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A B S T R A C T

In this paper, we delve into double Hopf bifurcation induced by memory-driven directed
movement in a spatial predator–prey model with Allee effect and maturation delay of predators.
We first adopt a novel technique to handle the associated characteristic equation and thus obtain
the crossing curves as well as the double Hopf points. We then calculate explicit formulae of
normal form regarding non-resonant double Hopf bifurcation. We thus divide the dynamics
of the developed model into several categories near the double Hopf bifurcation points. Our
numerical and theoretical results both demonstrate that the model can exhibit various complex
phenomena when the parameters are near the double Hopf bifurcation points. For example, the
transition from one stable spatially inhomogeneous periodic orbit with mode-5 to another with
mode-4 and the coexistence of them can be observed.

. Introduction

Understanding the spatiotemporal distribution of animals exerts a great influence on biodiversity conservation and is thought
f as one of the top five ranked research fronts in ecology [1,2]. The spatial predator–prey model could elucidate the underlying
echanisms of some biological and abiotic processes and thus usually be thought of as an important tool to study spatial distribution.
ecently, considerable models have been dedicated to revealing the intricate biological processes via incorporating various factors
uch as Allee effect [3,4] and maturation period of predators [5,6]. The Allee effect refers to the density-mediated intrinsic growth
ate of species, which can be applied to illustrate mechanisms such as group defense enhancement [7,8]. Sun accommodated
he fact that Allee effect in the prey also plays a critical role in pattern formation in predator–prey model [9]. Plenty of recent
esearch pointed out that Allee effect can also exist in predators owing to reproductive facilitation mechanisms and also merits
urther consideration [10–12]. Maturation period of predators reflects the time that predators need to multiply offspring. Usually,
t can be characterized by delay-dependent parameters in predator–prey models [13,14]. Both maturation period and Allee effect
an independently induce complicated behaviors. However, the results on the models with considerations of two biotic processes
imultaneously are rare. Therefore, it is essential to delve further into this topic.

Note also that the movement pattern of an animal exerts great influence on its distribution in space and time and shapes global
iodiversity patterns [15]. It is acknowledged that random diffusions can induce the emergence of non-constant equilibria exhibiting
omplicated spatial structure. This phenomenon is often dubbed Turing pattern [16,17]. In addition to random diffusion, some
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abiotic processes (such as wind or water current) can induce the passive directed movements of animals [18,19]. These processes can
be reflected by reaction–diffusion–advection equations and can alter population invasion outcomes [20]. Recently, some researchers
pointed out that some animals can move according to their spatial memory and cognition and thus adopt tactic movements [21–25].
Shi et al. opened the possibility of disclosing the memory-driven movement through a dynamical model by incorporating time delay
in the diffusion term [26]. Afterward, the authors in [27] generalized the aforementioned single species models to predator–prey
models with memory delay in predators. The authors in [28] considered the maturation period and incorporated maturation delay
into the reaction term of a model established in [26]. Wang et al. recently set up a diffusive predator–prey model incorporating
both memory delay and pregnancy delay in the prey [29]. They coped with the difficulties induced by two delays to perform linear
analysis and obtained the crossing curves in the delays plane.

However, results concerning the impact of memory-driven directed movement of the prey or predators along with Allee effect and
aturation period of predators on the spatial patterns are few. To characterize these biological processes, we recently formulated

he following spatial predator–prey model incorporating memory-based directed movement and delay-dependent parameters:

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝜕𝑁
𝜕𝑡 = 𝛿11𝑁𝑥𝑥 + 𝛿12

(

𝑁𝑃𝑥(𝑥, 𝑡 − 𝜏)
)

𝑥 + 𝑟𝑁
(

1 − 𝑁
𝐾

)

− 𝑏𝑁𝑃 ,

𝜕𝑃
𝜕𝑡 = 𝛿22𝑃𝑥𝑥 +

𝛽𝑁𝜎𝑃 2
𝜎

ℎ + 𝑃𝜎
e−𝑑𝜎 − 𝜇𝑃 , 0 < 𝑥 < 𝜄𝜋, 𝑡 > 0,

𝑁𝑥(𝑥, 𝑡) = 𝑃𝑥(𝑥, 𝑡) = 0, 𝑥 = 0, 𝜄𝜋, 𝑡 ≥ 0,

(1.1)

where 𝑁 = 𝑁(𝑥, 𝑡) and 𝑃 = 𝑃 (𝑥, 𝑡) respectively refer to the densities of the prey and adult predators at time 𝑡 and location 𝑥; 𝑁𝜎 and
𝑃𝜎 respectively represent 𝑁(𝑥, 𝑡 − 𝜎) and 𝑃 (𝑥, 𝑡 − 𝜎); all parameters in (1.1) are positive and their biological meanings are provided
in [30]. We generalized the crossing curves method to spatial model (1.1) and discerned the linear stable and unstable regions in
the delays plane. Noted that for a specific species, the maturation period is fixed. But the period of spatial memory and the ability of
directed movement are usually acquired and can be changed. We focus on the effects of tactical directed dispersal on the dynamics
of model (1.1) in the current work. Of course, we can also consider the scenario of spatial memory in predators, i.e., model (5.1). In
this paper, we will devote our main attention to the mathematical analysis of model (1.1). We can use the similar logic to cope with
model (5.1) with spatial memory in predators. The dynamics of model (5.1) will be numerically presented later in the discussion
Section 5 for the brevity of the presentation.

Model (1.1) falls into the category of partial functional differential equations (PFDEs) [31]. Recently, considerable research efforts
have been devoted to normal form of various bifurcations for PFDEs since the occurrences of these bifurcations are the precursors
to spatiotemporal patterns [32–34]. For example, Wu refined the method established in [35] to establish the calculation procedures
of normal form for reaction–diffusion equations with delays [31]. Also, Faria put forward a general framework to calculate normal
form for various bifurcations through parameter perturbation [36]. Afterward, An and Jiang performed the computation of normal
form with regard to Hopf-zero bifurcation [37]. Du et al. in [38] derived the formulae regarding the normal form of non-resonant
double Hopf bifurcation for PFDEs. Here non-resonance refers to the case that there are no positive integers 𝑞1 and 𝑞2 such that the
two pairs of purely imaginary roots ±𝑖𝜛𝑛1 and ±𝑖𝜛𝑛2 of the associated characteristic equation satisfy 𝑞1𝜛𝑛1 = 𝑞2𝜛𝑛2 , 𝑞1+𝑞2 ≤ 4 [39].

The above procedures to calculate normal forms cannot be directly applied to diffusive models with spatial memory since there
exist nonlinearity and delay in the diffusion terms. More recently, Song et al. generalized the method in [36]. They established
the algorithms to compute normal forms of non-resonant double Hopf bifurcation for the diffusive model with memory-based
directed dispersal [40]. Liu et al. presented the formulae of normal form for Turing–Hopf bifurcation in a predator–prey model
with memory-driven diffusion [41]. However, some topics in the memory-based diffusion model with two different types of delays
remain unsolved [28,40]. For instance, the effects of nonlinear terms can be considered. Also, the computation of the normal form
concerning double Hopf bifurcation induced by directed movement can be completed. Besides, it is worth noting that the two delays
incorporated in model (1.1) are of different types, and hence it is impossible to obtain the explicit expression of frequency 𝜛 directly.
This means that we cannot obtain the double Hopf bifurcation points in the usual way as in the literature, which presents a striking
difference from models in [38,40]. The dynamics around the double Hopf bifurcation points may exhibit the coexistence of stable
spatially heterogeneous periodic solutions with different modes. These dynamics are not considered in the previous spatial models
with two delays [28,29]. In the present paper, we will dedicate our research efforts to investigating the normal form of double Hopf
bifurcation in a memory-driven diffusive predator–prey model with delays.

We organize the rest of this paper as follows. In Section 2, we obtain crossing curves in the (𝛿12, 𝜏) plane and then based on
which determine the double Hopf bifurcation points of model (1.1). In Section 3, we complete the calculation of the normal form
for the non-resonant double Hopf bifurcation. In Section 4, a numerical example is provided to verify the correctness of our obtained
results. In Section 5, we consider the scenario of spatial memory in predators and end our paper with some discussions.

2. Crossing curves and double Hopf bifurcation points

In this section, we perform the linear analysis of model (1.1) and determine double Hopf bifurcation points in the (𝛿12, 𝜏) plane.
From the ecological context, we are concerned with the coexistence of the prey and predators. We just consider the positive constant
equilibria of model (1.1) accordingly.

The positive equilibrium 𝐸∗ = (𝑁∗, 𝑃 ∗) meets 𝑁∗ =
𝜇(ℎ + 𝑃 ∗)e𝑑𝜎

𝛽𝑃 ∗ and 𝑃 ∗ is a positive real root of the following equation:

𝛽𝑏𝐾𝑃 2 + (𝑟𝜇e𝑑𝜎 − 𝑟𝐾𝛽)𝑃 + 𝑟𝜇ℎe𝑑𝜎 = 0. (2.1)
2



Communications in Nonlinear Science and Numerical Simulation 132 (2024) 107936S. Li et al.

W

W

w

w

o
p

S

We can deduce that Eq. (2.1) admits two positive roots provided

𝜇 < 𝛽𝐾e−𝑑𝜎 and ℎ < 1
4
𝑟(𝐾𝛽 − 𝜇e𝑑𝜎 )2e−𝑑𝜎

𝑏𝐾𝛽𝜇
.

e denote the two positive equilibria respectively as 𝐸1 = (𝑁1, 𝑃1) and 𝐸2 = (𝑁2, 𝑃2) with 𝑃1 < 𝑃2. Linearizing model (1.1) at 𝐸𝑖
we obtain

⎧

⎪

⎨

⎪

⎩

𝜕𝑁(𝑥,𝑡)
𝜕𝑡 = 𝛿11𝑁𝑥𝑥(𝑥, 𝑡) + 𝛿12𝑁𝑖𝑃𝑥𝑥(𝑥, 𝑡 − 𝜏) + 𝛼11𝑁(𝑥, 𝑡) + 𝛼12𝑃 (𝑥, 𝑡), 𝑥 ∈ (0, 𝜄𝜋),

𝜕𝑃 (𝑥,𝑡)
𝜕𝑡 = 𝛿22𝑃𝑥𝑥(𝑥, 𝑡) + 𝛼22𝑃 (𝑥, 𝑡) + 𝛽21𝑁(𝑥, 𝑡 − 𝜎) + 𝛽22𝑃 (𝑥, 𝑡 − 𝜎), 𝑥 ∈ (0, 𝜄𝜋),

𝑁𝑥(𝑥, 𝑡) = 𝑃𝑥(𝑥, 𝑡) = 0, 𝑥 = 0, 𝜄𝜋, 𝑡 ≥ 0,

(2.2)

where

𝛼11 = − 𝑟𝑁𝑖
𝐾 , 𝛼12 = −𝑏𝑁𝑖, 𝛼22 = −𝜇,

𝛽21 =
𝛽𝑃 2

𝑖
ℎ+𝑃𝑖

e−𝑑𝜎 , 𝛽22 =
𝛽𝑁𝑖𝑃 2

𝑖 +2𝛽ℎ𝑁𝑖𝑃𝑖
(ℎ+𝑃𝑖)2

e−𝑑𝜎 .

e then obtain the following characteristic equation of linear system (2.2):

g𝑛0(𝜆) + g𝑛1(𝜆)e
−𝜆𝜎 + g𝑛2(𝛿12)e

−𝜆(𝜏+𝜎) = 0, (2.3)

here
⎧

⎪

⎨

⎪

⎩

g𝑛0(𝜆) = 𝜆2 + g𝑛01𝜆 + g𝑛00,

g𝑛1(𝜆) = g𝑛11𝜆 + g𝑛10,

g𝑛2(𝛿12) = 𝛿12g
𝑛
20,

ith
⎧

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎩

g𝑛01 = 𝛿11
(

𝑛
𝜄

)2
+ 𝛿22

(

𝑛
𝜄

)2
− 𝛼11 − 𝛼22,

g𝑛00 = 𝛿11𝛿22
(

𝑛
𝜄

)4
− 𝛿11𝛼22

(

𝑛
𝜄

)2
− 𝛿22𝛼11

(

𝑛
𝜄

)2
+ 𝛼11𝛼22,

g𝑛11 = −𝛽22,

g𝑛10 = −𝛿11𝛽22
(

𝑛
𝜄

)2
+ 𝛼11𝛽22 − 𝛼12𝛽21,

g𝑛20 = 𝑁𝑖𝛽21
(

𝑛
𝜄

)2
.

It is easy to check that 𝐸1 is a saddle when memory delay and diffusions are absent, i.e., 𝑛 = 0 and 𝜏 = 0. Thus, we devote
urselves to the stability of 𝐸2 in the sequel. We are now in a position to state how to obtain the crossing curves in the (𝛿12, 𝜏)
lane. Multiplying both sides of Eq. (2.3) by e𝜆𝜎 leads to

g𝑛0(𝜆)e
𝜆𝜎 + g𝑛1(𝜆) + g𝑛2(𝛿12)e

−𝜆𝜏 = 0. (2.4)

ubstituting 𝜆 = 𝑖𝜛(𝜛 > 0) into Eq. (2.4) and doing some simple calculations yield

⎧

⎪

⎪

⎨

⎪

⎪

⎩

cos(𝜛𝜏) =
(𝜛2 − g𝑛00) cos(𝜛𝜎) + g𝑛01𝜛 sin(𝜛𝜎) − g𝑛10

𝛿12g𝑛20
∶= 𝐹𝑛(𝛿12, 𝜛),

sin(𝜛𝜏) =
(g𝑛00 −𝜛

2) sin(𝜛𝜎) + g𝑛01𝜛 cos(𝜛𝜎) + g𝑛11𝜛
𝛿12g𝑛20

∶= 𝐺𝑛(𝛿12, 𝜛).

(2.5)

It follows from Eq. (2.5) that

𝐹 2
𝑛 (𝛿12, 𝜛) + 𝐺2

𝑛(𝛿12, 𝜛) = 1. (2.6)

From this, the expression of 𝛿12 about 𝜛 is

𝛿𝑛12(𝜛) =

√

(

(𝜛2−g𝑛00) cos(𝜛𝜎)+g
𝑛
01𝜛 sin(𝜛𝜎)−g𝑛10

)2
+
(

(g𝑛00−𝜛
2) sin(𝜛𝜎)+g𝑛01𝜛 cos(𝜛𝜎)+g𝑛11𝜛

)2

g𝑛20
. (2.7)

We can then obtain the following expression of 𝜏𝑛𝑗 (𝜛)(𝑗 ≥ 0) by plugging Eq. (2.7) into (2.5):

𝜏𝑛𝑗 (𝜛) =

⎧

⎪

⎨

⎪

⎩

arccos(𝐹𝑛(𝛿𝑛12(𝜛), 𝜛)) + 2𝑗𝜋
𝜛

, if 𝐺𝑛(𝛿𝑛12(𝜛), 𝜛) > 0,

2𝜋 − arccos(𝐹𝑛(𝛿𝑛12(𝜛), 𝜛)) + 2𝑗𝜋
𝜛

, if 𝐺𝑛(𝛿𝑛12(𝜛), 𝜛) < 0.

We thus plot the curves 𝛤 𝑛𝑗 = (𝛿12(𝜛), 𝜏𝑛𝑗 (𝜛)) on the (𝛿12, 𝜏) plane by treating 𝛤 𝑛𝑗 as parametric curves about 𝜛 ≥ 0 (see Fig. 1).
The characteristic Eq. (2.3) has two pairs of purely imaginary roots at the points where the two curves 𝛤 𝑛1 and 𝛤 𝑛2 interact. Once
3
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Fig. 1. Crossing curves and double Hopf bifurcation point.

he values of 𝛿12 and 𝜏 at these points are determined, we can then calculate the critical frequencies 𝜛𝑛1 and 𝜛𝑛2 according to (2.5).
We thus have the following theorem:

Theorem 2.1. If there exists 𝛿𝐻12 such that 𝜏
𝑛1
𝑗1

= 𝜏𝑛2𝑗2 and Eq. (2.3) has two pairs of purely imaginary roots ±𝑖𝜛𝑛1 , ±𝑖𝜛𝑛2 , the associated
transversality condition is matched and all other roots have negative real parts. Then model (1.1) undergoes a double Hopf bifurcation at
𝐸2 provided 𝛿 = 𝛿𝐻12, 𝜏 = 𝜏𝑛1𝑗1 = 𝜏𝑛2𝑗2 = 𝜏𝐻 .

Remark 2.2. The condition that all other roots have negative real parts is necessary for the following two reasons. The first reason
is that the equilibrium 𝐸2 is already unstable if there exist roots with positive real parts. The stability switch behaviors cannot be
observed in this case. Also, it follows from [42] that the dynamics of the normal form could not be topologically equivalent to those
of the original model if there exist characteristic roots with positive real parts. For instance, the bifurcating orbits projected in the
center manifold are stable but could be unstable in the whole phase space.

Remark 2.3. Noting that (2.6) can only hold for finite 𝑛, we hence plot 𝛤 𝑛𝑗 only for finite 𝑛.

3. Normal form of the double Hopf bifurcation

We will deduce the explicit formulae of normal form concerning the non-resonant double Hopf bifurcation obtained in
Theorem 2.1 to understand the dynamics around the double Hopf bifurcation point. Denote 𝜏 = 𝜏𝐻 + 𝜉1, 𝛿12 = 𝛿𝐻12 + 𝜉2. Then
𝜉 = (𝜉1, 𝜉2) = (0, 0) is the double Hopf bifurcation point of model (1.1). We regard 𝜉1, 𝜉2 as variables when calculating normal form.
We further denote

𝐴 =
(

𝛼11 𝛼12
0 𝛼22

)

, 𝐵 =
(

0 0
𝛽21 𝛽22

)

, D1 =
(

𝛿11 0
0 𝛿22

)

, D𝐻
2 =

(

0 𝛿𝐻12𝑁2
0 0

)

,

and adopt the following real-valued Hilbert space:

𝛶 =
{

 = (1,2)T ∈
(

𝐻2(0, 𝜄𝜋)
)2 ∶

𝜕1
𝜕𝑥

|

|

|𝑥=0,𝜄𝜋
=
𝜕2
𝜕𝑥

|

|

|𝑥=0,𝜄𝜋
= 0

}

.

Define  ∶= 𝐶([−max{1, 𝜎𝜏 }, 0];𝛶 ) as the space constituted by all continuous mappings from [−max{1, 𝜎𝜏 }, 0] to 𝛶 .
We now make the following transformations to normalize the memory delay and translate 𝐸2 to the origin:

𝑢1(𝑥, 𝑡) = 𝑁(𝑥, 𝜏𝑡) −𝑁2, 𝑢2(𝑥, 𝑡) = 𝑃 (𝑥, 𝜏𝑡) − 𝑃2.

We also denote  (𝑥, 𝑡) and 𝑡(𝜌) =  (𝑥, 𝑡 + 𝜌) as  (𝑡) and 𝑡 ∈ , respectively. We can then rewrite model (1.1) as below
d (𝑡)
d𝑡

= 𝛿(𝜉)(𝑡)𝑥𝑥 + (𝜉)(𝑡) +  (𝑡, 𝜉). (3.1)

The 𝜙 = (𝜙(1), 𝜙(2))T ∈ , 𝛿(𝜉)(⋅)𝑥𝑥, (𝜉)(⋅) ∶  → 𝛶 ,  (⋅, ⋅) ∶  × R2 → 𝛶 in Eq. (3.1) are respectively formulated by

𝛿(𝜉)(𝜙) = 𝛿 (𝜙) + 𝛿(𝜙, 𝜉), (𝜉)(𝜙) = (𝜏𝐻 + 𝜉 ) 𝐴𝜙(0) + 𝐵𝜙(−𝜎̃) ,
4
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and

 (𝜙, 𝜉) =(𝜏𝐻 + 𝜉1)

(

𝑓1
(

𝜙(1)(0) +𝑁2, 𝜙(2)(0) + 𝑃2
)

𝑓2
(

𝜙(1)(0) +𝑁2, 𝜙(2)(0) + 𝑃2, 𝜙(1)(−𝜎̃) +𝑁2, 𝜙(2)(−𝜎̃) + 𝑃2
)

)

− (𝜉)(𝜙), (3.2)

where
𝜎̃ = 𝜎

𝜏𝐻 + 𝜉1
,

𝛿0(𝜙)𝑥𝑥 =𝜏𝐻D1(𝜙)𝑥𝑥(0) + 𝜏𝐻D𝐻
1 (𝜙)𝑥𝑥(−1),

𝛿(𝜙, 𝜉) =𝜏𝐻
⎛

⎜

⎜

⎝

𝛿𝐻12
(

𝜙(1)
𝑥 (0)𝜙(2)

𝑥 (−1) + 𝜙(1)(0)𝜙(2)
𝑥𝑥 (−1)

)

0

⎞

⎟

⎟

⎠

+ 𝜉1

(

𝛿11𝜙
(1)
𝑥𝑥 (0) + 𝛿𝐻12𝑁2𝜙

(2)
𝑥𝑥 (−1)

𝛿22𝜙
(2)
𝑥𝑥 (0)

)

+ 𝜏𝐻 𝜉2

(

𝑁2𝜙
(2)
𝑥𝑥 (−1)

0

)

+ (𝛿𝐻12𝜉1 + 𝜏
𝐻 𝜉2)

(

𝜙(1)
𝑥 (0)𝜙(2)

𝑥 (−1) + 𝜙(1)(0)𝜙(2)
𝑥𝑥 (−1)

0

)

+ 𝜉1𝜉2

(

𝑁2𝜙
(2)
𝑥𝑥 (−1)

0

)

+ 𝜉1𝜉2

(

𝜙(1)
𝑥 (0)𝜙(2)

𝑥 (−1) + 𝜙(1)(0)𝜙(2)
𝑥𝑥 (−1)

0

)

.

(3.3)

Separating the linear term from Eq. (3.1), we have
d (𝑡)
d𝑡

= 𝛿0(𝑡)𝑥𝑥 + 0(𝑡) + ̃ (𝑡, 𝜉), (3.4)

where 0(𝜙) = 𝜏𝐻 (𝐴𝜙(0) + 𝐵𝜙(− 𝜎
𝜏𝐻 )) and

̃ (𝑡, 𝜉) = (𝜉)(𝜙) − 0(𝜙) +  (𝜙, 𝜉) + 𝛿(𝜙, 𝜉). (3.5)

We thus obtain the corresponding characteristic equation to system
d (𝑡)
d𝑡

= 𝛿0(𝑡)𝑥𝑥 + 0(𝑡) (3.6)

is
∏

𝑛=0
det(𝛥𝑛(𝜆)) = 0, (3.7)

here

𝛥𝑛(𝜆) = 𝜆𝐸2 + 𝜏𝐻
( 𝑛
𝜄

)2
1 + 𝜏𝐻

( 𝑛
𝜄

)2
e−𝜆𝐻

2 − 𝜏𝐻
(

𝐴 + 𝐵e−
𝜆𝜎
𝜏𝐻

)

.

It follows from Theorem 2.1 that Eq. (3.7) admits two pairs of purely imaginary roots ±𝑖𝜛𝐻
𝑛1
,±𝑖𝜛𝐻

𝑛2
where 𝜛𝐻

𝑛1
= 𝜛𝑛1𝜏

𝐻 and
𝜛𝐻
𝑛2

= 𝜛𝑛2𝜏
𝐻 .

It is easy to check that 𝑠 =
(

𝑛
𝜄

)2
, 𝑛 ∈ N0 are the eigenvalues of one-dimensional Laplace operator with homogeneous Neumann

oundary conditions. The corresponding eigenfunctions with respect to 𝑠 =
(

𝑛
𝜄

)2
, 𝑛 ∈ N0 are as below:

𝜚𝑛(𝑥) =
cos( 𝑛𝑥𝜄 )

‖ cos
(

𝑛𝑥
𝜄

)

‖2,2

=

⎧

⎪

⎨

⎪

⎩

1
√

𝜄𝜋
, if 𝑛 = 0,

√

2
√

𝜄𝜋
cos( 𝑛𝑥𝜄 ), if 𝑛 ≠ 0,

(3.8)

he symbol ‖ ⋅ ‖2,2 in Eq. (3.8) refers to the norm induced by the following inner product

[ ,] = ∫

𝜄𝜋

0
 Td𝑥, for  , ∈ 𝛶 .

enote 𝜚(𝑖)𝑛 = 𝜚𝑛(𝑥)𝑒𝑖, 𝑖 = 1, 2 where 𝑒1 = (1, 0)T and 𝑒2 = (0, 1)T, and 𝑛 = span{[𝑢(⋅), 𝜚(𝑖)𝑛 ]𝜚(𝑖)𝑛 ∣ 𝑢 ∈ , 𝑖 = 1, 2}. It is acknowledged that

0(𝑛) ⊂ span{𝜚(1)𝑛 , 𝜚
(2)
𝑛 }.

We then let 𝑤𝑡(𝜁 ) ∈ 2 = 𝐶([−max{−1,− 𝜎
𝜏 }, 0],R

2) and 𝑤T
𝑡 (𝜁 )(𝜚

(1)
𝑛 , 𝜚

(2)
𝑛 )T ∈ 𝑛. The linear system (3.6) can be then rewritten as

he following equation on the space 𝑛:

𝑤̇(𝑡) = 𝛿0(𝑤𝑡(𝜁 )) + 0(𝑤𝑡(𝜁 )), (3.9)

here

𝛿0(𝑤𝑡(𝜁 )) = 𝜏𝐻
(

−𝛿11(
𝑛
𝜄 )

2 0
𝑛 2

)

𝑤𝑡(0) − 𝜏𝐻
(

0 𝛿𝐻12𝑁2(
𝑛
𝜄 )

2
)

𝑤𝑡(−1).
5

0 −𝛿22( 𝜄 ) 0 0
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𝜋

It is obvious that systems (3.6) and (3.9) have the same characteristic equation as is shown in Eq. (3.7). Let ∗
2 = 𝐶([0,max{1, 𝜎𝜏 }];R

2∗),
and choose the adjoint bilinear form on ∗

2 × 2 as below:

⟨(𝑠),(𝜁 )⟩ = (0)(0) − ∫

0

−max{ 𝜎𝜏 ,1}
∫

𝜁

𝜌=0
(𝜌 − 𝜁 )d𝛩𝑛(𝜁 )(𝜌)d𝜌, for  ∈ ∗

2 , ∈ 2,

where 𝛩𝑛(𝜁 ) ∈ 𝐵𝑉 ([−max{1, 𝜎𝜏 }, 0];R
2×2). For (𝜁 ) ∈ 2, we have

𝛿0((𝜁 )) + 0((𝜁 )) = ∫

0

−max{1, 𝜎𝜏 }
d𝛩𝑛(𝜁 )(𝜁 ).

Define 𝛺 = {𝑖𝜛𝐻
𝑛1
,−𝑖𝜛𝐻

𝑛1
, 𝑖𝜛𝐻

𝑛2
,−𝑖𝜛𝐻

𝑛1
}. Let 𝛹𝑛𝑖 be the generalized eigenspace of (3.9) and 𝛹∗

𝑛𝑖
be the associated adjoint space. We

then derive from [31] that 2 can be decomposed as 2 = 𝛹𝑛𝑖 ⊕𝛷𝑛𝑖 , 𝑖 = 1, 2, where 𝛷𝑛𝑖 = {𝜓 ∈ 2 ∶< 𝜙,𝜓 >= 0,∀𝜙 ∈ 𝛹∗
𝑛𝑖
}. We can

respectively adopt the bases 𝑃𝑛𝑖 (𝜁 ) and 𝑄𝑛𝑖 (𝜁 ) of 𝛹𝑛𝑖 and 𝛹∗
𝑛𝑖

as below:

𝑃𝑛𝑖 (𝜁 ) = (𝑝𝑛𝑖 (𝜁 ), 𝑝̄𝑛𝑖 (𝜁 )), 𝑄𝑛𝑖 (𝑠) = (𝑞T𝑛𝑖 (𝑠), 𝑞
T
𝑛𝑖
(𝑠))T,

meeting < 𝑄𝑛𝑖 , 𝑃𝑛𝑖 >= 𝐸2. Doing some calculations, we have

𝑝𝑛𝑖 (𝜁 ) =

(

𝑝(1)𝑛𝑖 (𝜁 )

𝑝(2)𝑛𝑖 (𝜁 )

)

= 𝑝𝑛𝑖 (0)e
𝑖𝜛𝐻

𝑛𝑖
𝜁 , 𝑞𝑛𝑖 (𝑠) =

(

𝑞(1)𝑛𝑖 (𝑠)

𝑞(2)𝑛𝑖 (𝑠)

)

= 𝑞𝑛𝑖 (0)e
−𝑖𝜛𝐻

𝑛𝑖
𝑠,

and

𝑝𝑛𝑖 (0) =

⎛

⎜

⎜

⎜

⎝

1

−𝛽21e
−𝑖𝜛𝑛𝑖 𝜎

−𝛿22(
𝑛𝑖
𝜄 )

2 + 𝛼22 + 𝛽22e
−𝑖𝜛𝑛𝑖 𝜎 − 𝑖𝜛𝑛𝑖

⎞

⎟

⎟

⎟

⎠

,

𝑞𝑛𝑖 (0) = 𝜂𝑖

⎛

⎜

⎜

⎜

⎝

1
𝛿11(

𝑛𝑖
𝜄 )

2 − 𝛼11 + 𝑖𝜛𝑛𝑖

𝛽21e
−𝑖𝜛𝑛𝑖 𝜎

⎞

⎟

⎟

⎟

⎠

,

ith

𝜂𝑖 =
𝑘2

𝑘2 − 𝑘1 + 𝜏𝐻𝛿12𝑁2(
𝑛𝑖
𝜄 )

2𝛽21e
−𝑖𝜛𝑛𝑖 (𝜎+𝜏

𝐻 ) + 𝑘1𝑘2𝜎 − 𝑘1𝜎𝛽22e
−𝑖𝜛𝑛𝑖 𝜎

,

and 𝑘1 = 𝛿11(
𝑛𝑖
𝜄 )

2 − 𝛼11 + 𝑖𝜛𝑛𝑖 , 𝑘2 = −𝛿22(
𝑛𝑖
𝜄 )

2 + 𝛼22 + 𝛽22e
−𝑖𝜛𝑛𝑖 𝜎 − 𝑖𝜛𝑛𝑖 .

We can then decompose the phase space  as

 = Im𝜋 ⊕ ker 𝜋. (3.10)

∶  → Im𝜋 in Eq. (3.10) is the projection map formulated by

𝜋(𝜑) =𝑃𝑛1 (𝜁 )

⟨

𝑄𝑛1 (𝜁 ),

(

[𝜑(⋅), 𝜚(1)𝑛1 ]

[𝜑(⋅), 𝜚(2)𝑛1 ]

)⟩

𝑛1

𝜚𝑛1 (𝑥)

+ 𝑃𝑛2 (𝜁 )

⟨

𝑄𝑛2 (𝜁 ),

(

[𝜑(⋅), 𝜚(1)𝑛2 ]

[𝜑(⋅), 𝜚(2)𝑛2 ]

)⟩

𝑛2

𝜚𝑛2 (𝑥).

We further denote 1
0 = {𝜑 ∈  ∶ 𝜑̇ ∈ , 𝜑(0) ∈ hom(𝛿(⋅)𝑥𝑥)}, 𝑤 = (𝑤1(𝑡), 𝑤2(𝑡), 𝑤3(𝑡), 𝑤4(𝑡))T and also set

𝑤𝑥 =
(

𝑤1(𝑡)𝜚𝑛1 (𝑥), 𝑤2(𝑡)𝜚𝑛1 (𝑥), 𝑤3(𝑡)𝜚𝑛2 (𝑥), 𝑤4(𝑡)𝜚𝑛2 (𝑥)
)T
,

and

𝑃 (𝜁 ) =
(

𝑝𝑛1 (𝜁 ), 𝑝̄𝑛1 (𝜁 ), 𝑝𝑛2 (𝜁 ), 𝑝̄𝑛2 (𝜁 )
)

.

It follows from [36,40] that for 𝜙(𝜁 ) ∈ 1
0 , we can decompose 𝜙(𝜁 ) as below

𝜙(𝜁 ) = 𝑃 (𝜁 )𝑤𝑥 + 𝑧, 𝑧 = (𝑧(1), 𝑧(2))T ∈ 1
0 ∩ ker 𝜋 ∶= 𝑄1.

Following from [36], we denote

𝑌0(𝜁 ) =

{

0, 𝜁 ∈ [ − max{1, 𝜎𝜏 }, 0),

1, 𝜁 = 0.

and
(

[̃ , 𝜚(1)𝜅 ]
̃ (2)

)𝜅=𝑛2

= col
((

[̃ , 𝜚(1)𝑛1 ]
̃ (2)

)

,

(

[̃ , 𝜚(1)𝑛2 ]
̃ (2)

))

.

6

[ , 𝜚𝜅 ] 𝜅=𝑛1
[ , 𝜚𝑛1 ] [ , 𝜚𝑛2 ]
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W

We can then decompose system (3.4) as the following system on R4 × ker 𝜋 ∶

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑤̇ = 𝛬𝑤 +𝑄(0)

(

[̃ (𝑃 (𝜁 )𝑤𝑥 + 𝑧, 𝜉), 𝜚
(1)
𝜅 ]

[̃ (𝑃 (𝜁 )𝑤𝑥 + 𝑧, 𝜉), 𝜚
(2)
𝜅 ]

)𝜅=𝑛𝑗

𝜅=𝑛𝑖

,

𝑧̇ = 𝑄1𝑧 + (𝐼 − 𝜋)𝑌0(𝜁 )̃ (𝑃 (𝜁 )𝑤𝑥 + 𝑧, 𝜉),

(3.11)

where
⎧

⎪

⎨

⎪

⎩

𝑄(0) =diag{𝑄𝑛1 (0), 𝑄𝑛2 (0)},
𝛬 =diag{𝑖𝜛𝐻

𝑛1
,−𝑖𝜛𝐻

𝑛1
, 𝑖𝜛𝐻

𝑛2
,−𝑖𝜛𝐻

𝑛2
},

𝑄1𝑧 =𝑧̇ + 𝑌0(𝜁 )
(

𝛿0(𝑧) + 0(𝑧) − 𝑧̇(0)
)

.

Next we expand  (𝜙, 𝜉), 𝛿(𝜙, 𝜉), ̃ (𝜙, 𝜉) as below:

(𝜉)(𝜙) =
∑

𝜅≥1

1
𝜅!

𝜅 (𝜉)(𝜙),  (𝜙, 𝜉) =
∑

𝜅≥2

1
𝜅!

𝜅 (𝜙, 𝜉), ̃ (𝜙, 𝜉) =
∑

𝜅≥2

1
𝜅!

̃𝜅 (𝜙, 𝜉), (3.12)

and

𝛿(𝜙, 𝜉) = 1
2
𝛿
2 (𝜙, 𝜉) +

1
6
𝛿
3 (𝜙, 𝜉) +

1
24

𝛿
4 (𝜙, 𝜉).

We can derive from (3.3) that

𝛿
2 (𝜙, 𝜉) = 𝛿(0,0)

2 (𝜙) + 𝜉1
𝛿(1,0)
2 (𝜙) + 𝜉2

𝛿(0,1)
2 (𝜙), (3.13)

and

𝛿
3 (𝜙, 𝜉) = 𝜉1

𝛿(1,0)
3 (𝜙) + 𝜉2

𝛿(0,1)
3 (𝜙) + 𝜉1𝜉2

𝛿(1,1)
3 (𝜙), (3.14)

with
⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

𝛿(0,0)
2 (𝜙) =2𝛿𝐻12𝜏

𝐻

(

𝜙(1)
𝑥 (0)𝜙(2)

𝑥 (−1) + 𝜙(1)(0)𝜙(2)
𝑥𝑥 (−1)

0

)

,

𝛿(1,0)
2 (𝜙) =21𝜙𝑥𝑥(0) + 2𝐻

2 𝜙𝑥𝑥(−1),

𝛿(0,1)
2 (𝜙) =2𝜏𝐻

𝛿𝐻12
𝐻

2 𝜙𝑥𝑥(−1),

𝛿(1,0)
3 (𝜙) =6𝛿𝐻12

(

𝜙(1)
𝑥 (0)𝜙(2)

𝑥 (−1) + 𝜙(1)(0)𝜙(2)
𝑥𝑥 (−1)

0

)

,

𝛿(0,1)
3 (𝜙) =6𝜏𝐻

(

𝜙(1)
𝑥 (0)𝜙(2)

𝑥 (−1) + 𝜙(1)(0)𝜙(2)
𝑥𝑥 (−1)

0

)

,

𝛿(1,1)
3 (𝜙) =6

(

𝑁2𝜙
(2)
𝑥𝑥 (−1)

0

)

,

(3.15)

and

𝛿
4 (𝜙) = 24𝜉1𝜉2

(

𝜙(1)
𝑥 (0)𝜙(2)

𝑥 (−1) + 𝜙(1)(0)𝜙(2)
𝑥𝑥 (−1)

0

)

.

It then follows from (3.5) that

̃2(𝜙, 𝜉) = 2𝜉1
(

𝐴𝜙(0) + 𝐵𝜙
(

− 𝜎
𝜏𝐻

)

+ 𝜎
𝜏𝐻

𝐵𝜙′
(

− 𝜎
𝜏𝐻

))

+ 2(𝜙, 𝜉) + 𝛿
2 (𝜙, 𝜉), (3.16)

nd

̃3(𝜙, 𝜉) = 3(𝜉)(𝜙) + 3(𝜙, 𝜉) + 𝛿
3 (𝜙, 𝜉). (3.17)

e thus rewrite (3.11) as
⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑤̇ =𝛬𝑤 +
∑

𝜅≥2

1
𝜅!
𝑔1𝜅 (𝑤, 𝑧, 𝜉),

𝑧̇ =𝑄1𝑧 +
∑

𝜅≥2

1
𝜅!
𝑔2𝜅 (𝑤, 𝑧, 𝜉),

with

𝑔1𝜅 (𝑤, 𝑧, 𝜉) = 𝑄(0)

(

[̃𝜅 (𝑃 (𝜁 )𝑤𝑥 + 𝑧, 𝜉), 𝜚
(1)
𝚤 ]

̃ (2)

)𝚤=𝑛1

, (3.18)
7

[𝜅 (𝑃 (𝜁 )𝑤𝑥 + 𝑧, 𝜉), 𝜚𝚤 ] 𝚤=𝑛2
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and

𝑔2𝜅 (𝑤, 𝑧, 𝜉) = (𝐼 − 𝜋)𝑌0(𝜁 )̃𝜅 (𝑃 (𝜁 )𝑤𝑥 + 𝑧, 𝜉).

Following the notations in [36], we define the following space

6
𝜅 (X) =

{

∑

|(𝑚,𝓁)|=𝜅
𝑐(𝑚,𝓁)𝑤

𝑚𝜉𝓁 ∶ (𝑚,𝓁) ∈ N6
0, 𝑐(𝑚,𝓁) ∈ X

}

,

where X is a normed space. We also define the operator 𝜅 = (1
𝜅 ,

2
𝜅 ), 𝜅 ≥ 2 by

1
𝜅 ∶ 6

𝜅 (C
4) → 6

𝜅 (C
4),

(1
𝜅𝜚)(𝑤, 𝜉) = 𝐷𝑤𝜚(𝑤, 𝜉)𝛬𝑤 − 𝛬𝜚(𝑤, 𝜉),

2
𝜅 ∶ 6

𝜅 (𝑄
1) ⊂ 6

𝜅 (ker 𝜋) → 6
𝜅 (ker 𝜋),

(2
𝜅ℏ)(𝑤, 𝜉) = 𝐷𝑤ℏ(𝑤, 𝜉)𝛬𝑤 −𝑄1ℏ(𝑤, 𝜉).

We can easily check that

1
𝜅 (𝑤

𝑚𝜉𝓁𝑒𝚥) = 𝐷𝑤(𝑤𝑚𝜉𝓁𝑒𝚥)𝛬𝑤 − 𝛬(𝑤𝑚𝜉𝓁𝑒𝚥)

=

⎧

⎪

⎨

⎪

⎩

(

𝑖𝑤𝑛1𝑚1 − 𝑖𝑤𝑛1𝑚2 + 𝑖𝑤𝑛2𝑚3 − 𝑖𝑤𝑛2𝑚4 + (−1)𝚥𝑖𝑤𝑛1
)

𝑤𝑚𝜉𝓁𝑒𝚥,
(

𝑖𝑤𝑛1𝑚1 − 𝑖𝑤𝑛1𝑚2 + 𝑖𝑤𝑛2𝑚3 − 𝑖𝑤𝑛2𝑚4 + (−1)𝚥𝑖𝑤𝑛2
)

𝑤𝑚𝜉𝓁𝑒𝚥,

(3.19)

where 𝚥 = 1, 2, 3, 4, 𝑤𝑚 = 𝑤𝑚1
1 𝑤𝑚2

2 𝑤𝑚3
3 𝑤𝑚4

4 , 𝜉 = 𝜉𝓁11 𝜉𝓁22 , 𝑚1 +𝑚2 +𝑚3 +𝑚4 +𝓁1 +𝓁2 = 𝜅. Therefore, for the non-resonant case, we have

ker(1
2) = span{𝜉𝑗𝑤1𝑒1, 𝜉𝑗𝑤2𝑒2, 𝜉𝑗𝑤3𝑒3, 𝜉𝑗𝑤4𝑒4, 𝑗 = 1, 2},

ker(1
3) =

⎧

⎪

⎨

⎪

⎩

𝜉1𝜉2𝑤1𝑒1, 𝜉2𝑗𝑤1𝑒1, 𝑤2
1𝑤2𝑒1, 𝑤1𝑤3𝑤4𝑒1, 𝜉1𝜉2𝑤2𝑒2, 𝜉2𝑗𝑤2𝑒2,

𝑤1𝑤2
2𝑒2, 𝑤2𝑤3𝑤4𝑒2, 𝜉1𝜉2𝑤3𝑒3, 𝜉2𝑗𝑤3𝑒3, 𝑤2

3𝑤4𝑒3, 𝑤1𝑤2𝑤3𝑒3,

𝜉1𝜉2𝑤4𝑒4, 𝜉2𝑗𝑤4𝑒4, 𝑤3𝑤2
4𝑒4, 𝑤1𝑤2𝑤3𝑒4, 𝑗 = 1, 2

⎫

⎪

⎬

⎪

⎭

,

and

 = span{𝑤2
1𝑤2𝑒1, 𝑤1𝑤3𝑤4𝑒1, 𝑤1𝑤2

2𝑒2, 𝑤2𝑤3𝑤4𝑒2, 𝑤2
3𝑤4𝑒3, 𝑤1𝑤2𝑤3𝑒3, 𝑤3𝑤2

4𝑒4, 𝑤1𝑤2𝑤4𝑒4}.

It also follows from [36] that the local center manifold for system (3.4) can be written as below

𝑤̇ = 𝛬𝑤 +
∑

𝜅≥2

1
𝜅!
𝑓 1
𝜅 (𝑤, 0, 𝜉), (3.20)

by making the following recursive transformation of variables:

(𝑤, 𝑧, 𝜉) = (𝑤̃, 𝑧̃, 𝜉) + 1
𝜅

(

𝑉 1
𝜅 (𝑤̃, 𝜉), 𝑉

2
𝜅 (𝑤̃, 𝜉)

)

, (3.21)

where 𝑉𝜅 =
(

𝑉 1
𝜅 (𝑤̃, 𝜉), 𝑉

2
𝜅 (𝑤̃, 𝜉)

)

∈ 6
𝜅 (C

4) × 6
𝜅 (𝑄

1). We recall from [38,40] that

𝑓 1
2 (𝑤, 0, 𝜉) = Projker(1

2)
𝑔12 (𝑤, 0, 𝜉),

and

𝑓 1
3 (𝑤, 0, 𝜉) = Projker(1

3)
𝑔̃13 (𝑤, 0, 𝜉) = Proj 𝑔̃13 (𝑤, 0, 0) + 𝑂(|𝜉|

2
|𝑤|), (3.22)

where 𝑔̃13 (𝑤, 0, 𝜉) is the cubic polynomial of (𝑤, 𝜉) by performing transformation (3.21). Besides, 𝑔̃13 (𝑤, 0, 0) can be judged by ,
ker(1

2), ker(
1
3) and . In the sequel of this paper, for the convenience of notation, we denote

(𝛽𝑤𝑚1
1 𝑤𝑚2

2 𝑤𝑚3
3 𝑤𝑚4

4 𝜉𝓁11 𝜉𝓁22 ) =

(

𝛽𝑤𝑚1
1 𝑤𝑚2

2 𝑤𝑚3
3 𝑤𝑚4

4 𝜉𝓁11 𝜉𝓁22
𝛽𝑤𝑚1

1 𝑤𝑚2
2 𝑤𝑚3

3 𝑤𝑚4
4 𝜉𝓁11 𝜉𝓁22

)

, 𝛽 ∈ C.

3.1. Calculation of 𝑓 1
2 (𝑤, 0, 𝜉)

We can derive from (3.18) that

𝑔12 (𝑤, 0, 𝜉) = 𝑄(0)

(

[̃2(𝑃 (𝜁 )𝑤𝑥, 𝜉), 𝜚
(1)
𝚤 ]

̃ (2)

)𝚤=𝑛2

. (3.23)
8
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We see from (3.16) that

̃2(𝑃 (𝜁 )𝑤𝑥, 𝜉) =2𝜉1
(

𝐴
(

𝑃 (0)𝑤𝑥
)

+ 𝐵
(

𝑃
(

− 𝜎
𝜏𝐻

)

𝑤𝑥
)

+ 𝜎
𝜏𝐻

𝐵
(

𝑃 ′
(

− 𝜎
𝜏𝐻

)

𝑤𝑥
))

+ 2(𝑃 (𝜁 )𝑤𝑥, 𝜉) + 𝛿
2 (𝑃 (𝜁 )𝑤𝑥, 𝜉).

(3.24)

In conjunction with (3.8), (3.13)–(3.15), (3.23) and (3.24), for 𝑛1 ≠ 𝑛2, we can deduce that

⎛

⎜

⎜

⎝

[

2𝜉1
(

𝐴
(

𝑃 (0)𝑤𝑥
)

+ 𝐵
(

𝑃
(

− 𝜎
𝜏𝐻

)

𝑤𝑥
)

+ 𝜎
𝜏𝐻 𝐵

(

𝑃 ′
(

− 𝜎
𝜏𝐻

)

𝑤𝑥
))

, 𝜚(1)𝚤
]

[

2𝜉1
(

𝐴
(

𝑃 (0)𝑤𝑥
)

+ 𝐵
(

𝑃
(

− 𝜎
𝜏𝐻

)

𝑤𝑥
)

+ 𝜎
𝜏𝐻 𝐵

(

𝑃 ′
(

− 𝜎
𝜏𝐻

)

𝑤𝑥
))

, 𝜚(2)𝚤
]

⎞

⎟

⎟

⎠

=

⎧

⎪

⎪

⎨

⎪

⎪

⎩

2𝜉1

(

𝐴𝑃𝑛1 (0) + 𝐵𝑃𝑛1
(

− 𝜎
𝜏𝐻

)

+
𝑖𝜛𝐻

𝑛1
𝜎

𝜏𝐻 𝐵𝑃𝑛1
(

− 𝜎
𝜏𝐻

)

)(

𝑤1
𝑤2

)

, 𝚤 = 𝑛1,

2𝜉1

(

𝐴𝑃𝑛2 (0) + 𝐵𝑃𝑛2
(

− 𝜎
𝜏𝐻

)

+
𝑖𝜛𝐻

𝑛2
𝜎

𝜏𝐻 𝐵𝑃𝑛2
(

− 𝜎
𝜏𝐻

)

)(

𝑤1
𝑤2

)

, 𝚤 = 𝑛2,

(3.25)

⎛

⎜

⎜

⎝

[

𝜉1
𝛿(1,0)
2 (𝑃 (𝜁 )𝑤𝑥), 𝜚

(1)
𝚤

]

[

𝜉1
𝛿(1,0)
2 (𝑃 (𝜁 )𝑤𝑥), 𝜚

(2)
𝚤

]

⎞

⎟

⎟

⎠

=

⎧

⎪

⎪

⎨

⎪

⎪

⎩

−2𝜉1
(

𝑛1
𝜄

)2 (
1𝑃𝑛1 (0) +𝐻

2 𝑃𝑛1
(

−1
))

(

𝑤1
𝑤2

)

, 𝚤 = 𝑛1,

−2𝜉1
(

𝑛2
𝜄

)2 (
1𝑃𝑛2 (0) +𝐻

2 𝑃𝑛2
(

−1
))

(

𝑤1
𝑤2

)

, 𝚤 = 𝑛2,
(3.26)

nd

⎛

⎜

⎜

⎝

[

𝜉2
𝛿(0,1)
2 (𝑃 (𝜁 )𝑤𝑥), 𝜚

(1)
𝚤

]

[

𝜉2
𝛿(0,1)
2 (𝑃 (𝜁 )𝑤𝑥), 𝜚

(2)
𝚤

]

⎞

⎟

⎟

⎠

=

⎧

⎪

⎪

⎨

⎪

⎪

⎩

−2𝜉2
(

𝑛1
𝜄

)2 𝜏𝐻

𝛿𝐻12

(

𝐻
2 𝑃𝑛1 (−1)

(

𝑤1
𝑤2

))

, 𝚤 = 𝑛1,

−2𝜉2
(

𝑛1
𝜄

)2 𝜏𝐻

𝛿𝐻12

(

𝐻
2 𝑃𝑛2 (−1)

(

𝑤1
𝑤2

))

, 𝚤 = 𝑛2.
(3.27)

e can easily check from (3.2) that for all 𝜉 ∈ R2,

2(𝑃 (𝜁 )𝑤𝑥, 𝜉) = 2(𝑃 (𝜁 )𝑤𝑥, 0). (3.28)

n combination with Eqs. (3.25)–(3.27), we deduce that

𝑓 1
2 (𝑤, 0, 𝜉) = Projker(1

2)
𝑔12 (𝑤, 0, 𝜉)

=

(


(

(B11𝐴𝜉1 +B21𝐴𝜉2)𝑤1
)


(

(B13𝐴𝜉1 +B23𝐴𝜉2)𝑤3
)

)

,
(3.29)

where

B11𝐴 =2𝑞T𝑛1 (0)

(

𝐴𝑝𝑛1 (0) + 𝐵𝑝𝑛1
(

− 𝜎
𝜏𝐻

)

(

1 +
𝑖𝜛𝐻

𝑛1
𝜎

𝜏𝐻

)

−
( 𝑛1
𝜄

)2 (
1𝑝𝑛1 (0) +𝐻

2 𝑝𝑛1 (−1)
)

)

,

B31𝐴 =2𝑞T𝑛2 (0)

(

𝐴𝑝𝑛2 (0) + 𝐵𝑝𝑛2
(

− 𝜎
𝜏𝐻

)

(

1 +
𝑖𝜛𝐻

𝑛2
𝜎

𝜏𝐻

)

−
( 𝑛2
𝜄

)2 (
1𝑝𝑛2 (0) +𝐻

2 𝑝𝑛2 (−1)
)

)

,

B21𝐴 = − 2
( 𝑛1
𝜄

)2 𝜏𝐻

𝛿𝐻12
𝑞T𝑛1 (0)

(

𝐻
2 𝑝𝑛1 (−1)

)

,

B23𝐴 = − 2
( 𝑛2
𝜄

)2 𝜏𝐻

𝛿𝐻12
𝑞T𝑛2 (0)

(

𝐻
2 𝑝𝑛2 (−1)

)

.

For the scenario of 𝑛1 = 𝑛2, it is straightforward to check 𝑓 1
2 (𝑤, 0, 𝜉) has the same expression.

.2. Calculation of 𝑓 1
3 (𝑤, 0, 𝜉)

We devote ourselves to the calculation of 𝑓 1
3 (𝑤, 0, 𝜉) via Eq. (3.22). Denote

𝑔(1,1)2 (𝑤, 𝑧, 0) = 𝑄(0)

(

[̃2(𝑃 (𝜁 )𝑤𝑥 + 𝑧, 0), 𝜚
(1)
𝚤 ]

[̃2(𝑃 (𝜁 )𝑤𝑥 + 𝑧, 0), 𝜚
(2)
𝚤 ]

)𝚤=𝑛2

𝚤=𝑛1

, (3.30)

and

𝑔(1,2)2 (𝑤, 𝑧, 0) = 𝑄(0)

(

[̃𝛿
2 (𝑃 (𝜁 )𝑤𝑥 + 𝑧, 0), 𝜚

(1)
𝚤 ]

[̃𝛿(𝑃 (𝜁 )𝑤 + 𝑧, 0), 𝜚(2)]

)𝚤=𝑛2

.

9
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We can also deduce from (3.29) that 𝑓 1
2 (𝑤, 0, 0) = (0, 0, 0, 0)T. We thus obtain the expression 𝑔̃13 (𝑤, 0, 0) as below:

𝑔̃13 (𝑤, 0, 0) =𝑔
1
3 (𝑤, 0, 0) +

3
2

[

(

𝐷𝑤𝑔
1
2 (𝑤, 0, 0)

)

𝑉 1
2 (𝑤, 0) +

(

𝐷𝑧𝑔
(1,1)
2 (𝑤, 0, 0)

)

𝑉 2
2 (𝑤, 0)(𝜁 )

+
(

𝐷𝑧,𝑧𝑥 ,𝑧𝑥𝑥𝑔
(1,2)
2 (𝑤, 0, 0)

)

𝑉 (2,𝛿)
2 (𝑤, 0)(𝜁 )

]

,

where 𝑔12 (𝑤, 0, 0) = 𝑔(1,1)2 (𝑤, 0, 0) + 𝑔(1,2)2 (𝑤, 0, 0),

𝐷𝑧,𝑧𝑥 ,𝑧𝑥𝑥𝑔
(1,2)
2 (𝑤, 0, 0) =

(

𝐷𝑧𝑔
(1,2)
2 (𝑤, 0, 0), 𝐷𝑧𝑥𝑔

(1,2)
2 (𝑤, 0, 0), 𝐷𝑧𝑥𝑥𝑔

(1,2)
2 (𝑤, 0, 0)

)

,

𝑉 1
2 (𝑤, 0) =(

1
2)

−1ProjIm(1
2)
𝑔12 (𝑤, 0, 0),

𝑉 2
2 (𝑤, 0)(𝜁 ) =(

2
2)

−1𝑔22 (𝑤, 0, 0),

and

𝑉 (2,𝛿)
2 (𝑤, 0)(𝜁 ) =

(

𝑉 2
2 (𝑤, 0)(𝜁 ), 𝑉

2
2𝑥(𝑤, 0)(𝜁 ), 𝑉

2
2𝑥𝑥(𝑤, 0)(𝜁 )

)T .

To complete the calculation of Proj 𝑔̃13 (𝑤, 0, 0), we will divide four procedures.

Procedure 1: The calculation of Proj𝑔13 (𝑤, 0, 0)

It follows from (3.14) and (3.17) that ̃3(𝑃 (𝜁 )𝑤𝑥, 0) = 3(𝑃 (𝜁 )𝑤𝑥, 0). We can thus denote

̃3(𝑃 (𝜁 )𝑤𝑥, 0) =3(𝑃 (𝜁 )𝑤𝑥, 0)

=
∑

𝑚1+𝑚2+𝑚3+𝑚4=3
𝑅𝑚1𝑚2𝑚3𝑚4

𝜚𝑚1+𝑚2
𝑛1 (𝑥)𝜚𝑚3+𝑚4

𝑛2 (𝑥)𝑤𝑚1
1 𝑤𝑚2

2 𝑤𝑚3
3 𝑤𝑚4

4 . (3.31)

In conjunction with (3.18) and (3.31), we can deduce that

𝑔13 (𝑤, 0, 0) = 𝑄(0)

⎛

⎜

⎜

⎜

⎜

⎜

⎝

∑

𝑚1+𝑚2+𝑚3+𝑚4=3 𝑅𝑚1𝑚2𝑚3𝑚4
∫ 𝜄𝜋0 𝜚𝑚1+𝑚2+1

𝑛1 (𝑥)𝜚𝑚3+𝑚4
𝑛2 (𝑥)d𝑥

⋅𝑤𝑚1
1 𝑤𝑚2

2 𝑤𝑚3
3 𝑤𝑚4

4
∑

𝑚1+𝑚2+𝑚3+𝑚4=3 𝑅𝑚1𝑚2𝑚3𝑚4
∫ 𝜄𝜋0 𝜚𝑚1+𝑚2

𝑛1 (𝑥)𝜚𝑚3+𝑚4+1
𝑛2 (𝑥)d𝑥

⋅𝑤𝑚1
1 𝑤𝑚2

2 𝑤𝑚3
3 𝑤𝑚4

4

⎞

⎟

⎟

⎟

⎟

⎟

⎠

.

This along with the observation that

∫ 𝜄𝜋0 𝜚2𝑛1 (𝑥)𝜚
2
𝑛2
(𝑥)d𝑥 =

{ 3
2𝜄𝜋 , 𝑛2 = 𝑛1,
1
𝜄𝜋 , 𝑛2 ≠ 𝑛1,

ields

Proj𝑔13 (𝑤, 0, 0) =

(

B
(

11𝑤2
1𝑤2 + 12𝑤1𝑤3𝑤4

)

B
(

31𝑤2
3𝑤4 + 32𝑤1𝑤2𝑤3

)

)

, (3.32)

here

11 =
3
2𝜄𝜋

𝑞T𝑛1 (0)𝑅2100,

31 =
3
2𝜄𝜋

𝑞T𝑛2 (0)𝑅0021,

12 =
⎧

⎪

⎨

⎪

⎩

3
2𝜄𝜋

𝑞T𝑛1 (0)𝑅1011, 𝑛2 = 𝑛1,

1
𝜄𝜋
𝑞T𝑛1 (0)𝑅1011, 𝑛2 ≠ 𝑛1,

32 =
⎧

⎪

⎨

⎪

⎩

3
2𝜄𝜋

𝑞T𝑛2 (0)𝑅1110, 𝑛2 = 𝑛1
1
𝜄𝜋
𝑞T𝑛2 (0)𝑅1110, 𝑛2 ≠ 𝑛1.

Procedure 2: The calculation of Proj
(

𝐷𝑤𝑔12 (𝑤, 0, 0)
)

𝑉 1
2 (𝑤, 0)

It follows from (3.16) that

̃ (𝑃 (𝜁 )𝑤 , 0) =  (𝑃 (𝜁 )𝑤 , 0) + 𝛿(0,0)
10

2 𝑥 2 𝑥 2 (𝑃 (𝜁 )𝑤𝑥).
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We can derive from (3.28) that

2(𝑃 (𝜁 )𝑤𝑥 + 𝑧, 𝜉) =2(𝑃 (𝜁 )𝑤𝑥 + 𝑧, 0)

=
∑

𝑚1+𝑚2+𝑚3+𝑚4=2
𝑅𝑚1𝑚2𝑚3𝑚4

𝜚𝑚1+𝑚2
𝑛1 (𝑥)𝜚𝑚3+𝑚4

𝑛2 (𝑥)𝑤𝑚1
1

⋅𝑤𝑚2
2 𝑤𝑚3

3 𝑤𝑚4
4 + 2(𝑃 (𝜁 )𝑤𝑥, 𝑧) + 𝑂(|𝑧|2),

(3.33)

where 2(𝑃 (𝜁 )𝑤𝑥, 𝑧) is the second cross terms of 𝑃 (𝜁 )𝑤𝑥 and 𝑧. We can also deduce from (3.13)

𝛿
2 (𝑃 (𝜁 )𝑤𝑥 + 𝑧, 𝜉) = 𝛿(0,0)

2 (𝑃 (𝜁 )𝑤𝑥 + 𝑧)

=
∑

𝑚1+𝑚2+𝑚3+𝑚4=2
𝑅(𝛿,1)
𝑚1𝑚2𝑚3𝑚4

(−𝑛1
𝜄
𝜂𝑛1 (𝑥)

)𝑚1+𝑚2(−𝑛2
𝜄
𝜂𝑛2 (𝑥)

)𝑚3+𝑚4
𝑤𝑚1

1 𝑤𝑚2
2 𝑤𝑚3

3 𝑤𝑚4
4

−
( 𝑛1
𝜄

)2
𝑅(𝛿,2)
2000𝜚

2
𝑛1
(𝑥)𝑤2

1 −
( 𝑛1
𝜄

)2
𝑅(𝛿,2)
0200𝜚

2
𝑛1
(𝑥)𝑤2

2 −
( 𝑛2
𝜄

)2
𝑅(𝛿,2)
0020𝜚

2
𝑛2
(𝑥)𝑤2

3 −
( 𝑛2
𝜄

)2
𝑅(𝛿,2)
0002𝜚

2
𝑛2
(𝑥)𝑤2

4

− 𝜚𝑛1 (𝑥)𝜚𝑛2 (𝑥)
{

(( 𝑛1
𝜄

)2
𝑅(𝛿,2)
1010 +

( 𝑛2
𝜄

)2
𝑅(𝛿,3)
1010

)

𝑤1𝑤3 +
(( 𝑛1

𝜄

)2
𝑅(𝛿,2)
0110 +

( 𝑛2
𝜄

)2
𝑅(𝛿,3)
0110

)

𝑤1𝑤4

+
(( 𝑛1

𝜄

)2
𝑅(𝛿,2)
0110 +

( 𝑛2
𝜄

)2
𝑅(𝛿,3)
0110

)

𝑤2𝑤3 +
(( 𝑛1

𝜄

)2
𝑅(𝛿,2)
0101 +

( 𝑛2
𝜄

)2
𝑅(𝛿,3)
0101

)

𝑤2𝑤4

}

,

(3.34)

where 𝜂𝑛𝑖 =
√

2
√

𝜄𝜋
sin

(

𝑛𝑖𝑥
𝜄

)

, 𝑖 = 1, 2 and

𝑅(𝛿,1)
1010 = 2𝛿𝐻12𝜏

𝐻

(

𝑝(1)𝑛1 (0)𝑝
(2)
𝑛2 (−1) + 𝑝

(1)
𝑛2 (0)𝑝

(2)
𝑛1 (−1)

0

)

,

𝑅(𝛿,1)
1001 = 2𝛿𝐻12𝜏

𝐻

(

𝑝̄(1)𝑛2 (0)𝑝
(2)
𝑛1 (−1) + 𝑝

(1)
𝑛1 (0)𝑝̄

(2)
𝑛2 (−1)

0

)

,

𝑅(𝛿,1)
0110 = 𝑅(𝛿,1)

1001, 𝑅(𝛿,1)
0101 = 𝑅(𝛿,1)

1010,

𝑅(𝛿,1)
2000 = 𝑅(𝛿,2)

2000 = 2𝛿𝐻12𝜏
𝐻

(

𝑝(1)𝑛1 (0)𝑝
(2)
𝑛1 (−1)

0

)

,

𝑅(𝛿,1)
0020 = 𝑅(𝛿,2)

0020 = 2𝛿𝐻12𝜏
𝐻

(

𝑝(1)𝑛2 (0)𝑝
(2)
𝑛2 (−1)

0

)

,

𝑅(𝛿,1)
1100 = 𝑅(𝛿,2)

1100 = 2𝛿𝐻12𝜏
𝐻

(

2ℜ{𝑝̄(1)𝑛1 (0)𝑝
(2)
𝑛1 (−1)}

0

)

,

𝑅(𝛿,2)
1010 = 2𝛿𝐻12𝜏

𝐻

(

𝑝(1)𝑛2 (0)𝑝
(2)
𝑛1 (−1)

0

)

,

𝑅(𝛿,2)
1010 = 2𝛿𝐻12𝜏

𝐻

(

𝑝(1)𝑛2 (0)𝑝
(2)
𝑛1 (−1)

0

)

,

𝑅(𝛿,3)
1010 = 2𝛿𝐻12𝜏

𝐻

(

𝑝(1)𝑛1 (0)𝑝
(2)
𝑛2 (−1)

0

)

,

𝑅(𝛿,2)
1001 = 2𝛿𝐻12𝜏

𝐻

(

𝑝(2)𝑛1 (−1)𝑝̄
(1)
𝑛2 (0)

0

)

,

𝑅(𝛿,3)
1001 = 2𝛿𝐻12𝜏

𝐻

(

𝑝(1)𝑛1 (0)𝑝̄
(2)
𝑛2 (−1)
0

)

,

𝑅(𝛿,1)
0200 = 𝑅(𝛿,2)

0200 = 𝑅(𝛿,1)
2000, 𝑅

(𝛿,2)
0110 = 𝑅(𝛿,2)

1001, 𝑅
(𝛿,3)
0110 = 𝑅(𝛿,3)

1001,

𝑅(𝛿,1)
0002 = 𝑅(𝛿,2)

0002 = 𝑅(𝛿,1)
0020, 𝑅

(𝛿,2)
0101 = 𝑅(𝛿,2)

1010, 𝑅
(𝛿,3)
0101 = 𝑅(𝛿,3)

1010.

We can then perform simple calculations according to (3.33) and (3.34) to obtain

𝑔12 (𝑤, 0, 0) =𝑄(0)

(

[̃2(𝑃 (𝜁 )𝑤𝑥, 0), 𝜚
(1)
𝚤 ]

[̃2(𝑃 (𝜁 )𝑤𝑥, 0), 𝜚
(2)
𝚤 ]

)𝚤=𝑛2

𝚤=𝑛1

=

⎧

⎪

⎨

⎪

1
√

2𝜄𝜋
𝑄(0)

(

𝑅1010𝑤1𝑤3 + 𝑅1001𝑤1𝑤4 + 𝑅0110𝑤2𝑤3 + 𝑅0101𝑤2𝑤4

𝑅2000𝑤2
1 + 𝑅0200𝑤2

2 + 𝑅1100𝑤1𝑤2

)

, 𝑛2 = 2𝑛1,

T

11

⎩ (0, 0, 0, 0) , 𝑛2 ≠ 2𝑛1,
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P

where
⎧

⎪

⎨

⎪

⎩

𝑅𝑚1𝑚2𝑚3𝑚4
= 𝑅𝑚1𝑚2𝑚3𝑚4

+
𝑛1𝑛2
𝜄2

𝑅(𝛿,1)
𝑚1𝑚2𝑚3𝑚4

−
𝑛21
𝜄2
𝑅(𝛿,2)
𝑚1𝑚2𝑚3𝑚4

−
𝑛22
𝜄2
𝑅(𝛿,3)
𝑚1𝑚2𝑚3𝑚4

,

𝑚1, 𝑚2, 𝑚3, 𝑚4 = 0, 1, 𝑚1 + 𝑚2 = 1, 𝑚3 + 𝑚4 = 1,

and
⎧

⎪

⎨

⎪

⎩

𝑅𝑚1𝑚2𝑚3𝑚4
= 𝑅𝑚1𝑚2𝑚3𝑚4

−
𝑛21
𝜄2

(

𝑅(𝛿,1)
𝑚1𝑚2𝑚3𝑚4

+ 𝑅(𝛿,2)
𝑚1𝑚2𝑚3𝑚4

)

,

𝑚1, 𝑚2 = 0, 1, 2, 𝑚1 + 𝑚2 = 2, 𝑚3 + 𝑚4 = 0.

We thus have for 𝑛2 ≠ 2𝑛1, 𝑉 1
2 (𝑤, 0) = (0, 0, 0, 0)T, and for 𝑛1 = 2𝑛1,

𝑉 1
2 (𝑤, 0) = (1

2)
−1ProjIm1

2
𝑔12 (𝑤, 0, 0)

= 1
𝑖
√

2𝜄𝜋

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

𝑞T𝑛1 (0)
(

1
𝜛𝐻
𝑛2
𝑅1010𝑤1𝑤3 −

1
𝜛𝐻
𝑛2
𝑅1001𝑤1𝑤4 +

1
𝜛𝐻
𝑛2
−2𝜛𝐻

𝑛1
𝑅0110𝑤2𝑤3 −

1
𝜛𝐻
𝑛2
+2𝜛𝐻

𝑛1
𝑅0101𝑤2𝑤4

)

𝑞𝑇𝑛1 (0)
(

1
𝜛𝐻
𝑛2
+2𝜛𝐻

𝑛1
𝑅1010𝑤1𝑤3 −

1
𝜛𝐻
𝑛2
−2𝜛𝐻

𝑛1
𝑅1001𝑤1𝑤4 +

1
𝜛𝐻
𝑛2
𝑅0110𝑤2𝑤3 −

1
𝜛𝐻
𝑛2
𝑅0101𝑤2𝑤4

)

𝑞T𝑛2 (0)
(

− 1
𝜛𝐻
𝑛2
−2𝜛𝐻

𝑛1
𝑅2000𝑤2

1 −
1

𝜛𝐻
𝑛2
+2𝜛𝐻

𝑛1
𝑅0200𝑤2

2 −
1

𝜛𝐻
𝑛2
𝑅1100𝑤1𝑤2

)

𝑞T𝑛2 (0)
(

1
𝜛𝐻
𝑛2
+2𝜛𝐻

𝑛1
𝑅2000𝑤2

1 +
1

𝜛𝐻
𝑛2
−2𝜛𝐻

𝑛1
𝑅0200𝑤2

2 +
1

𝜛𝐻
𝑛2
𝑅1100𝑤1𝑤2

)

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

.

We readily check that

Proj
(

𝐷𝑤𝑔
1
2 (𝑤, 0, 0)

)

𝑉 1
2 (𝑤, 0) =

(


(

11𝑤2
1𝑤2 +12𝑤1𝑤3𝑤4

)


(

31𝑤2
3𝑤4 +32𝑤1𝑤2𝑤3

)

)

, (3.35)

where for 𝑛2 ≠ 2𝑛1, 11 = 12 = 31 = 32 = 0, and for 𝑛2 = 2𝑛1,31 = 0, and

11 =
1

2𝑖𝜄𝜋

(

− 1
𝜛𝐻
𝑛2

(

𝑞T𝑛1 (0)𝑅1010

)(

𝑞T𝑛2 (0)𝑅1100

)

+ 1
𝜛𝐻
𝑛2

(

𝑞T𝑛1 (0)𝑅1001

)(

𝑞T𝑛2 (0)𝑅1100

)

− 1
𝜛𝐻
𝑛2

− 2𝜛𝐻
𝑛1

(

𝑞T𝑛1 (0)𝑅0110

)(

𝑞T𝑛2 (0)𝑅2000

)

+ 1
𝜛𝐻
𝑛2

+ 2𝜛𝐻
𝑛1

(

𝑞T𝑛1 (0)𝑅0101

)(

𝑞T𝑛2 (0)𝑅2000

)

)

,

12 =
1

2𝑖𝜄𝜋

(

− 1
𝜛𝐻
𝑛2

(

𝑞T𝑛1 (0)𝑅1010

)(

𝑞T𝑛1 (0)𝑅1001

)

+ 1
𝜛𝐻
𝑛2

(

𝑞T𝑛1 (0)𝑅1001

)(

𝑞T𝑛1 (0)𝑅1010

)

− 1
𝜛𝐻
𝑛2

− 2𝜛𝐻
𝑛1

(

𝑞T𝑛1 (0)𝑅0110

)(

𝑞T𝑛1 (0)𝑅1001

)

+ 1
𝜛𝐻
𝑛2

+ 2𝜛𝐻
𝑛1

(

𝑞T𝑛1 (0)𝑅0101

)(

𝑞T𝑛1 (0)𝑅1010

)

)

,

32 =
1

2𝑖𝜄𝜋

(

2
𝜛𝐻
𝑛2

− 2𝜛𝐻
𝑛1

(

𝑞T𝑛2 (0)𝑅2000

)(

𝑞T𝑛1 (0)𝑅0110

)

+ 1
𝜛𝐻
𝑛2

(

𝑞T𝑛2 (0)𝑅1100

)(

𝑞T𝑛1 (0)𝑅1010

)

+ 1
𝜛𝐻
𝑛2

(

𝑞T𝑛2 (0)𝑅1100

)(

𝑞T𝑛1 (0)𝑅0110

)

+ 2
𝜛𝐻
𝑛2

+ 2𝜛𝐻
𝑛1

(

𝑞T𝑛2 (0)𝑅0200

)(

𝑞T𝑛1 (0)𝑅1010

)

)

.

rocedure 3: The calculation of Proj
(

𝐷𝑤𝑔
(1,1)
2 (𝑤, 0, 0)

)

𝑉 2
2 (𝑤, 0)(𝜁 )

Let

𝑉 2
2 (𝑤, 0)(𝜁 ) = ℏ(𝜁,𝑤) =

∑

𝑛∈N0

ℏ𝑛(𝜁,𝑤)𝜚𝑛(𝑥), (3.36)

where

ℏ𝑛(𝜁,𝑤)𝜚𝑛(𝑥) =
∑

ℏ𝑛,𝑚1𝑚2𝑚3𝑚4
(𝜁 )𝑤𝑚1

1 𝑤𝑚2
2 𝑤𝑚3

3 𝑤𝑚4
4 ,
12

𝑚1+𝑚2+𝑚3+𝑚4=2
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I

a

w

with

ℏ𝑛,𝑚1𝑚2𝑚3𝑚4
(𝜁 ) =

(

ℏ(1)𝑛,𝑚1𝑚2𝑚3𝑚4
(𝜁 ), ℏ(2)𝑛,𝑚1𝑚2𝑚3𝑚4

(𝜁 )
)T
.

We then utilize (3.36) to find

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑉 2
2𝑥(𝑤, 0)(𝜁 ) =ℏ𝑥(𝜁,𝑤) = −

∑

𝑛∈N0

( 𝑛
𝜄

)

ℏ𝑛(𝜁,𝑤)𝜂𝑛(𝑥),

𝑉 2
2𝑥𝑥(𝑤, 0)(𝜁 ) =ℏ𝑥𝑥(𝜁,𝑤) = −

∑

𝑛∈N0

( 𝑛
𝜄

)2
ℏ𝑛(𝜁,𝑤)𝜚𝑛(𝑥).

It then follows from (3.30) and (3.36) that
(

𝐷𝑧𝑔
(1,1)
2 (𝑤, 0, 0)

)

𝑉 2
2 (𝑤, 0)

= 𝑄(0)
⎛

⎜

⎜

⎝

[

𝐷𝑧2(𝑃 (𝜁 )𝑤𝑥 + 𝑧, 0) ∣𝑧=0
(

∑

𝑛∈N0
ℏ𝑛(𝜁,𝑤)𝜚𝑛(𝑥)

)

, 𝜚(1)𝚤
]

[

𝐷𝑧2(𝑃 (𝜁 )𝑤𝑥 + 𝑧, 0) ∣𝑧=0
(

∑

𝑛∈N0
ℏ𝑛(𝜁,𝑤)𝜚𝑛(𝑥)

)

, 𝜚(2)𝚤
]

⎞

⎟

⎟

⎠

𝚤=𝑛2

𝚤=𝑛1

.

t is straightforward to check that by noting (3.33)

𝐷𝑧2(𝑃 (𝜁 )𝑤𝑥 + 𝑧, 0) ∣𝑧=0
(

∑

𝑛∈N0

ℏ𝑛(𝜁,𝑤)𝜚𝑛(𝑥)
)

= 2
(

𝑃 (𝜁 )𝑤𝑥,
∑

𝑛∈N0

ℏ𝑛(𝜁,𝑤)𝜚𝑛(𝑥)
)

,

nd

⎛

⎜

⎜

⎝

[

2
(

𝑃 (𝜁 )𝑤𝑥,
∑

𝑛∈N0
ℏ𝑛(𝜁,𝑤)𝜚𝑛(𝑥)

)

, 𝜚(1)𝚤
]

[

2
(

𝑃 (𝜁 )𝑤𝑥,
∑

𝑛∈N0
ℏ𝑛(𝜁,𝑤)𝜚𝑛(𝑥)

)

, 𝜚(2)𝚤
]

⎞

⎟

⎟

⎠

=
∑

𝑛∈N0

𝛽𝑛1 ,𝑛,𝜗
(

2(𝑝𝑛1 (𝜁 )𝑤1, ℏ𝑛(𝜁,𝑤)) + 2(𝑝𝑛1 (𝜁 )𝑤2, ℏ𝑛(𝜁,𝑤))
)

+
∑

𝑛∈N0

𝛽𝑛2 ,𝑛,𝜗
(

2(𝑝𝑛2 (𝜁 )𝑤3, ℏ𝑛(𝜁,𝑤)) + 2(𝑝𝑛2 (𝜁 )𝑤4, ℏ𝑛(𝜁,𝑤))
)

,

where 𝑛 = 0, 1, 2,… , 𝜗 = 𝑛1, 𝑛2 and

𝛽𝑛𝑖 ,𝑛,𝜗 = ∫

𝜄𝜋

0
𝜚𝑛𝑖 (𝑥)𝜚𝑛(𝑥)𝜚𝜗(𝑥)d𝑥 =

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

1
√

𝜄𝜋
, 𝑛 = 0, 𝜗 = 𝑛𝑖,

1
√

2𝜄𝜋
, 𝑛 = 2𝑛𝑖, 𝜗 = 𝑛𝑖,

1
√

2𝜄𝜋
, 𝑛 = 𝑛1 + 𝑛2, 𝜗 = 𝑛𝑖+(−1)𝑖+1 ,

1
√

2𝜄𝜋
, 𝑛 = 𝑛2 − 𝑛1, 𝜗 = 𝑛𝑖+(−1)𝑖+1 , 𝑛1 < 𝑛2,

0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒.

We thus have
(

𝐷𝑤𝑔
(1,1)
2 (𝑤, 0, 0)

)

𝑉 2
2 (𝑤, 0)(𝜁 )

= 𝑄(0)

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

∑

𝑛∈0,2𝑛1 𝛽𝑛1 ,𝑛,𝑛1
(

2(𝑝𝑛1 (𝜁 )𝑤1, ℏ𝑛(𝜁,𝑤)) + 2(𝑝𝑛1 (𝜁 )𝑤2, ℏ𝑛(𝜁,𝑤))
)

+
∑

𝑛∈𝑛1+𝑛2 ,𝑛2−𝑛1 𝛽𝑛2 ,𝑛,𝑛1
(

2(𝑝𝑛2 (𝜁 )𝑤3, ℏ𝑛(𝜁,𝑤)) + 2(𝑝𝑛2 (𝜁 )𝑤4, ℏ𝑛(𝜁,𝑤))
)

∑

𝑛∈0,2𝑛2 𝛽𝑛2 ,𝑛,𝑛2
(

2(𝑝𝑛2 (𝜁 )𝑤3, ℏ𝑛(𝜁,𝑤)) + 2(𝑝𝑛2 (𝜁 )𝑤4, ℏ𝑛(𝜁,𝑤))
)

+
∑

𝑛∈𝑛1+𝑛2 ,𝑛2−𝑛1 𝛽𝑛1 ,𝑛,𝑛2
(

2(𝑝𝑛1 (𝜁 )𝑤1, ℏ𝑛(𝜁,𝑤)) + 2(𝑝𝑛1 (𝜁 )𝑤2, ℏ𝑛(𝜁,𝑤))
)

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

.

Therefore, we obtain

Proj
(

𝐷𝑤𝑔
(1,1)
2 (𝑤, 0, 0)𝑉 2

2 (𝑤, 0)
)

=

(

(11𝑤2
1𝑤2 + 12𝑤1𝑤2𝑤3)

(31𝑤2
3𝑤4 + 32𝑤1𝑤2𝑤3)

)

, (3.37)

here

11 =
1

√

𝜄𝜋
𝑞T𝑛1 (0)

(

2
(

𝑝𝑛1 (𝜁 ), ℏ0,1100(𝜁 )
)

+ 2
(

𝑝𝑛1 (𝜁 ), ℏ0,2000(𝜁 )
))

+ 1
√

2𝜄𝜋
𝑞T𝑛1 (0)

(

2
(

𝑝𝑛1 (𝜁 ), ℏ2𝑛1 ,1100(𝜁 )
)

+ 2
(

𝑝𝑛1 (𝜁 ), ℏ2𝑛1 ,2000(𝜁 )
))

,

12 =
1

√
𝑞T𝑛1 (0)2

(

𝑝𝑛1 (𝜁 ), ℏ0,0011(𝜁 )
)

+ 1
√

𝑞T𝑛1 (0)2
(

𝑝𝑛1 (𝜁 ), ℏ2𝑛1 ,0011(𝜁 )
)

13
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+ 1
√

2𝜄𝜋
𝑞T𝑛1 (0)

(

2
(

𝑝𝑛2 (𝜁 ), ℏ𝑛1+𝑛2 ,1001(𝜁 )
)

+ 2
(

𝑝𝑛2 (𝜁 ), ℏ𝑛1+𝑛2 ,1010(𝜁 )
))

+ 𝛾𝑛1𝑛2𝑞
T
𝑛1
(0)

(

2
(

𝑝𝑛2 (𝜁 ), ℏ𝑛2−𝑛1 ,1001(𝜁 )
)

+ 2
(

𝑝𝑛2 (𝜁 ), ℏ𝑛2−𝑛1 ,1010(𝜁 )
))

,

31 =
1

√

𝜄𝜋
𝑞T𝑛2 (0)

(

2
(

𝑝𝑛2 (𝜁 ), ℏ0,0011(𝜁 )
)

+ 2
(

𝑝𝑛2 (𝜁 ), ℏ0,0020(𝜁 )
))

+ 1
√

2𝜄𝜋
𝑞T𝑛2 (0)

(

2
(

𝑝𝑛2 (𝜁 ), ℏ2𝑛2 ,0011(𝜁 )
)

+ 2
(

𝑝𝑛2 (𝜁 ), ℏ2𝑛2 ,0020(𝜁 )
))

,

32 =
1

√

𝜄𝜋
𝑞T𝑛2 (0)2

(

𝑝𝑛2 (𝜁 ), ℏ0,1100(𝜁 )
)

+ 1
√

2𝜄𝜋
𝑞T𝑛2 (0)2

(

𝑝𝑛2 (𝜁 ), ℏ2𝑛2 ,1100(𝜁 )
)

+ 1
√

2𝜄𝜋
𝑞T𝑛2 (0)

(

2
(

𝑝𝑛1 (𝜁 ), ℏ𝑛1+𝑛2 ,0110(𝜁 )
)

+ 2
(

𝑝𝑛1 (𝜁 ), ℏ𝑛1+𝑛2 ,1010(𝜁 )
))

+ 𝛾𝑛1𝑛2𝑞
T
𝑛2
(0)

(

2
(

𝑝𝑛1 (𝜁 ), ℏ𝑛2−𝑛1 ,0110(𝜁 )
)

+ 2
(

𝑝𝑛1 (𝜁 ), ℏ𝑛2−𝑛1 ,1010(𝜁 )
))

,

with

𝛾𝑛1𝑛2 =

⎧

⎪

⎨

⎪

⎩

1
√

2𝜄𝜋
, 𝑛1 < 𝑛2,

1
√

𝜄𝜋
, 𝑛1 = 𝑛2.

Procedure 4: The calculation of Proj
((

𝐷𝑧,𝑧𝑥 ,𝑧𝑥𝑥𝑔
(1,2)
2 (𝑤, 0, 0)

)

𝑉 (2,𝛿)
2 (𝑤, 0)(𝜁 )

)

We can perform procedure 4 similar to procedure 3. Therefore, we obtain

Proj
((

𝐷𝑧,𝑧𝑥 ,𝑧𝑥𝑥𝑔
(1,2)
2 (𝑤, 0, 0)

)

𝑉 (2,𝛿)
2 (𝑤, 0)(𝜁 )

)

=

(

(𝑑11𝑤
2
1𝑤2 + 𝑑12𝑤1𝑤2𝑤3)

(𝑑31𝑤
2
3𝑤4 + 𝑑32𝑤1𝑤2𝑤3)

)

, (3.38)

where

𝑑11 = − 1
√

𝜄𝜋

( 𝑛1
𝜄

)2
𝑞T𝑛1 (0)

(

 (𝛿,1)
2

(

𝑝𝑛1 (𝜁 ), ℏ0,1100(𝜁 )
)

+  (𝛿,1)
2

(

𝑝𝑛1 (𝜁 ), ℏ0,2000(𝜁 )
))

+ 1
√

2𝜄𝜋
𝑞T𝑛1 (0)

∑

𝑖=1,2,3
𝛽(1,𝑖)2𝑛1

 (𝛿,𝑖)
2

(

𝑝𝑛1 (𝜁 ), ℏ2𝑛1 ,1100(𝜁 )
)

+ 1
√

2𝜄𝜋
𝑞T𝑛1 (0)

∑

𝑖=1,2,3
𝛽(1,𝑖)2𝑛1

 (𝛿,𝑖)
2

(

𝑝𝑛1 (𝜁 ), ℏ2𝑛1 ,2000(𝜁 )
)

,

𝑑31 = − 1
√

𝜄𝜋

( 𝑛2
𝜄

)2
𝑞T𝑛2 (0)

(

 (𝛿,1)
2

(

𝑝𝑛2 (𝜁 ), ℏ0,0011(𝜁 )
)

+  (𝛿,1)
2

(

𝑝𝑛2 (𝜁 ), ℏ0,0020(𝜁 )
))

+ 1
√

2𝜄𝜋
𝑞T𝑛2 (0)

∑

𝑖=1,2,3
𝛽(2,𝑖)2𝑛2

 (𝛿,𝑖)
2

(

𝑝𝑛2 (𝜁 ), ℏ2𝑛2 ,0011(𝜁 )
)

+ 1
√

2𝜄𝜋
𝑞T𝑛2 (0)

∑

𝑖=1,2,3
𝛽(2,𝑖)2𝑛2

 (𝛿,𝑖)
2

(

𝑝𝑛2 (𝜁 ), ℏ2𝑛2 ,0020(𝜁 )
)

,

and

𝑑12 = − 1
√

𝜄𝜋

( 𝑛1
𝜄

)2
𝑞T𝑛1 (0)

(𝛿,1)
2

(

𝑝𝑛1 (𝜁 ), ℏ0,0011(𝜁 )
)

+ 1
√

2𝜄𝜋
𝑞T𝑛1 (0)

∑

𝑖=1,2,3
𝛽(1,𝑖)2𝑛1

 (𝛿,𝑖)
2

(

𝑝𝑛1 (𝜁 ), ℏ2𝑛1 ,0011(𝜁 )
)

+ 1
√

2𝜄𝜋
𝑞T𝑛1 (0)

∑

𝑖=1,2,3
𝛽(2,𝑖)𝑛1+𝑛2

 (𝛿,𝑖)
2

(

𝑝𝑛2 (𝜁 ), ℏ𝑛1+𝑛2 ,1001(𝜁 )
)

+ 1
√

2𝜄𝜋
𝑞T𝑛1 (0)

∑

𝑖=1,2,3
𝛽(2,𝑖)𝑛1+𝑛2

 (𝛿,𝑖)
2

(

𝑝𝑛2 (𝜁 ), ℏ𝑛1+𝑛2 ,1010(𝜁 )
)

+ 𝛾𝑛1𝑛2𝑞
T
𝑛1
(0)

∑

𝑖=1,2,3
𝛽(2,𝑖)𝑛2−𝑛1

 (𝛿,𝑖)
2

(

𝑝𝑛2 (𝜁 ), ℏ𝑛2−𝑛1 ,1001(𝜁 )
)

+ 𝛾𝑛1𝑛2𝑞
T
𝑛1
(0)

∑

𝛽(2,𝑖)𝑛2−𝑛1
 (𝛿,𝑖)
2

(

𝑝𝑛2 (𝜁 ), ℏ𝑛2−𝑛1 ,1010(𝜁 )
)

,

14
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w

a

W

𝑑32 = − 1
√

𝜄𝜋

( 𝑛2
𝜄

)2
𝑞T𝑛2 (0)

(𝛿,1)
2

(

𝑝𝑛2 (𝜁 ), ℏ0,1100(𝜁 )
)

+ 1
√

2𝜄𝜋
𝑞T𝑛2 (0)

∑

𝑖=1,2,3
𝛽(2,𝑖)2𝑛2

 (𝛿,𝑖)
2

(

𝑝𝑛2 (𝜁 ), ℏ2𝑛2 ,1100(𝜁 )
)

+ 1
√

2𝜄𝜋
𝑞T𝑛2 (0)

∑

𝑖=1,2,3
𝛽(1,𝑖)𝑛1+𝑛2

 (𝛿,𝑖)
2

(

𝑝𝑛1 (𝜁 ), ℏ𝑛1+𝑛2 ,0110(𝜁 )
)

+ 1
√

2𝜄𝜋
𝑞T𝑛2 (0)

∑

𝑖=1,2,3
𝛽(1,𝑖)𝑛1+𝑛2

 (𝛿,𝑖)
2

(

𝑝𝑛1 (𝜁 ), ℏ𝑛1+𝑛2 ,1010(𝜁 )
)

+ 𝛾𝑛1𝑛2𝑞
T
𝑛2
(0)

∑

𝑖=1,2,3
𝛽(1,𝑖)𝑛2−𝑛1

 (𝛿,𝑖)
2

(

𝑝𝑛1 (𝜁 ), ℏ𝑛2−𝑛1 ,0110(𝜁 )
)

+ 𝛾𝑛1𝑛2𝑞
T
𝑛2
(0)

∑

𝑖=1,2,3
𝛽(1,𝑖)𝑛2−𝑛1

 (𝛿,𝑖)
2

(

𝑝𝑛1 (𝜁 ), ℏ𝑛2−𝑛1 ,1010(𝜁 )
)

,

ith
⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

𝛽(1,1)𝜅 = −
𝑛21
𝜄2
, 𝛽(1,3)𝜅 = −𝜅

2

𝜄2
, 𝜅 = 2𝑛1, 𝑛1 + 𝑛2, 𝑛2 − 𝑛1,

𝛽(1,2)𝜅 =

{ 𝑛1𝜅
𝜄2
, 𝜅 = 2𝑛1, 𝑛1 + 𝑛2,

− 𝑛1𝜅
𝜄2
, 𝜅 = 𝑛2 − 𝑛1,

𝛽(2,1)𝜅 = −
𝑛22
𝜄2
, 𝛽(2,2)𝜅 =

𝑛2𝜅
𝜄2
, 𝛽(2,3)𝜅 = −𝜅

2

𝜄2
, 𝜅 = 2𝑛2, 𝑛1 + 𝑛2, 𝑛2 − 𝑛1,

nd
⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

 (𝛿,1)
2 (𝑎(𝜁 ), 𝑏(𝜁 )) = 2𝛿𝐻12𝜏

𝐻

(

𝑎(2)(−1)𝑏(1)(0)

0

)

,

 (𝛿,2)
2 (𝑎(𝜁 ), 𝑏(𝜁 )) = 2𝛿𝐻12𝜏

𝐻

(

𝑎(2)(−1)𝑏(1)(0)

0

)

+ 2𝛿𝐻12𝜏
𝐻

(

𝑎(1)(0)𝑏(2)(−1)

0

)

,

 (𝛿,3)
2 (𝑎(𝜁 ), 𝑏(𝜁 )) = 2𝛿𝐻12𝜏

𝐻

(

𝑎(1)(0)𝑏(2)(−1)

0

)

,

for 𝑎(𝜁 ) = (𝑎(1)(𝜁 ), 𝑎(2)(𝜁 ))T, 𝑏(𝜁 ) = (𝑏(1)(𝜁 ), 𝑏(2)(𝜁 ))T.
We finally calculate 𝑅𝑚1𝑚2𝑚3𝑚4

, 2(𝑃 (𝜁 )𝑤, 𝑧) and ℏ𝑛,𝑚1𝑚2𝑚3𝑚4
that are in 𝑖𝑗 , 𝑖𝑗 , 𝑖𝑗 as well as 𝑑𝑖𝑗 . It follows from (3.12) that

F2(𝜙, 𝜁) = F2(𝜙, 0) = 𝑓2000𝜙2
1(0) + 𝑓1100𝜙1(0)𝜙2(0) + 𝑓0011𝜙1(−𝜎̂)𝜙2(−𝜎̂) + 𝑓0002𝜙2

2(−𝜎̂),

and

F3(𝜙, 0) = 𝑓0012𝜙1(−𝜎̂)𝜙2
2(−𝜎̂) + 𝑓0003𝜙

3
2(−𝜎̂),

where 𝜎̂ = 𝜎
𝜏𝐻 and

𝑓2000 =
⎛

⎜

⎜

⎝

−2𝑟𝜏𝐻
𝐾
0

⎞

⎟

⎟

⎠

, 𝑓1100 =

(

−2𝑏𝜏𝐻

0

)

,

𝑓0011 =

⎛

⎜

⎜

⎜

⎝

0
2𝜏𝐻𝛽𝑃2e−𝑑𝜎 (𝑃2 + 2ℎ)

(𝑃2 + ℎ)2

⎞

⎟

⎟

⎟

⎠

, 𝑓0002 =

⎛

⎜

⎜

⎜

⎝

0
2𝜏𝐻𝑁2𝛽e−𝑑𝜎ℎ2

(𝑃2 + ℎ)3

⎞

⎟

⎟

⎟

⎠

,

𝑓0012 =

⎛

⎜

⎜

⎜

⎝

0
6𝜏𝐻𝛽e−𝑑𝜎ℎ2

(𝑃2 + ℎ)3

⎞

⎟

⎟

⎟

⎠

, 𝑓0003 =

⎛

⎜

⎜

⎜

⎝

0
−6𝜏𝐻𝛽e−𝑑𝜎𝑁2ℎ2

(𝑃2 + ℎ)4

⎞

⎟

⎟

⎟

⎠

.

e can acquire that

𝑅2000 =𝑓0002
(

𝑝(2)𝑛1 (−𝜎̃)
)2 + 𝑓0011𝑝(1)𝑛1 (−𝜎̃)𝑝

(2)
𝑛1
(−𝜎̃) + 𝑓1100𝑝(1)𝑛1 (0)𝑝

(2)
𝑛1
(0) + 𝑓2000

(

𝑝(1)𝑛1 (0)
)2,

𝑅0200 =𝑓0002
(

𝑝̄(2)𝑛1 (−𝜎̃)
)2 + 𝑓0011𝑝̄(1)𝑛1 (−𝜎̃)𝑝̄

(2)
𝑛1
(−𝜎̃) + 𝑓1100𝑝̄(1)𝑛1 (0)𝑝̄

(2)
𝑛1
(0) + 𝑓2000

(

𝑝̄(1)𝑛1 (0)
)2,

𝑅1100 =2𝑓0002𝑝(2)𝑛1 (−𝜎̃)𝑝̄
(2)
𝑛1
(−𝜎̃) + 𝑓0011𝑝(1)𝑛1 (−𝜎̃)𝑝̄

(2)
𝑛1
(−𝜎̃) + 𝑓0011𝑝(2)𝑛1 (−𝜎̃)𝑝̄

(1)
𝑛1
(−𝜎̃)

(2) (1) (1) (1) (1) (2)
15

+ 𝑓1100𝑝𝑛1 (0)𝑝̄𝑛1 (0) + 2𝑓2000𝑝𝑛1 (0)𝑝̄𝑛1 (0) + 𝑓1100𝑝𝑛1 (0)𝑝̄𝑛1 (0),
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b

𝑅1010 =2𝑓0002𝑝(2)𝑛1 (−𝜎̃)𝑝
(2)
𝑛2
(−𝜎̃) + 𝑓0011𝑝(1)𝑛1 (−𝜎̃)𝑝

(2)
𝑛2
(−𝜎̃) + 𝑓0011𝑝(2)𝑛1 (−𝜎̃)𝑝

(1)
𝑛2
(−𝜎̃)

+ 𝑓1100𝑝(1)𝑛1 (0)𝑝
(2)
𝑛2
(0) + 𝑓1100𝑝(2)𝑛1 (0)𝑝

(1)
𝑛2
(0) + 2𝑓2000𝑝(1)𝑛1 (0)𝑝

(1)
𝑛2
(0),

𝑅0101 =2𝑓0002𝑝̄(2)𝑛1 (−𝜎̃)𝑝̄
(2)
𝑛2
(−𝜎̃) + 𝑓0011𝑝̄(1)𝑛1 (−𝜎̃)𝑝̄

(2)
𝑛2
(−𝜎̃) + 𝑓0011𝑝̄(2)𝑛1 (−𝜎̃)𝑝̄

(1)
𝑛2
(−𝜎̃)

+ 𝑓1100𝑝̄(1)𝑛1 (0)𝑝̄
(2)
𝑛2
(0) + 𝑓1100𝑝̄(2)𝑛1 (0)𝑝̄

(1)
𝑛2
(0) + 2𝑓2000𝑝̄(1)𝑛1 (0)𝑝̄

(1)
𝑛2
(0),

𝑅1001 =2𝑓0002𝑝(2)𝑛1 (−𝜎̃)𝑝
(2)
𝑛2
(−𝜎̃) + 𝑓0011𝑝(1)𝑛1 (−𝜎̃)𝑝̄

(2)
𝑛2
(−𝜎̃) + 𝑓0011𝑝(2)𝑛1 (−𝜎̃)𝑝̄

(1)
𝑛2
(−𝜎̃)

+ 𝑓1100𝑝(1)𝑛1 (0)𝑝̄
(2)
𝑛2
(0) + 2𝑓2000𝑝(1)𝑛1 (0)𝑝̄

(1)
𝑛2
(0) + 𝑓1100𝑝(2)𝑛1 (0)𝑝̄

(1)
𝑛2
(0),

𝑅0110 =2𝑓0002𝑝(2)𝑛2 (−𝜎̃)𝑝
(2)
𝑛1
(−𝜎̃) + 𝑓0011𝑝(1)𝑛2 (−𝜎̃)𝑝̄

(2)
𝑛1
(−𝜎̃) + 𝑓0011𝑝(2)𝑛2 (−𝜎̃)𝑝̄

(1)
𝑛1
(−𝜎̃)

+ 𝑓1100𝑝(1)𝑛2 (0)𝑝̄
(2)
𝑛1
(0) + 2𝑓2000𝑝(1)𝑛2 (0)𝑝̄

(1)
𝑛1
(0) + 𝑓1100𝑝(2)𝑛2 (0)𝑝̄

(1)
𝑛1
(0),

𝑅0020 =𝑓0002
(

𝑝(2)𝑛2 (−𝜎̃)
)2 + 𝑓0011𝑝(1)𝑛2 (−𝜎̃)𝑝

(2)
𝑛2
(−𝜎̃) + 𝑓1100𝑝(1)𝑛2 (0)𝑝

(2)
𝑛2
(0) + 𝑓2000

(

𝑝(1)𝑛2 (0)
)2,

𝑅0011 =2𝑓0002𝑝(2)𝑛2 (−𝜎̃)𝑝̄
(2)
𝑛2
(−𝜎̃) + 𝑓0011𝑝(1)𝑛2 (−𝜎̃)𝑝̄

(2)
𝑛2
(−𝜎̃) + 𝑓0011𝑝(2)𝑛2 (−𝜎̃)𝑝̄

(1)
𝑛2
(−𝜎̃)

+ 𝑓1100𝑝(2)𝑛2 (0)𝑝̄
(1)
𝑛2
(0) + 2𝑓2000𝑝(1)𝑛2 (0)𝑝̄

(1)
𝑛2
(0) + 𝑓1100𝑝(1)𝑛2 (0)𝑝̄

(2)
𝑛2
(0),

𝑅2100 =
(

3𝑓0003𝑝(2)𝑛1 (−𝜎̃)𝑝̄
(2)
𝑛1
(−𝜎̃) + 2𝑓0012𝑝(1)𝑛1 (−𝜎̃)𝑝̄

(2)
𝑛1
(−𝜎̃) + 𝑓0012𝑝(2)𝑛1 (−𝜎̃)𝑝̄

(1)
𝑛1
(−𝜎̃)

)

𝑝(2)𝑛1 (−𝜎̃),

𝑅0021 =
(

3𝑓0003𝑝(2)𝑛2 (−𝜎̃)𝑝̄
(2)
𝑛2
(−𝜎̃) + 2𝑓0012𝑝(1)𝑛2 (−𝜎̃)𝑝̄

(2)
𝑛2
(−𝜎̃) + 𝑓0012𝑝(2)𝑛2 (−𝜎̃)𝑝̄

(1)
𝑛2
(−𝜎̃)

)

𝑝(2)𝑛2 (−𝜎̃),

𝑅1011 =2
(

3𝑓0003𝑝(2)𝑛1 (−𝜎̃)𝑝
(2)
𝑛2
(−𝜎̃)𝑝̄(2)𝑛2 (−𝜎̃) + 𝑓0012𝑝

(1)
𝑛1
(−𝜎̃)𝑝(2)𝑛2 (−𝜎̃)𝑝̄

(2)
𝑛2
(−𝜎̃)

+ 𝑓0012𝑝(2)𝑛1 (−𝜎̃)𝑝
(1)
𝑛2
(−𝜎̃)𝑝̄(2)𝑛2 (−𝜎̃) + 𝑓0012𝑝

(2)
𝑛1
(−𝜎̃)𝑝(2)𝑛2 (−𝜎̃)𝑝̄

(1)
𝑛2
(−𝜎̃)

)

,

𝑅1110 =2
(

3𝑓0003𝑝(2)𝑛1 (−𝜎̃)𝑝
(2)
𝑛2
(−𝜎̃)𝑝̄(2)𝑛1 (−𝜎̃) + 𝑓0012𝑝

(1)
𝑛1
(−𝜎̃)𝑝(2)𝑛2 (−𝜎̃)𝑝̄

(2)
𝑛1
(−𝜎̃)

+ 𝑓0012𝑝
(2)
𝑛1
(−𝜎̃)𝑝(1)𝑛2 (−𝜎̃)𝑝̄

(2)
𝑛1
(−𝜎̃) + 𝑓0012𝑝(2)𝑛1 (−𝜎̃)𝑝

(2)
𝑛2
(−𝜎̃)𝑝̄(1)𝑛1 (−𝜎̃)

)

,

and

2(𝑝𝑛1 (𝜁 ), 𝑧(𝜁 )) =2𝑓0002𝑝
(2)
𝑛1
(−𝜎̃)𝑧(2)(−𝜎̃) + 𝑓0011𝑝(1)𝑛1 (−𝜎̃)𝑧

(2)(−𝜎̃) + 𝑓0011𝑝(2)𝑛1 (−𝜎̃)𝑧
(1)(−𝜎̃)

+ 𝑓1100𝑝
(1)
𝑛1
(0)𝑧(2)(0) + 𝑓1100𝑝(2)𝑛1 (0)𝑧

(1)(0) + 2𝑓2000𝑝(1)𝑛1 (0)𝑧
(1)(0),

2(𝑝̄𝑛1 (𝜁 ), 𝑧(𝜁 )) =2𝑓0002𝑝̄
(2)
𝑛1
(−𝜎̃)𝑧(2)(−𝜎̃) + 𝑓0011𝑝̄(1)𝑛1 (−𝜎̃)𝑧

(2)(−𝜎̃) + 𝑓0011𝑝̄(2)𝑛1 (−𝜎̃)𝑧
(1)(−𝜎̃)

+ 𝑓1100𝑝̄
(1)
𝑛1
(0)𝑧(2)(0) + 𝑓1100𝑝̄(2)𝑛1 (0)𝑧

(1)(0) + 2𝑓2000𝑝̄(1)𝑛1 (0)𝑧
(1)(0),

2(𝑝𝑛2 (𝜁 ), 𝑧(𝜁 )) =2𝑓0002𝑝
(2)
𝑛2
(−𝜎̃)𝑧(2)(−𝜎̃) + 𝑓0011𝑝(1)𝑛2 (−𝜎̃)𝑧

(2)(−𝜎̃) + 𝑓0011𝑝(2)𝑛2 (−𝜎̃)𝑧
(1)(−𝜎̃)

+ 𝑓1100𝑝
(1)
𝑛2
(0)𝑧(2)(0) + 𝑓1100𝑝(2)𝑛2 (0)𝑧

(1)(0) + 2𝑓2000𝑝(1)𝑛2 (0)𝑧
(1)(0),

2(𝑝̄𝑛2 (𝜁 ), 𝑧(𝜁 )) =2𝑓0002𝑝̄
(2)
𝑛2
(−𝜎̃)𝑧(2)(−𝜎̃) + 𝑓0011𝑝̄(1)𝑛2 (−𝜎̃)𝑧

(2)(−𝜎̃) + 𝑓0011𝑝̄(2)𝑛2 (−𝜎̃)𝑧
(1)(−𝜎̃)

+ 𝑓1100𝑝̄
(1)
𝑛2
(0)𝑧(2)(0) + 𝑓1100𝑝̄(2)𝑛2 (0)𝑧

(1)(0) + 2𝑓2000𝑝̄(1)𝑛2 (0)𝑧
(1)(0)

y noting that

𝜙(𝜁 ) + 𝑧 =𝑃 (𝜁 )𝑤𝑥 + 𝑧 = 𝑝𝑛1 (𝜁 )𝑤1𝜚𝑛1 (𝑥) + 𝑝𝑛1 (𝜁 )𝑤2𝜚𝑛1 (𝑥)

+ 𝑝𝑛2 (𝜁 )𝑤3𝜚𝑛2 (𝑥) + 𝑝𝑛2 (𝜁 )𝑤4𝜚𝑛2 (𝑥) + 𝑧

=
⎛

⎜

⎜

⎝

𝑝(1)𝑛1 (𝜁 )𝑤1𝜚𝑛1 (𝑥) + 𝑝
(1)
𝑛1
(𝜁 )𝑤2𝜚𝑛1 (𝑥) + 𝑝

(1)
𝑛2 (𝜁 )𝑤3𝜚𝑛2 (𝑥) + 𝑝

(1)
𝑛2
(𝜁 )𝑤4𝜚𝑛2 (𝑥) + 𝑧

(1)

𝑝(2)𝑛1 (𝜁 )𝑤1𝜚𝑛1 (𝑥) + 𝑝
(2)
𝑛1
(𝜁 )𝑤2𝜚𝑛1 (𝑥) + 𝑝

(2)
𝑛2 (𝜁 )𝑤3𝜚𝑛2 (𝑥) + 𝑝

(2)
𝑛2
(𝜁 )𝑤4𝜚𝑛2 (𝑥) + 𝑧

(2)

⎞

⎟

⎟

⎠

.

Next, we will present the formulas of ℏ𝑛,𝑚1𝑚2𝑚3𝑚4
. According to [36], we do some algebra yielding

⎛

⎜

⎜

⎝

[

2
2ℏ𝑛(𝜁,𝑤)𝜚𝑛(𝑥), 𝜚

(1)
𝚤

]

[

2
2ℏ𝑛(𝜁,𝑤)𝜚𝑛(𝑥), 𝜚

(2)
𝚤

]

⎞

⎟

⎟

⎠

= 2𝑖𝜛𝐻
𝑛1

(

ℏ𝑛,2000(𝜁 )𝑤2
1 − ℏ𝑛,0200(𝜁 )𝑤

2
2
)

+ 2𝑖𝜛𝐻
𝑛2

(

ℏ𝑛,0020(𝜁 )𝑤2
3 − ℏ𝑛,0002(𝜁 )𝑤

2
4
)

+ 𝑖(𝜛𝐻 +𝜛𝐻 )ℏ (𝜁 )𝑤 𝑤 + 𝑖(𝜛𝐻 −𝜛𝐻 )ℏ (𝜁 )𝑤 𝑤
16

𝑛1 𝑛2 𝑛,1010 1 3 𝑛1 𝑛2 𝑛,1001 1 4
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− 𝑖(𝜛𝐻
𝑛1

−𝜛𝐻
𝑛2
)ℏ𝑛,0110(𝜁 )𝑤1𝑤3 − 𝑖(𝜛𝐻

𝑛1
+𝜛𝐻

𝑛2
)ℏ𝑛,0101(𝜁 )𝑤2𝑤4

−
(

ℏ̇𝑛(𝜁,𝑤) + 𝑌0(𝜁 )(L0(ℏ𝑛(𝜁,𝑤)) − ℏ̇𝑛(0, 𝑤))
)

,

where

L0(ℏ𝑛(𝜁,𝑤)) = −𝜏𝐻 𝑛
2

𝜄2
(

1ℏ𝑛(0, 𝑤) +𝐻
2 ℏ𝑛(−1, 𝑤)

)

+ 𝜏𝐻
(

𝐴ℏ𝑛(0, 𝑤) + 𝐵ℏ𝑛(−
𝜎
𝜏𝐻

, 𝑤)
)

.

It follows from [40] that the explicit of ℏ𝑛(𝜁,𝑤) can be obtained for the cases 𝑛1 ≠ 𝑛2 and 𝑛1 = 𝑛2.

Case 1: 𝑛1 ≠ 𝑛2

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

ℏ0,0200(𝜁 ) =
1

√

𝜄𝜋

(

𝛥0(2𝑖𝜛𝐻
𝑛1
)
)−1

𝑅2000e
2𝑖𝜛𝐻

𝑛1
𝜁 ,

ℏ0,0020(𝜁 ) =
1

√

𝜄𝜋

(

𝛥0(2𝑖𝜛𝐻
𝑛2
)
)−1

𝑅0020e
2𝑖𝜛𝐻

𝑛2
𝜁 ,

ℏ0,1100(𝜁 ) =
1

√

𝜄𝜋

(

𝛥0(0)
)−1 𝑅1100,

ℏ0,0011(𝜁 ) =
1

√

𝜄𝜋

(

𝛥0(0)
)−1 𝑅0011,

⎧

⎪

⎪

⎨

⎪

⎪

⎩

ℏ2𝑛2 ,0020(𝜁 ) =
1

√

2𝜄𝜋

(

𝛥2𝑛2 (2𝑖𝜛
𝐻
𝑛2
)
)−1

𝑅0020e
2𝑖𝜛𝐻

𝑛2
𝜁 ,

ℏ2𝑛2 ,1100(𝜁 ) = (0, 0)T,

ℏ2𝑛2 ,0011(𝜁 ) =
1

√

2𝜄𝜋

(

𝛥2𝑛2 (0)
)−1

𝑅0011,

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

ℏ𝑛1+𝑛2 ,1010(𝜁 ) =
1

√

2𝜄𝜋

(

𝛥𝑛1+𝑛2 (𝑖(𝜛
𝐻
𝑛1

+𝜛𝐻
𝑛2
))
)−1

𝑅1010e
𝑖(𝜛𝐻

𝑛1
+𝜛𝐻

𝑛2
)𝜁 ,

ℏ𝑛1+𝑛2 ,1001(𝜁 ) =
1

√

2𝜄𝜋

(

𝛥𝑛1+𝑛2 (𝑖(𝜛
𝐻
𝑛1

−𝜛𝐻
𝑛2
))
)−1

𝑅1001e
𝑖(𝜛𝐻

𝑛1
−𝜛𝐻

𝑛2
)𝜁 ,

ℏ𝑛1+𝑛2 ,0110(𝜁 ) =
1

√

2𝜄𝜋

(

𝛥𝑛1+𝑛2 (𝑖(𝜛
𝐻
𝑛2

−𝜛𝐻
𝑛1
))
)−1

𝑅0110e
𝑖(𝜛𝐻

𝑛2
−𝜛𝐻

𝑛1
)𝜁 ,

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

ℏ2𝑛1 ,2000(𝜁 ) =
1

√

2𝜄𝜋

(

𝛥2𝑛1 (2𝑖𝜛
𝐻
𝑛1
)
)−1

𝑅2000e
2𝑖𝜛𝐻

𝑛1
𝜁 ,

ℏ2𝑛1 ,1100(𝜁 ) =
1

√

2𝜄𝜋

(

𝛥2𝑛1 (0)
)−1

𝑅1100,

ℏ2𝑛1 ,0011(𝜁 ) = (0, 0)T,

for 𝑛2 ≠ 2𝑛1,

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

ℏ2𝑛1 ,2000(𝜁 ) =
1

√

2𝜄𝜋

(

𝛥2𝑛1 (𝑖𝜛
𝐻
𝑛1
)
)−1 (

𝑅2000 −𝑀1𝛥2𝑛1 (2𝑖𝜛
𝐻
𝑛1
)𝑝𝑛2 (0),

− 𝑀2𝛥2𝑛1 (−𝑖𝜛
𝐻
𝑛1
)𝑝𝑛2 (0)

)

e2𝑖𝜛
𝐻
𝑛1
𝜁 + 1

√

2𝜄𝜋
𝑀1𝑝𝑛2 (𝜁 )

+ 1
√

2𝜄𝜋
𝑀2𝑝𝑛2 (𝜁 ),

ℏ2𝑛1 ,1100(𝜁 ) =
1

√

2𝜄𝜋

(

𝛥2𝑛1 (0)
)−1 (

𝑅1100 −𝑀3𝛥2𝑛1 (𝑖𝜛
𝐻
𝑛2
)𝑝𝑛2 (0),

− 𝑀4𝛥2𝑛1 (−𝑖𝜛
𝐻
𝑛2
)𝑝𝑛2 (0)

)

+ 1
√

2𝜄𝜋
𝑀3𝑝𝑛2 (𝜁 )

+ 1
√

2𝜄𝜋
𝑀4𝑝𝑛2 (𝜁 ),

T

for 𝑛2 = 2𝑛1,
17

⎩

ℏ2𝑛1 ,0011(𝜁 ) =(0, 0) ,
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a

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

ℏ𝑛2−𝑛1 ,1010(𝜁 ) =
1

√

2𝜄𝜋

(

𝛥𝑛2−𝑛1 (𝑖(𝜛
𝐻
𝑛1

+𝜛𝐻
𝑛2
))
)−1

𝑅1010e
𝑖(𝜛𝐻

𝑛1
+𝜛𝐻

𝑛2
)𝜁 ,

ℏ𝑛2−𝑛1 ,1001(𝜁 ) =
1

√

2𝜄𝜋

(

𝛥𝑛2−𝑛1 (𝑖(𝜛
𝐻
𝑛1

−𝜛𝐻
𝑛2
))
)−1

𝑅1001e
𝑖(𝜛𝐻

𝑛1
−𝜛𝐻

𝑛2
)𝜁 ,

ℏ𝑛2−𝑛1 ,0110(𝜁 ) =
1

√

2𝜄𝜋

(

𝛥𝑛2−𝑛1 (𝑖(𝜛
𝐻
𝑛2

−𝜛𝐻
𝑛1
))
)−1

𝑅0110e
𝑖(𝜛𝐻

𝑛2
−𝜛𝐻

𝑛1
)𝜁 ,

for 𝑛2 ≠ 2𝑛1,

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

ℏ𝑛2−𝑛1 ,1010(𝜁 ) =
1

√

2𝜄𝜋

(

𝛥𝑛2−𝑛1 (𝑖(𝜛
𝐻
𝑛1

+𝜛𝐻
𝑛2
))
)−1 (

𝑅1010 −𝑀5𝛥𝑛2−𝑛1 (𝑖𝜛
𝐻
𝑛1
)𝑝𝑛1 (0)

− 𝑀6𝛥𝑛2−𝑛1 (−𝑖𝜛
𝐻
𝑛1
)𝑝𝑛1 (0)

)

e𝑖(𝜛
𝐻
𝑛1
+𝜛𝐻

𝑛2
)𝜁 + 1

√

𝜄𝜋
𝑀5𝑝𝑛1 (𝜁 )

+ 1
√

𝜄𝜋
𝑀6𝑝𝑛1 (𝜁 ),

ℏ𝑛2−𝑛1 ,1001(𝜁 ) =
1

√

2𝜄𝜋

(

𝛥𝑛2−𝑛1 (𝑖(𝜛
𝐻
𝑛1

−𝜛𝐻
𝑛2
))
)−1 (

𝑅1001 −𝑀7𝛥𝑛2−𝑛1 (𝑖𝜛
𝐻
𝑛1
)𝑝𝑛1 (0)

− 𝑀8𝛥𝑛2−𝑛1 (−𝑖𝜛
𝐻
𝑛1
)𝑝𝑛1 (0)

)

e𝑖(𝜛
𝐻
𝑛1
−𝜛𝐻

𝑛2
)𝜁 + 1

√

𝜄𝜋
𝑀7𝑝𝑛1 (𝜁 )

+ 1
√

𝜄𝜋
𝑀8𝑝𝑛1 (𝜁 ), for 𝑛2 = 2𝑛1,

ℏ𝑛2−𝑛1 ,0110(𝜁 ) =
1

√

2𝜄𝜋

(

𝛥𝑛2−𝑛1 (𝑖(𝜛
𝐻
𝑛2

−𝜛𝐻
𝑛1
))
)−1 (

𝑅0110 −𝑀9𝛥𝑛2−𝑛1 (𝑖𝜛
𝐻
𝑛1
)𝑝𝑛1 (0)

− 𝑀10𝛥𝑛2−𝑛1 (−𝑖𝜛
𝐻
𝑛1
)𝑝𝑛1 (0)

)

e𝑖(𝜛
𝐻
𝑛2
−𝜛𝐻

𝑛1
)𝜁 + 1

√

2𝜄𝜋
𝑀9𝑝𝑛1 (𝜁 )

+ 1
√

2𝜄𝜋
𝑀10𝑝𝑛1 (𝜁 ),

where

𝑀1 =
1

𝑖(𝜛𝐻
𝑛2

− 2𝜛𝐻
𝑛1
)
𝑞T𝑛2 (0)𝑅2000, 𝑀2 = − 1

𝑖(𝜛𝐻
𝑛2

+ 2𝜛𝐻
𝑛1
)
𝑞T𝑛2 (0)𝑅2000,

𝑀3 =
1

𝑖𝜛𝐻
𝑛2

𝑞T𝑛2 (0)𝑅1100, 𝑀4 = − 1
𝑖𝜛𝐻

𝑛2

𝑞T𝑛2 (0)𝑅1100,

𝑀5 = − 1
𝑖𝜛𝐻

𝑛2

𝑞T𝑛1 (0)𝑅1010, 𝑀6 = − 1
𝑖(2𝜛𝐻

𝑛1
+𝜛𝐻

𝑛2
)
𝑞T𝑛1 (0)𝑅1010,

𝑀7 =
1

𝑖𝜛𝐻
𝑛2

𝑞T𝑛1 (0)𝑅1001, 𝑀8 = − 1
𝑖(2𝜛𝐻

𝑛1
−𝜛𝐻

𝑛2
)
𝑞T𝑛1 (0)𝑅1001,

𝑀9 =
1

𝑖(2𝜛𝐻
𝑛1

−𝜛𝐻
𝑛2
)
𝑞T𝑛1 (0)𝑅0110, 𝑀10 = − 1

𝑖𝜛𝐻
𝑛2

𝑞T𝑛1 (0)𝑅0110,

nd

⎧

⎪

⎨

⎪

⎩

𝑅𝑚1𝑚2𝑚3𝑚4
= 𝑅𝑚1𝑚2𝑚3𝑚4

−
𝑛22
𝜄2

(

𝑅(𝛿,1)
𝑚1𝑚2𝑚3𝑚4

+ 𝑅(𝛿,2)
𝑚1𝑚2𝑚3𝑚4

)

,

𝑚3, 𝑚4 = 0, 1, 2, 𝑚3 + 𝑚4 = 4, 𝑚1 = 𝑚2 = 0,

⎧

⎪

⎨

⎪

⎩

𝑅𝑚1𝑚2𝑚3𝑚4
= 𝑅𝑚1𝑚2𝑚3𝑚4

−
𝑛1𝑛2
𝜄2

𝑅(𝛿,1)
𝑚1𝑚2𝑚3𝑚4

−
𝑛21
𝜄2
𝑅(𝛿,2)
𝑚1𝑚2𝑚3𝑚4

−
𝑛22
𝜄2
𝑅(𝛿,3)
𝑚1𝑚2𝑚3𝑚4

,

𝑚1, 𝑚2, 𝑚3, 𝑚4 = 0, 1, 𝑚1 + 𝑚2 = 1, 𝑚3 + 𝑚4 = 1.
18
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Case 2: 𝑛1 = 𝑛2

In this case, we have
⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

ℏ0,0200(𝜁 ) =
1

√

𝜄𝜋

(

𝛥0(2𝑖𝜛𝐻
𝑛1
)
)−1

𝑅2000e
2𝑖𝜛𝐻

𝑛1
𝜁 ,

ℏ0,0020(𝜁 ) =
1

√

𝜄𝜋

(

𝛥0(2𝑖𝜛𝐻
𝑛2
)
)−1

𝑅0020e
2𝑖𝜛𝐻

𝑛2
𝜁 ,

ℏ0,1100(𝜁 ) =
1

√

𝜄𝜋

(

𝛥0(0)
)−1 𝑅1100,

ℏ0,0011(𝜁 ) =
1

√

𝜄𝜋

(

𝛥0(0)
)−1 𝑅0011,

ℏ0,1010(𝜁 ) =
1

√

𝜄𝜋

(

𝛥0(𝑖(𝜛𝐻
𝑛1

+𝜛𝐻
𝑛2
))
)−1

𝑅̆1010e
𝑖(𝜛𝐻

𝑛1
+𝜛𝐻

𝑛2
)𝜁 ,

ℏ0,1001(𝜁 ) =
1

√

𝜄𝜋

(

𝛥0(𝑖(𝜛𝐻
𝑛1

−𝜛𝐻
𝑛2
))
)−1

𝑅̆1001e
𝑖(𝜛𝐻

𝑛1
−𝜛𝐻

𝑛2
)𝜁 ,

ℏ0,0110(𝜁 ) =
1

√

𝜄𝜋

(

𝛥0(𝑖(𝜛𝐻
𝑛2

−𝜛𝐻
𝑛1
))
)−1

𝑅̆0110e
𝑖(𝜛𝐻

𝑛2
−𝜛𝐻

𝑛1
)𝜁 ,

and
⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

ℏ2𝑛1 ,2000(𝜁 ) =
1

√

2𝜄𝜋

(

𝛥2𝑛1 (2𝑖𝜛
𝐻
𝑛1
)
)−1

𝑅2000e
2𝑖𝜛𝐻

𝑛1
𝜁 ,

ℏ2𝑛1 ,0020(𝜁 ) =
1

√

2𝜄𝜋

(

𝛥2𝑛1 (2𝑖𝜛
𝐻
𝑛2
)
)−1

𝑅0020e
2𝑖𝜛𝐻

𝑛2
𝜁 ,

ℏ2𝑛1 ,1100(𝜁 ) =
1

√

2𝜄𝜋

(

𝛥2𝑛1 (0)
)−1

𝑅1100,

ℏ2𝑛1 ,0011(𝜁 ) =
1

√

2𝜄𝜋

(

𝛥2𝑛1 (0)
)−1

𝑅0011,

ℏ2𝑛1 ,1010(𝜁 ) =
1

√

2𝜄𝜋

(

𝛥2𝑛1 (𝑖(𝜛
𝐻
𝑛1

+𝜛𝐻
𝑛2
))
)−1

𝑅1010e
𝑖(𝜛𝐻

𝑛1
+𝜛𝐻

𝑛2
)𝜁 ,

ℏ2𝑛1 ,1001(𝜁 ) =
1

√

2𝜄𝜋

(

𝛥2𝑛1 (𝑖(𝜛
𝐻
𝑛1

−𝜛𝐻
𝑛2
))
)−1

𝑅1001e
𝑖(𝜛𝐻

𝑛1
−𝜛𝐻

𝑛2
)𝜁 ,

ℏ2𝑛1 ,0110(𝜁 ) =
1

√

2𝜄𝜋

(

𝛥2𝑛1 (𝑖(𝜛
𝐻
𝑛2

−𝜛𝐻
𝑛1
))
)−1

𝑅0110e
𝑖(𝜛𝐻

𝑛2
−𝜛𝐻

𝑛1
)𝜁 ,

where
⎧

⎪

⎨

⎪

⎩

𝑅̆𝑚1𝑚2𝑚3𝑚4
= 𝑅𝑚1𝑚2𝑚3𝑚4

+
𝑛21
𝜄2

(

𝑅(𝛿,1)
𝑚1𝑚2𝑚3𝑚4

− 𝑅(𝛿,2)
𝑚1𝑚2𝑚3𝑚4

− 𝑅(𝛿,3)
𝑚1𝑚2𝑚3𝑚4

)

,

𝑚1, 𝑚2, 𝑚3, 𝑚4 = 0, 1, 𝑚1 + 𝑚2 = 1, 𝑚3 + 𝑚4 = 1.

By noting that 2𝑛2 = 𝑛1 + 𝑛2 = 2𝑛1 and 𝑛2 − 𝑛1 = 0, we hence have ℏ2𝑛2 ,𝑚1𝑚2𝑚3𝑚4
(𝜁 ) = ℏ𝑛1+𝑛2 ,𝑚1𝑚2𝑚3𝑚4

(𝜁 ) = ℏ2𝑛1 ,𝑚1𝑚2𝑚3𝑚4
(𝜁 ) and

ℏ𝑛2−𝑛1 ,𝑚1𝑚2𝑚3𝑚4
(𝜁 ) = ℏ0,𝑚1𝑚2𝑚3𝑚4

(𝜁 ).

3.3. Normal form of double Hopf bifurcation truncated to third terms

In the final of this section, we will give the expression of normal form truncated to third terms. Define

B11 = 11 +
3
2
(

11 + 11 + 𝑑11
)

, B12 = 12 +
3
2
(

12 + 12 + 𝑑12
)

,

B31 = 31 +
3
2
(

31 + 31 + 𝑑31
)

, B32 = 32 +
3
2
(

32 + 32 + 𝑑32
)

,

In combination with (3.20), (3.29), (3.32), (3.35), (3.37) and (3.38), we obtain the following normal form truncated to third terms:

𝑤̇ = 𝛬𝑤 + 1
2

(


(

(B11𝐴𝜉1 +B21𝐴𝜉2)𝑤1
)


(

(B13𝐴𝜉1 +B23𝐴𝜉2)𝑤3
)

)

+ 1
6

(

(B11𝑤2
1𝑤2 + B12𝑤1𝑤3𝑤4)

(B31𝑤2
3𝑤4 + B32𝑤1𝑤2𝑤3)

)

. (3.39)

Similarly to the arguments in [40], we obtain the amplitude equations for (3.39) as below:

⎧

⎪

⎨

⎪

d𝑟1
d𝑡 = (𝑐1 + 𝑎11𝑟21 + 𝑎12𝑟

2
2)𝑟1,

d𝑟2 = (𝑐2 + 𝑎21𝑟21 + 𝑎22𝑟
2
2)𝑟2,

(3.40)
19

⎩
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a

A

s

Fig. 2. Complete bifurcation region around the double Hopf bifurcation point for model (4.1).

where

𝑐1 =
1
2
ℜ

(

B11𝐴𝜉1 +B21𝐴𝜉2
)

, 𝑐2 =
1
2
ℜ

(

B13𝐴𝜉1 +B23𝐴𝜉2
)

,

nd

𝑎11 =
1
6
ℜ(B11), 𝑎12 =

1
6
ℜ(B12), 𝑎21 =

1
6
ℜ(B31), 𝑎22 =

1
6
ℜ(B32).

Remark 3.1. It follows from [43] that there exist no periodic orbits bifurcating from the nontrivial equilibrium of the amplitude
Eqs. (3.40) provided 𝑎11𝑎22 > 0. The dynamics near double Hopf bifurcation points can be completely determined by the amplitude
Eqs. (3.40) in this case.

4. Numerical example

In this section, we will present a numerical example to explicate the correctness of our obtained theoretical results. We choose
the same parameters as provided in [30]. Then model (1.1) can be rewritten as

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝜕𝑁
𝜕𝑡

= 0.1𝑁𝑥𝑥 + 𝛿12
(

𝑁𝑃𝑥(𝑥, 𝑡 − 𝜏)
)

𝑥 + 2𝑁
(

1 − 𝑁
4

)

− 1.2𝑁𝑃 , 0 < 𝑥 < 2𝜋, 𝑡 > 0,

𝜕𝑃
𝜕𝑡

= 0.1𝑃𝑥𝑥 +
0.96𝑁3.1𝑃 2

3.1
0.4 + 𝑃3.1

e−0.62 − 0.5𝑃 , 0 < 𝑥 < 2𝜋, 𝑡 > 0,

𝑁𝑥(𝑥, 𝑡) = 𝑃𝑥(𝑥, 𝑡) = 0, 𝑥 = 0, 2𝜋, 𝑡 ≥ 0.

(4.1)

ccording to Theorem 2.1, we obtain the crossing curves in the (𝛿12, 𝜏) plane as is shown in Fig. 1. We thus obtain the critical values
for the double Hopf bifurcation point 𝑛1 = 4, 𝑛2 = 5, 𝜛𝑛1 ≈ 0.3044, 𝜛𝑛2 ≈ 0.3059, 𝛿𝐻12 ≈ 0.3811, 𝜏𝐻 ≈ 5.2576.

According to procedures in Section 3, we can calculate 𝑐1 ≈ −0.0009166𝜉1 + 1.2172312𝜉2, 𝑐2 ≈ 0.0064241𝜉1 + 1.3039521𝜉2,
𝑎11 ≈ −0.0700132, 𝑎12 ≈ −0.1021972, 𝑎21 ≈ −0.0817567, 𝑎22 ≈ −0.0732399. We can thus classify the dynamics of model (4.1)
into 6 categories in the (𝛿12, 𝜏) plane as is displayed in Fig. 2 by the following curves:

𝐻1 ∶ 𝜏 − 𝜏𝐻= 1327.9942(𝛿12 − 𝛿𝐻12),
𝐻2 ∶ 𝜏 − 𝜏𝐻= −202.9793(𝛿12 − 𝛿𝐻12),
𝐿1 ∶ 𝜏 − 𝜏𝐻 = −60.9552(𝛿12 − 𝛿𝐻12), 𝛿12 > 𝛿

𝐻
12,

𝐿2 ∶ 𝜏 − 𝜏𝐻 = 15.6715(𝛿12 − 𝛿𝐻12), 𝛿12 > 𝛿
𝐻
12.

(4.2)

The dynamical behaviors in each region of model (4.1) are displayed in Fig. 3. The points of 𝑂, 𝐴 and 𝐵 in Fig. 3 refer to constant
teady state, spatially heterogeneous periodic solution with mode-4 and 5 respectively. We observe that when (𝛿12, 𝜏) is in regions
𝑅2 and 𝑅6, model (4.1) can exhibit stable spatial periodic solutions with mode 4 and 5 respectively as is shown Fig. 4. When (𝛿12, 𝜏)
is in region 𝑅4, the solution of model (4.1) can converge to spatially heterogeneous periodic solutions with mode 4 or 5 depending
on the initial values as is illustrated in Fig. 5.
20
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Fig. 3. Phase portraits in different regions of Fig. 2.

Fig. 4. The stable spatially inhomogeneous periodic solutions with mode 4 and 5 for (𝛿12 , 𝜏) ∈ 𝑅2 and (𝛿12 , 𝜏) ∈ 𝑅6 respectively.

Fig. 5. The coexistence of stable spatially inhomogeneous periodic solutions with mode 4 and 5 for (𝛿12 , 𝜏) ∈ 𝑅4.
21
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W
n

Fig. 6. Crossing curves and double Hopf bifurcation point of model (5.1).

5. Discussions

We investigated the double Hopf bifurcation in a spatial model with directed movement, i.e., model (1.1), with the aim to clarify
the temporal–spatial distribution of predators and the prey under the joint influence of memory-driven movement, reproductive
facilitation and maturation period via model (1.1). Some significant findings and main contributions in this paper are as follows.

∙ We presented an innovative technique to plot crossing curves in the (𝛿12, 𝜏) plane by treating them as parametric curves about
frequency. We thus found the double Hopf bifurcation points.

∙ We derived the explicit formulae concerning normal form of the non-resonant double Hopf bifurcation triggered by spatial
memory in memory-driven diffusive predator–prey models with double delays.

∙ Our research shows that it is the tactic diffusion term rather than the reaction term of the developed model that induces
complicated dynamic behaviors around the double Hopf bifurcation point. This presents a completely different mechanism
from classical models with only random diffusions [38].

∙ Spatial memory along with other biotic processes can induce complex spatial distribution of animals. For example, the
transition between stable spatially inhomogeneous periodic solutions with higher modes and coexistence of them can be
observed. These seem not to have ever been observed in the literature [26,28,40,44]. Also, these complex spatiotemporal
distributions may be a signal of resilience for species [45].

As we state in the introduction section, we can also consider the scenario of spatial memory in predators. Assume that the prey
population is viewed as ‘‘drunk’’ animals so that their memory or cognition can be ignored [27]. Then we consider the following
model:

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝜕𝑁
𝜕𝑡 = 𝛿11𝑁𝑥𝑥 + 𝑟𝑁

(

1 − 𝑁
𝐾

)

− 𝑏𝑁𝑃 , 0 < 𝑥 < 𝜄𝜋, 𝑡 > 0,
𝜕𝑃
𝜕𝑡 = 𝛿22𝑃𝑥𝑥 − 𝛿21

(

𝑃𝑁𝑥(𝑥, 𝑡 − 𝜏)
)

𝑥 +
𝛽𝑁𝜎𝑃 2

𝜎
ℎ+𝑃𝜎

e−𝑑𝜎 − 𝜇𝑃 , 0 < 𝑥 < 𝜄𝜋, 𝑡 > 0,

𝑁𝑥(𝑥, 𝑡) = 𝑃𝑥(𝑥, 𝑡) ∣𝑥=0,𝜄𝜋= 0, 𝑡 ≥ 0,

(5.1)

where 𝛿21 and 𝜏 represent respectively the memory-dependent diffusion and the averaged memory period coefficients of predators.
e can analyze model (5.1) in a similar way as model (1.1). Here we only elucidate the main results of model (5.1) through

umerical simulations.
Taking the same parameter values as in system (4.1), we can also plot the crossing curves in the (𝛿21, 𝜏) plane as is shown

in Fig. 6. We thus obtain the critical values for the double Hopf bifurcation point 𝑛1 = 4, 𝑛2 = 5, 𝜛𝑛1 ≈ 0.3045, 𝜛𝑛2 ≈
0.3060, 𝛿𝐻21 ≈ 0.1208, 𝜏𝐻 ≈ 8.3554. Similarly, we can calculate 𝑐1 ≈ −0.0014446𝜉1+6.1026204𝜉2, 𝑐2 ≈ 0.0102199𝜉1+6.5375531𝜉2, 𝑎11 ≈
−0.1215701, 𝑎 ≈ −0.2278062, 𝑎 ≈ −0.1377265, 𝑎 ≈ −0.1377265. We thus classify the dynamics of model (5.1) into 6 categories
22
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Fig. 7. Complete bifurcation region near the double Hopf bifurcation point.

n the (𝛿21, 𝜏) plane as is displayed in Fig. 7 by the following curves:

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝐻1 ∶ 𝜏 − 𝜏𝐻 = 4224.4733(𝛿21 − 𝛿𝐻21),

𝐻2 ∶ 𝜏 − 𝜏𝐻 = −639.6865(𝛿21 − 𝛿𝐻21),

𝐿1 ∶ 𝜏 − 𝜏𝐻 = −256.7359(𝛿21 − 𝛿𝐻21), 𝛿12 > 𝛿
𝐻
12,

𝐿2 ∶ 𝜏 − 𝜏𝐻 = 11.6484(𝛿21 − 𝛿𝐻21), 𝛿12 > 𝛿
𝐻
12.

To sum up, the method developed in this paper by viewing some critical indices without explicit expression (such as frequency
or equilibrium) as parameters can provide a new paradigm to detect some bifurcations. It can also be extensively used to reveal the
complex effects of biotic process of animals on their distribution in space. There also exist some other problems that can be further
considered. For instance, both the prey and predators can possess spatial memory. In this case, we can deduce from (2.6) that its
left side is a high degree polynomial with respect to 𝛿12, and therefore it is difficult to obtain the associated crossing curves. Also,
the derivation of normal form in this paper is under the assumption that the double Hopf bifurcation is non-resonant. When the
double Hopf bifurcation is not a non-resonant one, then we cannot obtain ker(1

2) and ker(1
3) from (3.19). A natural question is

to calculate normal form concerning resonant double Hopf bifurcation for diffusive predator–prey models with double delays and
spatial memory in this case. We will devote ourselves to these problems in the future.
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