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A B S T R A C T

Elucidating the mechanism of effect of phosphate (PO3−
4 ) uptake on the growth of algal cells helps understand

the frequent outbreaks of algal blooms caused by eutrophication. In this study, we develop a comprehensive
mathematical model that incorporates two stages of PO3−

4 uptake and accounts for transport time delay. The
model parameter values are determined by fitting experimental data of Prorocentrum donghaiense and the
model is validated using experimental data of Karenia mikimotoi. The numerical results demonstrate that the
model successfully captures the general characteristics of algal growth and PO3−

4 uptake under PO3−
4 sufficient

conditions. Significantly, the experimental and mathematical findings suggest that the time delay associated
with the transfer of PO3−

4 from the surface-adsorbed PO3−
4 (Ps) pool to the intracellular PO3−

4 (Pi) pool may
serve as a physiologically plausible mechanism leading to oscillations of algal cell quota. These results have
important implications for resource managers, enabling them to predict and deepen their understanding of
harmful algal blooms.
1. Introduction

Harmful algal blooms (HABs) caused by abnormal proliferation or
high biomass accumulation or other toxic microalgae at the sea surface
or in the water column have brought deleterious impacts on aqua-
culture, fisheries, tourism, human health, and components of aquatic
ecosystems (Hallegraeff, 1993; Anderson, 1997; Anderson et al., 2012).
About 300 species of phytoplankton are the bloom-forming species,
while only 40 or so species have the capacity to produce potent toxins,
and most of them are dinoflagellates (Hallegraeff, 1993). The coastal
water in the East China Sea (ECS) and Yangtze River Estuary (YRE)
is one of the famous regions with frequent HABs events since the
1980s (Yu et al., 2017). The dinoflagellate Prorocentrum donghaiense
(formerly named P. shikokuense; Lu and Goebel, 2001; Lu et al., 2022;
Gómez et al., 2021) is a major dinoflagellate species that forms blooms
in the coastal waters of the ECS each year since 2000 during late
April-May (Yu et al., 2017; Lu et al., 2022). The scale (approximately
10000 km2) and length of time (approximately one month) of the
P. donghaiense blooms have been amazing for some years (Yu et al.,
2017). Like other HABs, the blooms of P. donghaiense may be great
harmful to the ecosystem and fishery resources. This is often due to
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the accumulation of algal biomass, which produces toxic scum and
foam, covering other phytoplankton and sea grass beds, and causing
animal death through decay and oxygen consumption (Anderson et al.,
2012). Laboratory and field studies have shown that the P. donghaiense
blooms are extremely harmful to the survival of zooplankton and
scallop (Lin et al., 2015; Shen et al., 2022). Furthermore, during
the P. donghaiense blooms, the community structure of zooplankton
changes significantly, from being copepod and jellyfish-dominated to
small jellyfish-dominated (Lin et al., 2014), and it is well known
that copepods are the main food source for many fish larvae (Uye
et al., 1999). Therefore, elucidating the growth characteristics of P.
donghaiense will help to better understand its possible effects on the
ECS and YRE ecosystems.

Due to widespread nutrient loading such as phosphate (PO3−
4 ), the

eutrophication of aquatic ecosystems throughout the world leads to
the appearance of HABs (Zhou et al., 2017b; Xiao et al., 2019). In
the ECS and YRE, diatom blooms and dinoflagellate blooms often ap-
pear alternatively (diatom-dinoflagellate-diatom) from April to August,
where PO3−

4 plays an important role in this succession. Diatom blooms
(such as Skeletonema costatum) occur in early spring when the external
vailable online 26 January 2024
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PO3−
4 (Pex) is sufficient because diatom has a greater advantage in PO3−

4
ffinity, and the growth demand for PO3−

4 is also higher. Therefore, the
rowth of diatom algal blooms quickly collapses after Pex depletion (Ou
t al., 2008). Dinoflagellates blooms such as P. donghaiense blooms have
een observed in the coastal waters of the ECS from late April to June
fter diatom blooms when Pex is insufficient because P. donghaiense has
ower thresholds of PO3−

4 and could make good use of the metabolized
issolved organic phosphate or phagocytose the organic debris (Yu
t al., 2017; Ou et al., 2008). This can be verified in the research by Lu
nd Li (2006), where the authors obtained that the luxury coefficient
f PO3−

4 (𝑅𝑃 = 𝑄max∕𝑄min, 4.3, 𝑄max and 𝑄min are the maximum and
minimum cell quota of Pi, respectively.) of P. donghaiense was higher
han that of S. costatum (2.5), and its growth potential of storage Pi
𝑡𝑃 = ln𝑅𝑃 ∕𝜇max, 2.08 day, 𝜇max is the maximum growth rate of algae.)
as higher than that of S. costatum (0.53 day). This also indicates that
hosphorus is a nutrient limiting phytoplankton biomass, which plays
n important role in the long-lasting spring bloom of P. donghaiense
n the ECS and YRE (Yu et al., 2017; Shen et al., 2019). Thus, by
tudying the uptake of PO3−

4 by algae, we can find an effective way
o control algal bloom formation and biomass accumulation (Schindler
t al., 2008; Kilham and Hecky, 1988).

The previous studies on PO3−
4 uptake by algae commonly focus on

arious culture environments such as Pex concentration, illumination
ntensity, flowing rate, and temperature (Shi et al., 2015; Shen et al.,
016), and partition the growth of algae, especially in bloom, into four
hases: slowly-growing, exponentially-growing, stable, and dissipation
hases (Tester and Steidinger, 1997). During the growth of algae,
luctuations in both cell density and cell quota are frequently observed.
his oscillatory behavior is a ubiquitous phenomenon in nature and can
e found in diverse systems, such as aquatic ecosystems, predator–prey
nteractions, nervous systems, and epidemiological dynamics (Esmaeili
t al., 2022; Huisman et al., 2006; Shen et al., 2023). In a field survey
overing the process of a P. donghaiense bloom in the coastal waters of
CS from 9 to 20 May 2016, Shen et al. (2019) observed the oscillation
henomenon in the cell density of P. donghaiense. Several scholars have
nvestigated the fluctuation of algae density through mathematical
odeling. In a study by Song et al. (2019), a stoichiometric model was

mployed to examine the impact of seasonal light intensity and nutrient
vailability on algal fluctuations during algal blooms in the Bohai Sea.
uilding upon the model proposed by Song et al. (2019), Zhao et al.
2020) developed a stochastic growth model for algae, taking into
ccount the influence of environmental randomness, and obtained the
hreshold conditions that determine the persistence and extinction of
lgae. Using actual photochemical quantum yield and cell density as
esearch variables, Shen et al. (2023) proposed an algae growth model
ncluding cell growth delay, and studied the interaction between cell
ensity and photosynthetic parameters during the fluctuating growth
f algae. Understanding the mechanism behind oscillations in the algal
rowth process is indeed crucial as it can offer valuable insights into
he specific PO3−

4 demands and assimilation abilities of algae, which
elps predict algal blooms more accurately (Droop, 1983). However,
s far as we know, few studies paid attention to the oscillations of cell
ensity and cell quota appearing during the algae culture (Caperon,
969; Cunningham and Maas, 1978; Droop, 1983; Muhammadu et al.,
017).

It has been observed that various algae species, including cyanobac-
eria, diatoms, and dinoflagellates, in different environments ranging
rom freshwater to the ocean, have the ability to passively adsorb
nd store inorganic phosphate (PO3−

4 ) in their cell membrane or ex-
racellular polymeric substances (EPS) (Sañudo-Wilhelmy et al., 2004;
ing et al., 2021; Zhang et al., 2013; Duan et al., 2023; Kamennaya
t al., 2020; Zubkov et al., 2015). Most EPS-associated PO3−

4 can act
s a nutrient buffer to support algal cell/aggregate growth (Duan
t al., 2023). Duan et al. (2023) demonstrated that the enrichment
f PO3−

4 in EPS increased the PO3−
4 content in cyanobacteria, lead-

3−
2

ng to a prolonged maintenance of higher PO4 concentrations and
aking it more challenging to mitigate algal blooms. Zubkov et al.
2015) showed that both Prochlorococcus and SAR11 cells possess an
xtracellular buffer of labile phosphate, which facilitates their survival
n apparently Pex-deficient waters. Zhang et al. (2013) indicated that
PS can serve as a dynamic storage of PO3−

4 , and its significant PO3−
4

ccumulation capacity contributes to the PO3−
4 removal process in en-

anced biological phosphorus removal. Additionally, Sañudo-Wilhelmy
t al. (2004) suggested that the adsorption of PO3−

4 on the cell surface
s part of the PO3−

4 uptake process. Thus, in the modeling of PO3−
4

ptake kinetics, distinguishing between the Ps pool and the Pi pool can
rovide a more accurate reflection of the PO3−

4 uptake characteristics of
hytoplankton (Yao et al., 2011; Jiang et al., 2019; Gao et al., 2022).

In addition, it is important to consider the time delay, in the
ransport process from the Ps pool to the Pi pool when studying the
O3−
4 uptake mechanism in algal cells (Fu et al., 2006; Kamennaya

t al., 2020). Kamennaya et al. (2020) showed that some bacteria and
lgae (such as SAR11, Synechococcus, and Prochlorococcus) possess a
eriplasmic space between the inner membrane and the outer mem-
rane, which temporarily stores transported PO3−

4 from the cell surface.
ubsequently, PO3−

4 is transported into the cytoplasm through ABC-type
ransporters (PstCAB) to support cell growth and reproduction (Kamen-
aya et al., 2020). This may lead to a time lag in the transport process
f PO3−

4 from the Ps pool to Pi pool which has been well confirmed in
iteratures. For example, there is an obvious decoupling phenomenon
etween the rate of accumulation PO3−

4 in the periplasm and the growth
ate in Synechococcus. A cultured Synechococcus cell can double the
O3−
4 of periplasmic within merely 3 h under the Pex condition of 10−6

ol L−1, while they divide every 1–2 days (Kamennaya et al., 2020).
imilarly, Prochlorococcus and SAR11 cells can store enough PO3−

4 for
ell division in only 1-2 h in the periplasm, whereas Prochlorococcus
ivides every 3.5 days (Zubkov, 2014) and SAR11 divides every 2–3
ays (Mary et al., 2008) in oligotrophic waters.

In this study, we present a novel two-stage PO3−
4 uptake model

hat incorporates the transport time delay between the Ps pool and
he Pi pool. Subsequently, the model is calibrated and validated us-
ng experimental data of P. donghaiense and Karenia mikimotoi under
onditions of sufficient Pex at temperature of 20 ◦C. By integrating
he experimental and mathematical findings, we propose a possible
lausible physiological mechanism that can account for the oscillations
bserved in algal cell quota. Additionally, we deeply discuss the ratio
etween Pi and the total cellular PO3−

4 which is crucial in understanding
he specific PO3−

4 uptake process of algae. The exploration performed
n this paper contributes to a comprehensive understanding of algal
ynamics and has potential implications for the accurate prediction of
ABs.

. Materials and methods

.1. Model description

In view of the presence of Ps pool, the process of PO3−
4 uptake by

lgae should be divided into two stages (Kamennaya et al., 2020; Duan
t al., 2023; Yao et al., 2011; Jiang et al., 2019). Firstly, PO3−

4 in the
ubstrate is passively adsorbed to the cell surface and stored in the Ps
ool (Kamennaya et al., 2020; Duan et al., 2023). Secondly, surface-
dsorbed PO3−

4 enters the cytoplasm through the translocator and then
s assimilated to form newborn algal cells (Kamennaya et al., 2020;
olovchenko et al., 2019; Lin et al., 2016). The schematic diagram of
he PO3−

4 uptake process in algal cells is shown in Fig. 1.
In this paper, 𝐴 (108 cells L−1) represents the density of algal cell

and 𝑃 (μmol L−1) represents the concentration of Pex. 𝑆 (10−8μmol
cell−1) and 𝑄 (10−8μmol cell−1) represent the cell quota of Ps and Pi,
respectively. In the early phosphate uptake model proposed by Droop
(1973), it is assumed that the algal specific growth rate (𝜇) is a function
of the cell quota of Pi

𝜇 = 𝜇max

(

1 −
𝑄min

)

, (1)

𝑄
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Fig. 1. Schematic diagram of the PO3−
4 uptake process in algal cells. First, PO3−

4 is passively adsorbed to the cell surface, and then transported into the cytoplasm by the translocator.
Source: The conceptual diagram of the PO3−

4 uptake process in algae is adapted from Kamennaya et al. (2020).
where 𝜇max is the maximum growth rate of algae, 𝑄min is the minimum
cell quota of Pi. Empirical evidences show that the Droop form de-
scribes data more accurately than the Monod form (Wang et al., 2022).
Under fixed light intensity, the self-shading among algal cells will limit
its growth rate with the increase of algal cell density. Therefore, the
algal specific growth rate can be rewritten as

𝜇 = 𝜇max

(

1 −
𝑄min
𝑄

)

(

1 − 𝐴
𝐾

)

, (2)

where 𝐾 is the carrying capacity that depends on external factors
bounding algae density (e.g. light and nutrients). The loss rate of algal
cells due to natural mortality is assumed to be proportional to its
density and determined by the death rate 𝑒. So the change rate of 𝐴
can be expressed as
d𝐴
𝑑𝑡

= 𝜇𝐴 − 𝑒𝐴. (3)

The PO3−
4 adsorption rate of algal cells is proportional to the con-

centration of PO3−
4 in the environment. In addition, the adsorption rate

is controlled by the concentration of PO3−
4 in the Ps pool. With the

filling of the Ps pool, the adsorption rate decreases, when the Ps pool
is full, the adsorption rate becomes zero (Zubkov et al., 2015). Based
on these assumptions, the PO3−

4 adsorption rate 𝑅𝑎 can be described by
the following function,

𝑅𝑎 = 𝐾𝑎𝑆
(

1 − 𝑆
𝑆max

)

𝑃
𝑃 +𝐾𝑝

, (4)

where 𝐾𝑎 is the adsorption rate, 𝑆max is the maximum cell quota of Ps,
𝐾𝑝 is the half-saturation coefficient of algal nutrient adsorption. Note
that the PO3−

4 adsorption process by algal cells is reversible, Ps can be
desorbed into the substrate with a rate of 𝐾𝑑 (Zhou et al., 2017a; Yao
et al., 2011).

Generally, the PO3−
4 transport process of algal cells through spe-

cialized transporters located in the cell membrane, and the type and
abundance of these transporters have a profound effect on the PO3−

4
transport (Solovchenko et al., 2019). In addition, the surface-adsorbed
PO3−

4 concentration has an important impact on the transport rate. The
higher the surface-adsorbed PO3−

4 , the more readily it can be bound
with transporters to increase the transport rate of PO3−

4 (Lin et al.,
2016; Zubkov et al., 2015; Kamennaya et al., 2020). As the external
environment undergoes changes, the demand for PO3− by algal cells
3

4

may also vary. To effectively utilize the variability in this supply–
demand relationship within cells, it is necessary to coordinate a cellular
feedback system. This system should be able to sense both the cell
surface PO3−

4 pool and the intracellular PO3−
4 pool, and adjust the

number of cellular PO3−
4 transporters and enzymes that utilize dissolved

organic phosphorus (DOP) in a rational manner (Lin et al., 2016).
Therefore, the PO3−

4 transport process is co-regulated by the Pi pool
and the Ps pool. The PO3−

4 transport rate 𝑇 can be described by the
following function,

𝑇 = 𝛾𝐹 (𝑄)𝑆, (5)

where 𝛾 is the maximum PO3−
4 transport rate of algae. 𝐹 (𝑄) is a

feedback function that describes the influence of the Pi pool on PO3−
4

transport. Feedback is a fundamental characteristic of biochemistry,
enabling organisms to regulate their growth and interactions with
physicochemical processes. This mechanism is often represented using
a simple Michaelis–Menten function, which relates concentration to
rate (Flynn et al., 1997). However, employing the Michaelis–Menten
function to regulate the course of the PO3−

4 pool changes can result
in excessively rapid rate changes, leading to the Pi pool being nearly
empty or completely full. In reality, these relationships can be more
accurately described by a sigmoidal (Hill) function with a power of 4,
which aligns with the allosteric nature of enzymatic processes (Flynn
et al., 1997). The efficacy of using a sigmoidal function with a power
of 4 to depict the feedback of algal cells on PO3−

4 transport has also
been demonstrated in several other studies (Yao et al., 2011; John and
Flynn, 2000; Gao et al., 2022; Jiang et al., 2019). Following the same
logic, in this paper, we use the following sigmoidal function to express
the feedback of the Pi pool on PO3−

4 transport,

𝐹 (𝑄) =

(

1 − 𝑄
𝑄max

)4

(

1 − 𝑄
𝑄max

)4
+𝐾𝑞

, (6)

where 𝑄max and 𝐾𝑞 are the maximum cell quota of Pi and the constant
in the feedback function, respectively.

Furthermore, since PO3−
4 can be stored transiently in the periplasm,

which may introduce a time delay, denoted by 𝜏, in the transport
of PO3−

4 from the cell surface to the cell interior (Kamennaya et al.,
2020; Zubkov et al., 2015). Several literatures have reported that there
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Table 1
Parameters in model (10).

Parameter Units Explanation

𝜇max day−1 Maximum specific growth rate of algae
𝑄min μmol cell−1 Minimum cell quota of intracellular PO3−

4
𝐾 cells L−1 Resource carrying capacity determined by nutrient and light
𝑒 day−1 Death rate of algae
𝛾 day−1 Maximum PO3−

4 transport rate of algae
𝜏 day Time lag for the transport of PO3−

4 from the Ps pool to the Pi pool
𝑄max μmol cell−1 Maximum cell quota of intracellular PO3−

4
𝐾𝑞 Constant in the feedback function
𝐾𝑎 day−1 Adsorption rate
𝐾𝑑 day−1 Desorption rate
𝑆max μmol cell−1 Maximum cell quota of surface-adsorbed PO3−

4
𝐾𝑝 μmol L−1 Half-saturation coefficient of algal nutrient adsorption
𝑟 Decomposition ratio of dead algal cells
T
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is a time lag of several days between the accumulation of PO3−
4 in

he algal periplasm and the growth of the algae (Kamennaya et al.,
020; Zubkov, 2014; Mary et al., 2008). Therefore, it is reasonable
nd necessary to consider the time lag in modeling the transport of
O3−
4 from the cell surface to the cell interior. It is worth noting that

he transport process of PO3−
4 is regulated by both the Pi pool and the

Ps pool. As a result, the transport rate of PO3−
4 at a given time 𝑡 is

influenced by the concentrations of both intracellular PO3−
4 and cell

surface PO3−
4 at a previous time 𝑡− 𝜏. Consequently, at time 𝑡, the final

form of PO3−
4 transport rate per algal cell can be rewritten as

𝑇𝜏 = 𝛾

(

1 − 𝑄𝜏
𝑄max

)4

(

1 − 𝑄𝜏
𝑄max

)4
+𝐾𝑞

𝑆𝜏 , (7)

where the notation 𝑄𝜏 means 𝑄(𝑡 − 𝜏).
During the growth and division of algal cells, the PO3−

4 cell quota
undergoes simultaneous dilution. It is important to note that this di-
lution process is synchronized with the growth of the algal cells, and
the dilution rate of the PO3−

4 quota is equal to the specific growth rate
𝜇 (Wang et al., 2007; Yan et al., 2022; Bonachela et al., 2011). In
summary, the rate of change of 𝑄 and 𝑆 at time 𝑡 can be expressed
as
𝑑𝑄
𝑑𝑡

= 𝑇𝜏 − 𝜇𝑄,

d𝑆
d𝑡

= 𝑅𝑎 −𝐾𝑑𝑆 − 𝑇 − 𝜇𝑆.
(8)

For dead algal cells, we assume that part of them can be decomposed
and the PO3−

4 in the Pi pool and the Ps pool can be released into
the substrate for recycling (Wang et al., 2008; Tiwari et al., 2017).
Therefore, the change rate of 𝑃 at time 𝑡 can be expressed as
𝑑𝑃
𝑑𝑡

= 𝑟𝑒𝐴(𝑄 + 𝑆) − 𝑅𝑎𝐴 +𝐾𝑑𝐴𝑆, (9)

where 𝑟 is the decomposition ratio of dead algal cells.
Based on the above arguments, we obtain the following novel PO3−

4
ptake model,

d𝐴
d𝑡

= 𝜇max

(

1 −
𝑄min

𝑄

)

(

1 − 𝐴
𝐾

)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝜇: specific growth rate

𝐴

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
cell growth

− 𝑒𝐴,
⏟⏟⏟
cell death

(10a)

d𝑄
d𝑡

= 𝛾𝑆𝜏

(

1 − 𝑄𝜏

𝑄max

)4

(

1 − 𝑄𝜏

𝑄max

)4
+𝐾𝑞

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝐹 : delayed feedback function

−𝜇max

(

1 −
𝑄min

𝑄

)

(

1 − 𝐴
𝐾

)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝜇: dilution rate

𝑄,

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
dilution due to cell division

(10b)

d𝑆
d𝑡

= 𝐾𝑎𝑆
(

1 − 𝑆
𝑆max

)

𝑃
𝑃 +𝐾𝑝

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
3−

− 𝐾𝑑𝑆
⏟⏟⏟

desorption
4

𝑅𝑎 : PO4 adsorbed from substrate
− 𝛾

(

1 − 𝑄
𝑄max

)4

(

1 − 𝑄
𝑄max

)4
+𝐾𝑞

𝑆

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝑇 : PO3−

4 transport rate

−𝜇max

(

1 −
𝑄min

𝑄

)

(

1 − 𝐴
𝐾

)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝜇: dilution rate

𝑆,

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
dilution due to cell division

(10c)

d𝑃
d𝑡

= 𝑟𝑒𝐴(𝑄 + 𝑆)
⏟⏞⏞⏞⏞⏟⏞⏞⏞⏞⏟

PO3−
4 recycling from dead algal cells

−𝐾𝑎𝑆
(

1 − 𝑆
𝑆max

)

𝑃
𝑃 +𝐾𝑝

𝐴

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
adsorbed by algal cells

+𝐾𝑑𝑆𝐴.

(10d)

he biological meanings and units of parameters are listed in Table 1.

.2. Materials and methods

.2.1. Algal culture conditions
Prorocentrum donghaiense was provided by Douding Lu of the Sec-

nd Institute of Oceanography, Ministry of Natural Resources of the
eople’s Republic of China (MNR) in Hangzhou, China. These algal
ells were pre-cultured at 20 ◦C in f/2 medium (Guillard, 1975). The
ight intensity and light : dark cycle of these cultures were 65-70 μmol
hotons m−2 s−1 and 12:12 h, respectively. All cultures were performed
n an illumination incubator. The cultures were shaken vigorously twice
imes daily within the set time in case the algal cells gathered at the
ottom. The algal cells used in the following experiments were those
ultured to exponential growth phase.

.2.2. Phosphate uptake experiments
The initial cell density of these batch cultures was about 0.15 × 108

ells L−1, and the initial Pex concentration is 35.08 μM. Three biological
epeats were used in the Pi uptake experiments. A 10 mL sample
as collected every 3 days (0, 3, 6, 9, 12, 15, 18, 21, 24, 27, and
0 day). The detection methods for Pex, Ps, and Pi, based on Yao
t al. (2011), were used with minor modifications. Specifically, each
ample was immediately filtered through a 0.22 μm cellulose acetate
embrane after sampling to analyze the Pex concentration in the filtrate

using phosphomolybdate-blue spectrophotometry. Then, the membrane
containing microalgal cells was thoroughly washed with 10 mL of
oxalic acid reagent, followed by filtration through a 0.22 μm cellulose
acetate membrane to analyze the filtrate using phosphomolybdate-blue
spectrophotometry for Ps. The microalgal cells remaining on the mem-
brane were washed out using 10 mL of MQ water, digested using the
potassium persulfate method, and analyzed with phosphomolybdate-
blue spectrophotometry for Pi. To monitor the growth of microalgae, a
0.5 mL sample was taken and preserved in Lugol’s solution for direct
cell density (𝐴) counting, while 0.1 mL samples were counted using
a phytoplankton counter frame (CC-F, Beijing purity instrument, Co.,
Ltd., China) and an optical microscope (BX43, Olympus, Japan) at day
0, 3, 6, 9, 12, 15, 18, 21, 24, 27, and 30.
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2.3. Statistical analysis

The experimental data are presented as the mean ± SE of triplicates,
which follows the normal distribution with homogeneous variance
(Levene tests). One-way ANOVA and Tukeys multiple range test were
used to analyze the statistical differences between sample days. p
values < 0.05 were considered statistically significant. All analyses were
erformed using IBM SPSS Statistics 22.0 (IBM SPSS Software, Chicago,
SA), and all pictures are drawn by MATLAB (R2016b).

.4. Model calibration and validation

Based on the experimental data of P. donghaiense, the parame-
ter values of model (10) are estimated by the least square method.
This process is implemented by the ‘‘fmincon’’ function of MATLAB
(R2016b). The following objective function is used in this study,

𝑓 (𝛷,𝑚) = 1
𝑚

𝑚
∑

𝑖=1
𝑐𝑜𝑠𝑡𝑖,

where 𝛷 is a vector of parameters to be calibrated, 𝑚 is the number
of model variables used for model calibration at the same time. 𝑐𝑜𝑠𝑡𝑖
s the model cost of the 𝑖th state variable (Adhurya et al., 2021; Gao
t al., 2022),

𝑜𝑠𝑡𝑖 =
𝑛
∑

𝑗=1

(𝑋𝑠𝑖𝑚
𝑖𝑗 −𝑋𝑜𝑏𝑠

𝑖𝑗 )2

(𝑋𝑜𝑏𝑠
𝑖𝑗 )2

,

here 𝑛 is the number of observed values of a variable, 𝑋𝑠𝑖𝑚
𝑖𝑗 and 𝑋𝑜𝑏𝑠

𝑖𝑗
are respectively the simulation value and the observed value of the
𝑖th state variable at day 𝑗. The model cost provides a measure of the
overall fit of the model to the data. In addition, we also calculate the
relative error of all model variables. The relative error expresses the
difference between the predicted and observed values as a percentage
of the observed value. The relative error of the 𝑖th state variable of
model is calculated by the below equation (Marois and Mitsch, 2016):

𝑅𝐸𝑖 =
1
𝑛

𝑛
∑

𝑗=1

(

𝑋𝑠𝑖𝑚
𝑖𝑗

𝑋𝑜𝑏𝑠
𝑖𝑗

− 1

)

× 100.

y calculating the costs and relative errors for all model variables,
e can assess the accuracy and goodness of fit of model (10) to the
xperimental data.

. Results

.1. Experimental data and fitting results

The model fitting results and experimental data of the state vari-
bles of 𝐴, 𝑃 , 𝑄 and 𝑆 of P. donghaiense at 20 ◦C under Pex-sufficient
ondition are shown in Fig. 2. The estimated parameter values are
isted in Table 2. Table 3 shows the model cost and relative error for
ach state variable of model (10) during the calibration and validation.
he tendency of each state variable for given initial value can be
bserved in Fig. 2. Specially, with the initial 0.15×108 cells L−1, 𝐴

declined in the first 3 days, increased slowly in the next 6 days and then
increased significantly (𝑝 < 0.05) from day 9 to day 15 and reached a
eak value on day 15, finally reached another peak value on day 27.
ith the initial Pex concentration in substrate 35.08 μM, 𝑃 decreased

throughout the experiment, rapidly in the first 20 days and slowly in
the last 10 days. With the initial 9.43 × 10−8 μmol cell−1, 𝑄 showed
a significant trend of fluctuation (𝑝 < 0.05), and the fluctuation range
was gradually decreasing. With the initial 13.53 × 10−8 μmol cell−1, 𝑆
showed a downward fluctuation trend during the experiment, and the
fluctuation range was also gradually decreasing. In detail, 𝑆 increased
significantly (𝑝 < 0.05) in the first 3 days, obtained a maximum value
of 24.57 × 10−8 μmol cell−1 on day 3, decreased fast in the next 9 days,
5

and then emerged the phenomenon of oscillation in the last 18 days.
Table 2
Parameter values of model (10) estimated from experimental
data of 𝐴, 𝑄, 𝑆 and 𝑃 in P. donghaiense.

Parameter Unit Value

𝜇max day−1 0.52
𝑄min μmol cell−1 3.8 × 10−8

𝐾 cells L−1 2.8 × 108

e day−1 0.175
𝛾 day−1 2.23
𝑄max μmol cell−1 18.8 × 10−8

𝜏 day 3.05
𝐾𝑞 0.23
𝐾𝑎 day−1 1.92
𝐾𝑑 day−1 0.28
𝐾𝑝 μmol L−1 14.3
𝑆max μmol cell−1 39.5 × 10−8

𝑟 0.92

Table 3
Model costs and relative errors for all variables.

State variable Model cost Relative error

𝐴 1.54 10.24
𝑄 0.45 10.43
𝑆 6.64 24.95
𝑃 0.48 7.61
Pi∕(Pi + Ps) 0.45 1.97

Combining model cost and relative error, it can be seen from Fig. 2,
𝑄 has the best simulation effect among the four variables, with the
smallest model cost 0.45. The cell density of algae (𝐴) and the substrate
PO3−

4 concentration (𝑃 ) also fit well and the relative errors are 1.53 and
0.48, respectively. For 𝑆, the simulated curve is basically consistent
with the experimental data, especially the first peak (day 3) and the
last 12 days. But, from day 12 to day 15, the fitted curve of model
(10) significantly deviates from the experimental data. This discrepancy
may be attributed to the ability of algal cells to synthesize and store
PolyP (Solovchenko et al., 2019; Jin et al., 2021; Lin et al., 2016). The
presence of PolyP can enhance the uptake of PO3−

4 by algal cells, leading
to a prolonged decrease in Ps. However, our model only accounts for
the transport process of PO3−

4 from the cell surface to intracellular.
Consequently, this limitation may result in inconsistencies between the
solution of model (10) and the experimental data. It is important to
mention that we also conduct simulations using the no-delay model
with the parameter values in Table 2. The results are presented in
Fig. 2. It is evident that both the model with time delay and the model
without time delay yield similar fitting results for the experimental data
of 𝐴 and 𝑃 . However, when considering the cell quota data (𝑄 and
𝑆), a noticeable discrepancy in the fitting results emerges. The model
with time delay demonstrates a satisfactory fit to the experimental data,
while the model without time delay fails to adequately capture the data.
These simulation results provide compelling evidence that the time
delay in the transport of PO3−

4 from the cell surface to the cell interior
may serve as a physiological mechanism leading to the oscillations in
the cell quota.

Furthermore, we compare the solutions of model (10) with the
experimental data of the ratio of intracellular PO3−

4 to total cellular
PO3−

4 (Pi∕(Pi + Ps)). The parameter values are from Table 2, and the
initial values of 𝐴, 𝑃 , 𝑄, and 𝑆 are 0.15×108, 35.08, 9.43 × 10−8,
nd 13.53 × 10−8, respectively. The result presents in Fig. 3 shows
strong agreement between the solution and experimental data. The
odel accurately captures the changing trend observed in experimental
ata. The model cost is 0.45 and the relative error is 1.97. In contrast,
he model without delay fails to capture the observed trends in the
xperimental data.

Finally, model (10) is validated using experimental data of K.
ikimotoi under conditions of sufficient extracellular PO3−

4 at temper-
ture of 20 ◦C. The initial values of 𝐴, 𝑃 , 𝑄, 𝑆, are 0.2×108, 25.56,
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Fig. 2. Comparison of the fitted curves of the delay model (shown as a blue solid line) and the no-delay model (shown as a red dash line) with the experimental data of P.
donghaiense at 20 ◦C under Pex sufficient condition. (a) cell density (𝐴); (b) Concentration of Pex (𝑃 ); (c) the cell quota of Pi (𝑄); (d) the cell quota of Ps (𝑆). The parameter
values of model (10) can be estimated by fitting the four state variables simultaneously, and the values are shown in Table 2. The experimental data is expressed as mean ± SE.
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Fig. 3. The comparison of model (10) with experimental data of Pi∕(Pi +Ps) (the ratio
f Pi to the total cellular PO3−

4 ). The blue solid line represents the solution curve of
he delay model, while the red dash line represents the no-delay model. The parameter
alues from Table 2. The experimental data is expressed as mean ± SE.
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.7 × 10−8, and 19.69 × 10−8, respectively. The validation results are
shown in Fig. 4. The parameter values used in the validation are as
follows: 𝐾𝑎 = 4.18, 𝐾𝑞 = 3.12, 𝐾𝑛 = 0.5, 𝑒 = 0.245, 𝑟 = 0.7, 𝐾 = 16.8×108,
𝑄max = 38.32 × 10−8, 𝑄min = 0.92 × 10−8, and 𝑆max = 24.83 × 10−8,

here the values of 𝑄max, 𝑄min, and 𝑆max are from Gao et al. (2022).
he remaining parameter values utilized in the model are obtained
rom Table 2. The validation results show that our model accurately
aptures the PO3−

4 uptake characteristics of K. mikimotoi with appro-
riate parameter values (Fig. 4). The calibration and validation results
rovide strong evidence that the two-stage PO3−

4 uptake model with
ransport delay effectively describes the PO3−

4 uptake characteristics of
. donghaiense and K. mikimotoi under the conditions of Pex-sufficient at
0 ◦C.

.2. Sensitivity analysis

To gain a comprehensive understanding of the influence of different
nput parameter values and their variations on the model results, a
ensitivity analysis is conducted for all variables in model (10) with
espect to several important model parameters. This analysis aim to
ssess how changes in these parameters affect the model solutions
nd provide insights into their relative importance in determining the
odel outcomes. These parameters are the maximum specific growth

ate of algal cells (𝜇 ), the maximum cell quota of surface-adsorbed
max
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Fig. 4. The validation of model (10) is performed using experimental data of Karenia mikimotoi under the condition of sufficient Pex at 20 ◦C. The parameter values used in the
alidation are as follows: 𝐾𝑎 = 4.18, 𝐾𝑞 = 3.12, 𝐾𝑛 = 0.5, 𝑒 = 0.245, 𝑟 = 0.7, and 𝐾 = 16.8 × 108. The values of 𝑄max = 38.32 × 10−8, 𝑄min = 0.92 × 10−8, and 𝑆max = 24.83 × 10−8 of
Karenia mikimotoi are obtained from Gao et al. (2022). The remaining parameter values are listed in Table 2. The experimental data is expressed as mean ± SE.
PO3−
4 (𝑆max), the minimum cell quota of Pi (𝑄min), the adsorption

rate of PO3−
4 on cell surface (𝐾𝑎), the time lag for the transport of

PO3−
4 from the Ps pool to the Pi pool (𝜏), the decomposition ratio

of dead algal cells (𝑟), the maximum cell quota of intracellular PO3−
4

(𝑄max), the maximum PO3−
4 transport rate of algae (𝛾), respectively. The

baseline values of parameter are from Table 2. For this purpose, we
derive the sensitivity system of the partial derivative of the variable
𝑋 = {𝐴, 𝑃 ,𝑄, 𝑆} of model (10) with respect to the parameters 𝑞 =
{𝜇max, 𝑆max, 𝑄min, 𝐾𝑎, 𝜏, 𝑟, 𝑄max, 𝛾} (the detail methods please see Bortz
nd Nelson (2004), Shen et al. (2023)).

The semi-relative sensitivity solutions (𝑞 𝜕𝑋
𝜕𝑞 ) for all state variables

of model (10) are displayed in Fig. 5. It is important to clarify that
the information presented in Fig. 5 does not represent the difference
between the solutions in Fig. 2 and the solutions obtained from model
(10) with slightly increased parameters. Instead, it provides a time
series diagram showing the derivatives of the state variables with
respect to the selected parameters. In addition, the logarithmic sen-
sitivity curves ( 𝜕𝑋𝜕𝑞

𝑞
𝑋 ) for all state variables of model (10) are also

calculated and displayed in Fig. 6. From the log-sensitivity solution
curve, we can explain the percentage of solution change caused by
positive perturbation of the parameter. As can be seen from Figs. 5 and
6, the semi-relative sensitivity solution and the logarithmic sensitivity
solution have similar trends, but they represent different meanings.

From the sensitivity analysis results, we can observe that 𝑟 has
a positive effect on all variables of model (10), with a particularly
7

significant impact on 𝑄 and 𝑆 (Figs. 5 and 6). Although the effect of
𝑟 is initially small, it gradually increases over time. This phenomenon
may be due to the relatively high concentration of PO3−

4 in the medium
at the early stage of the experiment, which is the main source of PO3−

4
for algae growth. As the algal population increases, the Pex is heavily
consumed, and the decomposition of cellular PO3−

4 from dead algal
cells becomes a vital source of PO3−

4 for cell growth. Additionally, 𝜇max,
𝐾𝑎, 𝑄max, 𝛾, and 𝑆max have positive effects on algal cell density, while
𝑄min plays a negative role. Specifically, 𝜇max shows the most positive
effect on cell density, while 𝑄min has the most significant negative
effect (see Figs. 5a and 6a). 𝜇max is the maximum growth rate of algal
cells, and its increase will obviously has a positive impact on cell
density. 𝑄min is minimal Pi concentration to maintain cell growth, so
its increase will lead to a decrease in cell density. Initially, these two
parameters have minimal impact on cell density, but their influence
gradually increases over time before ultimately decreasing. Notably,
the effect of 𝜇max on cell density reaches its maximum value at day
20 (see Fig. 5a). Doubling 𝜇max at this time yields an approximate
increase of 2.28 × 108 cells in density. After day 20, the effect of 𝜇max
gradually decreases, possibly due to the growth rate of algae being
primarily limited by light and resource availability during the final
stages of the experiment. Moreover, as depicted in Fig. 6a, doubling
𝜇max and 𝑄min result in an increase of over 200% and a decrease of
over 100% in algal density, respectively. The influences of 𝐾𝑎 and 𝑆max

on 𝑃 are negative, initially increasing and then decreasing over time.
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Fig. 5. The semi-relative sensitivity solutions (𝑞 𝜕𝑋
𝜕𝑞

) for four variables of model (10), with respect to the important model parameters 𝑞 = {𝜇max , 𝑆max , 𝑄min , 𝐾𝑎 , 𝜏, 𝑟, 𝑄max , 𝛾}. Here
he baseline values of parameter are shown in Table 2.
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he effects of all parameters, except 𝑟, on 𝑄 are complex, with their
nfluences fluctuating between positive and negative over time. This
omplexity may be caused by the time delay of PO3−

4 transport from
he cell surface to the intracellular. Furthermore, 𝑄min, 𝑄max, and 𝜇max
lay negative roles for 𝑆, whereas 𝐾𝑎 and 𝑆max exhibit positive effects
n the initial stage and finally becoming negative. The impact of 𝜏 on all
ariables is intricate, with both positive and negative effects observed
s time progresses. Moreover, the effects of 𝜏 on cell quota variables
𝑆 and 𝑄) are significantly greater than its effects on cell density (𝐴)
nd extracellular PO3−

4 concentration (𝑃 ), the reason for which may be
ecause 𝜏 describes the time lag of PO3−

4 transport from the surface of
single cell to the interior of the cell. These findings align with the

imulation results obtained from models with and without time delay
see Fig. 2).

. Discussion

In this paper, we develop a novel model based on the two-stage
odel of Jiang et al. (2019) by further incorporating the transport
elay from Ps pool to Pi pool and the decomposition process of dead
lgal cells. The model is calibrated and validated by the experimental
ata of P. donghaiense and K. mikimotoi under Pex-sufficient condition at
0 ◦C. The validity of model (10) con be confirmed from the intuitive
itting results, model cost, and relative error. In addition, we conduct

sensitivity analysis of the parameters, and the results are shown in
8

igs. 5 and 6. These results show that the maximum specific growth
ate 𝜇max is the most sensitive parameter for the density of algal
ells, and the adsorption rate 𝐾𝑎 has the most negative effect on Pex
oncentration. The fitting results of model (10) to the experimental data
nd the validation results show that our model can better capture the
hosphate uptake kinetics of algae through proper parameterization.

One notable highlight of our work is the introduction of the delay
escribing time spent in the transport process of from Ps pool to Pi
ool. By comparing the fitting results of the delay model and the no-
elay model, it can be found that the model with time delay can
etter fit experimental data, especially the changes of the surface-
dsorbed PO3−

4 pool and intercellular PO3−
4 pool of algal cell can be well

aptured. Through parameter fitting, the estimated parameter value
f time delay 𝜏 = 3.05, which is consistent with previous research
esults (Kamennaya et al., 2020; Mary et al., 2008; Zubkov, 2014). The
xperimental and mathematical results provide convincing evidence
hat the time delay in the transfer of PO3−

4 from the Ps pool to the
i pool may be a possible physiological mechanism leading to the
scillation of algal cell quota. Any delay arising from accumulated time
onstants may cause instability, as any control system may oscillate
hen there is a phase transition between the received and response

nformation (Droop, 1983). Our results illustrate the significance of the
ime delay in influencing the PO3−

4 uptake kinetics of algae.
In addition, following the modeling ideas of Jiang et al. (2019)

nd Yao et al. (2011), the P pool and P pool are considered as two
s i
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Fig. 6. The logarithmic sensitivity solutions ( 𝜕𝑋
𝜕𝑞

𝑞
𝑋

) for four variables of model (10), with respect to the important model parameters 𝑞 = {𝜇max , 𝑆max , 𝑄min , 𝐾𝑎 , 𝜏, 𝑟, 𝑄max , 𝛾}. Here
he baseline values of parameter are shown in Table 2.
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ndependent compartments in our model. Some studies have shown
hat Ps pool has a significant proportion of the total cellular PO3−

4
ool of algae. Our experimental results showed that the ratio range
f Ps pool to the total PO3−

4 pool of P.donghaiense is 3 − 72% under
ex sufficient condition, consistent with the previous reports. Qu et al.
2020) reported that the ratio of Ps pool to total cellular PO3−

4 pool of
. donghaiense could reach 9 − 72% in Pex sufficient laboratory culture.
he proportion of Ps pool on the cell surface of wild phytoplankton
amples ranged from 7% to 36% in the Sanggou Bay (Xu and Liu,
016), 15% to 46% in the Delaware Inland Bays and Delaware River
stuary (Fu et al., 2005), 0.7% to 34% in Lake Erie (Saxton et al., 2012),
nd 4% to 54% in the Yellow sea (Jin et al., 2021). Sañudo-Wilhelmy
t al. (2004) indicated that the proportion of Ps in the senescent phase
f Thalassiosira weissflogii could reach 90%, significantly higher than
hat in the exponential growth phase (30%). Fig. 3 shows that the
olution curve of model (10) can well agree with the experimental data
f Pi/(Pi+Ps). In addition, the proportion of Pi to total PO3−

4 (Pi+Ps)
hows a fluctuating trend during algae culture. The distribution of
O3−
4 between Ps pool and Pi pool is affected by many factors, such

s growth stage, PO3−
4 demand of algal cell, and Pex concentration (Fu

t al., 2005). It can be seen from Figs. 2(a) and 3 that the ratio of Pi
o the total cellular PO3−

4 is low in the early stage of the experiment
hile higher in the exponential growth and maintenance phase of the

ells, which is consistent with the previous research results (Sañudo-
ilhelmy et al., 2004; Saxton et al., 2012; Jin et al., 2021). Thus,

uring the high-incidence season of algal blooms, once P /(P +P ) of
9

i i s
ome bloom-forming algae species exceeds a certain threshold, we can
end out algal bloom warnings and take corresponding steps. Besides
he relevance to cell growth, the plasticity of Pi/(Pi+Ps) can also reflect
he change in Pex concentration. On the other hand, algal cells can
djust the level of intracellular Pi while maintaining a relatively stable
rowth rate for persistence across a range of Pi concentrations that do
ot allow for the accumulation of significant biomass (Saxton et al.,
012), which may lead to the oscillations of 𝑄 and 𝑆 (Fig. 2). Thus,
toichiometry flexibility on total PO3−

4 partitioning plays an essential
ole in the growth of microalgae in environments where nutrients are
ighly variable, for example, large lakes and estuarine systems (Saxton
t al., 2012; Davies and Wang, 2021; Wang et al., 2008; Yuan et al.,
020).

Notice that the study performed in this paper specifically focuses
n examining the process of PO3−

4 uptake by algae under controlled
aboratory conditions. In fact, algal cells can also respond to changes
n light availability by modulating photosynthetic activity and growth
ate, and therefore the alternating control of light and PO3−

4 may
erve as a potential mechanism leading to the oscillation of algal cell
ensity and cell quota. To provide more accurate descriptions of PO3−

4
ssimilation mechanism and phytoplankton growth characteristics in
changing environment, the model proposed in this paper should be

urther enhanced by considering additional environmental factors such
s solar irradiance, water velocity, environmental toxins, and the direct
r indirect interactions among algal species (Yang and Yuan, 2021; Xu
t al., 2021). We leave these for our future investigations.
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