1-—1,
R—00 Y4 (Re)Yra(— Re) o, for p € Sl__lz

This together with (A.10) leads to

(1)
W2p+1 = 2
0, for p € Sf_lz

forp=1—1,

Using (A.9) and ¥4(1;) =0 (¥ j € S), we obtain
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1 k l -
:Z )\,K”A()L]) Z ()al)" ‘
o YA )Pa(=2)) o 1/!,4()» )lﬂA( Aj)

!

=> ajoni-j. YkeS[. (A.12)
j=0

Let @ = (wy—2, @2i—4, ..., wg) . It follows from (A.11) and (A.12) that e satisfies the following
equation

(=1}

I 4w = €. (A.13)

Combining (A.7) and (A.13),

! 2 20—k

O = (=)' Fwpgpy = (=D'* Z

— T vkes.
o YA )va(=2;)

Hence, (2.3) is verified.

Step 3. (Proof of (iii) in Proposition 2.1): We only discuss the case where / is odd, and the
even [ case can be similarly analyzed. Without loss of generality, we assume that [ = 2k + 1.
Denote

01 (_1)k+29k+1 6, (_1)k+19k+1
Lk = : : s D= : - :
(=D 201 - (=D 204, (=DM 10 o (=D

As in (2.2), an application of Laplace theorem for the (2i + 1)-th (i € Sk_l) rows and columns of
&, lead to

&1l =T kLo k- (A.14)

Combining (2.2) and (A.6), we obtain

(—DFFIrig, ; =— o 12( D6, i _1azi—1, VJGSkH,
+1
1 .

Db = 1[5 - Z(—l)’“eiaz,-_]], (A.15)

+ =
Kt 14) R Q0

(=D +/9k+j Z—E Z(—l)-/+’9j+,-_1a2,~_2, Vj ESk.

i=1

Applying the first two sets of equality in (A.15) to the last row of Z; 3, we compute

—6, s (=DF20
G . . . Dy

Tk = .
2az141 2ak+1

: ) : (A.16)
(=D 201 o (=D Floy
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Substituting the third set of equality of (A.15) into the last row of 75 i, by the notation [%]" =k,

one similarly has 7, = (; ;k)A @o1- This together with (A.14) and (A.16) yields the desired result.
Appendix B. Proof of Proposition 2.2

Using Remark 1, Proposition 2.2 is evidently true when / = 1. Below we only discuss the
case of / > 2. Suppose that the vector X(¢) = (X(¢), ..., X; (t))—r is determined by equation
dX = CXdt. We construct a vector Y(¢) = (Y1 (¢), ..., V] (t))—r which satisfies:

Yi(t)=X(1), and Y;() =Y/, (). VjeS],. (B.1)

To proceed, we stipulate that c;,0 = 1. An application of recursion method coupled with (B.1),
Definition 2.2 and C € U, (I) yields that

Y, =B,C"IX, Vjes
and

BCHIZI7 =0, Vjes),,
(B,CHU=D =TTZ)_jciri #0. ¥ jeS),. (B.2)
(B,C"HV =TTZpcivri #0,

where C = (c;j)ix:- Thus,

ﬂ]cl_l

-2

BICT  x() = MX (). (B.3)
B

Moreover, M is an upper triangular matrix. Note that |M| = ]_[lj_:l1 (B,C'=7)) 0, then M €

U(l). Using (B.2), we obtain that X(r) = M~'Y(r) and dY = MCM~'Ydt. Then by (B.1), we
have

Si-1 =
[ —c —C
dY_( L 0 )Ydt,

where ¢ = (cy, ..., ¢;). Combining Definition 2.1, one gets MC M e .Z(). This completes the
proof.
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