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Abstract

COVID-19 is a respiratory disease triggered by an RNA virus inclined to mutations.
Since December 2020, variants of COVID-19 (especially Delta and Omicron) continu-
ously appeared with different characteristics that influenced death and transmissibility
emerged around the world. To address the novel dynamics of the disease, we propose
and analyze a dynamical model of two strains, namely native and mutant, transmission
dynamics with mutation and imperfect vaccination. It is also assumed that the recu-
perated individuals from the native strain can be infected with mutant strain through
the direct contact with individual or contaminated surfaces or aerosols. We compute
the basic reproduction number, Ry, which is the maximum of the basic reproduc-
tion numbers of native and mutant strains. We prove the nonexistence of backward
bifurcation using the center manifold theory, and global stability of disease-free equi-
librium when Ry < 1, that is, vaccine is effective enough to eliminate the native and
mutant strains even if it cannot provide full protection. Hopf bifurcation appears when
the endemic equilibrium loses its stability. An intermediate mutation rate vy leads
to oscillations. When v increases over a threshold, the system regains its stability
and exhibits an interesting dynamics called endemic bubble. An analytical expression
for vaccine-induced herd immunity is derived. The epidemiological implication of
the herd immunity threshold is that the disease may effectively be eradicated if the
minimum herd immunity threshold is attained in the community. Furthermore, the
model is parameterized using the Indian data of the cumulative number of confirmed
cases and deaths of COVID-19 from March 1 to September 27 in 2021, using MCMC
method. The cumulative cases and deaths can be reduced by increasing the vaccine
efficacies to both native and mutant strains. We observe that by considering the vac-
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cine efficacy against native strain as 90%, both cumulative cases and deaths would
be reduced by 0.40%. It is concluded that increasing immunity against mutant strain
is more influential than the vaccine efficacy against it in controlling the total cases.
Our study demonstrates that the COVID-19 pandemic may be worse due to the occur-
rence of oscillations for certain mutation rates (i.e., outbreaks will occur repeatedly)
but better due to stability at a lower infection level with a larger mutation rate. We
perform sensitivity analysis using the Latin Hypercube Sampling methodology and
partial rank correlation coefficients to illustrate the impact of parameters on the basic
reproduction number, the number of cumulative cases and deaths, which ultimately
sheds light on disease mitigation.

Keywords COVID-19 - Endemic bubble - Mutation - Imperfect vaccination -
MCMC - Two strain dynamics - Hopf bifurcation - Transcritical bifurcation -
Sensitivity analysis

Mathematics Subject Classification 92D30 - 34D23 - 34K18 - 34C10

1 Introduction

Contagious diseases are one of the foremost reasons for demise worldwide. The spread
of contagious diseases dangerously affects the growth of countries and the evolution
of a population. Though modern scientific medicine has made rapid advancements, the
diseases have not been completely eradicated. Diseases have obtained new versions
due to the genetic variations of pathogens triggered via mutations. Many pathogens
are characterized by more than one variant (Sato et al. 1995; Palese and Young 1982).
Virus or pathogen mutations are general in contagious diseases such as HBV (Sato
et al. 1995), influenza (Palese and Young 1982), and HIV (Eron et al. 1998). Multiple
strains of the 1918 avian influenza virus with mutations have been recognized by
Iwami et al. (2007). The existence of different variants of a pathogen is mainly due
to resist immune attacks of the host or induced by treatment with antiviral drugs
or antibodies (Eron et al. 1998). Ultimately, they confirm the persistence of disease
in a host. Sansonetti and Arondel (1989) have revealed that mutant strains can be
associated with higher virulence to disease than the native strains, and those people
diseased with mutant strains have a higher death rate in the contagious diseases, such
as plague, influenza A, etc. Thus, one of the major challenges in stopping the spread
of infectious diseases is to treat the genetic variations of pathogens (May and Nowak
1995; Parton et al. 1994; Liu et al. 2018). Various epidemic models with multi-strain
contacts and mutations have been proposed in recent years from different aspects (Liu
et al. 2018; Cai et al. 2012; Li et al. 2004). Li et al. (2004) proposed a two-strain SIR
model with infection age and mutation. The authors analyzed the local and global
stability of all possible equilibria and Hopf bifurcation. Liu et al. (2018) proposed a
mathematical model for Influenza with virus mutation and analyzed the model in the
sense of permanence of the disease. Moreover, epidemiological investigations have
exposed that the phenomenon of mutations leads to further resistant viruses giving the
emergence of many new dangerous epidemics or even new serious pandemics.
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Since December 2019, a new coronavirus causing a respiratory disease known as
COVID-19 has rapidly spread and affected a large portion of the global population.
The World Health Organization (WHO) has detected the spread of COVID-19 as a pan-
demic, and as of December 4, 2021, over 263 million people were diseased, and about
5.2 million deaths caused by the virus. The SARS-CoV-2 virus triggered by severe
acute respiratory syndrome is also mutating. Lately, numerous variants of the SARS-
CoV-2 virus have been identified. These variants are described according to the number
and types of mutations (Korber et al. 2020; Lemieux and Li 2021). At the beginning of
the COVID-19 pandemic, the SARS-CoV-2 coronavirus that initiated COVID-19 has
mutated, raising different variants of the virus. Numerous SARS-CoV-2 variants have
developed worldwide, and the presence of different variants depends on several fac-
tors. One of these is called the delta variant, which was first identified in India (Centers
for Disease Control and Prevention (CDC) 2021a). Different variants have appeared
in Brazil, England, California, and other countries. More transmittable variants such
as beta, which was primarily emerged in South Africa, may have improved the abil-
ity to re-infect individuals who have recuperated from previous versions of the virus
and also be somewhat resistant to some of the coronavirus vaccines in development
(Johns Hopkins Medicine 2021). These new variants might have distinct features that
can influence the death rate and transmissibility (Korber et al. 2020; Lemieux and Li
2021; Gonzalez-Parra et al. 2021). From October 2020, the number of infected cases
of SARS-CoV-2 and related deaths augmented drastically in England. It has been
discovered that the new SARS-CoV-2 variant VOC-202012/01 was widespread, and
its proportion amplified throughout the latest months in England (Bussiness Insider
2021; Public Health England 2021). The mutations of viruses are frequent, and as an
outcome, SARS-CoV-2 may develop mutations with immunological resistance and
fitness advantages (Korber et al. 2020). It is anticipated that further mutations will
occur worldwide and probably even more after worldwide vaccination due to muta-
tion force (Rahimi and Abadi 2021). Therefore, analyzing the effects of new strains
of the SARS-CoV-2 virus is supremely significant. In the literature, a few authors pro-
posed multi-variant mathematical models for COVID-19 (Gonzalez-Parra et al. 2021;
Khyar and Allali 2020; Arruda et al. 2021). Gonzalez-Parra et al. (2021) studied the
effect of a new, more infectious SARS-CoV-2 variant (VOC-202012/01 of lineage
B.1.1.7) on hospitalizations, prevalence, and deaths associated with the SARS-CoV-2
virus. Khyar and Allali (2020) proposed a multi-strain SEIR model with general inci-
dent rate and studied the global dynamics of the model. The authors also discussed the
quarantine strategy for controlling the disease spread and fit the model to the Moroc-
can clinical data of COVID-19. Arruda et al. (2021) proposed a model for COVID-19
and studied the optimal control of multi-strain epidemics.

Vaccination has been an effective strategy in battling the spread of contagious
diseases, e.g., measles, influenza, and pertussis. In history, the elimination of smallpox
has been counted as the most notable victory of vaccination ever recorded (World
Health Organization 2021c). Several authors in multiple papers have investigated the
role of vaccination (Cai et al. 2012; Castillo-Chavez et al. 2002; Scherer and McLean
2002; Liu et al. 2008; Arino et al. 2003; Gumel et al. 2006; Cai et al. 2018; Alexander
et al. 2004). Under vaccination concern, certain mutant strains will finally have the
competitive benefits amongst their contacts (Scherer and McLean 2002). Mathematical
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models are helpful to describe and understand the dynamics of different strains under
mutation and vaccination. The impact of vaccination on the growth of strain contacts
in multi-strain viruses has been analyzed in many papers (Cai et al. 2012; Fudolig
and Howard 2020; Gupta et al. 1997; Martcheva et al. 2007; May and Nowak 1994,
McLean 1995; Porco and Blower 1998, 2000). Cai et al. (2012) proposed a two-strain
model with vaccination. The authors studied the existence and stability of the equilibria
as well as the existence of Hopf bifurcation from endemic equilibria. Martcheva et al.
(2007) considered an epidemic model with vaccination and two competing strains. The
authors engrossed on the ability of vaccination to generate subthreshold persistence of
the disease and the consequences that this may occur when multiple strains are present.
Porco and Blower (1998, 2000) analyzed mathematical models to assess the impact
of vaccine programs to contain two variants of HIV and resulted different conditions
for eradication of two variants in case of mass vaccination. McLean (1995) studied the
different properties of the vaccine efficacy for the eradication of two different variants
by developing a mathematical model. Gupta et al. (1997) analyzed that a vaccine
consisting of the most immunogenic combinations of antigenic variants can cause a
dramatic increase in frequency of a subset of rare strains. With the latest development
of anti-COVID vaccines, a few models have been proposed to provide insight into
the impact of vaccination of a certain fraction of the populace on the dynamics of the
COVID-19 pandemic. For instance, Fudolig and Howard (2020) proposed a multi-
strain model with vaccination for COVID-19 and studied the conditions for existence
and local stability of equilibria. Furthermore, there is evidence of COVID-19 vaccine
efficacy in Australia. The mRNA vaccine has shown over 90% efficacy against COVID-
19 infection, the ChAdOx1 nCoV-19 vaccine has a 62% efficacy against symptomatic
infection in the intended two-dose schedule, and the BNT162b2 mRNA vaccine has a
95% efficacy against symptomatic infection (Maclntyre et al. 2021). Also, the Pfizer-
BioNTech BNT162b2 mRNA vaccine has an efficacy over 95%, Johnson & Johnson
[J&J] Ad26 has an efficacy over 67%, the AstraZeneca-Oxford ChAdOx1 nCov-
19 vaccine has an efficacy over 67%, and the Gamaleya GamCovidVac [Sputnik V]
vaccine has the efficacy over 90% (Olliaro et al. 2021). According to the Ministry of
Health and Family Welfare, Government of India, the Indian vaccine also has vaccine
efficacy over 70-90% (Ministry of Health and Family Welfare 2021).

To determine effectual countermeasures, it is significant to develop mathematical
models that support us in predicting and understanding the spread of COVID-19 and
providing suitable control strategies. Mathematical modeling in epidemiology pro-
vides a progressively greater room to public health research. This research discipline
participates to sufficiently comprehend the studied epidemiological phenomenon and
capture the distinct issues that can give rise to a terrible epidemic or even an alarm-
ing pandemic worldwide. The classical susceptible-infected-recovered (SIR) epidemic
model was first proposed by Kermack and McKendrick (1927). To obtain a sharper
understanding of various vaccination strategies and their impacts on the number of
infected individuals, Kermack-McKendrick type models have grabbed a vital role. This
type of model has been benefited to comprehend vaccination dynamics on various dis-
eases (Alexander et al. 2004). It is essential to emphasize that, Kermack-McKendrick
kind mathematical models have helped in explaining COVID-19 epidemics proper-
ties worldwide. These models have been utilized to estimate the basic reproductive
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number associated with the disease and various parameters engaged in its spread.
Additional use of this type of models has been focused on proposing and assessing the
impact of different control measures categorized as NPIs. For example, the authors in
papers (Bugalia et al. 2020, 2021; Bajiya et al. 2020) proposed mathematical models
for COVID-19 and analyzed the impact of NPIs on the disease dynamics. It is of
paramount significance to develop mathematical models that can perfectly forecast
the spread of COVID-19 so that the disease can be controlled and restrictions can be
securely relaxed. However, the infection incubation period may occupy a long time
interval in some cases. An incubated person is not yet infectious in this time interval
and remains latent. Therefore another compartment of exposed individuals should be
included in SIR, and the new model will termed as SEIR (Hethcote 2000).

Inspired by the evidence mentioned above about imperfect vaccine and mutation of
the virus, in this work, we utilize an SEIR-type mathematical model to comprehend the
dynamics of disease spread on the human populace under imperfect vaccination and
two variants of the virus. The general methodology and mathematical model can be
inferred to enhance the number of parameters and differential equations. We incorpo-
rate the vaccination compartment to the two-strain model to examine the effectiveness
of the anti-COVID-19 vaccination, which is currently being employed in many coun-
tries to help battle the intense pandemic situation. It is supposed that the spread of a
virus may mutate in the host to make a second, co-circulating, mutant strain. After
some period of infection, the original strain, referred to as native strain, is converted
to a mutant strain, such that a proportion of the people infected by the original strain
are also carrying mutant strain. Thus we consider mutation in our proposed epidemic
model. We intend to study the dynamical behavior of the strains’ contacts under the
vaccination scheme and investigate the impact of parameters (vaccination proportion,
mutation rate, etc.) to demonstrate how they influence disease transmission. We also
assume that recovered individuals from native strain have 100% immunity against
native strain but may get infected by mutant strain. The objectives of the present study
are the following: (i) construction of an epidemic model describing the dynamics of
mutant strain under imperfect vaccination, (ii) investigation of the impact of an imper-
fect vaccine on the disease burden, (iii) investigation of different bifurcations with
respect to significant parameters, (iv) application of the proposed model to the data of
COVID-19 in India, (v) observation of the COVID-19 dynamics with respect to the
key parameter related to the vaccine efficacy and mutation.

The remaining paper is organized as follows. Section2 describes the proposed
model with imperfect vaccine and mutation. Section 3 represents the dynamical anal-
ysis of the proposed system including the non-negativity and boundedness of solutions,
basic reproduction number, existence, and stability of possible equilibria, transcriti-
cal bifurcation, and Hopf bifurcation. Section4 describes the implications of disease
control and explicit expression of vaccine-induced herd immunity. Numerical evalua-
tions have been presented in Sect. 5. Cumulative cases and cumulative mortality data
for COVID-19 pandemic in India have been used to parametrize the model, and the
impact of different parameters on the cumulative cases and deaths have been shown
in Sect. 6. Sensitivity analysis of the parameters with respect to the basic reproduction
number, cumulative cases, and cumulative deaths has been performed in Sect.7. The
paper ends with a thorough discussion in Sect. 8.
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2 Model formulation

We introduce a homogeneous two-strain model with imperfect vaccination. The sys-
tem starts with a population exposed to both the native (original) and mutant (variant
of original) strains of the virus. A few studies (Eletreby et al. 2020; Yagan et al.
2021) have revealed that SARS-CoV-2 mutates independently within the host, leading
to infection with mutated strains that exhibit varying levels of transmissibility. Some
previous studies (Gonzalez-Parra et al. 2021; Deng et al. 2021) exposed that the variant
is more transmissible and severe than the original strain, and antibody neutralization is
reduced in COVID-19 patients and vaccine recipients in various countries, including
the US. Nature news (Nature news 2021) has reported that the mutant strain is spread-
ing quickly in India and has become the dominant strain. A mutation is accounted for
in epidemic models through a term that transfers individuals infected with one of the
strains into individuals infected with the other (Bonhoeffer and Nowak 1994; Liu et al.
2018; Iwami et al. 2007; Cai et al. 2012; Martcheva 2015). We assume that vaccination
is applied only to healthy individuals, therefore only susceptible individuals get vac-
cinated. Further, we also assume that the vaccine is imperfect, that is, the vaccinated
individuals can become infected with both native and mutant strains of the virus. That
happens at reduced transmission rates §1 81 and §28>, where 0 < §; < 1,0 <6 <1
are the reduction coefficients of native and mutant strains, respectively. If §; = 0,
then vaccinated individuals will not get infected with native strain, i.e., the vaccine
is perfect for native strain, and §; = 1 means vaccinated individuals get infected just
like susceptible individuals, i.e., vaccine plays no protective role to native strain. Here
1 — 81 describes the vaccine efficacy against native strain. A similar scenario applies
to the mutant strain, and 1 — 8, describes the vaccine efficacy against the mutant
strain. Some vaccinated individuals can go back to susceptible individuals due to par-
tial immunity. There are some shreds of evidence that there is a chance of a second
COVID-19 infection after being diagnosed with first, from which recovered (Health,
The Sciences 2021; Shastri et al. 2021; Centers for Disease Control and Prevention
(CDC) 2021b). Therefore, we assume that the recovered individuals of native strain
can also become infected via mutant strain of the virus at a reduced rate §35,.

The model is composed of a system of differential equations that has eight com-
partments: susceptible compartment S—individuals in this compartment are healthy
but can be infected by both the native and mutant strains of the virus; vaccinated
compartment V—individuals that applied to vaccination, these individuals can also
become infected by both the native and mutant strains of the virus but at lower rates;
exposed compartment E1—individuals that are exposed to a native strain of virus;
exposed compartment E,—individuals that are exposed to a mutant strain of virus;
infected compartment /;j—individuals that are infected to a native strain of virus;
infected compartment /,—individuals that are infected to a mutant strain of virus;
recovered compartment Rj—individuals that were infected to native strain, and are
now immune to the native strain but not immune to the mutant strain; recovered com-
partment R,—individuals that were infected to mutant strain are now immune to both
native and mutant strains and do not interact with the remaining compartments. The
biological interpretations of the parameters involved in the model are given in Table 1.
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Table 1 Biological interpretations of parameters

Parameters Biological interpretations

A The recruitment rate at which new individuals enter in the susceptible population
B Infection rate of the native strain

B Infection rate of the mutant strain

P Per capita vaccination rate of susceptible individuals

1/ Average life expectancy of the individuals of all compartments

1 -6 Efficacy of vaccine to native strain

1—-87 Efficacy of vaccine to mutant strain

y Per capita rate of lost of immunity of vaccinated individuals

ay Per capita rate at which the exposed individuals of native strain become infectious
ay Per capita rate at which the exposed individuals of mutant strain become infectious
o] Per capita recovery rate of native strain

a Per capita recovery rate of mutant strain

di Per capita death rate due to native strain

dy Per capita death rate due to mutant strain

83 Reduction coefficient of infection after recovery

V] Per capita mutation rate of native strain

The schematic diagram of the model is given in Fig. 1. The total population size is
N(t) = S8@) + V(@) + Ei(t) + Ex(t) + L1 (1) + L(1) + Ri (1) + Ra(2).

Based on the parameters given in Table 1 and schematic diagram 1, the dynamics
of the disease transmission can be governed by the following system of ordinary
differential equations:

ds

T A—=pBiLS—BhLS—(u+pS+vyV,
dv

Fri pS—=81p1LV =880V — (u+ )V,
dE|
T Bi1(S+61V)h — (a1 + wkEq,
dE>
ke B2 (S + 8V +83R1)h — (ar + w)Es,
dl (1

1

E =a1E; — (01 + n+dy +v),

dIl

I =aEy — (o +u+dy)lr +vi1y,
dR;
— =11 —862L R — Ry,

dt
dR> I R
2 o — ,

T 2 — Ry
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Fig. 1 Schematic diagram of A
system (1)

with the initial conditions: S(0) > 0, V(0) > 0, E{(0) > 0, E2(0) > 0, ;(0) >
0, 2(0) = 0, R1(0) = 0, R2(0) = 0.

3 Rigorous analysis

This section is devoted to investigating the dynamical behaviors of system (1) includ-
ing positivity and boundedness of the solutions, computation of the basic reproduction
number, the existence of possible equilibria and their stability, and possible bifurca-
tions. Firstly, we prove the positivity and boundedness of the solutions of system (1).
Positivity is significant for biologically feasible solutions of the system while bound-
edness infers that solutions are finite. System (1) is given by the following bounded
planes:

ds

_ = A+ )/V > 0,

A |50, £0,Ey £0, 20,1 20, 1 £0, R1 £0, Ry 0

dv

- =pS >0,

Al | §20.v=0. £y 0, E2£0. 1, 0.1 0. R £0. Ry £0
dE|

a1 =pS+aV)1 >0,

S#0,V#£0,E1=0,E>#0,11#0,1,#0, R1 #0, R, #0
dE;

ar =Bo(S+8V)L +63p21R = 0,

§#0,V#0,E1#0, E2=0,11#0, 70, R1 #0, Ry 70
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dl
L =aE; >0,
Al | 540,20, Ey £0. Ey#£0.1,=0. 1y £0. Ry £0. Ry 0
dl
= =ayEy +v1; =0,
dt S#0,V#£0,E1#0, E2#0,11 #0,1,=0, R1 #0, R, #0
dR
1 =1l =0,
A {520,V 20, 10, Er#£0, 1 £0, 1> 20, R =0, Ry £0
dR>
il =axlp > 0.
dt 212 =

S§7#0,V#0,E1#0, E2#0,11#0,1,#0, R1 #0, Ry =0

Note that on each of the bounding planes of the non-negative cone of R , all rates
in the system (1) are non-negative. Thus, if we initiate in the interior of this cone,
we shall always remain in this cone as the direction of the vector field is inward on
all the bounding planes. Therefore, the non-negativity of all solutions is guaranteed if
we start from a non-negative initial point. Furthermore, system (1) also states that the
total population N follows the below differential equation:

dN
E=A—MN—d111—d212, ()

which gives
dN

Now integrating the above inequality and using initial conditions, we obtain

+ (N(O) -

) e*(l“rdl +do)t

nw+d +dp w+d +dy

A ( A) o
SNO<—+(NO ——)e ™,
2 2

Considering t — +00, we obtain

A
————— <liminf N(¢) <limsupN(t) < —,
w+d +dy T t—>+oo ()_t—>+o<]>9 ()_M

which implies the feasible region for system (1) and hence the positively invariant set
for system (1), denoted by A, is given by

A
A=1{(S,V,E\,E»,I;,L,R|,R)) e R} : — —
{( 1, E2, I, I, Ry, Ry) Y v dit b
A
58+V+E1+E2+11+12+R1+R25;cRi}. 3)
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From the above analysis, we conclude the following consequence:

Theorem 3.1 The dynamics of system (1) would attract to the positively invariant set
A.

Therefore, the system (1) is well-posed and epidemiologically feasible since all
variables remain nonnegative for all # > 0. Further, since the right hand side functions
of each equations of system (1) are continuous and have continuous partial derivatives,
then they satisfy the Lipschitz condition. Additionally, from Theorem 3.1, system (1)
is uniformly bounded. Hence, the solution of system (1) exists and is unique.

3.1 Disease free equilibrium (DFE) and basic reproduction number

The disease free equilibrium (DFE) can be obtained by setting all infected variables
(E1, E3, 11, I) equal to zero while all non-infected variables (S, V, Ry, R») are non-
zero. The DFE of system (1) is given by

DY = (O vO EY EY 1), 19, R, RY)
B < A+ ) Ap
we+y +p) ne+y+p)

,0,0,0,0,0, 0) . “)

To obtain the basic reproduction number, we use the next generation method (Diek-
mann et al. 2010; Van den Driessche and Watmough 2002). By considering x =
(E1, Ea, I, )T, we have

¥ = ) — v,

where
Bi1(S+é1V)h (a1 + ) E;
f= B2(S +82V) 2 + 838212 Ry v — (a2 + w)Es
0 ’ (a1 +pu+dy +vi) — a1 Ey

0 (ax+pu+d)h —vily —arEs

The Jacobian of f(x) and v(x) at D° are

0 0 Bi(Ss"+68V9 0
_ on_10 0 0 Ba(S? + 8,V0)
F=Df(D") = 0 0 0 0 ,
0 0 0 0
and
(ar + ) 0 0 0
0 (a2 + 1) 0 0
V = Du(D") =
v(D) —ay 0 (a4 utdi+m) 0 ’
0 —a -V (a2 + @+ do)
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respectively. The next generation matrix FV ~! is given by

Prai($0+81V°) 0 ﬁ1<s°+alv°> 0
(aj+p)(a)+d; +M+v1) +d|+/l.+v})
; a1Bpv1 (5048, V) Brar(8°+8, V%) Bovi (8048, V%) B8 +8, V%)
FV™ = | @rwotdhtpe+tditptn  @imletdrn  (etdrw e +di+utn -ty
0
0 0 0 0

Hence, the basic reproduction number for system (1) is the dominant eigenvalue or
spectral radius of the next generation matrix FV !, which implies

Ro = p(FV™') = max {R, Ro}, Q)
where
__ BaSEavh Aprai(y + 1+ pd1)
(wtaNp+di+ar+v) pp+a)p+di+ar+v)p+y+p)
Ry Prar(S°+ 8,V Aprax(y + 1+ pd2)

- (w+a)(u+d+a) pp+a)(uw+d+a)(p+y+u)

Here R;(R») represents the average number of secondary infection cases generated
by a single infectious individual of the native (mutant) strain of the virus, called the
basic reproduction number of the native (mutant) strain.

3.1.1 Interpretation of the basic reproduction number

As stated above, the basic reproduction number Ry is the maximum of the two basic
reproduction numbers, R; and R;. The basic reproduction number R; is given by
the product of the infection rate of the susceptible (unvaccinated) and vaccinated
individuals by native strain infectious individuals (near the disease-free equilibrium)
[B1 (89 + 8, V9], the proportion of the exposed individuals to the native strain that
survived in the exposed class (£1) and moved to infected compartment (/1) [M +a1]

and the average time duration in the infectious class (/1) [m] Similarly,
the basic reproduction number R» is given by the product of the infection rate of the
susceptible (unvaccinated) and vaccinated individuals by the mutant strain infectious
individuals (near the disease-free equilibrium), [/32(S0 + 81 VO)], the proportion of
the exposed individuals to the mutant strain that survived in the exposed class (E»)
and moved to infected compartment (/3) [ uiza

infectious class (1) [m]‘

Remark 3.2 1f §; = 0, 5, = 0, then vaccine is perfectly effective to both native and
mutant strains and if p = 0 then the system reduces without vaccination. For this case,
the basic reproduction numbers of the native strain and mutant strain, Rj, and Ray,
are given by, respectively,

ABia;
u(p +a)(pn+di +op +vp)’

Riyy =
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Aporay
pw(p +a2)(u+dy+ o)

Rowy =

Thus, the basic reproduction number of system without vaccination is given by Royy =
max {Ryyy, Rowv} .

Theorem 3.3 1. DY is locally asymptotically stable, whenever Ry = max {R1, R}
< 1, otherwise unstable.
2. DY is globally asymptotically stable, whenever Ry = max {R1, R»} < 1.

Proof 1. We first prove the local asymptotic stability of D°. By linearizing the system
(1) at D°, we obtain the following characteristic equation

A+’ 0+ p+y+wA2+AQu+ai +di +ar)
+(u+a)(u+d+oar +vi)( = Ry)) (6)
A2+ AQu+as+dr +a2) + (u +a2) (4 do + a2)(1 — Ry)) = 0.

From the above characteristic equation, it is easy to observe that all the roots of Eq. (6)
are negative or have negative real parts for Ry < 1. Hence, the D° of system (1) is
locally asymptotically stable for Ryp < 1.If Ry > 1, at least one of the roots of Eq. (6)
has positive real part. Hence, D? is unstable for Ry > 1.

2. To prove the global stability of D°, we follow the approach given by Castillo-Chavez
et al. (2002). We rewrite the system (1) as follows

X
d—=F(X,Y),

dt
dY @)
E:G(X’ Y), G(X,0)=0,

where X = (S, V, R, Rp) € R* signifies the number of uninfected individuals and
Y =(E\,Er, 1, b) € R* signifies the number of infected individuals. Disease-free
equilibrium (D) is globally stable if the following two conditions are fulfilled:

(H1) For ‘2—’; = F(X,Y), X* is globally asymptotically stable,
(H2) G(X,Y) = MY — G(X,Y), G(X,Y) > Ofor (X,Y) € A,

where M = Dy G(X™, 0) is an M-matrix. For the system (1), we have

A—=(u+p)S+yV

0
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. : i * __ Ap+y) Ap H
It is obvious that the equilibrium X* = (M(/Hryﬂ?)’ S 0, 0) of system (8) is

globally asymptotically stable. Further for system (1), we obtain

—(u+ar) 0 51(50_,_51‘/0) 0
L N 0 Ba(s” + 5>V0)
a1 0 —(a1 + p+di +v1) 0
0 “ Vi —(@2 + o+ dy)
Bl (SO +8,V0) — (S+68,V))
G(X,Y) = Balr((SO + 8,V0) —O(S + 68V +83R)))
0

It is clear that G(X ,Y) > 0. Hence, DY is globally stable, i.e. every solution of the
system (1) approaches the DFE (D% ast — oo for Ry < 1. Thus, the disease (i.e.,
both native and mutant strains) will be eliminated from the community if Ry < 1.
Consequently, Ro represents the threshold value for the existence of other positive
equilibria of the system (1). Moreover, it is well known that the basic reproduction
number ( Rp) represents the average number of secondary infections that occurred from
a single infectious individual in the whole susceptible population in its entire infectious
period. Therefore, if Ry < 1, each infectious individual in the entire infectious period
will produce less than one infected individual on average, which implies that the
disease will die out. However, if Ry > 1, then each infectious individual in the whole
infectious period having contact with susceptible individuals will generate more than
one infected individual; this leads to the disease invading the susceptible population.

O

It must be mentioned that for mathematical (endemic) models such as (1), the epi-
demiological necessity Ry < 1 is sufficient as well as necessary for eradication of the
disease. This is because, for such mathematical models (i.e., Kermack-McKendrick
models with demographic dynamics), the disease will persist whenever Ry > 1 (this
is because the pool of new susceptible individuals will continuously be refilled, by
immigration or birth, thereby letting the disease to maintain itself in the community). If
the demographic effects are not allowed (i.e., in the case of a single outbreak/epidemic
model is used), the epidemiological condition Ry < 1 is only sufficient but not nec-
essary for eradicating the epidemic. For such epidemic models (with no demographic
dynamics), the disease always dies out with time (irrespective of the value of the basic
reproduction number of the epidemic models). In other words, even if the basic repro-
duction number exceeds unity, the disease will eventually die out; this is because the
epidemic rises and reaches a peak.

3.2 Mutant dominant equilibrium and its stability

First of all, it should be mentioned that in the absence of native strain (/1 = 0), the
system (1) reduces to the following subsystem:
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as

o =A—-pBbLS—(u+pS+yV,
dv

i pS —8pbV —(n+y)V,
dE
d_t2 =Bo(S+8V)h — (a2 + ) Ea, (€
dl,

E =aEy — (v +u+dr) o,
R L — 1R
—_— = — .

7 2l — uRy

The analysis of the sub-system (9) will be considered in the following positively
invariant region

A
A,Zz{(S,V,Ez,lz,Rz)eRi:0<S+V+E2+12+R2§—cRi}.
0

The mutant dominant (boundary) equilibrium is given by D? = (Sz, V2,0, E%, 0,
122, 0, R%), where the components of D? can be obtained by solving the equations of
right hand side of the subsystem (9). Thus,

o A P ’Aaz — (a2 + (e +pu+ d2)122] (a2 + Wy + p+dy) 12
M nay($28213 + i+ v + p) )

)

2
V2 p {Aaz — (@ + ) + 1 +d2)12} 52 (0 +p+dy)I3 2 w3

naGpL+u+y+p a "
and 122 satisfies the following equation:
kI3 4 kyIr + k3 =0, (10)
where
ki = B3 (1 + @)+ da + a2)8s,

ky = Ba((i + a2) (i + do + ) (¥ + 11 + (p + 1)82) — APraasy),
ky = u(p + a2)(u + do + a2)(y + p + p)(1 — Ry).

We can see that Eq. (10) has zero, one, or two roots, depending on parameter values.
For the case 0 < 8, < 1, k/3 <0if R, > 1,and k; > 0if Ry < 1. Since Eq.(10) is a
quadratic equation, therefore if Ry > 1, then Eq. (10) has a unique positive root and
there is a unique mutant dominant equilibrium. If Ry = 1, then k/3 = 0 and there is

unique non-zero solution of (10), given by 12 = —IZ—?, which is positive if and only if
1

ky <0.If Ry = 1, ky = 0, then
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APrax(y + u+ pd2) = u(u +a2)(u +da +a2)(p +y + ). (11)

The condition k,2 < 0 gives

M+ a)(u+dy+a)(y +u+ (p+ ) < Apraxds,

combined with (11), we obtain
& + mw)* + (p82)> + ups3 + 2y pdy + ppdy < 0,

which is not possible. Hence, if Ry < 1, system (1) has no mutant dominant equilib-
rium. Furthermore, it should be stated that for the equilibrium D? toexist, itis necessary
that the native strain dies out asymptotically (i.e., Ry < 1). Thus, we conclude that
system (9) has a unique mutant dominant equilibrium (D?) whenever R, > 1 and
R < 1. Further, for the stability of the equilibrium D?, we have the following result:

Theorem 3.4 The unique mutant dominant equilibrium ( D?) is globally asymptotically
stable whenever it exists.

Proof We consider

N | E; I5)
)(j:—7 = —=, = —, MZ—,
2TV T T

and with the help of right hand side of the system (9), the system (9) can be rewritten
as follows:

X = x[%(% - 1) Bl — 1)+ VS—‘T()XC - 1)]
Y = y[pv—sf(g —1) = 8p3w - D),

12
C- R ) e (2 - 1)]
E5 Z b4

a E?
u' =u 222[5—1].
Iy Lu

12)

Further, we consider the following Lyapunov function

Z= kS*x—1—Inx)+kV>(y—1—Iny)+k3E3(z—1—1Inz)
+k4122(u —1—1Inu),

where the positive constants k1, k2, k3, and k4 will be defined below. By differentiating
Z with respect to ¢ along the solutions of (9), we obtain
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7' =k (x — 1)[1\(}6 - 1) — PSP —1) + VVZ()XC - 1)]
b = D[ps(5 —1) =8V B - 1]
FkapalP(z — 1)[52(%” — 1) 8V (7 - 1)] + ksar EX(u — 1)(2 — 1)
=kiQA +yV? = B2S°I5) + ka(pS” — 522V 15) + k3 (B2 S I + 822V 13)
+ kgarE3 — (ki A + k1yV? — k1 B2S* 13 — kapS*Hx — klA)lC
— (hay V2 4 kapS® — ke V D)y —kay V2E = kzpsz’;c

— (k1 f2S?13 — ks oS I3 yux — (—k1 2SI} — ka2 o V2 I3 + kaar E3)u

— (ka8 P2 V213 — k382 o VD) yu — (k3 oS> 15 + k3dofa V213 — kaar E3)z
XxXu u Z

~ kS’ B 1<352/32V2122y7 ~ ks B}~

=:G(x,y, 2, u).
Choose the positive constants ki, k2, k3, and k4 as follows:

a+u
a

ki=ky=k3s=1,k4 =

Substituting the above values in the function G (x, y, z, #), we obtain

1
G(x,y,z,u) =2A + yV2 + pS2 + (ar + ,u)E% — uS%x — A)_c — quy - )/sz)—c
X xu yu Z
— PSS~ RSB - hh VT — @+ Es

1 1
:M52<2—X—;)+7/V2<2—§—X)+,MV2<3———y—£>

y
1 1
+ 5252133 ———x—u——)+8z,32V Ba-—-2-2-5)
X z Xy z u

By the property that the arithmetic mean is greater than or equal to the geometric
mean, G(x, y, z, u) < 0, and the equality holds only forx = y = l and z = u, i.e,,

{(x,y,z,u) € Ap, : G(x, y,z,u) = 0}
E{(x»y,z,u):x:y:l,zzu},

which corresponds to the set

L

A’,2={(S V,Eyb):S=SV=V*—" E* =

}CA[ZCA
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It is evident to see that the maximum invariant set of (9) on the set A’]z is the singleton

{Dz}, therefore the mutant dominant equilibrium D? is globally stable in A n CA
by LaSalle’s Invariance Principle (LaSalle 1976). O

3.3 Coexistence equilibrium and its stability

This section examines the existence and global stability of the coexistence equi-
librium of system (1). First of all, let us consider the endemic equilibrium D* =
(S*, V* Ef, E5, I, I, RY, R}), then S*, V*, EY, E3 I, I, R}, and R satisfy
the following equations:

A—=pBIS—phS—(u+p)S+yV =0,
pS =811V —828LV —(u+y)V =0,
Bi(S+a V)l — (a1 + wE; =0,

B2(S+ 82V +83R) L — (a2 + W) Er =0,
arEy — (1 +pn+di+v)l =0,

aky — (w2 +p+d)h+vil =0,

arly =832 R — uRy =0,

oarylh — uRy = 0.

(13)

The above Eqs. (13) lead the following expressions:

. AB18UI] + Badoly + e+ y)
BiIf + Bl + o+ p)(Bidilf + Bodoly + 1w+ y) — py’
v* Ap

B+ B i+ )BT+ LSl i+ y) — py’
*_(Oll-i-,u—i-dl—f-vl)ll* *_(Olz-l-/uL—i-dz)Iz*—1)111"<

E , E ,
1 @ 2 o
* alf «_ oly
Rl = T o s 2 = ’
82p215 + 1 I

and I}, I are the solutions of the following equations:

_ ABrai by
(w+a)(u+dy+op +vp)
+y i (P b+ BB+ )
ABraéy
+ﬂ1281112+ﬁ1(—
(m+a)(n+d +ay +vyp)
+ulp+u+y)d—Ry)=0,
Aaz Brd) B ara1 2831} ))
(mta)(p+dy+ay) (pta)(p+dy+az)

F(h, ) =838:13 + o

+y e (p i )

Gy, Iy =13 <ﬁ§52(1 -
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+ 122</32(7/ + 1+ 8(p+ 1)

@AY +2u—ph)  fara1B1B383(51 +8)
(wt+a)(m+dy+ay)  (w+a)(u+dy+a2)

+ 11 (B1B2(31 +82)

By 83(y + i+ (p 4 w3) + AazBr18182 + (1 + 02)51‘)1)))
(n+a)(u+da +az)
ABragi(y +p+psy) a1 a8
(mta)(u+dy+ar) (p+a)(n+dy+az)
_ BiBdzojaa(y + e+ (p+wéd) | (1 +8)vy )
(Lt a)(u+da+a2) (u+dy +ap)
vi(y + 1+ (p+ n)d) — Bopara183(y + 1+ p) — Apaz B1B2d
(u+a2)(u+dy + ap)

+h<Mp+V+u%—

2
+17(1

+11(

+ﬂ1(V+M+(p+M)81))> <V1u(17+y+u)

1
(u+dy +ap)

+11,31V1(V+M+(P+M)5])+112/31251U1> =0. (14)

If the system (14) admits a solution, then the system (1) will have an endemic equi-
librium. Obtaining the explicit expression for the exact solution of the non-linear
autonomous system (14) is a daunting task. However, we will later show that the sys-
tem (1) is uniformly persistent when R; > 1 and R, > 1, which implies that the
system (1) has at least one endemic equilibrium. Here, we prove the global stability
of the endemic equilibrium for a special case (63 = 0 and v; = 0) of system (1) in the
subsequent theorem:

Theorem 3.5 If the endemic equilibrium D* = (S*, V* EY, E3, I, I}, R, R})
exists for 53 = 0 and v = 0, then it is globally asymptotically stable.

Proof For 63 = 0 and v; = 0, the endemic equilibrium D* = (S*, V*, Ef, EJ,
If, I3), S*, V*, EY, E;, I, and I} satisfy the following equations:

A—=pBiIiS—PohS—(u+p)S+yV =0,
pS—=38aphV—aphbV —(n+y)V =0,
BiS+aV)I — (a1 + wE =0,

B2(S +82V)Ip — (a2 + W) Ex =0,

mE; — (1 +p+d)h =0,

@ Ey —(a+pu+d)lh=0.

15)

Since R; and R, do not appear explicitly in the first six equations of system (1),
therefore we omit them. By using the Egs. (15) and denoting
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S \% E E; ! I
X = —, = —, = —, U=—,V=—, W=—-—7,
R E3 I I

the system (1) can be rewritten as:

o) -mire-n - ne B2 )

v =2 (5 1) -Bilrw= D= npEw-D]

C [ (2o ar (0]

B (5 ) (2]
)

v ]

It is clear that the endemic equilibrium D* of (1) corresponds to the positive equi-
librium D*(1, 1, 1,1, 1, 1) of (16), and that the global stability of D* is same as that
of D*, therefore, we will discuss the global stability of the equilibrium D* of system
(16) instead of D*.

Define the Lyapunov function

L=kSx—1—-Inx)+kV*(y—-1—-Iny)+kEj(z—1—Inz)
+hkaES(u—1—Inu)+ksl{(v—1—Inv) + kel (w—1—Inw),

where the positive numbers ki, k3, k3, k4, k5, and k¢ will be given below, then differ-
entiating L with respect to 7 along solutions of (16), we obtain

1 y
I __ _ _ _ k* Qk _ _ E _ * o
L' =k (x 1)[A(x 1) BUES* (v —1) — PolES* (w — 1) + yV (x 1)]
X
FhO =[S (5 = 1) =BTV =) = 5p0 Vw1
_ s gn (XU w( YV _
s = DA = 1) +ave (2 -1)]
_ o @ (XW _ w( YW _
+ky(u — Do [S ( - 1) 5V ( - 1)]
_ «[2_ _ o
+ks(v 1)a1E1[v 1+ ksw 1)a2E2[w 1]
—KIQA — BIS*I} = BoS* I + v V) + ka(pS™ — 8181 VI — 8282V I5)
+k3(ﬂ15*11* +31,31V*1{k) +k4(,325*12* + 82,32V*12*) + k5alEik + k6a2E;

1
— (kA — klﬂls*ll* — klﬂzs*lz* +kiyV* —kypSHx — klA)_C

@ Springer



45 Page 20 of 50 S.Bugalia et al.

— (kiyV* + kapS* — ka81 1 VI — ko822 V*I3)y
— (klﬂls*ll* — k3,315*11*)xv - (—kl,BlS*Il* — k281,81V*11* + k5a1E’f)v
— (k1 B2 S*Iy — kaPoS™I3)xw

— (kS — labafoV I3 + ks Ew — kiy V'
—opS™E — ke STIT
y Z

v XxXw w
— k3B161 V*Il*y7 — k4,32S*157 — k4ﬂ252V*12*y7

— (k181 B V¥ — k381 B1V*I{)yv
— (kzazﬁzv*[; — k482/32V*12*)yw — (](3,315*]i|< +k3,3131V*]1* — k5a1Ei")z
—@mﬁﬂg+mm@vﬂ;—%@Epu—@mEfmwmﬂg%

=:F(x,y,z,u,v,w).
Now we choose the positive constants k1, k2, k3, ka, ks, k¢ as follows:

ap+u k6_a2+M

aj az

ki=kyo=ky=ks =1, ks =

Substituting them into the function F(x, y, z, u, v, w) gives
Fx,y,z,u,v,w) = 2A+ yV* + pS* + (a1 + WET + (a2 + W E;]
1
—uS*x — A— — uV¥*y
X

y x xv yv xw
—yVI= = pST - = BIST — = 1BV = B ST —
X y z z u

w z u
— B VEIEES — (a1 + WES — (a2 + W Ef —
u v w
1 1
ZMS*(z—X—7)+)/V*(2—f—X)+/1,V*<3_y_7_f)
X y X X y
—I—,B]S*II“(S—7_ﬂ_£)+,325*1;(3_,_ﬂ_£)
Z v u w
1
+5252v*12*<4—;_f_ﬂ_1)
y u w
1
+ap V(4o - -2 -2
X 'y z v

Here, clearly F(x,y, z,u, v, w) < 0, and the equality holds only for x = y = 1,
z=v,and u = w, i.e.,

{x,y,z,u,v,w) e A: F(x,y,z,u,v,w) =0}

={x,y,z,u,v,w):x=y=1z=v,u=w},

@ Springer



Mutations make pandemics worse or better: modeling... Page 21 0of 50 45

which corresponds to the set

N ={ SV EL By s=s v =y St D 22 By
Ef I Ey L

It is evident to see that the maximum invariant set on the set A’ is the singleton { D*},
therefore the endemic equilibrium D* is globally stable in A by LaSalle’s Invariance
Principle (LaSalle 1976). O

3.4 Uniform persistence

Epidemiological implications of persistence mean the disease persists for a future time.
Also, we can say that the disease is endemic if the infected population persists above a
certain level for a sufficiently large time. For a multi-strain disease, the epidemiological
consequence of persistence is that all strains persist above a certain level for a long
time. Mathematically, the meaning of persistence is that strictly positive solutions do
not have omega limit points on the boundary of the non-negative axes. A population
x(t) is called uniformly persistent if there is an € > 0, independent of x(0) > 0
such that tl_l)rgo x(t) > €. We say that a system persists uniformly whenever each

component persists uniformly. For the persistence result of system (1), we have the
following theorem:

Theorem 3.6 The system (1) is uniformly persistent if Ry > 1 and Ry > 1.

Proof The necessity of Ry > 1 and Ry > 1 ensues from the global stability of the
equilibria D° and D? which excludes any kind of persistence of both strains when
Ry < 1l or Ry < 1. To prove the uniform persistence, we need to show that there are
no omega limit points on the axes of orbits initiating in the interior of the positive
cone. Suppose v is a point in the positive cone and © (v) is the orbit through v and
w is the omega limit set of the orbit through v. Note that w(v) is bounded. We claim
that D® and D? do not belong to w(v). If DY, D? € w(v), then by Butler-McGehee
lemma (Freedman and Waltman 1985), there exists a point # € w(v) N M* (D) and
z € w(v) N M*(D?), where M*(D°) and M*(D?) denote the stable manifolds of D°
and D2, respectively. Since ©(u) and ®(z) lie in w(v), we conclude that ® (1) and
®(z) are unbounded, which is a contradiction. Hence, w(v) lies in the positive cone
and the system (1) is persistent. Finally, since only the closed orbits and the equilirbia
from the omega limit set of the solutions on the boundary of Rﬁ_ and the system (1) is
dissipative, by Butler et al. (1986), the system (1) is uniformly persistent. O

3.5 Bifurcations

Different dynamical behaviors may occur in a mathematical model for the variation
of the model parameters. The critical parametric value at which qualitative dynamic
change occurs is called a bifurcation point. The objective of this section is to determine
some local bifurcations of the system (1) with the variation of different parameters.
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3.5.1 Hopf bifurcation

This section focuses on the local stability and Hopf bifurcation at the positive equilib-
rium D* of system (1), which represents the coexistence of the both strains (native and
mutant). To determine the local asymptotic stability of D*, the characteristic equation
of the linearized system of (1) at D* is utilized. The characteristic equation is given
by

C) =2+ + 05 + 1A% + 1423 + 152> +lgh + 17 =0, (17)

where 1, 15,13,14,15,ls, and 7 are given in Appendix A. Now, we define Routh-
Hurwitz determinants

o hizlsly
I 15 17395 1l s ls
Hy =1y, HZ:llz’ Hy =111, H4=01113l5’
041 0115l
Lilzlsi; 00
hizlsly O féiéoo
1 lals 0 01130517 0
Hs =01, I35 17|, H6:011214l607 H7; = 17 Hg.
85??? 0010 5lsl
1313 0011l

By Routh-Hurwitz criterion, D* is locally asymptotically stable (i.e. Re(X) < 0) if
and only if Hy > 0,H, > 0,H; > 0,Hy > 0,Hs > 0, Hs > 0, and H; > 0;
otherwise, D* becomes unstable.

Further, we determine the occurrence conditions of Hopf bifurcation of system
(1). To study the Hopf bifurcation, bifurcation parameter should be chosen at first.
Among all parameters of system (1), we choose the parameter v{, which represents
the mutation rate of the native strain. With the other parameter values given, we can
calculate the threshold value of the bifurcation parameter vi. In the following, we
denote this threshold value of Hopf bifurcation point as v; = v7.

By Liu criterion (Liu 1994), we assume that there is a smooth curve of equilib-
rium points (D(vy), v) with D(vy) = v for system (1) and (D*, v{) is a positive
equilibrium point. If C(A, v) = A7 + 1 (0HA® + LOWHAS + BOHAY + Ls(wHA3 +
Is (v]“))»z +1l6(vi)A+17(v}) is the characteristic equation at (D*, v’), then for a simple
Hopf bifurcation, we have the following conditions:

@) L)) > 0, H(v]) > 0, Ho(v)) > 0, H3(vi) > 0, H4(v) > 0, Hs5(v)) > 0,

and He(vi) = 0.
(ii) 5 (He(v])) # 0,
where Hy(v{), H2(v)), H3(v]), Hy(v), H5(v]), and Hg(v}) are the Hurwitz deter-
minants at the bifurcation parameter v7.

If the condition (i) holds, then the characteristic polynomial have to meet the con-
dition for a pair of purely imaginary eigenvalues. Now for the occurrence of Hopf
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bifurcation, we need to derive the transversality condition (ii). For this, we let £i® be
apair of purely imaginary eigenvalues. Here, differentiating the characteristic equation
(17) with respect to vy, we obtain

dl dl
(TA8 + 61115 + 510% + 41343 + 31402 + 2is) + 16)— + A6d Ly /\Sd—z
V1 V1
dly — _ydly _,dls dls  dl7
PRBEERNEY T Rt AR P et R S Tl A
+ dv; + dl)] dv; dv; +dl)1
Further, we obtain
( d )1 TAS £ 61105 4+ 5% + 41303 + 31402 + 2Ush + g
= T edl dl dl dl dl dl dly *
dvy )“6ﬁ+)“5d_\)21+k4divl+ksﬁ +)L2ﬁ +)Ldi\)1+ﬁ

Furthermore, we have

-1
szgnl:w] = sign[Re(d—A) ]
dvi A=iw, Hg=0 dvi A=iw, Hg=0

= sign[Y],
where,
(T® — 5L + 3l4w* — Ig) + i (—6l40° + 410> — 2sw)
T = Re dl dl dl dl dl dl. dl,
(= a)6 1 +w4 3 _w2a'v51 dv71)+l(a)5 2_w3dvﬁ dv?)
MMz + M2M4
- 2 2 ’
M3 + M?
M, =70® — 5ho* + 3w —lg, My = —6l10° + 4307 — 25w,
dl dls ydls  dly 3 dl» s dly dls
My=—-0'—+40o'— -0+ -—, M — — = o
3T T T dn Y an T T e T an %y

dvy
(ii) holds. Summarizing the above discussion, we obtain the subsequent theorem:

M| M3+MyMy > 0, then sign [M] L > 0 and the transversality condition
VI=V]

Theorem 3.7 For the existing positive equilibrium D* of system (1), if the conditions
(i) and (ii) hold, then the system (1) around D* enters into Hopf bifurcation when v,
crosses through vy.

3.5.2 Transcritical bifurcation

We see that Eq. (6) has a zero eigenvalue when either Ry = 1 or R, = 1. Thus, the
system (1) may undergo a transcritical bifurcation at D when either R; = 1 or Ry =
1. In this subsection, we establish conditions on the parameters using Theorem 4.1
from Castillo-Chavez and Song (2004) and center manifold theory (Gukenheimer and
Holmes 1983). For the transcritical bifurcation, we establish the following theorem:
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Theorem 3.8 1. Assume Ry < 1, the system (1) undergoes a transcritical bifurca-
tion near D°, when Ry =1.

2. Assume Ry < 1, the system (1) undergoes a transcritical bifurcation near D°,
when Ry = 1.

Proof 1. We choose B, as a bifurcation parameter. By solving R, = 1, we obtain

w(az +p) (ax+dy+p) (y + 1+ p)

_ gt _
h=p a A (y + pn+82p)

It can easily be obtained that the Jacobian Jipo gr) evaluated at D’ and B, = B}

has a simple zero eigenvalue and other eigenvalues have negative sign. Hence D is
a non-hyperbolic equilibrium, when 8, = B5. Now, we calculate a right eigenvec-
tor W = (wi, wa, ws, wa, ws, we) and a left eigenvector V. = (v1, v2, v3, v4, vs5,
vg) associated to the zero eigenvalue. Here

(@t @+ d+w ((r+ 1) +ysp)

wy =
ap(y +u+p)(y +un+3dp)
w2__P(02+M)(a2+d2+u)(y+M+52(/L+P))
apu(y +u+p)(y +u+82p) '
d
w3 =0, w4=w, ws =0, weg=1, w7=0,
a
v =0, v©p=0, v3= i ,
(mw~+a)(u+d+oar +vi)(1—Ry)

Vi

vu=1, vs= s
N ST (wtdi +a+v)(1— Ry

vs=1, v;=0.

Now from Theorem 4.1 of Castillo-Chavez and Song (2004), we need to calculate the
bifurcation constants a and b. For system (1), a and b with the associated non-zero
partial derivatives of f (evaluated at DY xi =S8, x=V,x3=E|, x4 = Ey, x5 =
I1,x¢ = I, x7 = Rp) are given by

2 2 2
3 0” f3 0% f4
=2 B, 2
4= SUsWIWs ey T AVIWRWS S UG e
2 2
0% fa
2 ALy
R Ty A LYy
= 2u4we(wy + SHw2)p5 <0,
2
b=2 =2 $O+8,V% > 0.
1141063’32812 vawe(S” + 6 V7) >

Since the coefficient a is negative and b is positive, the direction of the bifurcation of
system (1) at B> = B is forward.
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2. By choosing B as a bifurcation parameter and solving R; = 1, we obtain

B, = Bt = plar+w) @y +u+p)lo+di+p+vrp)
: atA(y +pn+381p) ’

Following simple procedure of previous case, we obtain that D° is a non-hyperbolic
equilibrium, when g1 = ﬂf . Now, we calculate a right eigenvector W; =
(w11, w22, w33, W44, Wss, Wee) and a left eigenvector Vi = (vy1, v22, V33, Va4, V55,
ve6) associated to the zero eigenvalue. Here

ABa((y + w2 + pyda)vi

P Tt (p+ v+ 102+ da + aa) (e + an) (1 — Ra)
et t+ditptv) (v + >+ yéip)
ajei(y +p+p) (v +u+81p) ’
way = iy +p+(p+d) ( ABavy
(p+vy+wa up+y+wu+d+a)(l— Ry)

(n+a)(u+dy +a; +v1))
+
ai(y +p+ pda)
w(or +di + p+vp)

w33z =

ajog
ABo(y + o+ pda)vy "
W44 = , W55 = —,
ai(p+y+ ) +dy+ o) +a)(l — Ry) ay
We6 = aad wyr=1 v11=0, v=0
ai(+dy+a2)(1 — Ry)’ ' ’
ai 0
v = 5 v =V,
33 A 44

vs5 =1, ve6 =0, vy7 =0.

Similarly, as in previous case, we have

2 82
+ 2u3zwanw
asan RISV
= 2u3wiiwssBi + 2v33wrnwssd BT,
= 2un3wss B (w1 + S1wx) <0,

2

0p191

a = 2v33W11Ws5

= 2v33ws5(S° + 8, V%) > 0.

b = 2v33wss

Therefore again in this case, the direction of the bifurcation of system (1) at 1 = 8 T
is forward. O
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4 Implications for disease control

For vaccine-preventable diseases, not all susceptible individuals can be immunized
due to various reasons. These include being too young (as vaccination may be harm-
ful to infants or young children), having weakened immune systems or underlying
health conditions (where vaccination could worsen their prognosis), advanced age, or
personal reasons based on religion, tradition, or culture. However, the key question
is: what is the minimum proportion of individuals we need to vaccinate in order to
protect those who cannot be vaccinated from severe disease or death? The idea of
herd immunity in the disease dynamics is related to the indirect protection against
acquiring of infectious disease, which members of the community obtain when a large
percentage of the populace has become protected to the contagious disease due to nat-
ural recovery from prior infection or vaccination (Anderson 1992; Anderson and May
1985; Elbasha and Gumel 2021). The outcome of herd immunity is that persons who
are not immune (e.g., those who have not been infected yet or cannot be vaccinated)
obtain some defense against acquiring the infection. The fastest and safest way to
attain herd immunity is vaccination. It should, however, be stated that Sweden imple-
mented the other procedure for achieving herd immunity in the COVID-19 dynamics
in Sweden (Friedman 2020). In other words, the Swedish public health agencies aimed
to achieve herd immunity without implementing common strategies like community
lockdowns, social distancing, contact tracing, or the widespread use of face masks in
public. Instead, they chose to allow individuals to contract the disease and hopefully
recover from it. In this section, a theoretical condition for achieving community-wide
vaccine-induced herd immunity is obtained. Theorem 3.3 has significant public health
implications. It reveals that if the imperfect vaccine has sufficient efficacy and cov-
erage rate to make Ry < 1, COVID-19 will be eradicated from society. The global
stability of the disease-free equilibrium (Theorem 3.3) for Ry < 1 confirms that such
epidemics do not hit. This means Ry is an appropriate combination of parameters to
measure the efficiency of a vaccination campaign.

4.1 Herd immunity

Not every person in a given population expects to be immunized in order to eradicate
the disease. A fraction of people with immunity in the given population is required to
stop an epidemic is named herd immunity. Let p denotes the fraction of the vaccinated
population at D° (the disease-free equilibrium). Then,

p

p=—"".
nw+y+p

In the absence of vaccination, i.e., when p = 0, the basic reproduction number is
given by Ry,,,. Hence, we can write

Ro = max {Ryyy(1 — (1 = 81)p), Rowo(1 — (1 = 82)p)}, (18)
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with R| = Riyy(1 — (1 — 81)p), and Ry = Rypyy(1 — (1 — 82)p). It is noted that
R1 < Riyy, R2 < Royy, and thus Ry < Royy. The equality holds only when p = 0
(i.e., p = 0)or 81 = & = 1. This indicates that the vaccine, even not 100% effective,
will certainly reduce the basic reproduction number of the disease. Since Ry < 1 is a
necessary and sufficient condition for the eradication of disease (Theorem 3.3), hence
it follows from (18) that

1 1 1 1
£ > max { =35, ( lev) =5, ( szv)} Pcritical (19)

is also a necessary and sufficient condition for disease elimination. Here p¢ritical
signifies herd immunity. Although this outcome could be achieved in the case of
continuous vaccination and that herd immunity is attained if the vaccination rate is
large enough such that p, the fraction of vaccinated individuals at the disease-free
equilibrium, exceeds the critical value p¢riticqi- From Theorem 3.3, we obtain the
following consequence:

Proposition 4.1 COVID-19 can be eradicated from the population if p > pcritical-

The inequality (19) can be expressed in terms of the vaccination rate p. This is
done by noting, first of all, that Ry is a decreasing function of p,

dRo ~ ma { —A(y + (1 —3dp)a1Bi
dp w(p+y+mwru+a)(n+d +ap+vp)’
—A(y + (1 —8)azpa }
w(p+y+ w2+ a)(u+da + @)

and so it is minimized if p becomes sufficiently large enough. Taking the limit
as p approaches infinity, we observe that this expression is always greater than
max {81 Riyy, 62 Royyw}. Thus, if max {81 Rjyy, 62 Royww} > 1, then no amount of vac-
cination can make R smaller than unity. Alternatively, if max {81 R{yy, 62 Royn} < 1,
then the condition

R wv 1 R wv !
(¥ + (R ) (¥ + (R )} = Deritical (20)

p > max { ,

1 _(Sllev 1 _82R2wv
gives Ry < 1. Of course, this condition assumes Ry > 1, since disease elimination
follows without vaccination if Ry < 1 (by Theorem 3.3 and the fact that Ry < Royy)-
It is easy to show that from (20), we obtain Ry < 1if p > pcritical, and Ry > 1 if
P < Pcritical- Thu, we have the following result:

Proposition 4.2 Ifmax {81 R1yy, 82 Roww} < land p > peritical, then COVID-19 will
be eliminated from the community. If max {81 R1wv, 62 Rowy} > 1, then no amount of
vaccination would be able to prevent the COVID-19 outbreak in the community.
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Table 2 Numerical values of parameters

Parameters Value with unit Reference

A 10,000 people per week Assumed

B 0.000001 Assumed

B2 0.0000003 Assumed

P 0.02 week ™! Assumed

w 0.0003 week ™! 1/(65 x 48)

1—6; 0.75 (dimensionless) Assumed that vaccine efficacy is 75%
against native strain

1—-462 0.40 (dimensionless) Assumed that vaccine efficacy is 40%
against mutant strain

y 1/32 week ™! Assumed that loss of immunity of vaccinated
individuals after 32 weeks

ay 1 week™! Incubation (1 Week) Lauer et al. (2020)

ay 1 week™! Incubation (1 Week) Lauer et al. (2020)

oy 1/2 week™! Recovery (2 Weeks) Iboi et al. (2020)

o) 1/2 week™! Recovery (2 Weeks) Iboi et al. (2020)

dq 0.0006 week ™! Assumed

dy 0.0006 week ! Assumed

1-463 0.90 (dimensionless) Assumed that recovered individuals have

90% immunity against mutant strain

V] 0.3 week™! Assumed

5 Numerical illustration

In this section, we investigate the dynamics of system (1) numerically for different
sets of parametric values. Such investigations aim to determine the effect of varying
the values of the different parameters and support the obtained theoretical results. It
is observed that the hypothetical values of parameters given in Table 2 are biologi-
cally feasible. However, to verify the bifurcations and different dynamical behavior
of system (1), some parameters are varied differently from Table 2.

The dynamics of system (1) is simulated using MATLAB 2018a. Figure 2a shows
that for Ry = max {R;, R} = 0.9735 < 1, DFE (D") is asymptotically stable. Fig-
ure 2b represents that the mutant dominant equilibrium (D?) is asymptotically stable
for Ry < 1 and R, > 1. Further, Fig.3 shows that mutation rate (v;) changes the
dynamics of positive equilibrium of system (1). Figure 3a represents that the positive
equilibrium is asymptotically stable. Figure 3b, c ensure that system (1) loses its sta-
bility around the positive equilibrium for high mutation rate and periodic solutions
occur. Furthermore, Fig.3d shows that the positive equilibrium regains its stability
for further higher mutation rate. This type of dynamics is called endemic bubble (Liu
et al. 2015).

Figures 4a, b depict the transcritical bifurcation diagrams with respect to Ry and
R1, respectively, as the results obtained in Theorem 3.8. Figure4a shows that system
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Fig. 2 a The solutions /1 and I, of system (1) for the parametric values §; = 0.000000033, S
0.000000017, and others from Table 2. b The solutions /1 and I of system (1) for By =
0.0000000033, B> = 0.0000003, and other parametric values from Table 2
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Fig. 3 a The solutions /1 and I of system (1) for the parametric values in Table 2 and v = 0.3. b The
solutions /1 and I of system (1) for vy = 0.5. ¢ The solutions /1 and /5 of system (1) for vi = 0.7. d The
solutions /7 and I of system (1) for vi = 0.90
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Fig.4 a Transcritical bifurcation with respect to Ry when Ry < 1. The blue curve shows the stable mutant
dominant equilibrium when R, > 1. b Transcritical bifurcation with respect to Ry when Ry < 1. The
blue curve shows the stable endemic equilibrium (only native strain exists, i.e. [, = 0) when Ry > 1. Red
colored curve shows the disease-free equilibrium (color figure online)

(1) undergoes a transcritical bifurcation at R, = 1 and exchanges the stability between
disease free equilibrium (D°) and mutant dominant equilibrium (D?). For this scenario,
native strain is assumed to die out, i.e. I; = 0 when R; < 1. More precisely, DY
is stable when R, < 1, while a unique stable mutant dominant equilibrium (D?)
appears and D° becomes unstable when R, > 1. The equilibrium D? exists and
stable when Ry > 1 and R < 1 which has also been theoretically proved in Sect. 3.2
and Theorem 3.8. Figure 4b illustrates that system (1) exchanges the stability between
disease free equilibrium (D%) and native strain’s associated endemic equilibrium at
R; = 1 implying that system (1) undergoes a transcritical bifurcation at Ry = 1.
This scenario happens when mutant strain is assumed to die out for R, < 1. When
mutant strain dies out only native strain’s associated endemic equilibrium exists and
stable when R; > 1. We have not computed an explicit expression for native strain’s
associated endemic equilibrium, it can simply be computed by considering a simple
SVEIR model by considering I = 0.

Furthermore, Fig. 5 shows the endemic equilibrium (D*) is locally asymptotically
stable for small and large enough values of vy, but unstable for intermediate values
of v;. In this way, we get the bifurcation diagram in Fig. 5, which we call an endemic
bubble. As shown in the bifurcation diagram (Fig.5), for a lower range of values of
V1, both strains persist in the environment and system (1) is asymptotically stable. For
arange of vy, the periodic oscillations (limit cycle) will appear, but for higher values
of vy, system (1) regains its stability. Figure 6 illustrates the Hopf bifurcation diagram
with respect to the parameter §3. It shows that the system (1) is locally asymptotically
stable for lower values of §3 and periodic solutions (Hopf bifurcation) appear for higher
values of 33.

6 Case study on COVID-19 data in India

Here we estimate the unknown parameters of the system (1) on the cumulative cases
and deaths of COVID-19 in India from March 1, 2021 to September 27, 2021 by using
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Fig. 5 Bifurcation diagrams (endemic bubble) with respect to mutation rate (v1), other parametric values
remain same as in Table 2. The blue color shows the upper limit of the limit cycle and red color shows the
lower limit of the limit cycle (color figure online)

x10% x10*

Fig. 6 Hopf bifurcation diagrams with respect to §3. We keep v; = 0.4 and other parametric values same
as in Table 2. The blue color shows the upper limit of the limit cycle and red color shows the lower limit of
the limit cycle (color figure online)

the MCMC algorithm (Haario et al. 2006, 2001; Ahmed 2008). We collect the data of
cumulative cases and deaths of COVID-19 for March 1, 2021 to September 27, 2021
(31 weeks) from the WHO website (World Health Organization 2021a). By estimating
the parameters, we estimate the mean values, standard deviation, and Geweke values
of some parameters of the system (1). The cumulative cases can be given as

dC
E =aE| + aEy, 21

where C () represents the cumulative cases, and the cumulative deaths can be given
as

dD
v =di1 +dr s, (22)

where D(t) represents the cumulative deaths.
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Fig. 7 Fitting results of the cumulative cases and deaths of COVID-19. a The blue solid boxes represent
the actual reported cumulative cases and the orange curve represents the model output. b Blue solid boxes
represent the actual reported cumulative deaths and orange curve represents the model output. For the
different colors in the Figure, refer to the web version of the paper (color figure online)

In this section, we are interested in understanding the qualitative and quantitative
impact of imperfect vaccine and mutation on the dynamics of COVID-19, where
mutant strain is more transmissible. In particular, we consider the data of COVID-
19 in India from March 1, 2021 to September 27, 2021 and in this period the delta
variant was the variant of concern (VOC) and led a specific wave which was primarily
identified in India in October 2020 (World Health Organization 2021d; Duong et al.
2022). The Delta variant was highly infectious, estimated to be more than double that
of the previous variants (How Dangerous Is the Delta Variant 2023; Duong et al. 2022).
Thus, we consider 81 < B2, specifically B, = 2. However, the general methodology
and mathematical could be applied to other SARS-CoV-2 variants and may be assumed
B2 = kpB1, where k > 0 depends on the uncertainty in the transmissibility of the
mutant SARS-CoV-2 variant. We use MCMC method for 20,000 simulations to fit
the Eqgs. (21) and (22) and estimate the parameters. Figure 7 represents a good fitting
between the cumulative reported cases of COVID-19 and the model solution, well
suggesting the epidemic trend in India. Some of the parameters of the system (1) are
taken either from the literature or presumed based on publicly-available COVID-19
associated information. We assume parametric values of oy, oz, i, 81, 82, and §3 same
as given in Table 2 and initial conditions given in Table 4.

By using MCMC method, we acquire the values of the parameters 81, 82, v1, di,
and dp with MCMC chain of the time evolution of the cumulative cases and deaths and
comparison with the confirmed cases of COVID-19 in India. We compute the mean
values, standard deviation, and Geweke values of these parameters (refer in Table 3).

6.1 The effects of different efficacies of vaccine and mutation rate on cumulative
cases and cumulative deaths over time

The system (1) is simulated to assess the population-level impact of the imperfect

anti-COVID-19 vaccine in India. The population-level impact of the vaccine efficacy
against both strains (native and mutant) on the burden of the pandemic is examined.
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Table 3 Estimated values of parameters by MCMC method

Parameters ~ Mean value Standard deviation =~ Geweke value  Reference

A 320000 - - Assumed

B 1.999¢—07 5.3206e—13 0.99 MCMC

B2 3.9980e—07  3.145e—13 0.99 MCMC

0.01 - - Paul et al. (2022)
y 0.04 - - Bugalia et al. (2023) and
Chowdhury et al. (2022)

v 0.02 3.265e—04 0.98 MCMC

dy 0.007 5.347e—05 0.99 MCMC

dy 0.007 3.016e—05 0.99 MCMC

ay 0.5 - - Assumed

ap 0.33 - - Assumed

Table 4 Initial conditions for system (1) with respect to COVID-19 in India

S(0) V) E1(0) E>(0) 11(0) 1(0) R1(0) R2(0)

23 x 105 12256337  10x 104 60 x10* 10x 103 80x 103 60 x 102 20 x 103

Firstly, we consider different values of the vaccine efficacy against the native strain.
The system (1) is then simulated using the baseline parameter values in Table 2, 3, and
different values of the vaccine efficacy (1 — §1) against the native strain. The results
obtained from the Fig. 8a show that, for the vaccine efficacy (1—4§1) = 75% (assumed),
34,149,900 cumulative cases (the red curve) have been reported by September 27,
2021. Predictions show that the cumulative cases would be recorded 36,923,800, by
November 29, 2021 (9 weeks after September 27, 2021). The simulations further
ensure a reduction with increasing values of the vaccine efficacy (1 — §1) from its
baseline value. In particular, if we consider the vaccine efficacy as (1—481) = 90%, then
36,774,900 cumulative cases would be recorded by November 29, 2021, representing
only 0.40% reduction. Figure 8b represents that for the vaccine efficacy (1—482) = 40%
(assumed) against the mutant strain, 34,066,700 cumulative cases (the yellow curve)
have been reported by September 27, 2021. Predictions show that the cumulative cases
would be recorded 36,890,600, by November 29, 2021. These simulations ensure that
initially an increase in the vaccine efficacy against the mutant strain (1 — §,) reduces
the cumulative cases but not for longer time.

The system (1) is simulated for different values of 1 — §3 (immunity against mutant
strain). Figure 8c represents that, if recovered individuals by native strain have 90%
immunity against mutant strain (i.e. (1 — 63) = 90%) (assumed), 34,149,900 cumu-
lative cases (the blue curve) have reported by September 27, 2021. Simulations also
show that the cumulative cases would be recorded 36,923,800, by November 29, 2021.
These simulations observe an increase in the cumulative cases with decreasing value
of 1 — §3. Particularly, if we consider (1 — §3) = 75%, then 37,032,000 cumulative
cases would be recorded by November 29, 2021. This represents 0.29% increase in the
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Fig. 8 Assessment of the impacts of different parameters on the cumulative cases of COVID-19 in India.
Simulations of the system (1) show the cumulative cases of COVID-19 in India, as a function of time,
a for different values of vaccine efficacy against native strain (1 — §1). b for different values of vaccine
efficacy against mutant strain (1 — §»). ¢ for different values of immunity against mutant strain (1 — 83). d
for different values of mutation rate (vq). The baseline parameter values are used from Tables 2 and 3

cumulative cases. If we consider (1 — §3) = 50%, then 37,048,600 cumulative cases
would be recorded by November 29, 2021, representing 0.33% increase in the cumu-
lative cases. Furthermore, if (1 —83) = 25%, then 37,049,500 cumulative cases would
be recorded by November 29, 2021, representing 0.34% increase in the cumulative
cases.

Furthermore, simulations are also carried out to assess the impact of mutation
rate on the disease dynamics of COVID-19. Figure 8d represents that, for the baseline
value of the mutation rate (v = 0.02), 34,149,900 cumulative cases (blue curve) have
reported by September 27, 2021. Simulations show that the cumulative cases would
be 36,923,800 by November 29, 2021. These simulations show a decrease in the
cumulative cases with increasing values of v;. Particularly, if we consider vi = 0.5,
then 36,628,700 cumulative cases would be recorded by November 29, 2021. This
represents a 0.79% decrease in the cumulative cases. Furthermore, if vi = 1, then
36,564,100 cumulative cases would be recorded by November 29, 2021, representing
0.97% decrease in the cumulative cases.

Furthermore, the impact of vaccine efficacies on cumulative deaths is examined. The
resultin Fig. 9a shows that for the vaccine efficacy (1 —§81) = 75% (assumed), 468,197
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Fig.9 Assessment of the impacts of different parameters on the cumulative deaths of COVID-19 in India.
Simulations of the system (1) show the cumulative deaths of COVID-19 in India, as a function of time, a for
different values of vaccine efficacy against native strain (1 — §1); b for different values of vaccine efficacy
against mutant strain (1 — §3). The baseline parameter values are used from Tables 2 and 3

cumulative deaths (red curve) have been reported by September 27, 2021. Predictions
show that the cumulative deaths would be recorded as 504,977 by November 29,
2021 (9 weeks after September 27, 2021). The simulations further show a reduction
in cumulative deaths with increasing values of the vaccine efficacy (1 — §;) from
its baseline value. In particular, if we consider the vaccine efficacy as (1 — §;) =
90%, then 502,946 cumulative deaths would be recorded by November 29, 2021,
representing only a 0.4% reduction. Figure 9b represents that, for the vaccine efficacy
(1 — 8) = 40% (assumed) against the mutant strain, 467,005 cumulative deaths
(yellow curve) have been reported by September 27, 2021. Simulations show that
the cumulative deaths would be recorded at 504,392 by November 29, 2021. Further
predictions show that initially increasing values of the vaccine efficacy (1 —§,) reduce
the cumulative deaths but not for long time.

To examine the dependence of the end time (November 29, 2021) of the epidemic
on the vaccine efficacies against both native and mutant strains, i.e. (1 —§1), (1 —62),
mutation rate (v1), and immunity against mutant strain (1 — §3), we sketch the contour
plots of the total number of the cumulative cases of COVID-19, with respect to (1 —§1)
and (1 — §») in Fig.10a; (1 — §3) and vy in Fig. 10b; (1 — §7) and v; in Fig. 10c;
(1 —§82) and (1 — 63) in Fig. 10d, respectively. In order to assess the combined impact
of the parameters, the other parameters remain fixed when we vary two parameters.
The results indicate that increasing the vaccine efficacies (1 — §1) and (1 — §3), the
cumulative cases would be reduced (Fig. 10a). It can also be observed that the vaccine
efficacy against the native strain (1 — §1) is more influential than the vaccine efficacy
against the mutant strain (1 — §2), in controlling the total number of cases. In the same
way, the result in Fig. 10b shows that the cumulative number of cases would be reduced
for the higher immunity against mutant strain (1 —&3) and higher value of mutation rate
(v1). The result also shows that mutation rate has a negligible impact on cumulative
cases when immunity against mutant strain is high. The result in Fig. 10c shows that the
cumulative number of cases would be reduced for the higher vaccine efficacy against
the mutant strain (1 — 8) when mutation rate (v1) is high. The result also shows that
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Fig. 10 Contour plots of the cumulative cases as a function of different parameters: a as a function of
vaccine efficacy (1 — &1) against native strain and vaccine efficacy (1 — §7) against mutant strain; b as
a function of immunity against mutant strain (1 — §3) and mutation rate (v); ¢ as a function of vaccine
efficacy (1 — &) against mutant strain and mutation rate (vy); d as a function of vaccine efficacy (1 — 87)
against mutant strain and immunity against mutant strain (1 — §3). The baseline parameter values are used
from Tables 2 and 3

cumulative cases would be higher for the higher values of (1 — ) and lower values of
v1, which implies that the higher vaccine efficacy against mutant strain could not be
able to control the disease. Figure 10d represents that the cumulative number of cases
would be reduced only for higher immunity against mutant strain (1 — §3). This result
makes it wonder that cumulative cases would be higher even for the higher value of the
vaccine efficacy against the mutant strain (1 — &) if there is a low value of immunity
against mutant strain. This means there may exist an appropriate combination of these
parameters to ensure fewer confirmed cases. Thus, it would be interesting to consider
an optimal strategy for supplying vaccines to minimize the cumulative number of
cases.

6.2 Impact of mutation rate on the dynamics of strains and infected population
over time

The impact of mutation rate (v) has been analyzed on the dynamics of strains and
total infected population for COVID-19. We explicitly explore how the numbers of
infected individuals /; and I depend on the mutation parameter (vq). For this, we
choose A = 120000, B2 = 3.9980e — 08 and other parametric values remain same as
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Fig. 11 Bifurcation diagram (endemic bubble) with respect to mutation rate (v) for the fitted values of
parameters given in Table 3. The blue color shows the upper limit of the limit cycle and red color shows
the lower limit of the cycle (color figure online)

in Table 3. As shown in the bifurcation diagram (Fig. 11), for the range of mutation rate,
0 < v; < 0.9, both strains persist in the environment, and system is asymptotically
stable. For 0.9 < v; < 1.9, the periodic oscillations (limit cycle) will appear, i.e. the
disease outbreak will occur repeatedly. However, for a higher values of vy, i.e. for
v; > 1.9, the periodic solutions disappear and the disease again becomes stable. This
dynamical phenomenon has been illustrated in Fig. 12, for the values v = 0.5, 1.2
and 2.0. Furthermore, we have plotted the total infected population (E1+ E>+ 11+ I2)
over time for different values of vy in Fig. 13. This result gives a wondering dynamics
over a long time. We can easily observe that if the mutation rate (v1) increases from
0.02 to 0.5, then the infected population persists at a lower level (blue and red curves).
In addition, if the value of v; is increased to 1.5, then the total infected population
oscillates over time (yellow curve). If the value of vy is further increased to 2, then the
infected population persists at a much lower level (purple curve) over long time.

7 Sensitivity analysis

Our ultimate goal in developing a mathematical model of two strains with imperfect
vaccine and mutation is to find the role of different parameters to control the disease.
From the viewpoints of biological significance, R plays a vital role in determining the
severity (burden of disease), outcome and process of the infection. This section inves-
tigates how a percentage change in key parameters in the model (1) affects (changes)
the basic reproduction number. If the basic reproduction number is brought below one,
the disease infection will be eliminated. Even if the basic reproduction number cannot
be brought below one, sensitivity analysis may help to determine which parameter, if
acted upon, will bring the largest reduction in the basic reproduction numbers. Sen-
sitivity indices measure the percentage change of a key quantity, such as the basic
reproduction number, when a parameter value in that quantity is changed by a certain
percentage. Sensitivity analysis is carried out on each parameter, which is utilized to
recognize and check parameters responsible for impacting the basic reproductive num-
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ber. The normalized sensitivity indices also called elasticity of a particular quantity Q
with respect to the parameter p, is defined as follows (Martcheva 2014):
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Table 5 List of elasticities of Ry

Parameters Values of Values of
and Ry elasticities of elasticities of

Ry Ry

A 1 1

Bi 1 -

B2 - 1

aj 0.00059 -

a - 0.0009

y 0.139 0.1077
—1 —1

P —0.14 —0.1085

81 0.058 -

8 - 0.0903

di —0.013 -

dy - —0.0138

o —0.948 -

an - —0.985

vy —0.0379 -

Elasticities can be positive or negative. A positive sign says that quantity Q increases
with the increase in the parameter value of p, while a negative sign says that quantity
Q decreases with the increase in the value of p.

We compute the elasticity indices for the basic reproduction numbers R; and R;
given in Table 5. In Table 5, the parameters with positive sensitivity indices are those
parameters that have a great influence on the development of the disease in the com-
munity if their values are increasing. This is because the basic reproduction number
increases as the value of these parameter increases; that is, the average number of
secondary cases of infection increases in the community. Also, all the parameters in
which their indices are negative can curtail the infection in the community as their
values increase while the others are left constant. As their values increase, the basic
reproduction number decreases, which reduces the endemicity of the disease in the
community.

It is evident from the values of elasticities that the reproduction numbers experience
the highest impact with change to recruitment rate (A), transmission rates ((81) and
(B2)), natural death rate (1), and recovery rates ((«1) and («2)), where (A), (1), and
(B2) have positive sensitivities while u, o1, and oy have negative sensitivities.

We also perform global sensitivity analysis using the methodology of Latin Hyper-
cube Sampling (LHS) and partial rank correlation coefficients (PRCCs) (Marino et al.
2008) to investigate the dependence of R on the different parameters. From Fig. 14,
we observe that recruitment rate (A), transmission rates (81, 82), natural death rate
(w), and recovery rates (o1, «p) are the most sensitive parameters for Rg. To generate
the LHS matrices, we assume that all the model parameters are uniformly distributed.
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Fig. 15 PRCC sensitivity on cumulative cases (C)

Then using the baseline values from Tables 2 and 3, a total of 10,000 simulations per
LHS run are carried out.

We also examine the impact of sensitivities of the parameters on the population sizes
of cumulative cases (C) and deaths (D). From Fig. 15, we observe that a;, 8>, a; and
8> are the most sensitive parameters to the cumulative cases, which means that the
increasing value of these parameters increases the cumulative cases. This result implies
that we should control these parameters to reduce the cumulative cases. From Fig. 16,
we observe that aj, as, B2, d1, d2, and ap are the most sensitive parameters to the
cumulative deaths, where $;, a1, az, di, and d, have positive sensitivities and oy has
negative sensitivity, indicating that we should control the parameters 8, ai, az, di, da
and promote o to reduce the cumulative deaths.

8 Discussion
The novel coronavirus has rapidly emerged as a disease COVID-19 and evolved as
pandemics worldwide. The emergence of new variants of SARS-CoV-2 could compli-

cate mitigation efforts. Reducing the transmission of the novel coronavirus pandemic
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Fig. 16 PRCC sensitivity on cumulative deaths (D)

has been the massive responsibility of the intellects of every public health agencies,
Govt. officials, and millions of populations worldwide. According to the World Health
Organization (WHO) (World Health Organization 2021b), over 26 crore populations
are infected with the COVID-19 as of December 4, 2021. Now the Govt. of different
countries have been trying to give safeguards to the populations via vaccination. Since
every vaccine is imperfect to the disease and the virus mutates over time, mathematical
models may help to understand the dynamics of transmission and control of the novel
coronavirus.

Taking care of the pandemic scenario, we proposed and analyzed an SEIR type
multi-strain mathematical model (1) with imperfect vaccine and mutation. We also
assumed that recovered individuals of native strain could become infected by the
mutant strain, but they have some immunity against the mutant strain, and it has
been modeled by multiplying a reduction coefficient to the transmission rate. The
model we developed takes the form of a deterministic system of nonlinear differential
equations. The model is rigorously analyzed to gain insights into its dynamical features.
Theoretical and numerical analysis of the proposed system (1) have been carried out
using stability theory. Positivity and boundedness of the solutions of system (1) have
been studied, and the system (1) is well-posed. We found that the DFE (D) is globally
asymptotically stable when Ry < 1 in the presence of an imperfect vaccine, i.e., the
native and mutant strains will be eliminated in the community whenever Ry < 1.
In other words, the imperfect vaccine against COVID-19 can lead to the eradication
of the pandemic if it can bring (or maintain) Ry to a value less than unity. Further,
we analyzed the existence and stability of the mutant dominant equilibrium (D?) by
constructing a suitable Lyapunov function. Global stability of coexistence (endemic)
equilibrium of both native and mutant strains has been investigated for the case vi = 0
and 63 = 0, by constructing a suitable Lyapunov function. This result implies that if the
mutation rate is zero and recovered individuals from native strain have 100% immunity
against mutant strain, the disease persists in the environment at a certain level when
Ro > 1. Moreover, we investigated that system (1) undergoes a Hopf bifurcation. The
transcritical bifurcation was also investigated for system (1) by using center manifold
theory. By numerical simulation, we discovered that system (1) exhibits an interesting
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dynamics called an endemic bubble, which means the system loses its stability for
certain values of mutation rate (vy), and oscillations occur, and further for larger
values of vy, the system regains its stability (refer the Fig. 5). The occurrence of Hopf
bifurcation has also been ensured by varying the parameter §3 (Fig. 6), which implies
that the disease will appear repeatedly for the higher values of §3.

We also computed an expression for herd immunity and a threshold value for the
vaccination rate that suggest disease control implications. The mentioned necessary
herd immunity (induced by vaccination) percentage may not be realistically achiev-
able. Indeed, Dr. Anthony Fauci, a member of the US Presidential Task Force on
COVID-19, said on June 29, 2020, that an imaginary anti-COVID-19 vaccine might
not be helpful in attaining the requisite high immunity in the US if many people deny
getting it Cable News Network (2020). One way to get around this requirement for
high vaccine coverage to attain high immunity is to merge the vaccination program
with other anti-COVID-19 intervention strategies, such as social distancing, the use
of face masks in public, etc.

Furthermore, we parameterized the proposed mathematical model using the data of
the COVID-19 pandemic in India, for assessing the potential community-wide impact
of an imperfect vaccine against COVID-19 and mutation of the virus. Using the data
of cumulative confirmed cases and deaths of COVID-19 in India from March 1, 2021
to September 27, 2021, and by employing the MCMC method to fit the model (1) with
the data, the mean values, the standard deviation, and Geweke values of the unknown
parameters were estimated.

We carried out numerical simulations to measure the population-level impact of the
vaccine’s efficacies. The results exhibited that the COVID-19 burden (as measured in
terms of cumulative cases and deaths) decreases with increasing vaccine efficacies, as
expected. We investigated how the cumulative number of cases varies with different
values of vaccine efficacies against different strains, mutation rate, and immunity
against the mutant strain in India. Our analysis showed what would happen if the
vaccine efficacies against native and mutant strains were increased from their baseline
values, as shown in Fig. 8a, b. The results showed that if the vaccine efficacy (1 — 1)
was increased by its baseline value, then the cumulative cases would be decreased by
November 29, 2021. Figure 8b demonstrated that if the vaccine efficacy against mutant
strain (1 — §>) increased from its baseline value then cumulative cases would have
decreased initially but not for longer time. We also assessed the impact of immunity
against mutant strain (1 — §3) and observed that if the value of (1 — §3) is decreased
from its baseline value, then the cumulative cases would be increased by November
29,2021, shown in Fig. 8c. We also analyzed the impact of mutation rate on cumulative
cases shows the reduction in cumulative cases with increasing mutation rate, depicted
in Fig. 8d.

The cumulative number of deaths has also been varied with different values of
vaccine’s efficacies against different strains in Fig. 9. The results in Fig. 9a showed that
if the vaccine efficacy against native strain (1 — §1) was increased from its baseline
value, then the cumulative deaths would be decreased by November 29, 2021. Figure 9b
demonstrated that if the vaccine efficacy against mutant strain increased from its
baseline value, then cumulative deaths would be decreased. Our analysis also showed
the combined impact of vaccine efficacies to both strains, which were increased to
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20%, 40%, 60%, 80%, respectively, as shown in Fig. 10a. The result demonstrated
that increasing the vaccine efficacy against the native strain is more influential in
reducing the cumulative number of cases than the efficacy against mutant strain. We
have shown in the contour plot (Fig. 10b) that there would be higher cumulative cases
for the lower immunity against mutant strain even for the lower value of the mutation
rate. There will be fewer cumulative cases if immunity against mutant strain is high.
The contour plot (Fig. 10c) exhibited that cumulative cases would be high for the lower
mutation rate and high vaccine efficacy against mutant strain. Furthermore, it has also
been shown that immunity against mutant strain is more effective than vaccine efficacy
against mutant strain in reducing the cumulative cases. This implies that there is a need
to increase in the immunity against mutant strain (1 — §3) to decrease the cumulative
cases of COVID-19 in the presence of the mutation.

The endemic bubble phenomenon has been verified for COVID-19 by plotting the
bifurcation diagram and periodic solutions for the fitted values from Table 3 in Figs. 11
and 12, respectively. These results imply that for a certain range of values of mutation
rate (v1), the COVID-19 outbreaks will occur repeatedly. However, for the lower and
higher enough values of v, the disease remains stable in the environment. These
dynamics represent a worse scenario for the mutation of the virus in the sense of the
occurrence of periodic solutions. Furthermore, the total infected population has also
been plotted for different values of mutation rate (v1) and a wondering dynamics has
been observed. This result shows that for a high rate of mutation, the total infected
population would be stable at a lower level over a long time. However, oscillation
occurs for an intermediate range of mutation rate, implying that mutation may be
worse in the sense of oscillation but better in the sense of stability at a lower infection
level over a long time.

Furthermore, sensitivity analysis was performed to reveal the relative significance
of the key epidemiological parameters of the system (1), which are A, B1, B2, a1, 2,
because these parameters should be given priority to effectively control the disease.
The PRCCs of the reproduction numbers (Fig. 14) provided that reducing A, 81, B2,
which may be realized by strong control measures, such as lockdown, using face mask,
travel restrictions, isolation of infected individuals, contact tracing, can significantly
reduce Ry and thus lower the transmission risk of COVID-19. The PRCCs of the
cumulative cases and deaths suggest that the parameters ap, az, B2, and §, should be
controlled in order to reduce the cumulative cases; and ay, az, B2, di, and d, should
be controlled in order to reduce the cumulative deaths.

We have to point out that the results in contour plots revealed an interesting problem,
i.e., there may exist an optimal strategy of supplementing the vaccine with different
efficacies, in order to ensure fewer cumulative cases and deaths, and the expenditure is
economical, a topic for our future work. For preserving public health, it must focused
on how the facility of medical resources availability affects the pandemic of COVID-
19, which may be included in our model as future work. Formulating and analyzing the
model with other non-pharmaceutical interventions (Xue et al. 2022) with vaccination
will be more helpful to control the spread of multi-strain disease. For instance, Iboi
et al. (2020) proposed a dynamical model to assess the impact of vaccine strategy
with other public health intervention strategies; in particular, the authors assessed the
impact of vaccine efficacy combined with mask efficacy concerning COVID-19 in the
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US. Their results confirmed that the elimination of COVID-19 is more feasible if the
vaccine program is combined with other interventions. We focused on the situation
in India, but the model may be extended to describe the efficacies of vaccines against
different strains with mutation rates and developed immunity against other mutant
variants of SARS-CoV-2 in other countries.
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Appendix A

Iy =—(an +bra+ciz+diz+enn+ f13+813),

Iy = —apbyy +c13d13 + c13e12 — craeqr +dizerz —digf11 + (13 +diz +e12) f13
+g13(c13 +di3 + e + f13) + biale1z +diz + e12 + f13 + 813)
+aji(bra +c13 +diz +e2 + f13 + 813),

I3 =ajj(=bia(c13 +d13 +e12 + f13 + 813) — c13(d13 + €12 + f13 + 813) + c14eq]

—g13d13 +e12 + f13) —dize12 — di3 f13 + diaf11 — €12/13)
+anbii(ciz +diz + e+ f13 +g13) — 813(b12(c13 +di3 + e12 + f13)
+c13(d13 +e12 + f13) — ciae11 + f13(d13 + e12) + dize12 — dia f11)
—er1(aizery + bizern) — cizdizern + c13dia fi1 — c13d13 /13 — c13e12./13
— f11(aiadi1 + bradi2) + disern f11 — dize12 f13 + crae11(di3 + f13) — dis f11812
—bia(c13(diz + e + f13) — cuae11 + f13(d13 + e12) +dizer2 — diaf11),

ly =apzer1(c11(b12 +d13) — biici) +di3(biacizern — biacisern + bizcizen)
+ fi1(a14(d11(b12 + c13 + e12) — b11d12) — dialer2(b12 + c13) + braci3 — c14e11)
+ b1adin(c13 +e12)) — an(br1(c13(d13 + e12) — crae11 +dizen
—diaf11) + bizcrienn
+ biady1 f11) — e11 f12(ai4¢11 + biger2)
+b12c13d13 f13 + f13(a13ciieny
+e12(d13(b12 + c13) + biaciz) — ciaeni(br2 + d13) + bizcizern)
—anby fislc1z +diz +e12) + disf11812(b12 + c13 + e12) — ai2bi1813(c13
+di3 +e12+ f13) + g13(aizcrient + aiadiy fi1 + bia(ci3(diz + e + f13)
—ciqen1 + f13(d13 + e12) +dizerr — dia f11) + bizcizernn + biadiz f1
+ ci3dizern + c13d13 f13 — c13dia f11 + c13e12 /13 — cae11(d13 + f13)
+dize12 f13 — diaera f11) + ar1(bizcizenn + biadiz f11 + c13(f13(d13 + e12)
+dizern —diaf11) + dize12 f13 — diger2 f11 + dis f11812) + a11(bi2(c13(d13
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+ei2 + f13 +813) —cuaer +diz(erz + f13 + 813) — diafi1 + gi3(er2 + f13)
+e12/13) + 813(c13(d13 + e12 + f13) + di3(e12 + f13) — dia f11 + e12./13)
—cige11(d13 + f13 + g13))s

Is = ajp(b11(g13(c13(d13 + €12 + f13) + f13(d13 + €12) + dize12 — dia f11) + c13d13e12
+c13d13 /13 — c13d14.f11 + c13e12 /13 — ciae11(d13 + f13 + g13) + dize12 f13
—dusern f11 +disf11812) + bizcriern(diz + f13 + g13)
+b1a(di1 f11(c13 + €12 + 813)

—ciie11f12)) —aizer1(=biic12(di3 + f13 + g13) + biac11(di3 + f13 + 813)
+c11(813(d13 + f13) + d13 f13 — d1a f11)) — 813(f11(a14(d11(c13 + €12) — b11d12)
+ bradia(c13 + e12) — c13diger2 + ciadisern) — bia(—aiadyy fi1 — c13dizer2
+diaf11(c13 + e12) + ciadizerr) — er1 fi2(aigcrr + braciz) + bizciadizer

+ f13(b12(c13(d13 + e12) — claer1 +di3e12) + bizcizern + ci3dizern — ciadizenn)
+ar(bia(c13(di3 +e12 + f13) — craerr + f13(d13 + e12) + dizern — dia f11)
+b13cizent + biadin f11 + c13dizerz + c13d13 f13 — c13d14 f11 + c13e12 /13
—crae11(d13 + f13) + dize12 f13 — diaer2 f11)) + araery fr2ler1(bi2

+d13) — bric12)

+aia f11(011d12(c13 + €12) — bi2di1(c13 + e12) — c13d11e12 + cladiiern)
—di5f11812(b12(c13 + €12) + c13e12 — ci4e11) + braciadizer f12

+ f11(d1a(brac13er2

— biaciaerr + bizcizern) + biadia(craerr — c13er2)) — diz f13(bizcizern
—biaciaerr + bizcrzern) + aj (= f13(b12(c13(di3 + e12) — craer1 +dizern)

+ b13cizenn + c13dizer

—cradizerr) — biacizdizern + biacizdia fi1 — dis f11812(b12

+c13 + e12) + bipciadizen

+biadisern f11 — bizcizdizerr + bigcizenn f12 — biaciadiz f11

— bradiern f11

+ ci3diaern f11 — ciadiaers f11),

le = apzer1(—g13(br1ci12(d13 + f13) — c11d13 /13 + c11d14 f11)
—bric12d13 f13 + briciadia f11
+b12c11(g13(d13 + f13) + d13. /13 — d1a f11) + biaf11(c11di2 — c12d11)
+cndis f11812)
+aja(briciadizern f12 — bricizdizern f11 + briciadinern fi1 — bia(cridizern f12
—cizdirern fi1 + ciadiient f11) + bizern fii(cradin — ciidiz) — cridisern f11811
+ g13(f11(=b11d12(c13 + €12) + biady1(c13 + e12) + c13dirers — cradyern)
—eq1fraler1(b12 +di3) — biic2))) — g13(a11(bradiz(ciqer — c13e12)
+ bi2d14 f11(c13 + e12) — bi3ciadizert + bracizern fi2 — f11(bradia(c13 +e12)
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— c13diae1n + cradiger1)) +dia f11(biacizera — braciger) + bizciaery)
+ bia(cradizern f12 — c1zdizern f11 + ciadizers f11)
+anii(c13(f13(d13 + e12)

+dizerr — diaf11) — ciaen1(d13 + f13) + dizei2 f13 — disern f11)
+bizcrienndiz + f13)

—biacrierr f12 + biadiy f11(c13 + e12)) — f13(ar1 (bra(era(c13 +di3)
+ c13d13 — c14e11)

+bi3cizenn + ci3dizern — cradizern) +diz(biacizer

— braciaery + bizciaern)))

+ar1(=(diafi11 — di3 f13)(bracizer2 — biaciaerr + bizcizern)
+disf11812(e12(b12 + c13)

+b12c13 — craerr) — bralcindizer f12 — ci1zdizen fn

+ cradinern f11)) +ara((dia f11

—di3f13)(bricizerz — biicraern + bizciiern) — biidis f1812(c13 + e12)
+ bia(cridizerr fiz — cizdiier f11 + ciadiienn f11)
+disf11(812(b12c13€12 — bracien)

+bi3cizern) — biacizergin),

l7 =aiadysern f11811(b12¢11 — biici) + gi3(an ((dia f11 — di3 f13)
(bracizern — braciaeny
+bizcizenn) + bia(cradizern fi2 — cizdizera fi1 + ciadizenn f11))
—an(diafr1(bricizern
—biicigerr +bizcrienn) + bialendizern f12 — cizdireiz f1 + cradirenn f11)
+ai2di3 f13(b11c13e12 — biiciaern + bizciiern) +aizeri ((bracin — brici2)(dia f11
—d13f13) + bia f11(ciadi1 — c11d12))) + dis fr1(g12(er1(aribracia — apbizei
—azbyicia +anbizerr +azbricia —aizbiacin) + cizez(anbi — aibi2))
+biaerigiilaricia —aizein)) +aiagiz(dizern fra(biacin — biici) + fi1(bradn
—bridip)(c1e11 — cize12) + bizerr fii(cridia — ci2din))-

apy =— By — oI5 —(uw+p), anp=vy, ap=-PS*, au=—-pHS5,
by =p, bip=—=81B11] =820y —(u+y)., biz=-8pV",
bia=—5pV* cn =11, ca=8B11]. c13=—(a1+p).

cla =P1(S*+81VY), di =By, dip =PIy, diz=—(ax+p),

dig =2(S* + 85V + 8R], dis=8p215, e =ay,
ep=—(+p+di+v), fii=a, fra=vi, fi3=—-(2+ur+d),
g1l =a1, g12=—83f2R], g13=—36215 + ).
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